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FINITE SPACES OF SIGNATURES 

VICTORIA POWERS 

Marshall's Spaces of Orderings are an abstract setting for the reduced theory 
of quadratic forms and Witt rings. A Space of Orderings consists of an abelian 
group of exponent 2 and a subset of the character group which satisfies certain 
axioms. The axioms are modeled on the case where the group is an ordered 
field modulo the sums of squares of the field and the subset of the character 
group is the set of orders on the field. There are other examples, arising from 
ordered semi-local rings [4, p. 321], ordered skew fields [2, p. 92], and planar 
ternary rings [3]. In [4], Marshall showed that a Space of Orderings in which the 
group is finite arises from an ordered field. In further papers Marshall used these 
abstract techniques to provide new, more elegant proofs of results known for 
ordered fields, and to prove theorems previously unknown in the field setting. 

In [1], the reduced theory of higher level orders and Witt rings was developed, 
and Mulcahy's Spaces of Signatures [7, 8, 9] are an abstract setting for this 
higher level theory, just as Marshall's Spaces of Orderings are an abstract setting 
for the ordinary theory of reduced Witt rings. As in Marshall's theory, Spaces 
of Signatures are modeled on higher level ordered fields, and in addition there 
are examples rising from skew fields [11] and rings with many units [6]. In this 
paper we generalize Marshall's results on finite Spaces of Orderings by showing 
that a Space of Signatures in which the group is finite of 2-primary order arises 
from a preordered field. 

I. Preliminaries. We use [i to denote the complex roots of unity. Let G be 
an abelian group of finite (even) exponent and let X be a nonempty subset of 
G* = Hom(G, /x). We give G* the usual compact-open topology, where G and 
\i have the discrete topology. From [7, 8] we recall the definition of a Space of 
Signatures (SOS): 

An m-dimensional form/ (over (X,G)) is an m-tuple (a i , . . . , a m ) , where 
each ai G G. We write d im/ — m. If a G X, then 

m 

]TV(tf/) 
/ = 1 

is the value off at <7, denoted cr(f). We allow the empty form ( ), with the 
convention that a(( )) = 0 for all a G X. If / and g are forms we say they are 
equivalent (over X), denoted/ = g, when a(f) = a(g) for all a G X. If / = g 
and d i m / =dim g we say / and g are isometric (over X), denoted/ œ g. If 
/ = (ai,...,<zm) and g = {b\,...,bn), we define the sum of/ and g, denoted 
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FINITE SPACES OF SIGNATURES 809 

/ 0 g, to be the form (a\,..., am, b\,..., ftw). We define the product of/ and g 
to be the form (ajbj). For a nonempty form/ and a G G, a is represented b y / 
if there is some form g such that f & (a) (B g. The set of elements represented 
b y / is denoted D(f). 

(X, G) is a Space of Signatures if the following axioms hold: 

S0: If a eX then ^ G X for all odd keN. 
Si: X is closed in G*. 
S2: There exists e G G such that <7(e) = —1 for all o G X. 
S3: If a(x) = 1 for all a G X, then x = 1. 
S4: If z G D ( / ® g) where/ and g are nonempty forms, then z G D((x,y)) 

for some JC G £>(/) and y G D(g). 
S5: If x G G* and D((l,x)) C ker \ for all JC G ker x, then x € X. 

We write —1 for the unique e of S2. If (X,G) is only known to satisfy 
So,Si,S2, and S3, then we say (X,G) is a pre-SOS. In the case where G has 
exponent a power of 2, S5 follows from S4 [9, 2.11], thus in this paper we can 
exclude S5 since we will only look at SOS's whose group has exponent a power 
of 2. 

The smallest SOS is denoted by C2: G is the group of two elements and X 
consists of the character that sends —1 to —1. Generalizing this, we use Cs to 
denote the SOS where the group is cyclic of order 2s, and X is all characters 
that send —1 to — 1. 

Given two SOS's (Xi,Gi) and (X2,G2), the direct sum of these is the SOS 
with 

G = Gi x G2 and X = (Xi x 1) U (X2 x 1), 

where U denotes disjoint union. We say (X, G) is a group extension of (X;, G') 
if G' imbeds in G and 

X = {aeG* : a\a G X'}. 

For details and examples, see [8, §2]. A SOS is constructable if it is built up from 
G2 by group extensions and direct sums. Constructable SOS's are realizable, i.e., 
they arise from preordered fields. For details, see [10]. 

We single out two special types of SOS's,/<ms and quasifans. Fans are SOS's 
where the X is as large as possible, more precisely, a SOS (X, G) is a fan if 

X = { X GG*|x( -D = - l } . 

Thus, for any s,Cs is a fan. Fans are the simpliest SOS's, but are not as useful 
here as they are for Spaces of Orderings. A more important type of SOS is a 
quasifan: A trivial quasifan is Cs for some s, or Cs 0 Ct for some s, t. A SOS 
(X, G) is a quasifan if it is a group extension of a trivial quasifan. Quasifans are 
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well understood, and play the role of "local objects" for SOS's. For details, see 
[9, §4]. 

A SOS is finite if X is finite (equivalently, if G is finite). The goal of this 
paper is to show that in the case where the order of G is a power of 2, finite 
SOS's are constructable, hence realizable. Our general approach is the same as 
Marshall's: we define an equivalence relation such that a finite SOS is the direct 
sum of its connected components, and each connected component is a group 
extension. 

Definition 1.1. (i) If ri,...,7> G G*, then let 5(Ti, . . . , r r) denote the sub
group of G* generated by the r/'s. 

(ii) If r i , . . . ,r r G X, we let [ n , . . . ,T>] denote the subspace of (X, G) gen
erated by the r/'s, i.e., the group is G/(D ker T/) and the set of signatures is 
S(TI, . . . ,r r) nX . For details, see [9, §2]. Note that [rb . . . , r r] is again a SOS. 

(iii) for g an element of a finite abelian group, o(g) denotes the order of g. 

We will use the following obvious facts frequently: 

LEMMA 1.2. Let G be an abelian group with order a power of 2, and let 
g G G. Then for any g EG and odd k, o(g) = o(gk). Hence we have 

(i) For an odd integer m, there is some odd k such that gmk = g. 
(ii) Suppose o(gr) ^ o(gs). Then there is a k such that gr — gsk. Further, k 

is odd if and only if o(gr) = o(gs). 

Definition 1.3. (i) By £2, X generates G*, thus there exist o\,...,on G X 
such that S O i , . . . an) = G*, and no proper subset of {o"i,..., an} generates G*. 
We call {cri,..., an} a minimal generating set (MGS) for (X, G). Note that, by 

n 

5 , 2,( ] ker 07 = 1. 
1=1 

(ii) For a MGS {au . . . , an}9 let 

À/ = M kero). 

Since D ker at = 1,A; is cyclic and we fix at a generator of A/. We call 
{a/, . . . ,a r t} a dw#/ ser for the MGS. Note that, unlike the case where G has 
exponent 2, the tf/'s do not necessarily generate G. 

(iii) Let Si denote S(cr\,..., 07, . . . , cr„). By Pontrayagin duality, S/1 = A/. 

LEMMA 1.4. F/x {a i , . . . , crrt} a MGS /or (X, Gj. 
(i) If k is an odd integer, then oj 0 5/. Thus whenever Ylrf = 1, each rt is 

even. 
(ii) of (0/) = 1 j/awd 6>«/j if oj £ St. Thus o(ai) = o(aiSi) in G*/Si. 
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(iii) If Ui(b) = 07(c)/or all i, then b = c. 
(iv) If {c\, C2,..., cn} are odd integers, then {a^,..., cfn

n} is also a MGS for 
(X,G). 

Proof (i) By [1.2(i)], there is an m such that a\m = 07. Thus, if of G 5/, we 
would have 07 G Si which would contradict the minimality of the MGS. 

(ii)If of (<*,•) = 1, then 

P | ker 07 C ker of. 

Hence of G S/. 
(iii) If 07(b) = 0i(c) for all /, then bc~l G Plkero, = 1. 
(iv) follows from [1.2(i)] and 5/. 

PROPOSITION 1.5. If (X,G) has a MGS of n elements, then G has exactly 2n 

elements of order 2. In particular, the number of elements in a MGS for (X, G) 
is unique, called the rank of (X, G). 

Proof. Let {a\,..., an} be a MGS for (X, G) and let {ai , . . . ,a„} be a dual 
set. By [1.4], <7/(<z/) ^ 1, hence there is a Q G À/ such that 07 (c/) = — 1. We 
want to show that the c,'s form a basis for the socle (elements of order 2) of G, 
as a vector space over the field of two elements. 

Suppose b G G has order 2. Then ai(b) = ±1 for all /. Define e, as follows: 
if (Ti(b) = 1, let e,- = 0 and if o"/(£) = — 1, let e, = 1. Now set 

c = f[c,. 
1=1 

Then, since o7(Z?) = 07(c) for all 1, by [1.4(iii)], b = c. Thus the c/'s span the 
socle of G. 

Suppose lie6/ = 1 for some c,- G {0,1}. Then applying 07, we see that 
(—l)e/ = 1 for all /, and hence e, = 0 for all /. Thus the c/'s are independent 
and therefore form a basis for the socle of G. This implies that G has exactly 
2n elements of order 2. 

Definition 1.6. Let {0-1,..., an} be a MGS for (X, G). The set {c\1..., cw} 
defined in the proof of [1.5] is called an S-basis for the MGS. Note that 07(c/) = 
1 if / 7^7, and 07(Q) = — 1. 

Definition 1.7. Suppose {0-1,... ,07,} is a MGS for (X, G). We say 07 is 
strongly independent if of G 5/ whenever cr] ^ 1. 

LEMMA 1.8. Suppose {cri,..., crn} is a MGS ««J 07 is strongly independent. 
Then 

(i) a(ai) generates the image of at. 
(ii) If a G Sj and a^\, then ker 07 (jL ker a. 
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Proof, (i) is clear by [1.4(ii)]. 
(ii) If kera; C kera, then a = of for some integer &, and hence of G 5/, a 

contradiction. 

LEMMA 1.9. Suppose z\, Z2, Z3, Z4 are elements of \i. 
(i) If z\+Z2 = Z3 + Z4 ^ 0, fAew, «^ seta, {zi, Z2} = {Z3, Z4}. 
(//) If z\^\ and Z2 ^ 1, then 1 + Z1Z2 7̂  z\ + Z2. 

Pro*?/, (i) is [8, 3.13], and (ii) follows easily from (i). 

Definition 1.10. (i) Following [8], we say x G G is rigid if whenever (1, JC) = 

<MMM} = {M}. 
(ii) Suppose Y C X. We say x G G is Y-rigid if whenever (1,JC) = (b,d), 

then either a(b) = 1 and a(d) = a(x) for all a G F, or a(b) = a(x) and a(d) = 1 
for all aeY. 

Remarks 1.11. (i) Suppose x is F-rigid, then x is [F]-rigid. 
(ii) If x G G and a G X with a(jt) ^ - 1 , then a((l:x)) ^ 0. Hence, by 

[1.9(/)],xis{a}-rigid. 
(iii) If x is {a i , . . . , a„}-rigid for some MGS {a i , . . . , a„}, then, by [1.4(iii)], 

x is rigid. 
We make use of the following powerful theorem from [8], which gives a 

characterization of group extensions in terms of rigid elements: 

THEOREM 1.12 [8,5.5]. Suppose there is some x G G such that both x and 
—x are rigid. Then (X, G) is a group extension. 

Definition 1.13. Suppose {a i , . . . , crm} is a subset of a fixed MGS for (X, G). 
We call a product 

m 

IK 
i = l 

an m-product with respect to the given MGS. (We assume no product of a proper 
subset of {crp} is 1.) 

The following proposition gives us a useful criterion for when a SOS is a 
direct sum: 

PROPOSITION 1.14. Suppose {a\,..., an, T\ , . . . , rw} /5 a MGS /or (X, G) swc/z 
r/zar whenever a(3 G X vv/Y/i a G 5 (a i , . . . , an) and (3 G S(T\ , . . . , rm), ^AZ e/Y/zer 
a = 1 or (3 = 1. 77iew 

(X,G) = [ tf i , . . . ,a„]0[Ti, . . . ,Tm] . 

Proof. Define 

Ai = [ I kera/ and A2 = ( | kerr,. 
/=i /=i 
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Since, by assumption, X = X\ ÙX2 where X\ — [ a i , . . . , a w ] and X2 — 
[ r i , . . . , r m ] , we need only show that the canonical map 

G - • G/Ai x G/A2 

is an isomorphism. It is clear that A\ Pi A2 = 1 and hence the map is injective. 
To show the map is onto it is enough to show that 

G* * (G/AO* x (G/A2)* 

since this would imply that \G\ = |G/A||G/<72|. 
Any x £ G* c a n be written as % — 0"r> where a G S (cr i , . . . , a„) and r G 

£ ( T I , . . . , r m ) . By our hypothesis, this decomposition is unique and thus we can 
map x —• (o", T). This map is clearly an isomorphism, and we are done. 

LEMMA 1.15. Suppose x i , X2 £ G* \ { 1 } . 77*ew r/îere is some x G G SMC/Z f/î#f 
X/C*)^ 1,/ = 1,2. 

Proof. Since x/ 7̂  1> there exist JCI,JC2, G G such that X/te) 7̂  1- Then x — 
xijX — X2 or x = X1X2 satisfies the lemma. 

The following lemma has the flavor of Marshall's "Basic Lemma" [4, 3.1]. 

LEMMA 1.16. Suppose {cr i , . . . , an} is a MGS for (X, G), {a\,..., an} is a 
dual set, and { c i , . . . , cn} is an S-basis. Further suppose X contains a = aia^ 
where a G £ ( 0 2 , . . . , crn-\) and t is even, and there is some a G ker o\ D . . . D 
kercr„_i such that al

n{a)^ 1. Let f be the form (l,ciC2 . . .c,j_i, 6*2^3.. ,cn-\a). 
Then for any x G G such that G\(X) ^ 1 and an(x) ^ 1 , / cannot represent x. 

Proof. Let g be the form ( Q Q . . . c„_i, C2C3... cn-\a). Suppose / represents 
x, then by Axiom 54, there is y G G such that g represents y and (1, y) represents 
x. 

Suppose (c i ,a) = (b,d). By [1.9(i)], since 0)-((ci,a)) = 2 for7 = 2 , . . . , « — 1, 
we must have <Jj(b) = cr7(<i) = 1 for j — 2 , . . . , « — 1. Since t is even, an(a)^ — 1 , 
and so 

a w ( ( c i , a ) ) ^ 0 . 

Thus, by [1.9(1)], wlog we can assume &n(b) — 1 and an(d) = an(a). Since 

< 7 i ( ( M » = a i « c i , a » = 0,(7!(d) = -a i ( f t ) . Then 

a((ft,rf» = a1(ft)-ai(ft)o /
n(a), 

while 

(7((ci,a)) = - l + ^ ( a ) . 

Hence cri(ft) = — 1 , and so b = c\ and d — a. 
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We have shown that (c\,a) represents only ci and a, and therefore g = 
C2C3... cn-\(c\,a) represents only r — c\c2 . . .c n - \ and s = c2c^...cn-\a. Thus 
y must be r or s. But since crn((l,r)) = 2 and an(x) ^ 1, by [1.9(i)] ( l , r ) 
cannot represent x. Similarly, since a\((\,s)) — 2,(1,5) cannot represent x. 
Thus y cannot be r or s, a contradiction. Hence/ cannot represent x. 

2. Spaces of small rank. In this section we will show that if rank (X, G) ^ 3, 
then (X,G) is constructable. By [1.14], we know that if (X, G) is not a direct 
sum, then X does not "break up" into a disjoint union of smaller pieces. We 
will use this fact to find x G G such that zbc is rigid in the case where (X, G) 
is not a direct sum proving, by [1.12], that (X,G) is a group extension. 

Remarks 2.1. The only SOS that is both a direct sum and a group extension 
is C2 0 C2, by [7.4.8(ii)]. By [9, 3.7], any SOS of rank 1 is a fan and hence is 
constructable. 

LEMMA 2.2. Suppose {<TI, . . . , O-„,TI, . . . ,rm} C X, aw J X contains 1 = oc(5 
where a G 5 (a i , . . . , an) and (3 G S(TI, . . . ,rm). G/ve« x G G swc/i that x is 
{<7i,..., an}-rigid and {TI, .. .,Tm}-rigid, a(x) ^ 1 <z«d /?(*) ^ 1. 7Viert JC is 
{ai, . . . ,a , z ,T1 , . . . ,Tm}- r/g/d. 

Proof. Suppose (1,*) = (&,d) for b,d € G. Then, since x is {a i , . . . ,crn}-
rigid, interchanging £ and J if necessary, we can assume a\(b) = 1 and 07(d) = 
&i(x) for / = 1 , . . . , n. Hence a(b) = 1 and a(d) = a(x). Since x is {TI , . . . , r m }-
rigid, either 77 (fc) = 1 for / = 1 , . . . , m or 77-(JC) = 77-(JC) for / = 1 , . . . , m. If the 
latter case occurs, then we have 

7(<M>) = <*(*)+ /?(*), 

while 

7«M)) = \+a{x)mï<*(x) + P(x) 

by [1.9(H)], a contradiction. Hence we must have 77(b) = 1 for / = 1 , . . . , m and 
thus b — 1. Therefore, x is rigid. 

COROLLARY 2.3 Suppose {0-1,02} C X, awd there is an even integer s such 
that 0̂1 7̂  1 and ( j j ^ G l Z / i E G such that CJ\(X) ^ 1, then ±x are {ai, 02}-
rigid. 

Proof. Since s is even, o\(x) ^ ± 1 , hence by [1.11(H)], due are {aij-rigid. 
If a2(x) ^ l,x is {0-1,0-2}-rigid by [2.2]. If a2(x) = 1, then by [1.9(i)], a2(b) = 
a2(d) — 1 whenever (1,JC) = (b,d) and hence x is {ai,0"2}-rigid. A similar 
proof works for — x. 

We begin with the classification of small SOS's by showing that a rank 2 
SOS is a group extension or a direct sum. 
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THEOREM 2.4. Let (X,G) be a SOS of rank 2 and let {aua2} be a MGS. 
Suppose (X,G) ^ C2 0 C2. Then (X,G) is a group extension if and only if X 
contains a 2-product. (See [1.13] for the definition of m-products.) Furthermore, 
any SOS of rank 2 is a direct sum or a group extension. 

Proof If X doesn't contain a 2-product, then by [1.14] (X,G) is a direct sum 
and since (X, G) 7̂  C2 © C2, by the remark above (X, G) cannot be a group 
extension. Thus if (X, G) is a group extension, X must contain a 2-product. 

Since X contains a 2-product, renumbering if necessary and taking an odd 
power of the 2-product, we can assume a\a2 G X for some even s. Then, by 
[2.3], there is an x G G such that ±x are rigid, and so (X, G) is a group extension 
by [1.12]. 

The classification of rank 3 SOS's is much more complicated than the rank 2 
case. We will break it up into several different cases. For the rest of this section 
we fix a rank 3 SOS, a MGS {<TI, a2l 0-3}, a dual set {a\,a2, #3}, and an S-basis 
{ci,c2 ,c3}. 

PROPOSITION 2.5. Suppose [0-1,02] is # grow/? extension and X contains a 
3-product. Then (X, G) w a group extension. 

Proof. As in [2.4], we can assume o\o2 G X for some even s with a\ ^ 1. 
By assumption, there is a 3-product 703 G X, where 7 G S(0-1,0-2) with 7 ^ 1 
and 0-3 ^ 1. 

Case 1. Suppose t is odd. By [1.4(iv)], we can replace 0-3 by 0-3 and thus 
we can assume r = 703. By [1.15], there is some x G G such that l(x) / 
= 1 and a\(x) ^ 1. Then, by [2.3], ±x are {0-i,02}-rigid. If 0"3(JC) = 1, then 
(13(b) = (13(d) — 1 whenever (1,JC) = {b1d)1 by [1.9(i)], and hence x is rigid. If 
0-3(x) ^ 1, then x is rigid by [2.2]. A similar proof shows — x is rigid. 

Case 2. Suppose 0-3 is not strongly independent. Then we have o^à^cr™ = 1 
for some integers «, v, and w with a™ ^ 1. By [1.4(i)], w is even and so 
0-3_vv = O\O\G3 G X. Hence we are done by Case 1. 

Case 3. Suppose 0-3 is strongly independent and aa™ G X where a G 
5(0-1,0-2),0-3

v ^ l , a ^ 7, and a ^ 1. By [1.8] and [1.15], there exists y G kera3 

such that 0"ÎOO 7̂  1 and 7oT1(y) ^ 1. Let x — ya^, then, since 0-3 is strongly 
independent, a\(x) and o^(x) are not 1. Since a(x) ^ 7(*), one of these is not 
1, hence by [2.2] and [2.3], x is rigid. Since t and w are even a(—x) ^ 7(—*). 
Thus a similar proof shows that — x is rigid. 

Case 4. If cases 1,2 and 3 don't hold, then r = O\G\G\ with 0-3 strongly 
independent and t even. Since case 1 doesn't hold, the only 3-products in X 
are of the form O\O\G\, where k is even. Since case 3 doesn't hold, the only 
2-products in X are in [0-1,0-2] and, since T3 G X, we must have (cr^a^)3 — tf&l 
and hence (cr"^)2 = 1. 

Suppose u is odd and v is even. By [1.8], we can find y G ker03 such 
that 0200 = — 1. Since (afol)2 = 1, choosing x = y or x = c\y we have 
(7u

x(x) = av
2(x) = - 1 and a3(x) = 1. 
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L e t / be the form (1, c\C2, ^ 3 ) anc* l e t £ be the form (xai, c\C2, c'2). An easy 
check shows that <J ( / ) = a(g) for all a G O i , a 2 ] , and any 1-product. The only 
other elements of X are of the form a = O\G\G\, and an easy check shows in 
this case a(f) = a(g). T h u s / = g, but by [ 1 . 1 6 ] , / cannot represent xa^, a 
contradiction. 

If u is even and v is odd, then there is some y G kercr3 such that a"(y) = 
— 1, and thus, as above, we have x such that a\{x) = av

2(x) — —1 . L e t / = 
(l,ciC2,ci(23) and g — {xai,c\C2<,c\) and use the same argument as before to 
get a contradiction. Therefore this case cannot occur. 

LEMMA 2.6. Suppose that X contains o^o^*7:* where r,s, and t are all odd. 
Then (X,G) is a quasifan. 

Proof. Since r , s , and t are odd, by [1.4(iv)] we can replace {<7i, 0-2,0-3} 
by {(j\,02,0-3}. Thus we can assume r = s = t — 1. For x G G, let yx be 
{a G X : o-(jt) ^ 1}. By [8,3.10] and [9,4 .5] , if 7 / is cyclic for every x of 
order 2 in G \ {—1}, then (X,G) is a quasifan. From the proof of [1.5] we 
know that the elements of order 2 in G are of the form Y\c]1 where e, G {0 ,1} . 
For x = c\,Yx contains 0-2 and 0-3, hence c\ is the only element of order 2 Y^~ 
contains, and thus Y^~ is cyclic. A similar argument works for x = Q o r c3- F° r 

x = c\C2,Yx contains 0-3 and <T 10203» hence y/- is cyclic. A similar argument 
works for c\c^ and C2C3, and we are done. 

In the next few lemmas we take care of the case where X contains a 3-
product with two even exponents. We start with the case where the MGS is 
strongly independent. 

LEMMA 2.7. Suppose a = a^a^a^ £ X for some integers r,s, and t, where s 
is even. Given x G G such that CF^{X) — 1, ct\(x) ^ — 1, <J\(X) ^ 1 and o\{x) ^ 1. 
Then x is rigid. 

Proof. Suppose (1,JC) = (b,d) for some b,d G G. Since 07 (JC) ^ — 1 for each 
/, by [1.11(H)], x is {a/}-rigid for / = 1,2,3 and so if b G { 1 , * } , 

(7(6)G{oîW,oiW}. 

Then 

a(<(b,d)) = (fx(x) + o\{x), 

but 

a((l,x))=l+a\crs
2(x)^CTr

l(x) + CTs
2(x) 

by [1.9(ii)], a contradiction. Hence b G {1,*} and so x is rigid. 

LEMMA 2.8. Suppose each ai is strongly independent, and there are even 
integers {r,s,k,m} such that o(a\) > 2,0(0-2) > 2, CF\ ^ 1,0-™ ^ 1, owd X 
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contains G\G^G3 and G\G\G3. {These do not have to be distinct.) Then (X, G) is 
a group extension. 

Proof. Let x — a\a2, then by [2.7] x is rigid. Suppose (1, — JC) = (b,d) for 
b,d G G. Then, by [ l . l l ( i i ) ] , we can assume 

GX(b) = l,<7i(d) = -cr\(x) and {G2(b),G2(d)} = {1,-G2(X)}. 

Since G3((b, d)) = a 3 ( ( l , —JC)) = 0, we have (73(d) — —a3(b). 
Suppose G2(b) = —G2(X) and G2(d) = 1, then 

o\oZ<T3((b,d)) = G3(b) - G3(b)G\(x). 

Then, since 

o\oZa3((l,-x))=l+o\(x)?0, 

01(b) — — 1 and G3 (d) — 1. But then 

G^G^b.d))^ G\GS
2G3({\,-X% 

a contradiction. Hence G2(X) = 1 and G2(d) = —(x). Then 

o\oZai((b, d)) = <73(&) + CJ3(b)G\(x) 

and hence 03(b) = 1. Thus b — \ and so — x is rigid. Therefore, by [1.12], (X, G) 
is a group extension. 

LEMMA 2.9. Suppose each 07 /s strongly independent and there are even 
integers {&,m,r ,s} swc/z J/zatf X contains the 3-products G\G2G3 and G\G2G

S
3. 

Then (X,G) is a group extension. 

Proof. Let x = a\c2. Suppose ( l , x ) = (b,d), then by [1.9(i)], G3(b) = 
G3(d) = 1. Since O(G\) > 2 and G\ is strongly independent, by [1.8] G\(x) ^ 
± 1 . Thus, by [1.11(h)], we can assume G\(b) — 1 and G\(d) = G\(a\). Since 
G2((\,X)) = 0,(72(rf) = -<x2(ft). Then 

Gr
lG2G

S
3((l,x))=l-Gr

l(al)^0 

while 

aî(72a5((6,d» = G2(b) - G2(b)G\(a{). 

Thus 02(b) = 1 and hence b — 1. Therefore x is rigid. 
Note that — x — c\a\c3, and hence a similar argument as above, using G\G^G3, 

shows that — x is rigid. Therefore, by [1.12], (X,G) is a group extension. 
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PROPOSITION 2.10. Suppose each 07 is strongly independent and X contains a 
3-product. Then (X, G) is a group extension. 

Proof. Since all elements of X send —1 to — 1, renumbering and taking an 
odd power if necessary, we can assume cf\as

203 G X where o\ ^ l,cr^ ^ 1. If 
r, s are odd, we are done by [2.6]. Assume one is even, then they both are even. 

Let/ be the form (l,ciC3,ci«2) and let g be the form (a\a2C3,c\a\,c\). Then 
by [1.16], / cannot represent a\a2C3 hence/ ^ g, and so there is some T £ X 
such that r ( / ) ^ 7<g). An easy check shows that r is not a 1-product, and if r 
is a 2-product we are done by [2.5]. Thus we can assume r is a 3-product, say 
r = a\cjl

2cj^. If the exponent are odd, we are done by [2.6]. If {&, m} are both 
even or {/, m} are both even, we are done by [2.9]. 

Suppose none of the above hold, then {&, /} are even. Since r ( / ) ^ r(g), an 
easy check shows that o{p\) > 2. If o(al

2) > 2 we are done by [2.8]. If o{a\) = 2, 
then repeat the argument with the forms (l,C2C3,C20i) and (a\a2C3,C2a2,C2), 
and use [2.5], [2.6], [2.7], or [2.8]. 

Now we look at the case where the MGS is not strongly independent. 

LEMMA 2.11. Suppose there are integers r, such that Y[a? ~ 1- Further, 
suppose there are no relations among any two of the (Ji's. Then 

(i) The order of rf is constant over all i. 
(ii) For i ^ j , there is anx G G such that ^'(x) = (fj(x) = — 1 and ak(x) = 1, 

where k = {1,2,3} \ {/,y}. 

Proof, (i) Suppose (tf)m ^ 1 and (crrhm — 1 for some m. Then 

(IK)" = >. 
which gives us a shorter relation among the <7/'s, a contradiction. 

(ii) If kero> c ker<j[', then we would have a relation among {cr^,cr/}, a 
contradiction. Hence there is an x G kero> such that cTr/(x) = — 1. Since 

n<'"c*)=i> 
we must have c/Hx) — — 1. 

LEMMA 2.12. Given the hypotheses and notation of [2.11]. Suppose 
o(&j(aj)) = rj for each j . Then for each i ^ j , and any {z,q} C C with 
zn = qrj — — 1, there exists x G G such that G[{x) = z, oy(jc) = q and o>0O = 1, 
where k = {1, 2, 3} \ {ij}. 

Proof. Replacing 07's by odd powers if necessary, we can assume each rt is 
a power of 2. By [1.8] and [1.15], there exists y G kero> such that a?(y) — 
(7jj(y) = —1- Then, by [1.1], there exists odd m such that cr/(ym) = z. Then 

o(a](ym) = o{q\ 
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and since o{ai) — rt, we have 

Oj(d\ym) — q for some u. 

Thus ajy171 satisfies the lemma. 

PROPOSITION 2.13. Suppose 

e 

J J ar/ — 1 for some rt, 
i=\ 

where each ar/ ^ 1. Then (X,G) is a group extension. 

Proof. If X contains a 2-product, then we are done by [2.5], so assume that 
X contains no 2-products. Hence, by [2.12],6>(a[') is constant over /. 

Suppose o(of ) > 2. Fix z, a complex square root of —1, then by [2.11], there 
exists x G G such that a^ix) — z for / = 1,2. Hence a^(x) = — 1. Using an 
argument similar to that in the proof of [2.8], we can show that ±x are rigid, 
and we are done. 

Now suppose o(arj) = 2 for all j and there is no relation as in the first case, 
then the relation given must be the only one. Hence, by [1.4(ii)], o((Tj(aj)) — rj. 
Fix complex numbers z; such that z[' = — 1, then by [2.12], there exist xt G G 
such that &i(Xi) — 1 and oy(jt/) = z7 if j ^ /. 

Le t / be the form {\^c\C21c\X\) and let g be the form (c2X2,c\X3,c\). As in 
[1.16], we can easily show that/ cannot represent C2X2 and thus there is some 
r G X such that T ( / ) =̂  rig). An easy check shows that r is not a 1-product and 
we assumed X contains no 2-products, hence r is a 3-product. Hence 

for some s/'s, and by [1.4(f)], af §/• St for each /. Thus af (xt) ̂  1 for each /. 
Renumbering and replacing r by an odd power of r if necessary, we can 

assume r = C^O^G^ where <rf(<2i) ^ 1 and (J^iai) ^ 1. Let JC3 be as above. If 
a\a^(x3) = 1, let x = (Z1X3 and if a\o^{x^) ^ 1, let* = X3. Then, since 0^(01) = 
1 by [1.4(H)], we have a3(x) = l,a[l(x) = o%(x) = - 1 and c^a^ix) = 1. Also, 
since a\ £ S\ and a\l G Si, 0(0^) < o(o\) and so 01 (x) ^ ±1 . Similarly, 
02U) 7̂  i l - Using r and an argument similar to that in the proof of [2.8], we 
can show that ±x are rigid. Therefore, (X, G) is a group extension. 

Finally we have the main theorem of this section: 

THEOREM 2.14. Any SOS of rank 3 is a group extension or a direct sum. 
Therefore, any SOS of rank ^ 3 is constructable, and hence realizable. 

Proof. Assume (X,G) is not a direct sum. Suppose X contains a 3-product, 
then if the MGS is strongly independent, by [2.10], (X, G) is a group extension. 
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If some Oi is not strongly independent, then we have a relation among 2 or 3 of 
{ai, 02, ̂ 3}- If there is a relation among 3, then by [2. 13] we are done. If there 
is a relation among 2, then X contains a 2-product and we are done by [2.5]. 

Suppose (X1G) does not contain a 3-product. Since (X, G) is not a direct sum, 
by [1.14], renumbering if necessary X must contain two 2-products G\GS

2 and 
G2G". If j is even, then w must be odd and as in case 1 of [2.5] we can find x 
such that ±x are rigid. A similar argument works if s is even. If t and s are both 
odd, taking odd powers we have r = G\G^ and G2G% in X. Clearly {<TI, 0-3, T} is 
a MGS, and 

0"2°3 = (J\ TG^ G X . 

Hence X contains a 3-product and we are done. 

COROLLARY 2.15. If rank X — 3 and X contains a ^-product, then X is a 
group extension. 

3. The connected case. We define an equivalence relation on SOS's such 
that the group extensions are precisely the connected SOS's. It will take most 
of the work of this section to show that the relation is in fact an equivalence 
relation. 

Definition 3.1. We define ~ on X as follows: If (X, G) = & or & 0 C2, then 
a ~ T for all a, r G X. For all other X, a ~ r if there is some 7 G X such that 
7 ^{o- _ 1 , r - 1 } and GY) eX. 

LEMMA 3.2 For any a G X and odd k,G ~ ak. In particular, ~ is reflexive. 

Proof. We can assume (X, G) is not Ci or & 0 Cz- Then |X| > 2, so there is 
some T eX such that r ^ cr. If a2 = 1, then GOT = r Ç l , and thus <J ~ cr = a*. 
Suppose G2 ^ 1, then cr-1 ^ a. If 0* ^ cr-1, we have GGkG — Gk+2 and so 
G ~ Gk. If Gk = <7_1, since |X| > 2, there is some r G X such that r 0 {<7, a - 1 } . 
Then GGkr — TEX and we are done. 

LEMMA 3.3. Suppose rank (X, G) ^ 3 awd {cri,..., Gn} is a MGS such that 
0"i ~ 0ï /#>* #// '• TYiew (X, G) /s « group extension. 

Proof If X has rank 3 and contains a 3-product then we are done by [2.15], so 
assume not. By assumption there is some a ft {071, tf^1} such that cr 102a G X. 
If X has rank 2 we are done by [2.4]. Suppose X has rank 3, since X contains 
no 3- products we get a 2-product G\G\ G X. Similarly, we have GU

{G
V

3 G X, and 
then by [2.14] we are done. 

Definition 3.4. (cf. [8,5. 1]). Let (X,G) be a SOS. The translation group of 
X is 

{aeG* :aX C I } , 
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and is denoted gr(X). For a G G*, define Xa to be 

{a G X : aka G X for all £}. 

LEMMA 3.5. (i) gr(X) = {a G G* : Xa = X}. 

(ii) If a2 = 1, ^Ai Xa — {a G X : aa € X}, a/îd a G Xa if and only if 
crk G Xa /or a// odd k if and only if ak G Xa for some odd k. 

(iii) IfXa^$, then (Xa^G/X^) is a subspace. 
(iv) If a2 = I and {a i , . . . , <r„} C Xa, then |> i , . . . , an] C Xa. 

Proof (i) is proven by an easy induction argument, since if aX = X, then 

akX = (^-\aX) C a*-1*. 

(ii) is easy, and (iii) and (iv) follow from [8,5.4] and [8, 5.5]. 

PROPOSITION 3.6. A SOS (X, G) is a group extension if and only if gv(X) — 
{1}. Hence if a^ 1, then Xa is a group extension. 

Proof This follows from [8], 5.4] and [8], 5.5]. 

PROPOSITION 3.7. Suppose o(a) = 2. Then for any x G G such that a(x) — 
— 1, =bc /s Xa-rigid. 

Proof. Since ar(—jt) = a(x), it is enough to show that x is rigid. Note that 
if cr(x) = 1 for all a G Xa, then jt is trivially Xa-rigid, so assume a(x) ^ 1 for 
some a G Xa. Suppose (1,JC) = (b,'d), we first show that 

{a(fe),a(d)} = { l , - l } . 

If a(x) T̂  ±1 , then by [1.10] interchanging b and J if necessary, we can assume 
a(b) — 1 and a(d) = a(x). By assumption, aa G X, hence we have 

aa((l,x)) = aa((b,d)). 

Thus 

a(6) + a(J)a(x) = 1 - a(x) ^ 0, 

hence by [1.9(i)], a(b) = 1 and a(d) = —1. If a(x) — —1, then we have 
aa(x) = 1, hence aa(b) = aa(J) = 1. Since a(fr) = ±1 , we must have 
a(b) — ±1 . Because a((l,x)) = 0,cr(d) — —cr(b) and therefore a(d) — —a(b), 
proving 

{a(b),a(d)} = {!,-!}. 

By the above, interchanging b and d if necessary, can assume a(b) — 1 and 
a(d) = — 1. We will show that a(b) — 1 for all a G Xa, which will clearly 
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imply x is X^-rigid. If ar(x) = 1, then by [1.9(i)] a(b) = 1. If a(x) ^ ±1 , then 
by [1.11] 

{a(b)Ja(d)} = {l1a(x)}. 

Suppose a(b) = a(x), then aa(b) = a(x), while 

aa((l,x))= 1 - a ( x ) ^ 0 7 

which is a contradiction of [1.9]. Hence cr(fr) = 1. Finally, if a(x) = — 1, then 
aa(x) = 1 and so a(/?) = o-a(fr) = 1. 

Our goal is to show that a connected SOS is a group extension. We will do 
this by showing that gr(X) ^ {1}. Thus we need to take a closer look at the 
subspaces Xa. 

PROPOSITION 3.8. Suppose o(a) = o((3) = 2 and Xa flX^ C\Xap ^ 0, and 
a EXa\ Xp. Then a 0 Xap. 

Proof. Assume cr\ G XanXpnXap, and aa/3 G X. Then, since {ai,cria, 
era} (ZXp, by [3.5(iv)], [0-1,0-1 a, aa] CXp. But this implies 

v = (aYl)(cria)(cra) G ^ , 

a contradiction. Hence cra/3 0 X and so o 0 Xa/g. 

PROPOSITION 3.9. fc/. [4,4.4]). Suppose a and j3 are elements ofG* of exact 
order 2. IfXa HXp DXap ^ 0, f/ie/i Xa C Xp or Xp C Xa. 

Proof Suppose not, then there exists o\ G l « n ^ f l l ^ , 02 G Xa \ Xp and 
03 G Xp \Xa. Replace X by the subspace of X generated by {<Jia, crf1/̂ , CT2, 
a ^ a , 0-3}. Note that 

a\ = (cJiaX^Xa^1») and ^a /3 = ( t T f 1 / ? ) " 1 ^ ) ^ 1 " ) 

are both in X. Also note that 

<T2/3 = (aia)(aYlp)(cr2a) and a 3 a = (CT3)(CT2)(CT21 a) 

are both in G*. 
We first show that X is a group extension. Pick x G G such that a(x) ^ 1 and 

/?(*) ^ 1. We will show due are rigid, and clearly it is enough to show x is rigid, 
since a(—x) — a(x) and (3(—x) = (3(x). By [3.7], x is Xa-rigid and X^-rigid. 

Suppose (1,JC) = (b,d) for some b, d G G, then we can assume a(7?) = 1 and 
cr(d) = cr(x) for all a G Xa. If ai(x) ^ 1, then cri(d) ^ 1. Since o\ G X^ and x 
is X^-rigid, we then must have cr(b) = 1 for all a G Xp. Hence a(b) — 1 for all 
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a G X and so b = 1. Therefore, x is rigid. If a\(x) = 1, then a\a(x) ^ 1. Since 
G\cc G X^, replace ai by a i a and use the same argument to show that x is rigid. 

By [1.12], X is a group extension. We can assume X is a group extension of 
some SOS (X7, G') which is not a group extension. For a G X, let 0 denote a 
restricted to G'. If â ^ 1 and /3 ^ 1, the same argument as for X shows that X' is 
a group extension, but we assumed not. Hence we have either â = 1 or J3 = 1. 
If â = 1, then ô"3â = 03 G X7 and so, by the definition of group extension, 
03 a G X, a contradiction. Similarly, if fi = 1, then ci2f3 G X, a contradiction. 
Therefore we must have Xa C Xp or Xp CXa. 

LEMMA 3.10. (cf. [4,4.6]). Suppose o(a) = o(J3) = 2 a/irf |XaHX^| > 2. 
77j£/î //^re w some 7 G G* swc/z r t o 6>(7) = 2 <z«d Xa,X^ C X7. 

Proof. If Xa C X# or Xp C Xa, we are done, so assume not. 
Case 1. Suppose 0 G Xa HXp such that o(a) > 2. Then pick r such that ar 

has exact order 2, and let 7 = crr. Since r is even, clearly 

aGXanx7nx^. 

Then, by [3.9], Xa C X7 or X7 C Xa. 
Suppose X7 CXa. Then af3 G X7 C Xa, and hence 

But then, by [3.9], Xa C Xp or X^ C Xa, and we assumed not. Thus we must 
have Xa C X7. A similar proof shows that Xp C X7, and we are done. 

Case 2. Suppose all elements of Xa D Xp have order 2, then by assumption 
there is 0 1,02 G Xa HX^ such that 01 ^ 02. Let 7 = 0-102, m e n 

o-i exanx1nxon. 

The proof is now the same as in case 1. 

PROPOSITION 3.11. Suppose 01,02 G X such that 02 ^ [01] a«J 01 ~ 02. Then 
there is some 7 G G* vvzY/z 0(7) = 2 SWC/J f t o 0*1,02 G X7. 

Proof. It is clear that we need only show that 01,02 G X̂  for some 8 G G* 
such that £7^ 1. By definition we have 0-3 G X such that 03 ^ Wi1,^1} and 
0^0203 G X. By [3.5(i)] and [3.6] it is enough to show [01,02,03] is a group 
extension. If rank [0-1,02,03] = 3, we are done by [2.6]. 

Assume rank [01,02,03] = 2, then we can assume {01,02} is a MGS, and so 
we have 03 = a ^ for some r,s. If a\+l — 1, then 03 = 0]~102 and s o ^ ^ 1-
Then, by [2.4], we are done. A similar argument works if a^1 = 1. If a\+l ^ 1 
and 0^+1 ^ 1, we have 010203 = 0-i+102+1 G X and again we are done by [2.4]. 

We now come to one of the main theorems of this section: 
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THEOREM 3.12. (cf. [4, 4.7]). Suppose (X, G) is connected, then there is some 
7 G G* of exact order 2 such that X = X7. Hence, by [3.7], X is a group 
extension. 

Proof. The case where X has rank 1 is trivial, thus we assume rank X > 2. 
If all elements of X have order 2, then (X, G) is a Space of Orderings and we 
are done by Marshall's work [4], thus we assume X contains an element of 
order greater than 2. Pick a\ G X such that a\ has maximal possible order, then 
a\^ \. Pick G2 G X such that 02 £ [a\]. By hypothesis, o\ ~ 02, hence by 
[3.11] there is some 7 of exact order 2 such that 0-1,02 G X7. Pick a G G* 
such that ai G Xa and |Xa| is maximal. Then, since a\ has maximal order and 
\Xa\ > |X7|, rankXa > 2. 

Suppose Xa ^ X, then pick r G X \ Xa. By assumption T ~ o\ and so, by 
[3.11] there is some (5 such that r, 01 G X#. Since erf ^ 1, |Xa C\Xp\ > 2, hence 
by [3.10] there is some 7 of exact order 2 such that Xa C X7 and Xp C X7. But 
this contradicts the maximality of \Xa\, since T € X1\Xa. Thus we must have 
Xa = A. 

It remains only to prove the transitivity of ~ . Unlike the case where G2 = 1, 
we must do a substantial amount of extra work to prove transitivity. 

LEMMA 3.13. Suppose 0"i,02 G Xa where o(a) = 2 and \Xa\ > 3. Then 

Proof. If G2 G [ai], then we are done by [3.2], so assume not. Assume 
(72 ^ (T\a, then a\xa^ a^1 and, by assumption, ajl ^ o^x. We have 

(JxOlipX1 OL) — (J2& G X, 

hence <7i ^ cr2. 
Suppose 02 = 0"i<*- If o(a\) = 2, then pick 03 G Xa such that 0-3 0 { 0 7 1 , 0 ^ } . 

Then 

0-10203 = a3a GX, 

hence 0-1 ~ 02. If 0(0\) > 2, then 01 ^ {071, c^1} a nd we have 

0-10-201 = oxa G X, 

hence cri ^ 0-2. 

COROLLARY 3.14. Suppose Y C X s«c7* ^ to 7 w a grow/? extension, Y ^ 
C2 0 C2, #«d 0,7 G F. 77*£fl a ~ T inX. 

Proof. By [3.6], F = Ya for some a ^ 1. Since Y ^ C20C2, |^| > 2. Hence, 
by [3.13], a ~ r in 7, and therefore in X. 
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LEMMA 3.15. Suppose a^ l,/3 ̂  1, and there exists a\ G XaP\Xp, a2 G Xa, 
and 03 G Xp. If' a2a ~ 03 or a^ji ~ a2, then a2 ~ 03. 

Proof. Note that, by [3.6] and [3.14], if a2 G Xp or 03 G Xa, then o2 ~ 03-
Hence the lemma is true if a\ G [02], 02 € [0-3], or 0-1 G [0-3], so assume none 
of these hold. If O(<TI) > 2, then 

\XaC\Xp\ >2 

and so, by [3.10], Xa C Xp or Xp C X a , and we are done by the first observation. 
Thus we can assume o(a\) = 2. Assume one of {0(02)7 0(03)} is greater than 
2, since if not we are done by Marshall's work [4, 4.5]. 

Suppose G20C ~ CT3, then by [3.11], 02 a, 03 £ X7 for some 7 with 0(7) = 2. 
Assume 0(02) > 2, then o(cr2a) > 2. Since a2a G X a (1X 7 , by [3.10], either 
Xa C X7 or X7 C X a . If X1 C X a , then 03 G X a . If X a C X7, then 02, 03 G X7, 
and we are done by [3.6] and [3.14]. 

Now assume 0(02) = 2, then by assumption 0(0-3) > 2. Hence, as above, 
Xp C X1 or X7 C X#. If X7 C X^, then a2a G X^ and so a2a, 0"i G X^. Thus 

| X a H X ^ | ^ 2 

and so, as above, we are done. If Xp C X7, then &\, a2a C Xa DX 7 , and so by 
[3.10], X a C X7 or X7 C X a and proceed as above. 

A similar proof works for the case of 0-3f3 ~ a2. 

PROPOSITION 3.16. Suppose o(a) = o((3) = 2, o"i G X a nX/3,02 G X a , ««J 

0-3 G X#. Suppose X contains an element of one of the following forms: (a) 
a^0-37 where o\ ^ l , a 3 ^ 1, and 7 G {1, a, /3}, (0) 0^02 03 T w/z£r<? r w odd, 
0~2 7̂  1,0"3 7̂  1, tfftd 7 G {1, a, /3}, or fcj 0^ 0-2 0-3 a/3, where r,s and t are odd. 
Then a2 ~ a^. 

Proof. Assume X contains a of type (a). If a = 020*3, then Y = [a2j 0-3] is a 
group extension by [2.4] and we are done by [3.14]. Suppose a = o - ^ a . If s 
is odd, then a2a ~ 03 since [02<x50"3] is a group extension. Hence, by [3.15], 
0"2 ~ 03. If s is even, 

0^/3 a = (0-2a)(02_1)cr3 

and hence a2a ~ a^. Thus a2 ~ 03 by [3.15]. A similar argument works if 
a = o^o'sP. If 

0- = o ^ o r / J , 

then a can be written as either 

teûflWXtfs)'"1 or tecOte)5" W ) ' . 
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Hence either oi ~ 0-3/3 or aioc ~ 0-3, and we are done by [3.15]. 
Assume X contains a of type (b). Since r is odd, [0"i7, 0"2,0"3] contains a 

3-product and thus is a group extension by [2.15]. Hence 02 ~ 03 by [3.14]. 
Assume X contains a of type (c). Then, by [2.15], [01a, 02,0-3/3] is a group 

extension, and we are done by [3.14] and [3.15]. 

THEOREM 3.17. ~ is an equivalence relation. 

Proof, by [3.2], ^ is reflexive, and it is clearly symmetric, thus we need only 
show that it is transitive. Suppose o\ ~ 02 and o\ ~ 03, then we want to show 
02 ~ 03. By [3.11], these exists a and f3 of exact order 2 such that 01,02 £ Xa 

and 01,03 E Xp. If 0(0-1) > 2, then, by [3.10], XajXp C X7 for some 7 where 
o(l) = 1. Hence, by [3.6] and [3.14], 0-2 ~ 0-3. Thus we assume 0(01) = 2. 
If 0-2 E Xp or 0-3 E Xa, then we are done by [3.6] and [3.14]. If 0-2 E Xap, 
then 02a, 03 E X^. Hence 02a ~ 0*3 and so 02 ~ 0*3 by [3.15]. By a similar 
argument, we are done if 03 E Xa/#. 

Replace X by the subspace of X generated by 

S = {0-1 a, 0-1/?, 02, o-^"1»,^}. 

Note that crior ~ a for all <r E S, thus if rank X ^ 3 we are done by [3.3] and 
[3.14]. Hence we can assume rank X > 4. 

Case 1. Suppose rank X = 5. For ease exposition, set T\ = 0ia,T2 = 
0"i/?,T3 = 02774 = 02~

1<*, and r$ — 0-3. Then {TI,T2,T3,T4,T5} is a MGS 
for X. Let {ai , . . . ,«5} be a dual basis and {ci , . . . , C5} be an S-basis. Since 
O(T\) = o(T2) = 2,ai = ci and ^2 = Q- Note that X contains o\ — TXT^T^ and 
03/3 = Tir2T3T4r5. 

Le t / = (l,C2C3C4C5,ciC2C3C5) and g = (ciC2C405,C2^3,C3C5). Renumbering, 
we can apply [1.16] (with 0 = Tir^r^^d — c\, and x = C1C2C4C5). Thus there is 
some r E X such that T ( / ) ^ r{g). Suppose 

An easy check shows that if only one r, is odd, then T ( / ) = r(g), hence there 
must be at least 3 odd r/'s. This means r is a 3-, 4-, or 5-product. 

Suppose r is a 3-product, then r = T^T-T^ where r, 5 and J are odd. Since 
T ( / ) ^ -r(g), an easy check shows that {ij/k} is not {1,3,4}, {1,2,3}, {2,3,4}, 
or {3,4,5}. Let us look at the remaining 5 possibilities for {ij, k}. If r = r\T27

J
4, 

then 02 E X^, and we're done. If r = r\T2/f5, then 0-3 E Xa/? and we're done. If 
r = T173T5, then [ri,T3,T5] is a group extension by [2.15] and contains 0-2 and 
0-3, and thus we are done by [3.14]. A similar proof works for r = T2^3T

S
5. If 

r = T I T ^ or r = T27r
4f5, we are done by [3.16]. 

Now suppose r is a 4-product, then it has 3 odd exponents and 1 even expo
nents. If r = T\T2rrr

ii
Sj, then we are done by [3.16]. If r = T1T3T4T5, then, since 
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r ( / ) ^ iig), we must have t odd and we are done by [3.16]. A similar proof 
works for r = T2'f3T

s
4T

I
5. 

Finally, suppose r is a 5-product. Since T ( / ) ^ iig),T must have at least one 
even exponent, and hence it has exactly 2 even exponents. Since O(T\) = ofa) — 
2, the exponents of T\ and TI are 1. Then r is either of the form 02of a*/?, a\a(i, 
or (jr

2ock(5. If r — a\a/3, then o^fi G Xa and so or3/? ~ 02 • Hence 02 ~ 0-3 by 
[3.15]. A similar proof works if r = ar

2a(3. If r = cr^G^o^fi, then 02 ~ 03 by 
[3.16]. 

Case 2. Suppose a = o\ for some (necessarily even) k. Then clearly 
{cri,CTX/3,0-2,0-3} is a MGS for X. Since 01 and a\/3 have order 2 they must 
be strongly independent. For ease of exposition, let T\ — CJ\,T2 = 0i/3,T3 = 0-3 
and r4 = o2 . Pick a dual basis { a i , . . . , a 4} and an S-basis { c i , . . . , c 4 } . Note X 
contains T1T2T4, and TITJ. 

L e t / = (l,C2C3C4,ciC2C3) and let g = (cic2c4,C2C3,c3). By [1.16], there is 
some T EX such that r{f) ^ r(g). An easy check shows that 

has more than one odd exponent, and hence has exactly 3 odd exponents. 
Suppose T is a 3-product, then since T ( / ) ^ Tig),TÇÉ [T I ,T2 ,T 4 ] . If T = T\T2Tr

3, 
then 02 G Xp. If r = TIT^T^, or if r = T2Tr

iT
2
A, then we are done by [3.16]. 

Finally, suppose r is a 4-product, then r = T I T 2 T ^ = o\o\fi and we are done 
by [3.16]. 

Case 3. Suppose a £ [02] and rank X = 4. We let TI = 0ia,T2 = 0i/3,T3 = 
0̂ 2, r4 = a-^1^, and T$ = 03. One of these must be in the span of the others, 
hence we have a relation 

where at least two of the r, 's are odd. We consider separately the cases where 
both n and T2 are in this relation, only T\ is in the relation, and only T2 is in 
the relation. 

Suppose we have r\T2Tr
3T

s
4T

t
5 = 1. If s is odd, then this gives us 

^2 = ^ 3 / ? ^ * • 

If ^2 7̂  1 and 0-37^ 1, then we are done by [3.16]. If o3 ^ 1 or 0Î, ^ 1, then 
a2 G Xp. If s is even, then we have 

cJ3 = (a2)
r-s(cj3)t-[cc(3eX1 

hence either 02 £ Xap, 03 £ ^«/^ or we are done by [3.16]. 
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Suppose we have T\737475 = 1. If 75 = 1, then this means 

where (a2)r~s 7̂  1. and we're done by [3.16]. If 75 = 1, then r — s must be odd, 
and we have 

a, = (a2y-sor. 

Since o\ E X^, this implies either o2 € X^ or a2 £ Xa^. 
Finally, suppose T ^ T ^ = 1. If 75 = 1, then a = (a2y~s, but we assumed not. 

Hence we have 

a2 = G\G\OT £ X 

where o^ ^ 1 and 03 ^ 1, and we are done by [3.16]. 

4. Classification of finite spaces of signatures. We now know that ~ defines 
an equivalence relation, and that each connected component of (X, G) is a group 
extension. Thus to show that (X, G) is constructable, we need to show that it is 
the direct sum of its connected components. We use the following application 
of the Representation Theorem, which is a special case of [5, 3.4]. The author 
is grateful to Marshall for suggesting the use of this theorem in this case. 

PROPOSITION 4.1. Suppose (Xi, GO, (X2, G2),. . . , (Xw, Gn) are the connected 
components of (X, G), where 

G,=G/[f|kerA 

Then (X,G) = 0(X/,Gz), the direct sum of its connected components. 

Proof. Given a £ G, we define â : X —» /x by a(a) = cr(tf). Then for a form 
p = (01, . . . ,<?„), we define p : X —» C by p = X ^ -

If X is connected the result is trivial, so we assume not. Since ~ is an 
equivalence relation, X is the disjoint union of the X,'s. Hence it is enough to 
show that the cannonical map (j> : G —> Yl^i is an isomorphism. It is clearly 
injective, thus we must show it is onto. 

For each /, fix at E G/. Define / : X —-> p, by f{o) — cr(ai) for a £ X;. We 
want to show that/ is represented by a form p over X. By the Representation 
theorem [9, 5.8], it is enough to prove it for the case where X is a quasifan. 

If X is a group extension, then, by [3.5(i)] and [3.6], X is connected and we 
assumed not. Thus X is not a group extension and so, since X is a quasifan, 
(X,G) is the direct sum of two fans. But fans are connected, hence X has two 
connected components and we have <j> : G —> G\ x G2 is an isomorphism. Hence 
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there is some a E G such that <j>{a) — (a\,a2) and then clearly/ = a. Therefore 
/ is represented by a form over X. 

Since/ is represented over all quasifans,/ = p for some form p over X. Note 
that/ is a unit since the function defined using a~x instead of <z; is an inverse 
for/ . Then, by [5, 2 .3] , / = à for some a E G. Hence </>(a) = (a\,a2l... ,a„) 
and therefore 0 is onto. 

We finally come to the main result of this paper: 

THEOREM 4.2. Suppose (X, G) /s a SOS vWf/î G /m/te o/ 2-primary order. 
Then (X, G) /s constructable, hence there is a field K and a preorder T C K 
such that (XT,K/t) = (X,G). 

Proof. By [10, 3.5], we are done if we show that (X, G) is constructable, i.e., 
built up from C2 by group extensions and direct sums. We proceed by induction 
on |G|. 

If \G\ = 2, then (X, G) = C2. If \G\ = 4, then (X, G) = C2 0 C2, or (X, G) = 
Ct, both of which are constructable. Hence we assume \G\ > 4. 

If (X,G) is connected, then by [3.12] it is a group extension of some SOS 
(X;, G'). By definition of group extension, \G'\ < |G|, hence by induction (Xr, G') 
is constructable. Therefore, (X,G) is constructable. 

If (X, G) is not connected, then by [4.1], (X, G) is the direct sum of its con
nected components. Since there is more than one component, each one is smaller 
than (X,G) and hence by induction is constructable. Therefore (X,G) is con
structable. 
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