
COEFFICIENTS OF FUNCTIONS WITH BOUNDED 
BOUNDARY ROTATION 

M. S. ROBERTSON 

For fixed k ^ 2, let Vk denote the class of normalized analytic functions 

/(z) = z + a2z
2 + . . . + anz

n + . . . 

such that z G E = {z; \z\ <1} are regular and have/'(()) = lyf(z) ^ 0, and 

r K ^ ^ &7 

Let Sk be the subclass of Vk whose members/(s) are univalent in E. It was 
pointed out by Paatero (4) that Vk coincides with Sk whenever 2 ^ k ^ 4. 
Later Rényi (5) showed that in this case,/(s) G 5fc is also convex in one direc­
tion in E. In (6) I showed that the Bieberbach conjecture 

\an\ ^ n, n = 2, 3, . . . , 

holds for functions convex in one direction. If / G Vk and n = 2, 3, the sharp 
results 

(2) \a2\ ^ p , |a8| ^ i(&2 + 2), 

due to Pick (see 3, p. 5) and Lehto (3), respectively, are known. If / G Sk, 
2 ^ k ^ 4, then, as was shown by Schiffer and Tammi (8), 

(3) |a4| ^ (1/24) (*8 + 8*). 

Equalities are attained in (2) and (3) for the extremal function 

Lehto (3) has also shown that if f(z) G Vk, then as k —» GO , we have: 

max \an(f)\ 
Vk "" 

where an(f) = (l/nl)f(n)(0). W. Kirwan has informed the author orally that 
he has recently obtained the inequalities 

\an\ ^ c(k)n^-\ n = 2, 3, . . . , 

(4) /(.) = £ 

kT1 
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1478 M. S. ROBERTSON 

fo r / 6 Vk with c(k) = e2^k~2. Here c(k) -> co as k -> co. This fact and the 
extremal function (4) show that 

max \an(f) | = 0(n*k~l) as » -> co. 
FA 

In this paper we use a quite different method of attack, interesting in itself, 
from that of Kirwan, obtaining his result with the additional improvement 
that c(k) —> 0 as k -» oo, / £ F*. If / € 5fc, 2 g fe < oo, for each fixed k this 
method also furnishes a numerical bound, independent of n, for the difference 
||aw+i| — |aw||, n = 1, 2, 3, . . . . That some bound, independent of n, exists 
follows from the result of Hayman (2), but an estimate for its numerical value 
for the class Sk has not been known except when 2 ^ k ^ 4. In this case, 
since j{z) £ Sk is also convex in one direction, the inequalities 

(5) - 3 + (2/n) S \an\ - |on_i| ^ 2 - (1/w), n = 2, 3, . . . , 

obtained earlier (7) apply. 
We prove the following theorems. 

THEOREM 1. Letfiz) Ç Vk, 2 ^ & < oo. L ^ x £ E and 

77ze?£ F(s) 6 Ffc awd 
sTOO 2|s|

2 < * i* 
l - kl2 /(*) i - k l 2 l 

COROLLARY. Iffiz) £ F*, 2 g & < oo, thenfiz) maps \z\ < \{k — (k2 — 4)*) 
owto a convex domain. The estimate is sharp. Moreover, if f(z) = z + ]T" ares

w, 
^ w | a „ | < &n-\?z = 2, 3 , . . . . 

THEOREM 2. Letfiz) £ F*, 2 ^ & < oo. rfeerc 

|a»| < (* +*)\^yj , » = 2 , 3 , . . . , 

THEOREM 3. Letfiz) £ S*, 2 ^ fe < co. Then 

\\an+1\ - \an\\ < 2i\eYik2 + k), n = 1, 2, . . . . 

Proof of Theorem 1. Let / (z) £ F&, 2 ^ & < oo. Let p be a real number in 
the interval (0, 1) and let x be a complex number, \x\ < 1. Let FPiz) be defined 
by the equation 

F (v\ = /(Pf ) ~ /(p*) > = * + 2 

P W p / ( p x ) ( l - |X | 2 ) ' * 1 + X2* 
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Fp 0 ) is regular for |s| ^ 1,^/(0) = l a n d ^ ( 2 ) ^ 0 for |s| ^ 1. A calculation 
yields: 

Let 

Then 

• + - ^ = {-u%jl„"iKli.,t X — XZ 

/ ' ( p f ) / (x + *)(! + xz) + (x + z)(l +lfe) • 

x + e 
1 + ££ 

V'(eie] 
F„'(eu) 

= e 
1 — \x\ 
\x + eie • dd = d<j>. 

Re^ 1 + e -wrrjf^(dd = Re\l + pe *y>*tJ{d4>, 

Jo l R e l 1 + e FT^T/r'J. lRel1 + pe H?T/ d</> ^ &7T. 

Since the integral 

«Jo 
|Re1l + r e r t ^ "(reie)\ 

'(reie) ) F,'(.re") 
dd 

is an increasing function of r, it is bounded by &x for 0 ^ r < 1. Let F(z) = 
linip^i Fpiz). I t follows that 

/>{ ReS 1 + re 
it F"(reie) 

~F\reie) 
dd ^k-w, 0 g f < 1, 

therefore F(z) £ Vk. 
The function 7?(z) has | | F " (0 ) | g £fe by (2). Hence 

(6) 

From (6) we obtain 

zf'iz) 

2z| 
1 - Is 

9" h\<7\ 

Reil + 
1 — &|z| + \z\ 

è 0 for |z| g i? = (*2 - 4)* 
/ ( s ) J = 1 - |z|z = " "* '"' = " • 2 

with equality holding for the extremal function (4). We conclude that if 
f(z) € Vk, then /(z) maps \z\ S R onto a convex domain. When & = 4, / (s) 
is schlicht in E, and i£ reduces to the well-known radius of convexity 2 — V 3 . 

Since f(RZ)/R = ET a ^ ~ V is convex for |z| < 1, we have \an\R
n~l ^ 1 

which implies that |o»| ^ (|(& + (&2 - 4)*))w"1 < &n"\ n = 2, 3, . . . . This 
completes the proof of Theorem 1 and the Corollary. 

Proofs of Theorems 2 and 3. Let/(z) £ Ffc. We may assume for convenience 
tha t / (z ) is regular on \z\ = 1 since otherwise we could consider the function 
f(pz)/p, 0 < p < 1, and let p —> 1 at the end of the proof. Since f'(z) 9e 0 in 
£ , we may write, when f = e**, 

1 + ,£& 1 + 2 / ' ( z ) 2 iJo ReL1 + f/(r)_lr-s d0. 
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For 2 = 0 we have 

1 =^X2 '4 i +-m 

Hence 

A differentiation of (7) yields 

(8) 

7(f) 

T , f/"(f) 
+ / ' ( f ) . 

/"(?i _ ta) Y , i r RJ\ , r/" 
7 « -V/'(2)/

 + J o ReL1 + 7( 

rf^. 

(f) 
/ ( f ) 

<f(/> 

(f - zY 

P u t 2 = re** in (8) and integrate with respect to 0. T h e n 

2?r J O I / (2) I 2?r J o 1/ (2) I 

+ r J . |ReL1 + r/'(f)J|2xJ0 |f-
de 

0 l f - * l 

2 r2 x I f" 
= 2^Jo f7^ /(») I d<? 

+ 
1 1 f2 

1 - P ' ^ J o 
Re 1 + 

f/'!(f) 
/ ( f ) -

^ E KlV» + -
rc=0 J-

where 

f'(2y - 4-dnZ ~ x J„ LReV + TÔT/A v F^r*• 

(9) 

4 = x X ReL1 + 

|d»| ^ - f2 |Re|l + C 
ir J o I L / ( 

f/"(f) 
/ ( f ) • 

(f) 
/ ( f ) 

dtf> 

d<j> ^ jfe, 

Î7T J o I f (z) I 0 1 — r 1 — r 2?r J o I / (2) 1 0 

F o r / ( s ) = z + X!? # ^ G Vk we have 

(10) »(» - D(» - 2)|o, | ^ ^ = 3 f ' \f"irei6)\ dd 

- 2 ^ * / > < " ' ' > I I /V i 6)l de. 
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An integration of the inequality (6) yields the known inequalities (see 3) 

(ID f^^^lfi^l^frZ^-
For z = ré\ (10) and (11) yield: 

(12) n(n - 1)(n - 2)\an\ ^ j ^ j h m • 07=1 Y~M\ dd 

(1 — r) Zirr Jo \ J (z) \ 
• n+_r ) i* - i i_ tf + k) 
= (1 - r)ik+1 ' ?-* ' 1 - r2 

(k2 + k)(l+rt-2
 Jt_2 

— r„~3 • K1 — r) 

Let r = 1 - 3/w, » > 3, in (12). Then 

\an\ g —w- e \2 - -) • {n_1)(n_2) \j) <(k+ k)[Y) . 

The inequalities (2) show that the inequalities 

(ir. \on\<(kz + k)[ — ) , n>3, 

also hold wThen n = 2 or 3. 
If in (12) we take r = 1 — (k + 4)/2w, w > §(£ + 4), we deduce similarly 

that 

M^+*>(^X^) !V4))» !" 
,13) ^^ s ( *^£» ) (_£_p , 

lim lim sup ~4l=î = 0. 

This completes the proof of Theorem 2. 

We turn next to the proof of Theorem 3. Let/(z) Ç S*, 2 ^ & < oo. Let Z\ 
be a point on \z\ — r, where max|2 |=r \f(z)\ = |/(zi)| . Since f(z) is schlicht 
in E, we have the inequality of Golusin (1), namely 

(14) 1 (*-*)/(*)I ^ d!1*'^-

Furthermore we have 

(z — zi)f'"(z) = — 6a3£i — X) faO*2 — 1)^+1^1 — n(n — 1)(» — 2)an]s
w~2. 
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From (9) and (14) we have 

7(*) de l f 
n(n - 1)|(» + l)an+izi - (n - 2)an\ ^ - — ^ 2 | 0 - 2i)/'(s) 

Z71T • / 0 

. _1_ 2r__ (k2 + fe) _ 2(£2 + ife) ,, x_8 

= 7-5 * (i _ rf • i-r* ~ 7~\i + r) ' ^ r> ' 
We pick |zi| = r = (n — 2)/(w + 1), n > 2. Then 

n(n — l)(w — 2)||aK+i| — |a„|| ^ »(« — l)|(w + l)a„+iSi — (n — 2)an\ 

< 2(fe2 + *> / , , _3V ( n ~ 2 ) ' 3 (» - 2 Y ^ + A3 

= / 2 W - A ' V w - 2 y " V » + i A 3 y 
\» + 1/ 

<l^2 + ^8(£-32 ï)(« + i)3. 

ik+1, - kn ^ 2(*'+^)(|)3
W(W %£_-» < 2(1) V+*> 

for 7Z > 6. The inequalities of Theorem 3 are obviously satisfied for n ^ 1 
whenever 2 5̂  & ^ 4 because of the inequalities (5). If k > 4, then 
2(ie)3(&2 + k) > 29.7. For the range 1 ^ ^ ^ 6, the inequalities of Theorem 3 
are still valid since \an\ < en, n = 2, 3, . . . , whenever/(z) £ Sk. This completes 
the proof of Theorem 3. 
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