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A GENERALIZATION OF MOAK'S 
4-LAGUERRE POLYNOMIALS 

ROELOF KOEKOEK 

0. Introduction. In [6] we studied the polynomials {L^M'N (x)}^L0 which are 
generalizations of the classical (generalized) Laguerre polynomials {L[2

a)(x)}^z(). 
These polynomials were shown to be orthogonal on the interval [0, oo) with 
respect to the inner product 

(0, 
i r°° 

•1) </,*> = TTTIT • / xae~x -f(x)g(x)dx 
r ( a + l ) J0 

+ M-/(0)g(0) + ^ . / ,(0)g ,(0) , 

where a > — 1, M ^ 0 and N ^ 0. They can be defined in terms of the classical 
Laguerre polynomials as 

(0.2) La
nW(x) = A0 • L[a\x) ~ A, • L[«_\l\x) + A2 . L^\x) 

where 

Ao = i + j t f - f l , + g ) +
 l , ( a + 2 ) " ( a + 1 ) - N - r + a ) 

V / i - l / ( a + l ) ( a + 3) \n-2J 
M-N /n + a\[n + oc+\\ 

+ (a+l)(a + 2) \ n - 1/ V « - 2 J 
(0.3) {A{=M'( + ~ T{'N'( 

* \ n J (a+\) \n—\J 
2M • N /n + a\ (n + a + 1 \ 

+ ( a + l ) 2 ' \ n ) \ n-2 J 
I JV / w + a \ M • N /n + a\ fn + a+ \\ 
[ 2 ~ (a + 1) ' \n- 1/ + ( a+ l)2 ' V « / \ w - 1 J 

and 

L(_?/(JC) := 0 =: L{$(x). 

For N = 0 these polynomials reduce to 

c-u)=[i+M-(^")]-^w-M.(w;a) .L:; "Ï'CO, 
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MOAK'S 4-LAGUERRE POLYNOMIALS 281 

which are Koornwinder's generalized Laguerre polynomials. See also [7], [8] 
and [9]. In [7] we found a ^-analogue of the polynomials {L%M {x)}™=0 which 
can be defined by 

(0.4) L^M(x;q) 
(<T2; q)n-

1 + M ^ ^/n'X 

(q\ q)n-\ zT(*; q) 

•M-yp^'LW\x;q), n^\ 
(q\ q)n 

where L^\x\q) denotes the ^-Laguerre polynomial described by D. S. Moak 
in [10]. See also [7] for more details and Section 2 of this paper for a 
summary. In this paper we study further generalizations of the polynomials 
{L^ ,M(x; q)}^L0- These polynomials {L",M,/V(x; q)}^ are ^-analogues of the 
polynomials {L^^(x)}^=0 defined by (0.2) and (0.3). 

1. Some basic formulas. First we summarize some definitions and formulas 
from the ^-theory. For details the reader is referred to [3]. 

Let 0 < q < 1. Then we define for n = 1, 2, 3 , . . . 

(a; q)n = (1 - a){\ - aq)(\ - aq2) • • • (1 - aq"-') 

(a\ q)o = 1 

1 _ (-qg-l)n •q^-) __ 1_ 

(aq~n ; q)n (qcrx ; q)n {aq-l ; q~l )„ 

(1-1) S . / - \ 
( ï X (-qa-l)n-q[2) > , n 

For all a G C we may define 

, , (a; <7)oo 
(a; g ) a = — 

(a<7a; (7)00 

where 

(u;̂ )oo = n ( i - 0 -

In [4] F. H. Jackson defined a ^-analogue of the gamma function as 

(i.2) rq(x) = l^^.(\-qy-\ 

Note that 

rq(x + \)=l-^-'Tq(x). 

1 — q 

He also showed that Tq(x) —-> r(jt) as g —» 1". 
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In [1] R. Askey proved an integral formula which is due to Ramanujan: 

r *a r ( - q ) - r ( t t + i ) 
(1.3) / dx = , a > — 1. 

J0 ( - ( 1 - ? ) * ; <7)oo T^(-a) 
A sketch of the proof can be found in [7] too. 

For a = k G N we take the limit 

r r ( - a ) - r ( a + l ) ( _ a + * ) . r ( - a ) 
lim = lim — • i(a + 1 ) 
<*—>/: Tq(—a) a^k (—a + k) - Vq(—a) 

k\ (\-q)k+l 

-(k+] ) 
(q; q)k-q ^ 2 ' -ln^"1 

(\-q)k+l 

See formula (1.10.6) in [3] for the residue of the g-gamma function. 
By using the ^-binomial theorem 

y > (a; q)n ^ = (az\ q)^ ^ 

we easily see that 

1 y (\-q)" 

Further we have a ^-analogue of the differentiation operator: 

f(x) -f(qx) 

(1.4) - = T ^ ^ • {-xT - e~x as q 
{-{\ - q)x- q)^ *-< (q;q)n 

(1.5) DJix) 
( 1 - q)x 

Observe that Dqf(x) —>f(x) as q —•> 1~ if/ ' (A) exists and that 

(1.6) A J / m ) ] = 7 • (A//)(7.v). 7 G R. 

The ^-product rule reads 

(1.7) Dq[f(x)g(x)} = f(qx) • D^(.v) + g(x) • Dqf(x). 

This follows immediately from the definition (1.5). 
The basic hypergeometric series , Os is defined by 

(1.8) ,.0A.(fli,ub ,«,-; b\.b2,...,bs; q,z) 

' a i. <^2, . . . , ar 

l ^ / ? 2 , . . . . / ? , 

£ 

<7,z 

(bi,b2*...ibs; q)n (q\ q)„ 
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MOAK'S <7-LAGUERRE POLYNOMIALS 283 

where 

(aua2,...,ar; q)n = (ÛI; <?)„ • fe; q)n'-{ar', q)n> 

Note that 

, < * > , < 7 , ( ? - l ) 1 + ^ - z 

a\,<x2,...,ar 

/ ? i , f t , . . . , A 

where r F 5 denotes the hypergeometric series. 
We will use the following ^-identities: 

(1.9) (a~l - ql'n; q)„ = ( 

(1.10) 

and 

fl-1)'1^ ( ; ) - ( a ; ? ) * , 

(a; q)n+k = (a; q)n • {aqn\ q)k, 

(1.11) ^ ( z ) : = 1 ( D o ( 0 ; - ; ^ z ) = V - ^ - = - — , \z\ < 1. 
^ (<?; ?)„ (z; ^)oo 

The function ^ ( z ) is a ^-analogue of the exponential function, since 

eq((\ -q)z)-+ez as q —• 1". 

In (1.4) we have seen a special case of (1.11): 

eq(-(\ - q)x) —» e"A as <? —> 1~. 
1 

( - ( 1 - < ? ) * ; q)oo 

And we will use one summation formula for a terminating 2Q>\\ 

(1.12) 2ol(q^b;c;q,cif/b)=^/^. 
(c; <?)„ 

Further we have the basic bilateral series defined by 

r¥s(au a2,...,ar;bub2,..., bs\q, z) 

'aua2,...,ar 
r -*• \ 

b\,b2,...,bs 
q,z 

E 
(a\,a2,...,ar\q)n 

(b\,b2,...,bs\q)n 

. (_i)(^), .^-'>0) . A 
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In the special case r — s — 1 we have a summation formula, called "Ramanu-
jan's sum" (see for instance [11 and [3]): 

(1.13) ,¥,(*; ft; ? ,z )= ] T 
(#; q)n 

M (ft; q)n 

_ (q,a~{ - b,az,a~] • z"1 • g; 4)00 
(ft,a"1 • q,z,a~l • z"1 • ft; q)^ 

for l̂ /"1 -ft| < \z\ < 1. 

2. The g-Laguerre polynomials. In this section we state the definition and 
some properties of the </-Laguerre polynomials {L{"\x; q)}^L{) which were de
scribed by D. S. Moak in [10]. For more details the reader is referred to [7] and 
[101. 

Let a > — 1 and 0 < q < 1. The g-Laguerre polynomials {L{®\x; q)}™={) are 
defined by 

" (q\q\ f^0 (qa+X\q)k-(q\q)k 

n - 0 , 1,2,.... 

For q —> 1~ the polynomials {L\f\x\ q)}^() tend to the classical Laguerre 
polynomials {L^ix}}^. It is easy to see that for n ^ 1 

(2.2) DqL«\x; q) = -qa+l • L^\qx\ q), 

where Dq is the ^/-analogue of the differentiation operator defined by (1.5). By 
using ( 1.6) we find more general for n ^ k 

DkL\?\x; q) = (-\)k • qk(k+a) • ^\k\qkx; q). 

Further we easily see from (2.1): 

(2.3) L)«\0;q)=^ 
(q: q)„ 

The <y-Laguerre polynomials are orthogonal on the interval [0, oo) with respect 
to the weight function 

xa • eq(-(\ - q)x) 
(-(1 -q)x; q)oo 

We have the following orthogonality relation (compare with (1.3)); 

(2.4) ^ cl\a) / L\«\x;q)L{?\x-q)dx 
V(-a)Y(a+\) JQ (-(1 - q)x: ?)«, '" H> " H> 

(q\ q)n • qn 

https://doi.org/10.4153/CJM-1990-016-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1990-016-9


MOAK'S 4-LAGUERRE POLYNOMIALS 285 

There is another orthogonality relation given by 

rika+k 

(2 » i - E q 
(-c(\ -q)qk\ q)0 

(qa+l\q)„ , 

L^W; q)L«W; q) 
k—~oo 

iq;q)„-q" '"" 

where c > 0 is an arbitrary constant and 

(2.6) q 
1 -q)qk\ q)0 

= ^ ~ r ( 1 -q)qa+l,-c-l(\-q)~l • q~a\ q)oo 

(qa+x,-c{\ - q\ -q • c~ '(1 - q)~x\ q)oo 

is a normalization factor. This can be shown by using "Ramanujan's sum" ( 1.13). 
A proof of both (2.4) and (2.5) can be found in [7] and [10]. 

From the definition (2.1) we easily derive 

(2.9) Lf\x\q) = (-\f.<f n „,i(„+ar) . 0 . CJL xn + , o w e r Q r d e r { Q m s 

(q\ q)n 

and the representation as basic hypergeometric series (see (1.8) for the defini
tion): 

4 » V ; q) = (f+ ' : g )" • ,*,(<,-»; </a+l; </, - ( 1 - q)q"+a+i --0. 

The </-Laguerre polynomials satisfy a second order (y-difference equation: 

' ( l - ^ + l ) 
(2.10) x-D;Lf(x;q) + 

(!-</) 
^ • X (DLlL^)(qx- q) 

(1 -<7) ' " ' ' 

We remark that the brackets in (D(/Lj,a))(<y.v; q) are essential in view of (1.6). 
Further we have a three term recurrence relation: 

x • L™(x; q) = -
( l - c / " + l ) 

H + CX+ 1 (\-q)-qZ 

(1 -<y"+ a + l) (1 -< /" ) 

[(1 -<7)-<72"+a+l ( l -< / ) -< / 2 " 

(1 -q"+a) 

^\x:q) 

(l-q)-q . n2n+a C-\(-v:</) 
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and a Christoffel-Darboux formula: 

1,) ( ^ + ' ; g)„ y , qk • (g; q)k • Lf\x; q)L[a\y; g) (2.11) (x-y) 
(?; q)n E 

k=0 

r(a) 

{(Tx\q)k 

{x_q) qnLx • [ ^ . (y : ^«a)(-v; -7) -L%\(x; q)Lf\y- q)]. 

If we set y — qx and use (1.5) we obtain from (2.11): 

n 

E 
[L^\(x;g)-DqL^(x;q) 

(qa+];q)n y - qk • (q; qk • 4 a )(*; <7)4"W; g) 

(1-<T') 
(1 -q)-q"+a+l 

•L{
n

a\x;q)-DqL\^{x-q)\. 

And if we divide (2.11) by jr — y and let >> tend to x then we find 

(qa+u, q)k £ 
(\-qn+X) 

(1 - 4) • <7"+a+1 

A=0 

L^\(x;q)--L^(x;q) 
dx 

d 
•L?\x;q). -L™(x;q) 

3. Definition and some elementary properties. Now we define the polyno
mials {L",M'N(x; <7)}^0

 m t e r m s °f the <?-Laguerre polynomials by 

(3.1) L " - " ^ ; ?) = Co • 4 a )(x; ?) 

- C , •L<£}\x;q) + C2-l£%\x;q) 

where 

(3.2) 

c 0 = i+Af - (? "fr-1 

+7V • q2a+3 • | 
( l - ( / « + , ) ( l - ( 7 « + 3 ) J (^W)w-2 

Q-</)2 . ( ^ + 2 ; ^ - i . iq^^n-l 
q (\-qa+x)(\-qa+2) (q\q)n-\ iq\q)n-

1 (</;<7)« ^ ( l - < / a + l ) (q\q)tl-\ 

+ M • /V • <?2a+2 • ^ 1 - ^ 1 - ^ 2 ) • (?g+1w)* • ^g+4w)w-2 
V (\-qa+l)2 (q\q)n (q\q)„-2 

C2=N • q2a+2 • 7 f i ^ r - • (f+2;^-' 
z ^ ( l - ^ a + 1 ) (q;q)n-\ 

+M -N • tf2a+2 • ^ ~ ^ 2 • fr0*1'?)» • Wa+3^)^i 
* ( l - < / a + 1 ) 2 (q;q)n (q\q)n-\ ' 
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Note that this is a ^-analogue of (0.2) and (0.3). 
The definition (3.2) is valid for all n ^ 0, since (1.1) implies that 

= (ql-n;q)n = 0, n= 1,2,3,. . . . 
(<?; q)-n 

For N = 0 these polynomials reduce to the polynomials {L^M(x; q)}^L0 defined 
by (0.4). Further we have by using (2.3) and (3.2): 

(3.3) L « ^ ( 0 ; q) = ( ^ + ; q)n 

(q\ q)n * ( l - ^ + 1 ) (q;q)n-2 J 

and 

(3.4) ( D , L ^ ) ( 0 ; q) = -<? a+1 (<T2;?)„-
(<?; <?V 

. M . ^ + I . (1- t f ) . ( ^ + 1 ; ^ _(qa+3\q)n-
(l-qa+l) {q\q)n (q; q)n-\ 

We will prove that the polynomials {L%M'N(x; q)}^0 defined by (3.1) and (3.2) 
are orthogonal on the interval [0, oo) with respect to the inner product 

(3.5) (f,g) = r{
 Tq(~a\u • H , n

 X\ • fMg(x)dx 
T(-a)T(a + 1) J0 (-(1 - q)x\ q)^ 

+ M • f(0)g(0)+N • (Dqf)(0) • (Dqg)(0) 

where a > — 1, M ^ 0 and N ^ 0. Note that this a ^-analogue of (0.1). 
Further we will prove another orthogonality relation in terms of an inner 

product involving a bilateral series defined by 

i °° ka+k 

(3.6) [/,£] = 7 • £ , n \ k ^ ' f(^)s(cqk) 

+ M • /(0)£(0) + N • (D,/)(0) • (D^)(0) 

where c > 0 is an arbitrary constant and A is defined by (2.6). Compare this 
with (2.4) and (2.5). The orthogonality is proved in the next section. 

4. The orthogonality. In this section we will prove two orthogonality rela
tions for the polynomials {L^M'N(x; q)}^L0 defined by (3.1) and (3.2). First we 
have a generalization of (2.4): 

(4.1) (La„;M'N(x;q\L^M'N(x;q)) 

= r ^ h • Co • [Co + q" • C{ + q2"-> • C2] • 6mn 

(q; q)n • q" 
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where the inner product (, ) is defined by (3.5). A second orthogonality relation 

is 

(4.2) [La
m'M<N(x;q),LÏM-N(x;q)] 

{qa+x;q)n n--C0-[Co + qn-Ci+q2"-l-C2}-6mn 
(<?; q)n • q 

where the inner product [, ] is defined by (3.6). 
To prove (4.1) we first show that 

r (—n\ r°° xa+m 

(4.3) M a) . / £ L[a+;\x;q)dx 
T(-a)T(a+\) J0 ( - ( 1 - ? ) * ; ?)«, "~' H 

= W'm\ q)n-i . (qa+];q)m _ -(«+i)m-("2') 
(q;q)n-i d ~ q)m '** 

To do this we use the definition (2.1) of the g-Laguerre polynomial and the 
integral formula (1.3) to obtain 

/»oo xa+m 

( 4-4 ) / 7—71 Â r - • L(£P(r> ^dx 

Jo ( - ( i -q)x\ q)oo 

= (qa+l+i; g)„_,- y i (q~"+i;q)k-q^ • (1 - q)k • </"+a+1)* 

(Kq)n-i 'hi (qa+M;q)k-(q-q)k 

F 
JO 

Ya+m+k 

dx 

(qa+M- q)„_, ^ 4 (<?-"+'; q)k . g ( 0 • (1 - qf • q<-"+a+»k 

(-(\-q)x-q) 
n—i 

{q\q)n-i f^Q (qa+i+l;q)k-(q;q)k 

T(—a — m — k)T(a + m + k + 1) 
Tq(—a — m — k) 

Now we use the definition (1.2) of the g-gamma function and the identities 
(1.10) and (1.9) to find 

(4.5) 
Tq(—a)T(—a — m — k)T(a + m + k+\) 

T(—a)T(a + \)Tq(—a — m — k) 

(q a ; <?)oo 
= ( _ l ) ^ . (1 _ qym-k . ̂ -or-*-*. ^ 

= ( _ i r + * . (1 _ qym-k . ̂ -«-m-*. q)k . ^ - o r - i n . ^ 

= (1 _ qym-k . ̂ -(-Dm-(-) m («+„+!)*-(*) m +1. # +w+1; 
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Combining (4.4) and (4.5) we obtain by using the summation formula (1.12): 
r«<-«> . f *a+m . ^ y q)dx 

(q; q)n-i £ 
7 ( 2 ) . n - , {q~n+l\ q)k • qVl) ' (1 - qf ' q{n+a+{)h 

k=Q (qa+l+{;q)k-(q;q)k 

Tq(-a)T(-a - m - k)T(a + m + k + 1) 

T(-a)T{ct + l)Tq(-a -m-k) 

((f+M\q)n-i (qa+l',q)m -(a+l)m-(»>) 

(q\q)n-i (1-qT 

X2<&i 
n~n+i na+m+\ 

q 
,a+i+\ q,<T 

= (qi-m; q)n-, (qa+U, q)m - ( a + l ) m - (" ) 

{q\q)„-i ' (l-qr ' q 

This proves (4.3). 
Now we have by using the definition (3.1) and (4.3) 

ra+m 
(4.6) r«(-a) - f 

r ( - a ) r ( a + l ) 70 
( - (1 -q)x; q)c 

•L a,M,N 

_ (g"* ; q)m -(a+l)m-(™) 

(\-q)m ' q 

(<Tm; q)n 
•Co 

[ iq\ q)n 

(q^m; q)n-i 

(x; q)dx 

r , {q2-m\ q)n-2 r 
Cl + — : • C2 (q\ q)n-\ ~l (q\ q)n-2 

This equals zero for 2 ^ m < n. Hence 

( i ^ L f ' ^ i ; q)) = 0 for 2 ^ m < /i. 

For m = 0 and m = 1 we find by using (4.6), (3.1), (2.3) and (2.2) 

(4.7) ( I , L « ' M A ( * ; q)) = - C i + ° ( ~ ^ )
1 ) • c2 

+ M • 

n ^ 1. 

\<TX\q)n r (qa+2', q)n-i r 

(<?; q)n (q\ q)n-\ 

, (qa+3'> q)n-2 

(q\ q)n-2 c2 o, 

Also for n ^ 2 

(4.8) (*,L«<M-'V(*;<7)> = d-«r') •? 
-<a+l) 

-N 

d-q) 
•c2 

i „+2 < r - ; g)a-2 r 

- • C o — ? • —; ; -Ci (q; q)n-\ (q; ?)«-2 

,a+3 (<T4;<?)« 
+ <? 

(?', <7)n-3 
•c2 

0. 
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This proves the orthogonality. To complete the proof of (4.1) note that we have 
with (3.1) and (2.9): 

(4.9) L^M'N(x; q) = ( - I f • qn(n+a) • ( 1 ~ ^ * • C0 • xn + lower order terms. 
(<?; q)n 

Now it follows from (4.6) with m = n ̂  2, (4.9) and (1.9) that 

(-,y.,(').«p^.c„. 
to; q)n 

(q-n\q)n ^ 
to; q)n 

_ Qy1-»; g)n-\ + to2~"; <?)„-2 ^ 

to; <7)«-i to; q)n-i 

(q \ <Ùn n x n , n r . ^ 2 n - l 

to; ?)n • <f 
Co-[C0 + ^ - C 1 + ^ - 1 - C 2 ] . 

For n — 0 and « = 1 we find the same formula by direct calculation. This proves 
(4.1). To see (4.2) we prove that for m < n: 

(4.10) [xm,L^(x; q)] = (xm,L^(x; q)), 

where [, ] denotes the inner product defined by (3.6) and (, ) that defined by 
(3.5). By using (2.1) we find for m G N 

i °° ka+k 

(4-11) -• Y ) —-^-—T-—-(cqkr-L^l\cqk-q) 
A /-1 (-c(\-q)qk;q)oo 

k——oo 

a+i+l- n\. : !L\ (n~n+i\ n^: • n\2) • (\ - nV • ^("+«+1); 1 (qa+l+l; q)n_t ^ (q~n+l; q)j • q^> • (1 - q)J 

A (q;q)n-i j ^ (qa+l+l;q)j'(q\q)j 

X ) 1 
Z_^ (-r(\ -

^ - o o ( " C ( 1 - ^ ; ^ 

Now we use (2.6) and (1.9) to obtain 

i °° m+j . (a+m+j+l)k 

(4-12) 7 - E q 
A , ^ ( - ^ 0 - < ? ) < ? * ; <?)o 

r
m + y . 

(qa+\ -c{\ - q)qa+m+'+x, -c~\\ - ?)" Vaf~m~7;<7)o 
{qa+m+J+\-c(\ - q)qa+\ - c" 1 • (1 - q)'x • q'a; q)a 

cm+j . {qa+l. g)m+. , ( _ c - l , ( 1 _ q)-l , q-a-m-j. q ) ^ . 

(-c(\-q)q^;q)m+j 

(q^;q)m+J (?) 
(1 _ qjn+j . q(a+\)(m+j) H 
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So we have with (4.11), (4.12) and (1.12) 

i °° ka+k 

_{<fHi+x\q)n-t {qa+X\q)m -(a+ l)m-(™) 

(<?;<?)„_, d-<7)" 

,ar+l. 

j—n+i na+m+\ 

z 1 » ^ a + i + 1 

which equals (4.3). This proves (4.10) and therefore (4.2). 

5. Representation as basic hypergeometric series. If we write 

(5.1) L^(x; q) 

= —^ • è u* V 5 ) • a - q t • ra+x)k • j ^ — 
(<z; q)n f^0 (<?; q)k 

then it follows from the definition (3.1) and (2.1) that 

rs9ï F _ (?~"; ?)* r d - g " ) OT"*1; <?)* r 
(X2) tk ~ (<?-; q)k ' ° ° (1 -</«+') ' {q"+2; q)k ' C ' 

(I - qn)(\ - qn~l) (q-"+1\q)k „ 
1-2 (I - q«+l)(l - qa+2) (qa+i;q)k 

(qa+u,q)k+2 

= qn-(.\-qk-n)(\-qk+a+2)-Cx 

+ q2n-] •(\-qk-")(l-qk-n+l)-C2] 

= [C0+q"-Cl+q2n-l-C2] 

x ( 1 - ^ ) ( 1 - ^ ) (g'"; g) t (qP+u,q)k{q^;q)k 

(1 - </«+1)(l - <?«+2) ' (<7«+3; <?)* ' ( / ; q)k • {qi; q)k 

for some (3 € C and 7 G C. Note that /3 and 7 satisfy 

qV+q1 (qa+l + qa+2) • C0 + (1 + qn+a+2) • C, + Of"1 + <T") • C2 

C o + ^ - C , +^r2"-' -C2 

and 

/V 
q2a+3-Co+qa+2-Ci+C2 

C0 + q"-C[+q2"-l-C2 
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Hence with (5.1) and (5.2) we have by using definition (1.8) 

L^(x; q) = [C0 + <?"•<:,+ q2"'1 • C2] • ( 1 ~ ^ X 1 ~ g 7 )
7 

(1 — Qa )(\ — Qa+2) 

q,-(\-q)-qn 

But in view of (3.3) we may write 

(5.3) £,«•*•"(*; <?) = l-N-q ,2a+4 (\-q) (qa+4;q)n-2 
( l - ^ + 1 ) (q\q)n-2 

(q;q)n
 3 3 \ <TW,<77 q,-(\-q). </*"+*. x 

Note that in the case that -/3 G {0,1,2, . . . ,«} or - 7 G {0,1, 2 , . . . , w} we have 
to take the analytic continuation of (5.3) in view of (5.1) and (5.2). 

6. Recurrence relation. In this section we will derive a five term recurrence 
relation for the polynomials {L%M>N(x; g ) } ^ 0 . First we introduce the notation 
A„ for 

(6.1) Xn = (L^,L^ 

(qa+U, q)n C0-[Co + ^ - C , + Jln-\ c2l (q\ q)n • qn 

Since Co,Ci and C2 depend on n we will sometimes write Co(n), C\{n) and 
C2(n). Since x2 • L^M,N(x; q) is a polynomial of degree n + 2 we may write 

n+2 

(6.2) x2 • ^'"(x; q) = ^2Din) ' L^^{x\ q) 
k=0 

for some coefficients D^ £ R, k — 0 , 1 , . . . , n + 2. 
It appears to be convenient, in the sequel, to set 

(6 3) i D*n) = ° i f e i t h e r k<0or n<0 
' } \ Ajt = 1 if ifc < 0. 

By taking the inner product with L%iMyN(x\ q) on both sides of (6.2) we find 
with (6.1) and the definition of the inner product (3.5) 

(6.4) A, • D<"> = (La
n'M'N(x; q),x2 • La

k>
M'N(x; q)). 

Hence with the orthogonality property D^ = 0 for k = 0, 1, 2 , . . . , « — 3. So 
we have with (6.2) for n ^ 2 

n+2 

(6.5) x L„' ' (x; <?) = 2_, Dk ' Lk (x\ q), 
k=n-2 
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which is a five term recurrence relation for the polynomials {L^'M,yv(jc; q)}^0 

provided that D(
n% ^ 0 and D% ^ 0. 

To find the coefficients {Djc
n)}lj^n_2 we first note that 

L[a\x; q) = ( - I f • qn{n+a) • {1—SL . x» 
(q\ q)n 

+ ( - 1 ) " " 1 • g(n-l)(n+a-\) . (1 ~ <?"+(*) _ (1 ~ <?)* . y i - 1 

(l-<?) (q\q)n-\ 
+ lower order terms, 

which follows easily from the definition (2.1) and (1.9). 
Then we have with the definition (3.1) 

(6.6) L%M'N(x; q) = kn-x
n + k'n- x

n'x + lower order terms, 

where 

(6.7) kn = (-l)n.<f*n^.^^-.Co 

and 

(\ _ ^ « - i Xn — nn+a\ 
• C 0 — q • Ci £' = ( - l ) n - 1 • q(n~l){n+a~l) • — — 

(<?; q)n-\ V-q) 

Further we have with (4.6) and (3.5) by using (1.9) 

{xn+liL^MjN(x.q)) 

(_]\n W ' *?)"+! -(cr+l)(n+l)-n(n+2) 

^ ' ' (l-q)n+l 'H 

L ( i - 9 ) ( i - 9 ) y ( i - 9 ) v 

Now we find D$2 by comparing the leading coefficients on both sides of (6.5): 

,fitt />(»> - *" _{\-q^){\-qn+1) Coin) 
(b.S) Vn+2 - ^ _ ( 1 _ ^ ^ 2 ( 2 n + a + 2 ) • C Q ( W + 2 ) t » . 

For Dj£\ we obtain by using (6.4) and (6.6) 

(6.9) D« = A - • {x^L^ix; q) + £-. 

Alternatively, we compare the coefficient of xn+l on both sides of (6.5) and use 
(6.6) and (6.8) to obtain 

k' — V • D^ k' • k o — k • k' 
f)(n) _ Kn Kn+2 un+2 _ Kn Kn+2 ^n ^n+2 

kn+\ kn+\ • kn+2 
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± 07 n ^ 2 

From (6.4) we obtain by using (6.6), (6.7) and (6.1) 

(6.10) D Î 5 2 = ^ 

_ (l-qn+a-l)(l -qn+a) 
~ (1 _ q)2 . q2{2n+a-\) 

C0(n) + qn-Cl(n) + q2"-l-C2(n) 
X C0(n - 2) + q»-2 • Cx(n - 2) + <72"-5 • C2(n - 2) 

and by using (6.4) and (6.6) 

(6.11) D « = ^ . ( / + l , L r f c ? ) ) ^ , n>\. 

To find D^n) we substitute x — 0 in (6.5) and find 

(6.12) -L%M'N(0;q).D(
n

n) 

= ^ 2 ' C ^ A ( 0 ; </) + D& • £ 2 ^ ( 0 ; *) 

+ D ^ , - L ^ ( 0 ; tf + D j ^ - L ^ ( 0 ; </). 

Hence Dj^ can be computed by using (3.3), (6.8), (6.9), (6.10), (6.11) and (6.12) 
in the case that L ^ ' ^ O ; q) ^ 0. 

7. A Christoffel-Darboux type formula. From the recurrence relation (6.5) 
we obtain 

(7.1) (x2 - y2) • L?<M-N(x; q)L?'M<N(y; q) 

= D& • [L$<»(x; q)L?-M'N(y; q) - L$<N(y; q)L?M'N(x; q)] 

+ DH\ • [La
k^

N(x; q)La
k^{y; q)-L^(y; q)L^M"(x; q)} 

+ D[klx • [L^N(x; q)La
k>

M'N{y; q)-L^N(y; q)L?M>N(x; q)) 

+ Dfl2 • [La
k^

N(x; q)La
k
M-N(y; q)-L^N(y; q)L?'M'N(x; q)\. 

From (6.4) it follows by using (3.5) 

A,+2 • D& = (L^(x; q),x2 • Lf^(x; q)) = A, • Df+2) 

and in the same way 

Hence with (7.1) we obtain, by using (6.3) 

(7.2) (x2 -y2)-J2 ^ T — 
k=0 k 

= ~ • [L^N(x; q)L^M-N(y- q)-La
n^

N(y; q)L^M-N(x; q)\ 
An 

+ ^ • [L^ix; q)L^(y; q) - L<*n^
N (y; q)La

n
M<N{x; q)] 

An 

+ ^ • [L^(x; q)LW(y; q)-La^(y; q)La
n^(x; q)\. 
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This can be seen as a Christoffel-Darboux type formula for the polynomials 

{L%M^(x\ q)}Zo- If w e se t y = ax i n (7-2) a n d u s e 0-5) w e o b t a i n : 

(\+q)-x-2^ — vf 
*=o 

n(n) 
n+2 . [L*M(X. q)DqL«f2^(x. q ) - L ^ ( x ; q)DqL^M'N(x; q)] 

*± . [L^(x; q)DqI°X"(x; q)-Lffi*Qc; q)DqL^M^N(x; q)] 

A, 

D(n) 

Xn 
n(n-\) 

Un+\ 

ra,M,N a,M,/V/ r a,M ,/V / 
[ Z £ ^ ( J C ; q)DqL

a
nf^{x- q) - Iffi"(x; q)DqL

a
n?f ' (x; q)]. 

Moreover, if we first divide (7.2) by x — y, then let y tend to x, we find: 

k=0 

n(n) 
Un+2 

n(n) 
Un+\ 

k 

ra,M,/V 

A„ 
n(n-l) 

K-

(x; q) - LW(x; q) - L^fN(x; q) - La
n'

M>"(x; q) 

L",M,N{X>q) i L^N{X>q) ~ L^'N{x; q) é L",M,N(X'q) 

L«A»{x; q) £ L^(x; q) - L^ix; q) £ L^N(x; q) 

8. The zeros. All sets of polynomials {F„(x)}^0 which are orthogonal with 
respect to a positive weight function have the nice property that the n-th poly
nomial Pn(x) has n real simple zeros, which are located in the interior of the 
interval of orthogonality. Our polynomials {L^'M,yv(x; q)}^L0 fail to have this 
property, but we can prove: 

THEOREM 8.1. The polynomial L^M,N(x; q) has n real simple zeros. At least 
n — 1 of them lie in (0, oo), the interior of the interval of orthogonality. 

In other words: at most one zero of L^,MyV(x; q) is located in the interval 
(-oo,0]. 

Proof. Suppose that Jti,*2,..., Jty are all zeros of L^M,N(x; q) which are pos
itive and have odd multiplicity. Define 

p(x) = kn-(x-x\)(x -x2)'"(x-xk) 

where kn is defined by (6.7). Then we have 

p(x)-L^(x;q)^0, Vi ̂  0. 
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Now we define h(x) and d so that 

h(x) = (x + d) -p(x) 

and (Dqh)(0) = 0. For every polynomial h(x) we have (Dqh)(0) = h'(0), hence 

0 = (Dqh)(0) = A'(0) - p(0) + rf • //(0). 

Hence 

since /?(0) and //(0) have opposite signs. This implies 

(Kit**) 
Tq{-a) r 

(-a)F(a+l) ' J0 r(-a)F(a+l) J0 (-(I - q)x; qU 

+ M-/z(0)L£'M'yv(0; q)>0. 

-h(x)L^M*(x-q)dx 

Hence: degree [h] ^ n, which implies that k ^ n— 1. This proves the theorem. 

Now we examine the non-positive zero of L^M*(x; q) in somewhat greater 
detail. Since 0 < q < 1 and a > — 1 we have 

\-q<\~qn,n^2 and q(l - qa+l) = q - qa+2 < \ - qa+2. 

Hence 

(1 - ^ ) (1 - qa+1) - q(l - q){\ - qa+{) > 0, w ^ 2. 

This together with (3.2) implies that C0 > 0 for M > 0 and N > 0. So we have 
in view of (4.9): L^M*(x; q) > 0 for all x <-B with £ > 0 sufficiently large. 
This implies that the polynomial L^M,yv(x; q) has a zero in (-co, 0] if and only 
i f L a ,M,yV( 0 ; ^ )^0 . 

Then from (3.3) we must have n S 2 and 

(8.1) 
(l-<7«+1) (?;?)„. 

Define 

f(n) = — . 
(<?; q)n-i 

Then we have 

(8.2) / (« + 1) - - - = — —— • f{n) >f(n) 
(q; q)n_x (1 - qn l) 

https://doi.org/10.4153/CJM-1990-016-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1990-016-9


MOAK'S 4-LAGUERRE POLYNOMIALS 297 

since n + a + 2> n+ 1 > n — 1. So /(«) is an increasing function of n. But 

lim f(n) — . 

Now we look at 

2a+4 (l-q) (q^qU 
F(a,q,N)= \ -N - qz 

(l-qa+l) (q\q)0 

For a = 0 we have 

F(0,?,A0 = 1 -AT • * j - . 

So we have for instance 

*" (0,^,999 = 1 > ° -

This implies that we cannot guarantee the existence of a non-positive zero for 
n sufficiently large as in the case of the polynomials {L„'MlN(x)}^0 described 
in [6]. Note that 

L%M'N(x; q) -+ L%M'N(x) for q - • 1". 

But in view of (8.1) and (8.2) it is clear that if L^M'N(x; q) has a non-positive 
zero for some n G N, then L^'N(x; q) has one too. Moreover, we have: the 
polynomials {L",M,yv(x; <7)}^0 have a non-positive zero for all n ^ n$ if and 
only if F(a,q,N) < 0. Here no is the smallest n for which (8.1) holds. 

In that case we can prove the following 

THEOREM 8.2. If the polynomial L%lM'N(x; q) has a non-positive zero —xn, 
then we have for M > 0: 

i [W 
(8.3) 0^xn<-- J - . 

2 v M 

Proof Suppose that the polynomial L^M'N(x; q) has a non-positive zero —xn. 
Then it is clear that n ^ 2 and N > 0. 

Let JCI,JC2,...,Jcn_i be the positive zeros of L^'Myv(x; g) and define 

r(x) = (x - *i)(x - *2) •••(•* - */!-i). 

Then we have in view of (6.6) 

LÏM'N(x;q) = kn-r(x)-(x+xn) 
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where x„ è 0. Since degree [r] — n—l and (Dqr)(0) — r'(0) we have 

(8.4) 0 = (r(x),La
n'

M>N(x;q)) 

= __kn • rg(-a) 

~ n-
+ k„-M • r2(0) • x„ + k„ • N • r'(0) • [x„ • r'(0) + r(0)]. 

, • Tq(-a) [°° x" 2 

• / • r (je) • (x +xn)dx 
-a)T(a + 1) J0 (-(1 - #)x; ^ 

Since the integral in (8.4) is positive we must have 

M • r2(0) • xn + N • r'(0) • \xn • r'(0) + r(0)] < 0. 

Hence 

[M • r2(0) +iV • {r'(0)}2] • xn < -N • r(0)r'(0) = N • |r(0)r'(0)| 

since r(0) and r'(0) have opposite signs. Now it follows that 

2y/M -N • |r(0)r'(0)| • xn ^ [M • r2(0) + N • {r'(0)}2] • Jt„ < N • |r(0)r'(0)|. 

Hence 

2\/M -N -xn <N. 

This proves (8.3). 

9. Another definition. In view of the relative simple formulas (3.3) and 
(3.4) we might expect that there is another définition for the polynomials 
{L%M>N(x; q)}%L0 which is simpler than the definition (3.1) and (3.2). 

By using the same arguments as in [7], Section 3.7 we find the formula 

{9A) 7 f=§ '^ ) ( j r : q ) ~ ( A 0^ - L "- + ' ) ( x ; q ) 

=-qa+' • x • L^fHx; q) 

which is a ^-analogue of formula (A.35) in [6] and formula (1.7.2) in [7]. Now 
it easily follows from (3.1) and (9.1) that we may define 

(9.2) La
n'

M>N(x;q) = B0-L^(x;q) 

+ B]-x- L[a_+2\x; q) + B2-x
2 • /£*>(*; q) 

where 

(l-q)2-q2a+5 

2 (1 -<7a+2)(l -qa+y) ' 2' 
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Hence with (3.2) we have 

B2=N q 4a+i d-^)3 (qa+2;q)n-i 

(1 - ^+ 1)(1 - qa+2)(l ~ qa+3) {q\ q)n-i 

+ MN-q4a+1 ( 1 qf 

(1 - qa+l)2(l - qa+2)(l - qa+3) 

x (qa+l: q)n (qa+3; qX-x 
(q\ q)n (q; q)n^x 

For Bo we easily obtain from (3.3) and (2.3) 

2a+4 (l-q) (qa+4;q)n-2 
(9.3) B0=l-N.<f 

(\-q«+x) (q;q)n_ •2 

To find Bx we note that it follows from (9.2), (2.2) and (2.3) that 

(9.4) (DqL^m = - < T ] • B0 • ( Ç l ^ l +B{. (^ 3 :g>»-i 
(q\ q)n-i (q\ q)n-\ 

So we obtain from (3.4), (9.3) and (9.4) 

-N -q 

a+l (l-q) (qa+X; q)„ 
(l-q<*^> (q;q)n 

3a+5 (1 - q)(\ - qa+2) (qa+i; q)„-2 

(l-^i)(l-^3) (q;q)n_2 

Hence we have found another definition for the polynomials {L"'M'N(x; q)}™=0 

given by (9.2) and 

(9.5) 

(i-q<-+<) (q;q)„-

Bl=-M- qa+i • 71^£_ • * f ^ 
_N. 3«+5. (i-4)(i-<r2) . r 3 w v ? 

i V * ( l - ^ + 1 ) ( l - ^ + 3 ) (<7;̂ )„-2 
n _ AT . 4a+7 0 z ^ £ . (<r2;?)„-i 

D 2 ~ i V ^ ( l - ^ + 1 ) ( l - ^ + 2 ) d - ^ + 3 ) {q\q)n-\ 

+MN • <?4a+7 • ...Al-<. ( 1 - q a + ' ) 2 ( 1 - < / « + 2 )( 1 -<7« + 3 ) (q;q)„ (q;q)»-i 

The formulas in (9.5) are simpler than those of (3.2). 
Note that this definition given by (9.2) and (9.5) is a ^-analogue of the defi

nition (A.33) and (A.34) in [6] for the polynomials {L^^(x)}^=0. 
For N = 0 this definiton reduces to the definition 

La
n'

M(x;q) = L(?\x;q)-M-qa+' 

(l-q) . ( g ^ . , . ^ ) 
(l-qa+l) (q\q)n " ' 
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for the ^-analogue of Koornwinder's generalized Laguerre polynomials which 
was found in [7]. 

10. A ^-difference equation. In [5] J. Koekoek found a simple proof of a 
second order differential equation for the polynomials {L^M'N (x)}^0 defined 
by (0.2) and (0.3). A similar method can be used to prove that the polynomials 
{L^M'N(x; <7)}^10 satisfy a ^-difference equation of the form: 

(10.1) x • P2(x) • (D2L^M'N)(q~2x; q) - />,(*) • (DqL^M'N)(q~lx; q) 

+
 (-^^-Po(x)-L°>M>»(x;q) = 0, 

(i-q) 

where {Pk(x)}2
k^0 are polynomials with 

(10.2) 

P2(x) = Co • [Co + q» • C, + q2"~l • C2] • x
2 

+ lower order terms 
/>,(*) = qn+a+2 • Co • [Co + q" • C, + q2n-1 • C2] • x

3 

+ lower order terms 
P0(X) = qa+3 • Co • [Co + q" • C, + q2"-1 • C2] • x

2 

+ lower order terms. 

To prove this we start with the definition (3.1) and use (2.2) to see that 

(10.3) La„>M-N(x; q) = C0- L[a)(x; q) + q~a'x • C, • (DqL
{
n
a))(q-]x; q) 

+ q 

Equation (1.5) implies that 

• C2 • (D
2L(

n
a))(q-2x; q). 

L(
n
a\q~lx; q) = L{

n
a\x; q) + q'\\ - q)x • (DqL

(
n
a))(q-]x; q). 

This together with the ^-difference equation (2.10) yields 

(10.4) q~2x • (D2L[a))(q'2x; q) 
- (1 _ ~<*+h ') 

d-q) 
• q"+a • x (DqL

(
n
a))(q~lx; q) 

Now we multiply (10.3) by x and use (10.4) to find 

(10.5) x • La
nW{x\ q) = po(x) • L<?\x; q) + Pl(x) • {DqL™){q-xx\ q) 

where 

(\-q») 

(10.6) 
p0(x) = C0x 

Pi(x) 

{\-q)qa 

• C\ • x — 

• C , 

~2a-2 

[ ( 1 - 9 ) 
qn+a • x •c2. 
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We can then use the ^-product rule (1.7) together with (1.6) and (10.5) to obtain 

(10.7) q~xx • (DqL^)(q-lx; q) + L^M^N(x; q) 

= (DqPo)(q-lx) • L{
n

a\x- q) + \p^q~xx) 

+ (DqPx)(q-xx)} • (DqL
{«})(q-{x; q) 

+ q-l-Pl(q-lx)'(D2
qL

{
n
a))(q-2x;q). 

Now we multiply (10.7) by qx and use (10.4) and (10.5) to find 

(10.8) x2 • (DqL^M^N)(q-[x; q) = r0(x) • L<a)(jc; q) + r,(jt) • (DqL[a))(q-lx; q) 

where 

(10.9) 

r0(x) = qx • (Dqp0)(q
 [x)-

r{(x) = qx • [po(q~lx) + {Dqp{){q~lx)} 

\\-qa+{) 

"a+-p\(q lx)-q-p0(x) 

-a2- qn+a • JC •/?i(<7 1 x ) - ^ - / ? i ( x ) . 
( 1 - 4 ) 

In the same way we obtain from (10.8) and (10.4) 

(10.10) x3 • {D2
qL

a
nW){q-2x\ q) = s0(x) • L<?\x; q) + sx(x) • (DqL[a))(q-{x; q) 

where 

(10.11) < 

• ^ + 5 . r 1 ( ^ - , x ) - ( l + ^ 2 T 0 ( x ) 

s0(x) = q3x • (Dqr0)(q
 lx) 

( 1 - 4 * ) ^ + 5 

( 1 - 4 ) 

*i(x) = <?3* ' [roto"1^) + (Dqr{)(q-lx)] 

— ^ + a • X r{(q
 xx)-(\+q)q2 • rx(x). 

[ ( 1 - 4 ) 

Elimination of (DqL^)(q~~[x; q) in (10.5) and (10.8) gives us in view of (2.3) 

(10.12) p0(x) • n(x) -pi(x) • r0(x) = x • P2(x) 

for some polynomial /^OO- In the same way we obtain from (10.5) and (10.10) 

(10.13) p0(x) • si(x)-pi(x) • s0(x) = x • P{(x) 

for some polynomial P\(x). Using (10.6), (10.9) and (10.11) we have 

Po(x) = Co • x and ro(x) = SQ(X) = 0 for n = 0. 
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This together with (10.8) and (10.10) yields 

(10.14) r0(x) - sx(x) - r iW • s0(x) = (* q] • x2 • P0(x) 

for some polynomial Po(x). 
In view of (10.5), (10.8) and (10.10) we conclude that the following determi

nant 

X'L^(x;q) p0(x) Pl(x) 

x2'(DqL^)(q-lx;q) r0(x) rx(x) 

x3-(D2
qL^M^N)(q-2x;q) s0(x) s{(x) 

must be zero. The first column can be divided by x, hence with (10.12), (10.13) 
and (10.14) we find 

0 = 

L^(x; q) p0(x) p\{x) 

x-(DqL^MiN)(q-{x;q) rQ(x) rx(x) 

x2.(D2L^M'N)(q-2x;q) s0(x) s{(x) 

-x3.P2(x).(D2La
n'

M'N)(q-2x;q) 

-x2-P{(x)-(DqL
a
n'

M'N)(q-lx;q) 

(x; q). 
(l-q) 

So we can divide by x2 to obtain (10.1). By using (10.6), (10.9) and (10.11) we 
can easily check (10.2). This proves the ^-difference equation. 
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