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SOME NEUTRAL EQUATIONS
WITH A CONTROL PARAMETER

VASIL 6. ANGELOV

This paper presents sufficient conditions, involving accretive

operators, for the existence, uniqueness and continuous

dependence on a control parameter of the solutions of some

initial and boundary value problems for neutral functional

differential equations.

The main purpose of the present paper is to obtain conditions for the

existence, uniqueness and continuous dependence on a control parameter of

the solutions of some initial and boundary value problems for neutral

functional differential equations.

Let us consider the following initial value problem:

*'(*) = X[v, t, x(A1(t)), ..., x{hm{t)),

(1) x'{xx(t)), ..., x'{in{t))) , t > 0 ,

where the unknown function x[t) takes values in some Banach space B

with a norm ||«|| and its derivative is in the strong sense. The control

parameter u takes values in B . The deviations A.(t)

(i = 1, 2, ..., m) and T,(t) (I = 1, 2, ..., n) are of a mixed type and

in the general case - unbounded.

The author's recent paper [I] contains existence and uniqueness
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results for the strong absolutely continuous solution of the initial value

problem (l) with h" - derivative (without parameter) where 1 £ p < °° and

comparison with the previous related results. Here we are going to find a

strong absolutely continuous solution of the same initial value problem
00

with L -derivative.

We shall consider also the following boundary value problem with

control parameter: find a solution of the problem

x'(t) = u + x[\i, t, x[h

(2)

, .... x'(Tn(t))) , t

x(t) = ty(t, u) , x'(t) = ^ 3t.'
H , * S 0 ,

and a value of the parameter p = u ' € B such that a;(T, u ) = x_ , where

x_ € B is a value given in advance.

Analogous problems for some other classes of functional differential

equations have been considered in [Z]-[4].

The boundary value problem with control parameter allows the following

physical interpretation: let us suppose that the initial state and

velocity of some physical system depends on the control parameter u . We

look for a value u = u such that at instant t = T the system attains

the given state x_, .

The operator A : Dom A •* B (8 is a Banach space) is said to be

accretive if

for X > 0 and x, y € Dom A (J is identity map), and m-accretive if

Range{I+XA) = 8 .

Let 8 and 8 be Banach spaces with norms ||-|| and ||#|L

correspondingly.

We shall first prove some auxiliary propositions, based on the results

of Webb [6] and Martin [5].

PROPOSITION 1. Let the following conditions hold:
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1. the nonlinear continuous operators N. : B. «S + 8. satisfy
If Is If

the inequalities

(3) ||[(l+XY-Xa)*+Xi^(x, u)]-[(l+XY-Aa)i/+AVj/, u)]!^ ̂  Hx-j/H.. (i = 1, 2)

/or every x, y t 8. and y € B , where y > 0 , a > 0 are

constants;

2. t/ze linear map j : B •*• B satisfies the condition

jiN^x, y)) = il/2(jx, u) /or every f t ̂  and u € B .

T?ien /or maps x(p) : B -»• B and j/(u) : B -»• B 3 connected by the

condition jx(u) = N [y(\i), \i) + yy(\i) , there exists a unique map

z(,v) : B •+ B for which N [z(\i), \i) + yz(\i) = x(y) and jz{\i) = y(v) •

Proof. The operator W.(-, y) + (y-a)I is continuous and inequality
i

(3) shows that i t is accretive. Since i t is defined on the whole space

8. , the operator

then the operator

8. , the operator is m-accretive (Martin [5]). If we choose X = —
i Ot

maps 8. onto 8. ( i = 1, 2) for u € B . If in (3) we set X = - ,

then we obtain

I jD^t*. P)+Yx] - jL^Cj/, y)+Yt/]| 2 llx-j/l^ (i = 1, 2) .

Therefore N.{', y) + yl maps 8. in to B. one-to-one for every ]i (. B
If If If

and its inverse operator satisfies the inequality

CO I D M * , v)+yx']~1-lN.{y, v)+yyT1 s hx-y\\. .
IX- if • \X If

X.

If x(y) : B •+ 8 and j/(y) : B ->• B are such that

jx[\i) = N [y(\i), y) + YJ/(y) . then there exists a unique map 3(y) : B -»• B

for which W fa(y), y) + Y^(y) = ̂ (y) • In addition, we have
1
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N2[y(\i), y) + Yi/(u) = jx(v) = J [».,_ (z (P), y)+Yz(y)]

, y)

that is, jz(\i) = y(\i) .

PROPOSITION 2. Let the conditions of Proposition 1 hold, let the

maps X(\L) : B •* 8 y(v>) : B •* B be continuous and let

\\NAx, V)-N.(y, v)\\. S t4\x-y\\. (i = 1, 2) , where x, y € 8 w > 0 is

a constant, y > M .

Then the map s(y) : B •*• B satisfying the equation

N {z(\i), y) + Y2(y) = x(y) , is continuous.

Proof. Let z(\i) and z (y J be solutions of the following operator

equations:

Then we have

S ^ ^ ( y ) , y) S^ziv), v j ^ + ̂  (y)-3 (yQ) 1̂  + i||«(y )-x(yQ) 1^ .

This last inequality implies

^ ) ^ s ̂  H^(a(y), ti)-^(2(y), y())ll1 + ̂  Ik(y)-x(yQ)IIx .

Bearing in mind the continuity of operator N and of the map x(\i) ,

we conclude that z(v) : B •*• 8 is continuous.

PROPOSITION 3. Let the conditions of Proposition 1 hold and let

z (y), 32(y) satisfy the equalities

ff.(u.(p), y) + Y2/-(y) = jX-(y) (i = 1, 2) .

The the following estimate holds:
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The proof is a consequence from inequality (It).

DEFINITION 1. The function x(t) : ̂  •+ IT possesses the property

(S) if the inverse image of every set with null measure is measurable

f fll = (_co5 o]) .

DEFINITION 2. The function

= (.«, co) f RL = [0>

satisfies the Caratheodory condition, if it is measurable in t and

continuous in y, u , ..., um, V , ..., w^ .

DEFINITION 3. The function X(u, v) : B x B •* B is uniformly

continuous in u with respect to v if for every e > 0 there exist

6 > 0 such that ||M-M|| < 6 implies ||#("j v)-X(u, v)\\ < e and the number

6 does not depend on the variable v .

If we set ip(t) = x'{t) for t > 0 and 6(t, y) = ^ ~JV for

t £ 0 then we obtain the equivalent initial value problem

(p(t) = y, t, i|i(0, V) + I <p(e)&, ..., iMo, V) +
V4'

<p(s)ds,

(I1)

cp^Ct)), .... <p(tM(t)) , t > 0 ,

<p(t) = e(t, p) , t < o .

In analogous way from (2) we obtain

(f(t) = u + X y, t, tJKo, w) + <f>(s)ds,

..., ̂ (0, y) + I <p(s)<&, ̂ (^(t)), ..., (p(T^(t))

(2')

> 0 ,

<p(t) = 6(t, p) , t < 0 .

DEFINITION 4. a(u, t, x^ ..., xm, y^

https://doi.org/10.1017/S0004972700007267 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700007267


3 8 8 Vas i I G. A n g e l o v

B(u, t , xx, . . . , xm, i/1, . . . , t/J : B x lf^n+ •* B^ are comparison

functions if they satisfy the Caratheodory condition, are nondecreasing in

x^, yl and o(y, t , x±, . . . , x j = a(u, t, a^, . . . , xm, y, . . . , y) is

e s s e n t i a l l y bounded for any fixed y i B~^ {i = 1 , . . . , m ;

I = 1 , . . . , n) .

THEOREM 1. Let the following conditions hold:

1. the functions A. (t) : R •*• H (i = 1, 2, . . . , m) and

x~ (t) : i?7 •+ M (I = 1, 2 , . . . , n) are measurable and

T-( i ) has property (S);

2. ihe function

X{\i, t , UX um, v±, . . . , vj : B x ffj; x B^471 ^ B

satisfies the Caratheodory condition and the conditions

\\x{v, t , u±, . . . , um, «1 , . . . , y j | |

< ia(u, t, \\ux\\ \\uj, HwJI, . . . , ||wn||) ,

| | ^ (u , t , u±, . . . , um, v±, . . . , vn)-x[]i, t , u v . . . . um, v±, . . . . vn)\\

where y > M > 0 a r e constants, a and 6 a r e comparison

functions and

e ( y , t , | A 1 ( t ) | i / , . . . . | A m ( t ) | j / , y , . . . , y ) < y .

In addition x[\i, t , u , . . . , u , v , . . . , v ) is uniformly

continuous in y with respect to the other variables;

3. the initial function 9 ( - , \i) € L [R ; B) , p € B and is

uniformly continuous in u with respect to t .

Then there exists a unique solution <p(*, y) t L [FT ; B) of the

initial value problem ( l 1 ) , which depends continuously on the parameter

V .
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Proof. Let 8 be the Banach space L («; B) with a norm

ll/ll = ess sup{ll/(t:)|| : t € R1} , and B2 the Banach space L°[R^;

with norm ||g|l2 = ess sup{ ||g(t) II : t € R^} .

We define the operator NAf, y) : B x B •* 8 by the formula

A(t>

NAf, y)(t) = •

-Y* U, t, i|)(0, u) + , ..., <|;(0, y)

o
10 , t < 0 ,

fte)da, /(T (t)), ..., /(T (*))
-1- ™

, t > 0 ,

where / € 8 y € B , and the operator #„(?, y) : B x s -*• B by the

formula NAg, y)(t) = O , t < 0 , J 5 Bj , y € S .

The map j : B -*• 8 is defined as a restriction of the function

/ € B on the semiaxis FT . It is easily seen that

3'[NAf, y)) = NAjf, y) for every f Z B± and p f B .

We shall first show that if the function / £ B1 then the function

NAf, y) € 81 .

Indeed, the function NAf, y)(t) is strongly measurable and

satisfies the inequality

\\NAf, y)U)|| < o(u, t, U(0. pJII+l^t*)!!!/!^,

. . . , w o , yjii+iytjnm^, imi^ . . . , w

< ess sup{a(y, t, |«0, jOH+I^U) | llfl̂ , llfl̂ , ..., H/l̂ ) :

t € /T1, y €

Therefore ^ ( Z , \i)(t) € B .

In what follows, we shall prove the Lipschitz continuity of the
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operator N . Let / , g € 8 . Then we have

l iy/ , vHt)-NAg, u)||

, t, \&At)\\\f-g\\lt . . . , \*nlt)\w-g\\v \\f-g\\v •••,

that i s , ||iV1(/, tf-N^g, \i)\\x S

If we set a = y - M , then

(i = l, 2) .
ir V IS

Define the function a(t, p) : S x J + 8? by the formula

0 , t > 0 ,

o(t, u) =
/V2(6, y) + y9(t, u) , t < 0 .

Since o(t, p) is uniformly continuous in \i with respect to t ,

it defines a continuous map o(y) : B •* 8 . Then Proposition 1 implies an

existence of a unique map ip(p) : B •* 8 for which

, u) + Y(p(p) = o(p) , j<p(u) = 9(u) ,

that is, the function <p(#, \i) € L [n ; B] is a solution of the problem

(I1).

Moreover the operator li (f, \i) is continuous in y and so

Proposition 2 implies that the map (p(y) : B •*• 8 is continuous. This

completes the proof of Theorem 1.

As an immediate consequence of Proposition 3, we obtain

THEOREM 2. Let the conditions of Theorem 1 hold and let cp(6 , u)(£)

and ip(8p, )j)(£) be solutions of the problem (l1) with initial functions

e^t, y) and 62(t, y) . JTien

i , p)(t)-<p(e2, y)(t)|| < ̂ e s s sup{||91(t, y)-62(t, y)|| : t €
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THEOREM 3. Let the following conditions hold:

1. the functions A . ( t ) : R^ -*• R (i = 1 , 2 , . . . , m) and

x 7 ( t ) : R •*• R (1=1, . . . , n) are measurable and T , (t)

possess the property ( S ) (i = 1 , . . . , m) ;

2 . the function

X{v, t, u± um, Vv . . . , Vn) : B x /?* x g ^ ^ B

satisfies condition 2 o / Theorem 1 and the condition

, t , u 1 , . . . , u m , P X , . . . , v n ) - J r ( J J , t , M ^ , . . . , um, v±, ..., v n ) \ \

where the function ^(*) : ^+ "*" •% ^ s measurable and

3. the initial function i|)(£, y) : Rr^ x B -»• B i s Lipschitz

continuous in \\ , that is, ||iMo, u)-ii/(O, Jj)|| 5 K||p-iJ|| >

K = const . > 0 , 9 ( t , v) •• R * B + B is uniformly

continuous in u with respect to t , 0 (* , u) € L ( ^ ; fi)

and

Y< + i(t)dt < r T ) ? = cons t . > 0 .
J 0

Then there exists a unique value u = u_ such that <p(t, p_) is a

solution of the boundary value problem with control parameter ( 2 ' ) j and

x{T, \IQ) = xT .

Proof. Let B be the Banach space L (if ; B) and 8 the Banach

space L°[FT; B] .

Let us define the operators N : B x B •+ 8 , N : 8 x B •+ 8p ,

ff : B x B -»• B ty the formulae
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-yy - yX cy, t, Tp(O, y) + fte)ds, ..., ip(O. y)

f m f(s)ds, /(xAt)), ..., f(r (t))
>0

0 , t < 0 ,

= 0 ,

J, y) + £ I xJo
p, t, \|»(0, y) + I /(s)de,

..., I/J(O, y) + j /(s)&; /(^(t)), ..., f{xnu)) dt

The linear map j : 8 -»• B is defined as in the proof of Theorem 1.

The estimate

a(y, t, ||*(o, y)||+1^t) \\\f\\j_,

..., \Mo,

shows that NAf, y)(t) € 8 .

The Lipschitz continuity of the operator N follows from

inequalities

Ag,

/-^, \\f-g\\lt ...,

Then Proposition 1 implies an existence of uniqueness function

<p(t, y) such that

c
., *(o, y) +

y, t, ip(O, y) + (p(s,

f m r , * i
c p t S , l i ) a f i , < p | T ( t ) , I I I , . . . % ( p

J 0 ±

I . y) , t > 0 ,
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<p(t, y) = 6(t, y) , t S 0 .

For the operator ff we obtain

| f
Jo

If we set

= ̂  + | f a =

then we can easily verify that the operator N + (Y-(X)J is accretive.

Therefore there exists a unique \i i. B such that ffy + yyQ = 0 .

We shall show that X[T, y ) = x .

Indeed, bearing in mind the definition of the operator N we have

= *(0,

o . y + <ps.y las
v ' 0 0

- T — x + T — ipfo, y l + y

Am(t)

ip(s, yo)ds, ..., ̂ (0, y0) + J cp(s, yo)<&, ̂ ( ^(t), yQ)

y , t, *(0, y )

...,«p(Tn(t), y0) o, t, *(0, yQ) <p(a, yQ)ds,

...,i('[o,y]+ (f [s, \s ) ds, ip (T (t), \i ),0 J Q 0 1 0 ^

Theorem 3 is thus proved.

REMARK. We note that the condition for the measurability of the

functions A^C*) i s necessary. Zverkin [7] has proved that if the neutral

equation possesses an absolutely continuous solution, the deviation is a

measurable function.
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