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1. Introduction. In his book [ l ] Combinatorial Analysis, 
J. Riordan (p. 32) refers to the continual rediscovery of the 
Stirling numbers . The author of this note has been surpr ised on 
many occasions by the number of different environments in 
which these numbers make a natural appearance and, in fact, 
this ar t icle is concerned with just such an occurrence. The 
connection is made in a study of the exponential generating 
function of n r . A curious by-product is the following formula 
for f(n), the number of distinct equivalence relations amongst 
a set of n elements; 

^n - 1 „n - 1 , , .n - 1 
r/ x -1 r , 2 3 (r + 1) . 

*̂ ^ e exponential gene rating function for n r . Let <}>(r,x) 
be the exponential generating function for n r , namely, 

r r 2 r n - 1 
,, . , 2 x 3 x n x 
< M r , x ) = l + — + _ + . „ . + _ _ + . . . . 

Then <|>(0,x)=eX, and <|>(r + 1, x) =—- (x<f>(r, x)). 
dx 

x 
It is easily verified that <(>(r,x) = P r (x)e where P (x) is 

a polynomial in x of degree r. F rom the relation 
d 

<j>(r + l , x ) =—-(xc|>(r, x)) one obtains 
dx 

(1) P (x) = (1 + x) P (x) + xP ' (x). 
r+ 1 r r 

The first few of these polynomials a r e 

P 0 ( x ) - i " 

P (x) = 1 + x 
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2 
P (x) = 1 + 3x + x 

2 3 
P (x}_= 1 + 7 x + 6x + x 

2 3 4 
P (x) = 1 + 1 5 x + 25x + lOx + x 

2 3 4 5 
P (x) s 1 + 31x + 90x + 65x .+ 15x + x . 

On put t ing 

P (x) = S ( n + 1,1) + S(n + l , 2 ) x + . . . + S(n + 1, r + l ) x r + . . . 
n 

+ S(n + l , n + l ) x n 

and u s i n g ( l ) ,o i ie ob ta ins 

S(n + 1, r + 1) = S(n, r) + ( r + 1) S(n, r + 1) 

t o g e t h e r wi th S(n + 1 , 1 ) = S(n + i , n + 1) = 1. T h e s e r e l a t i o n s a r e 
in fact the w e l l known r e l a t i o n s fo r the S t i r l i ng n u m b e r s of the 
second kind- An exp l i c i t f o r m u l a fo r S(n, r ) i s 

s, \ A r°n 
S(n, r ) = — 

r! 

a s g iven in [ l ; p . 33]. 

It i s we l l known (e . g. see [2]) t h a t the n u m b e r of d i s t i n c t 
e q u i v a l e n c e r e l a t i o n s on n e l e m e n t s f(n) i s g iven by 

f ( n ) = Z n , S ( n , r ) . 
r = 1 

H e n c e 

f(n)=P (D.e^Z-t i i l^ i i . 
n - 1 r = 0 r l 

B e f o r e the a u t h o r b e c a m e a w a r e t ha t the coe f f i c i en t s of 
P n ( x ) w e r e S t i r l i ng n u m b e r s , he h a d c o m p u t e d an exp l i c i t f o r m u l a 
fo r t h e s e n u m b e r s which a p p e a r s to be d i f fe ren t f r o m any p u b l i s h e d 
f o r m u l a s . T h i s i s now given» It m a y be v e r i f i e d by induc t ion 
u s i n g the r e c u r r e n c e f o r m u l a for S(n, r ) . Le t T n r b e the sum 

. ^ n - 1 
of t h e g e o m e t r i c p r o g r e s s i o n 1 + r + r + . « . + r , 

r 1 1 - 1 
i . e . T = ~ and deno te a s u s u a l the b i n o m i a l coef f i c ien t s 

n , r r - 1 
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by ( n ) . Then 

S(n, r) = — ^ — , { T - ( r , " 2 ) T
 t , + • • • 

( r - 2)! n - 1, r V 1 / n - 1, r - 1 

+ t - D k ( r v 2 ) T 4 , + . . . + ( - D r " 2 T A . } -
\ k / n - 1, r - k n - 1, 2 
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