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THE RING SCHEME Fa 

BY 

IAN G. CONNELL 

Let A be a ringO and s2{A) the set of idempotents in A. It is a familiar fact that 
s2(A) becomes a ring if we define 0, 1 and multiplication as in A, and a new negative 
and new addition by 

(1) Qx = x9 x © y = x+y-2xy. 

R. A. Melter [3] made the surprising observation that sQ(A)9 where in general 
sq(A)={x e A:xq=x}9 is a ring if 2 is a unit in A and we define 0,1 minus and 
multiplication as in A, and a new addition by 

(2) x © y = x+y-%(x2y+xy2). 

The nonobvious facts are that s3(A) is closed under © and that © is associative 
when applied to the elements of s3(A). The © in (1) is actually a formal group over 
A, and so is associative when applied to any elements of A. However in (2) (and 
similarly in other cases we shall define) the © is not a formal group, and the 
associative law depends on the fact that the elements involved are in sQ(A). 

We shall derive these and other examples using the following general considera
tions, a full account of which can be found in [1, Ch. 1]. If S is a scheme and R is 
a finite ring with q elements then RS9 the direct sum of q copies of S9 represents a 
(commutative) ring scheme. Hence Homscheme/s(r, Rs) is a ring for each scheme 
T over S. 

In affine language, if O is a ring and A = Q,B is the direct product of q copies 
of O, then a ring structure is induced on the set Homn_aigebra(A, A) for each 
Q-algebra A. 

The case we wish to consider is: R=GF(q), where q is any prime power, and 
Q = Qq=Z[l/(q— 1), £] where £ is a primitive (q— l)st root of unity. We choose a 
generator g of the multiplicative group GF(q)* and define a mapping x'*GF{q) 
-*Q by x(0)=0 and x(gl) = V> for 0<i<q-2. For xeGF(q) let Ix denote the 
ideal in Q[X] generated by the polynomial X—x(x) a nd put ^X = ^[X]/IX^Q. 
Since 

(X-£)(*-£2) . . .(*-£«-2) = ( ^ - 1 - i ) / ( z - i ) , 

we have 

(l-0d-C2). . .( l-^-2) = ^ l , 
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and therefore each factor on the left is a unit in Q. It follows that the ideals Ix are 
comaximal, hence their intersection / i s generated by Xq- Zand, using the notation 

Ù[X]/I= A = Q[A:A« = A], 

we see that x induces an Q-algebra isomorphism 

x:A^ n O* 
xeGF(q) 

given by x(X)x (the x-coordinate of x(A))=x(x). 

REMARK. If Q' is a ring and R' is a finite ring we call a mapping x'-R' -> Q' 
admissible if 

( i )xX*}0=xWO>),and 

(ii) when *#.}>, x'(*)—x'OO *s a u n i t i n Q'« 

Under these conditions we obtain an isomorphism x' as above. However one 
easily sees that the existence of such a x already implies that R' is a field, say 
GF(q), and Q' is an Qq-algebra. Moreover if p:Qq-> Q,' is the structural homo-
morphism then x=p°x- Thus our previous discussion really deals with the most 
general admissible x-

We denote by ¥q the ring scheme represented by Spec A. Clearly Fa is of order 
q over Spec Q. 

PROPOSITION. The structure of F a is described by the following Q-algebra homo-
morphisms: 

CI where f(A) = 0 ; 
Q where 77(A) = 1; 
A where v(X) = (-1)*A; 
A ® n A where /x(A) = A ® A; 

a : A - > A ® n A w/rere 

(zero) 
(owe) 
(minus) 
(multiplication) 
(addition) 

i:A 
rj'.A 

v.A 
/x:A 
a:A 

al (A) = A ® 1 + 1 ® A + 2 ^ ® A«~f, 
i = l 

ax = aq-x = —q/(q—l) and for 2 < i < q—2 

ai = ;rV2W+g(f-1)s). 

Proof. With Q, fixed and E any set, QE gives a contravariant functor from sets 
to Q-algebras. Namely, if <f>:E-> Fis a mapping of sets then QF -> D£ is given by 
a\->b where (6)e=(a)He). Now the zero element of R=Gi7(^) is given by J : pt. -> i? 
where pt. denotes a one-element set and the image of J is {0}. The induced homo-
morphism 
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is the projection onto the O-coordinate. Via % this gives £:A-> Q where f(A)=0. 
Similarly rj and v are determined. 

For fi, and a we use the canonical isomorphism Q,R ®fi Q
R Z+. £lR*R where 

a®b\->c and the (x, y) coordinate of c is (c)Xty = (a)x(b)y. The case of /x is clear 
and the verification of the formula for a is an easy calculation^). 

Since HomQ.algebra (A, A)=sq(A) (via the bijection </>\-> <f>(\)) we have: 

COROLLARY. For each prime power q, and for each ù-algebra A, sq(A) is a ring 
if we define 0, 1 and multiplication as in A and a new negative and new addition by 

Qx = ( - ! ) % 
<z-i 

x@y = x+y+ y aixy-*, 
i = l 

where the at are interpreted as elements of A via the structural homomorphism 
Q-+A. 

Here are the first few examples: 

2 = 2 
q = 3 
<7 = 4 

x©y = x+y-2xy; 
x © y = x+y-j(xy2+x2y); 
x ®y = x+y-§(xy3+x3y)+jx2y2; 

1+2V"=T 
q = 5: x ®y = *+j>-&x.y4+x*y) + 

2 = 7 

(X 2 J 3 +X 3 J 2 ) ; 

JC © y = ^+j-i(x/+x6j;)4- 5+3 3 (x2y5+x5y2) 

+ 6 V/+*y); 

4 = 8: x © ^ = *+y-!(x/+:c7)0-f ~~1 +
? (x2y6+x6y2) 

2 = 9: x © 7 = x+y-KxyQ+xQy) + lç~~2(x2y7+x'7y2) -f(x3/+*y)+-

8 
•1+2V^2 

8 (x*y5+x5y*). 

We gather some simple facts in a proposition. 

PROPOSITION. Let q =pn, p prime, and Q=Qq. 
(i) For every scheme S over Spec D, A(5,) = Homscheme/Specn(5', Spec A) is a ring 

of characteristic p. 
(ii) h is idempotent in the following sense: h(S) is canonically an Cl-algebra and 

there is a canonical ring isomorphism A(Spec h(S))zh(S). 

(2) I am indebted to Professor J. Tate for pointing out to me that F, is a constant ring 
scheme; originally I had verified the ring scheme axioms directly. 
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(iii) The coefficients a{ lie in the subfield ofQ(Ç) left fixed by the Frobenius auto
morphism of Q(£)/Q attached to p. 

(iv) For every i in the range 2<i<q~2,(q — l)at has absolute value Vq. 

Proof. Because Fq is a ring scheme, the structural homomorphism p:S-> Spec O 
induces a ring homomorphism h(p):h (Spec Q)->h(S). But the former ring is 
GF{q\ which proves (i). 

Definining O -> GF(q) by Ç H> g and composing this with h(p) gives a homo
morphism w.Cl -> /z(S); A(5) thus becomes an Q-algebra. Now 

A(S) = Homn_algebra (A, A) 

where ^ = T(5, Os), so h(S)=sq(A) with the ring operations as defined in the 
previous corollary(3). As sets, sq(sq(A))=sq(A) and (ii) amounts to verifying that 
the ring operations are the same. Only the case of addition causes any concern, 
and the result follows from oj(a1) = oj(aq-1) = 0, by (i), and 

*(ad = ^Qz\gis+g«-»s) = 0, 
q—i s = i 

for2</<#-2 . 
The Frobenius automorphism a is given by a(£) = £p. Thus, for 2<i<q-2, 

oifld = - L r ïx ( (g i s +^- 1 > s ) p ) = - V i f X(gips+g(i~1)ps) = «, 
#—l s = i q— L s = i 

since/w runs through the integers modq—\ as s does, and this proves (iii). 
To prove (iv) we use the Gauss sum 

TOA)= 2 Kx)e(x) 
x e GF(q) 

where ^ is any nontrivial character on GF(q)* (^(0) = 0), e(x) = exp (27riS(x)/p) 
and S denotes the trace from GF(g) to GF(p). As in [2] one calculates T(0) r{^)=q 
and T(̂ )r(j/r) = j/r(~-1)# where the bar denotes complex conjugate. (Extending from 
the case q=p in [2] to q=pn presents no difficulties.) One easily sees that 

X € GF(q) 

= (-l)QMx i,x), 

and again as in [2] one finds that 
T0AMx) 

*#> x) = T0Ax) 

(3) Because A = n 9 , /*(£) can also be identified with the set of ordered ^-tuples of mutually 
orthogonal idempotents in A with sum 1 ; in terms of S, these correspond to ordered ^-tuples 
(S i , . . . , Sq) of closed subschemes (some of which may be empty) which are mutually disjoint 
and whose union is S. 
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(when none of I/J, x, *l>x *s the trivial character). Since each of the r's has absolute 
value Vq9 the result follows. 

The TT(0, X) a r e known as Jacobi sums. Since x is a generator of the character 
group of GF(q)*9 the general Jacobi sum is TT(X\ xj) where i and j are integers 
mod#—1. 

(We define xf(0)=0 even when isO mod q-1 as in [4]; in [2], x°(0) is defined to 
be 1 and therefore there is a slight discrepancy between our TT'S and those in [2] 
when (/ssO mod q-1.) Let x e GF(q)* and for s= 1, 2 , . . . , q-1 define 

Xs(l +x) = a(s9 l)x(x)+a(s, 2)x
2(x) + • • • +a(s9 q- \)xq'\x). 

(If x=gu this is just 

(£u 0 l)s = (£w+l+0i£u+ • • • +aa-i£
(«-1)w)s 

= a(s,l)?+'.'+a(s9q-l)?«-»"; 

thus a(l,t)=at for 2<t<q-2 and a(l, O=0«+l = - l / ( ? - l ) when /=1 , # - 1 
except that a(l9l)=ax+2=0 when #=2.) 

For 1 < t<q—1, multiplying by x~'(x) and adding over x we obtain 

^ , 0 = ^ 7 2 Xs(l+*)r<(*) 

We should mention Stickelberger's formula (cf. [4, p. 490]) : Let P be a prime 
ideal in Z[£] lying over/? (where q is a power of/?) such that in the isomorphism 
Z[Q/P^GF(q)9 t, corresponds to g. Then, provided s •£ tmodq— 1, the ideal 
generated by (q—l)a(s91) in Z[£] has the prime ideal factorization 

((q-l)a(s9t)) = (TT^X'1)) = Pwis>l) 

where H>C?, i) is the following element in the group ring Z[G]9 G=Gal (Q(£)/Q)-

•*'>-.J..1([^1-IFI]-[FHK'-
where square brackets denote the integral part and G{ e G is defined by <y4(Ç) = {'. 
(The exceptional cases are: a(s,s)= - l / ( # - l ) for 1<^<^~2, a(#-1,#-1) 
=(<7-2)/(?-l).) 

If q=pn
9 Gal (GF(q)/GF(p)) consists of the elements aj

9 \<j<n where o(x)=*xp. 
It is easily seen that the ring scheme morphism Fq -> FQ induced by o' is described 
by the Q-algebra homomorphism A -> A given by Ai-> Ap'. 
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Now let a: GF(q) -> GF(qn) and p: Og -> Çlq* be ring inclusions, and let F£ denote 
the ring scheme obtained from ¥q by extending the base to Spec ClQ*; Fq is repre
sented by Aq = Qgn[A': A'9 = A']. Then a induces a morphism F'q -> FQn. If we impose 
the natural compatibility condition that 

• 0 • 
O Q > Qan 

commute, where the vertical maps are the chosen x's, this morphism is described 
by the ^-algebra homomorphism \ n -> A£ given by A f-> A' ; again we omit the 
simple verification. 

For example, the addition law for q=9 given above collapses to the law for 
q=3 if we impose the relations x3=x, y3=y. (The above compatibility condition is 
automatically satisfied as far as the list goes.) 

We conclude with some examples showing how the above ideas can be extended, 
leading in general to nonconstant ring schemes. First of all, Fa can be regarded 
over Spec Q' where Q' = Z[l/(#—1), al9..., aa-i] and part (iii) of the previous 
proposition shows that in general this ring is smaller than Q. For example, our 
definitions give s±{A) a ring structure for all algebras A over Z[J]. However there 
are examples such as the following which are not explained in this way. 4̂ = Z/10Z 
is not an algebra over Q3 = Z|£], yet s3(A)={0, 1, 4, 5, 6, 9 mod 10} is a ring, indeed 
the ring Z/6Z, if we define 

x ®y = x+y+x2y+y2x. 

To take the simplest case, suppose we set £l=Z[a, b] and A = D[A] with relations 
among a, b, A to be determined so that O is a subring of A and, with v(X) = bX, 
a(A) = A ® 1 +1 ® X+aX ® A and £, rj, fi as before 

(i) the ring scheme axioms are satisfied, and 
(ii) €,..., a are O-algebra homomorphisms. 

The axiom for left negatives, namely the commutativity of the diagram 

A tt A ^ A V ® 1 A ^ A 

A > A ®n A > A ®a A 
(\ diag. 

y y 

a > A 
canon. 

gives X+bX+abX2 = 0; similarly the left distributive law gives a(X2 — X) ® A ® A=0 
or, applying 1 ® rj ® rj9 a{X2 — A)=0. (The remaining axioms are automatically 
satisfied.) Substituting aX2 = aX in the first equation we have A(l +b + ab) = 0 which 
is equivalent, via rj9 to 1 +b + ab = 0; in particular b is a unit. Now in order that v 
be a homomorphism we must have a(b2X2 — bX) = 0 which, in view of above facts, 
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is equivalent with b= - 1 -a and (a+1)2 = 1. The remaining mappings f, 77, /-t, a 
are seen to be homomorphisms and we finally arrive at: 

Q = Z[a:(a + l)2 = 1], A = Q[X:aX2 = aX]. 

If v4 is an Q-algebra then 

Hom^.algebra (A, A) = {x G A:âx2 = âx} 

(where â denotes the image of a in A) has a ring structure. For example, if â=0 
we obtain the original ring; and if â= —2 we obtain the ring of elements which are 
idempotent mod 2. 

Here is a final example. Let 

Q = Z[a:4a = 2], A = Q[À:(2a-l)(À2 + À) = 0, A3 = A] 

and let A be an Q-algebra. Then 

Homn.algebra (A, A) = {x e A:(2a-l)(x2+x) = 0, x3 = x} 

is a ring if we define 0, 1, — and multiplication as in A, and a new addition 

x ®y = x+y+(â-2)(x2y+xy2). 

This includes the original case s3(A), where â=%, and the example s3(Z/\0Z) 
mentioned earlier, where a—1 mod 10. The characteristic of this ring is 2, 3 or 6 
when, respectively, 2 = 0 in A, 2 is a unit in A, otherwise. 
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