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1. I n t roduc t i on . The p u r p o s e of this note i s to give a 
p r e c i s e f o r m u l a t i o n of the c o r r e s p o n d e n c e p r i n c i p l e b e t w e e n 
c l a s s i c a l and quan tum m e c h a n i c s , for the c a s e of m o m e n t u m 
o p e r a t o r s . (See e . g . I. Segal , J o u r n . Ma th . P h y s . ( I960) , 475) . 

We follow A b r a h a m - M a r s d e n [ l ] for no ta t ion . 

2 . Induced V e c t o r f i e l d s . Le t M be a manifold (con
f igu ra t i on space ) and T*M the co tangent bundle (phase space) 
with the n a t u r a l s y m p l e c t i c s t r u c t u r e , [ l , § 14] . C l a s s i c a l m e c h -
a n i c s d e a l s with H a m i l t o n i a n v e c t o r f i e l d s on T M , while quan tum 
m e c h a n i c s is conce rned with l i nea r o p e r a t o r s on *1 (M) , the 
s m o o t h funct ions on M . Not ice that if X is a vec to r f i e ld on 
M , then i L m a y be r e g a r d e d as a self adjoint o p e r a t o r ; ( see 

X 
[ l ] , e x e r c i s e s for § 12). 

PROPOSITION. If F i s a flow on M , then F * i s a flow 

on T*M . 

P roo f . C l e a r l y F is a d i f f e o m o r p h i s m and 

F * = (F o F )* = F*o F * 
t+t» K t t ' ; t t ' 

which p r o v e s the a s s e r t i o n [ l , § 10] . 

DEFINITION. If X is a vec to r f i e ld on M , with ( local) 
flow F let X^ be the vec to r f i e ld on T M gene ra t i ng F . 

t t 

PROPOSITION. X is loca l ly H a m i l t o n i a n [ l , § 1 6 ] . 
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Proo f . F r o m [ l , §14] , F ' r i s a s y m p l e c t i c d i f f e o m o r p h i s m , 

and hence the c o r r e s p o n d i n g vec to r f i e ld i s loca l ly H a m i l t o n i a n . 

Thus we m a y w r i t e , loca l ly , X* = X for s o m e s m o o t h 

funct ion P . 

3 . M o m e n t u m O p e r a t o r s . 

DEFINITION. Suppose X i s a vec to r f i e ld on M with 
c o r r e s p o n d i n g vec to r f i e ld X'p on T^M . Suppose tha t X i s 
g lobal ly H a m i l t o n i a n . (It is e a s y to show t h a t th i s a lways h o l d s ) . 
If X = X we say tha t P i s the c l a s s i c a l m o m e n t u m c o r r e s -

ponding to the quan tum o p e r a t o r i L . (Lie d e r i v a t i v e . ) 
X 

PROPOSITION. Let f be a s m o o t h funct ion on M and 
f = p f = f o p , w h e r e p : T * M - * - M d e n o t e s the c a n o n i c a l p r o 
j e c t i o n . Then 

P* L x f = ^ x * p*f . 

T h i s fol lows e a s i l y f r o m the fac t tha t 

p*(f«F t) = ( p > F j . 

PROPOSITION. R e s t r i c t e d to func t ions on M , we have 

[ X 1 ' X 2 ] = [ X 1 ' X 2 ] * 

for any two v e c t o r f i e l d s X and X on M . y 1 2 

T h i s fol lows i m m e d i a t e l y f r o m the above p r o p o s i t i o n . 

4 . C o r r e s p o n d e n c e P r i n c i p l e . Our m a i n r e s u l t m a y be 
s ta ted as fo l lows : 

THEOREM. Le t P i and P ^ be c l a s s i c a l m o m e n t a 
1 2 

c o r r e s p o n d i n g to quan tum o p e r a t o r s iX and iX r e s p e c t i v e l y . 

Then, r e s t r i c t i n g to funct ions on M , { P , P } (the c l a s s i c a l 

P o i s s o n b r a c k e t ) i s the c l a s s i c a l m o m e n t u m c o r r e s p o n d i n g to the 
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quan tum o p e r a t o r i[X , X ] . 

P roof . F r o m [ l , § 14] we have L.f -, = - L , 
L V QJ X {P,Q} 

f r o m which the r e s u l t fol lows by the above p r o p o s i t i o n . 

5 . P o s i t i o n O p e r a t o r s . As we have seen , for each fe 3f(M) 
t h e r e i s a s s o c i a t e d f*£of(T"NM) in a n a t u r a l way . I n t e r p r e t i n g f 
a s an o p e r a t o r on 7 ( M ) , n a m e l y m u l t i p l i c a t i o n by f , we say 
tha t fv i s the c o r r e s p o n d i n g c l a s s i c a l pos i t i on . The c o r r e s p o n 
dence p r i n c i p l e ex tends to th is c a s e as fo l lows: 

T H E O R E M . If f, g e ^ ( M ) then {f*, g* } = 0 i s the 
c l a s s i c a l pos i t i on c o r r e s p o n d i n g to the o p e r a t o r [f, g] = 0 . 
( t r i v i a l . ) If P is the c l a s s i c a l m o m e n t u m c o r r e s p o n d i n g to a 
vec to r f i e ld X on M , and fe3 r (M) then { P , f * } is the c l a s s i 
ca l pos i t i on c o r r e s p o n d i n g to the o p e r a t o r - L» f = -X( f ) . 

X 

Proof . F r o m [ l , § 14] , we have { P , f* } = - L f* = 
P 

- X ^ f * ) = - X(f )'p ; the l a t t e r equa l i ty following f r o m 3 above . 
This p r o v e s the r e s u l t . 

Much of the above c a r r i e s th rough for d i s t r i b u t i o n s (in the 
s e n s e of Schwar tz ) as wel l as tha t in [ l ] . T h e s e r e s u l t s wi l l be 
g iven in the n e a r fu ture [3] , 

6* R e m a r k s . It i s shown in [ l ] tha t the u s u a l l i nea r and 
angu l a r m o m e n t a c o r r e s p o n d to the l i nea r and angu la r m o m e n t u m 
o p e r a t o r s in quan tum m e c h a n i c s , in the s e n s e we have defined 
h e r e . Hence it is no s u r p r i s e that both sa t i s fy the s a m e c o m m u 
ta t ion r u l e s . It is e a sy to s e e that P(o> ) = a • X(m) . See 

m m 
S t e r n b e r g [4], p . 146. This i s exploi ted in [3] . 
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