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BACKLUND TRANSFORMATIONS OF THE FIRST KIND
ASSOCIATED WITH MONGE-AMPERE'S EQUATIONS

MICHIHIKO MATSUDA

Due to Clairin and Goursat, a Backlund transformation of the first
kind can be associated with Monge-Ampere's equation. We shall consider
Monge-Ampere's equation of the form s + f(x,y,z,p,q) + g(x,y,z,p,q)t
= 0, where p = dz/dx, q = dz/dy, s = d2z/dxdy, t = d2z/dy2. The follow-
ing theorems will be obtained:

1. The transformed equation takes on the same form s' + f + g't'
= 0 if and only if the given equation can be transformed to a Teixeira
equation s + L(x, y, z, q)t + M(x, y, z, q)p + N(x, y, z,q) = 0 by a contact
transformation.

2. Teixeira equation s + tL + pM + N = 0 is solved by integrable
systems of order n if and only if the transformed equation is solved by
integrable systems of order n — 1.

Here, the method of solving s + f + gt = 0 by integrable systems
of higher order is a generalization of that for solving s + f = 0 given
by the author [8]. In [8] and ([9], [10]) respectively, he proved the
second theorem for a Laplace transformation associated with s + a(x, y)p
+ b(x,y)q + c(x,y)z = 0 and for an Imschenetsky transformation associ-
ated with s + M(x, y, z, q)p + N(x, y, z, q) = 0. These two transformations
are special ones of the Backlund transformations of the first kind.

1. Introduction. Backlund transformations were classified by Clairin
and Goursat to the three kinds ([3], [5]). Given Monge-Ampere's equation

Rr + 2Ss + Tt + U + V(rt - s2) = 0 ,

two Backlund transformations of the first kind can be associated with
it according to its two characteristics ([5, p. 27]). Here, p = dz/dx,
q = dz/dy, r = d2z/dx2, s = d2z/dxdy, t = d2z/dy\ and R, S, T, U, V are
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162 M. MATSUDA

functions of x, y, z, p, q. We shall consider Monge-Ampere's equation

of the form

(1) s + fix, y, z, p, q) + g(%, V> z, P, q)t = 0 .

Monge-Ampere's equation whose two characteristics are different can be

transformed to an equation of this type by a contact transformation if

and only if it has an intermediate integral of the first order with respect

to one of the characteristics.

Consider a Pfaffian system Σ generated by

dz — pdx — qdy = dq + fdx — t(dy — gdx) = 0,

where x, y, z, p, q, t are independent variables and / , g are functions

of x, y, z, p, q; ft = gt = 0. Let ω = 0 be an element of Σ. Then an

integral vector field ξ of Σ is called a Monge characteristic of Σ with

respect to ω = 0 if it satisfies dω(ξ, η) = 0 for every integral vector field

Ύ] of Σ. The element ω = 0 is called a singular equation of Σ if there

exists a nontrivial Monge characteristic of Σ with respect to ω = 0, and

in this case the Pfaffian system C(Σ ώ) for defining the Monge character-

istics is called a Monge characteristic system of Σ with respect to ω = 0.

Let Θ denote the Pfaffian form dz — pdx — qdy. Then θ = 0 is a singular

equation of Σ, and the Monge characteristic system C(Σ θ) is generated

by

dx _ dy _ dz __ —dp _ dq
~0~~~ϊ ~q ~ f+tg ~ Ί Γ '

Suppose that z = φ(x, y), p = p(x, y), q = q(x, y), t = t(x, y) give an inte-

gral surface of Σ. Then z = 0 is a solution of (1), and p = φX9 q = 0y,

£ =r 0yi/. Conversely suppose that ^ = φ(x,y) is a solution of (1). Then

2 = φ, p — φχy q ~ φy9 t = φyy give an integral surface of Σ. Equation

(1) is called the resolvent equation of Σ with respect to θ = 0.

Equation (1) is the resolvent equation of the other Pfaffian system

Σ' generated by

θ = dp + fdy + gdq — vdx = 0

with respect to θ — 0, where x, y, z, p, q, v are independent variables.

Let us say that Σ and Σf are the first and second associated systems

with equation (1) respectively.
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MONGE-AMPERE'S EQUATIONS 163-

Consider the first associated system Σ with equation (1). Let ω = 0
be an element of Σ of the form

dq + fdx — tidy — gdx) + λθ = 0 .

Then it will be proved that it is a singular equation of Σ if and only
if λ takes on the value fp + tgp (Proposition 2). Let ff = 0 be this
singular equation of Σ different from θ — 0. Then it will be shown
that the Pfaffian equation ff = 0 is of class 5 if and only if the resol-
vent equation (1) of Σ with respect to θ = 0 is not Monge integrable
(Proposition 3). Suppose that ff = 0 is of class 5. Then it can be
expressed in the form dzf — p'dx' — q'dy' = 0, where x', y', z\ p\ qf are
functionally independent. The resolvent equation of Σ with respect to
ff = 0 is in general an equation of the second order

( 2 ) F'(05', y\ z', p', q'\ r', s', f) - 0

([5, p. 20]). Through an integral surface of I7 a solution of the resol-
vent equation (1) is transformed to a solution of the other resolvent
equation (2). This is the Backlund transformation of the first kind
B^Σ) associated with Σ. The resolvent equations (1) and (2) are called
the original and transformed equations of Bλ(Σ) respectively. If / =
a(x, y)p + b(x,y)q + c(x, y)z and g = 0, then Bλ(Σ) is a Laplace transfor-
mation. In this case, the original equation is s + ap + bq + cz = 0, and
the transformed equation takes on the same form s' + o!pf + b'qf + cV
= 0. We shall prove the following (Theorem 1):

Suppose that equation (1) is not Monge integrable with respect to
each of its characteristics. Then, the transformed equation of BX{Σ)
takes on the same form s' + f + gftr = 0 if and only if the original
equation (1) can be transformed by a contact transformation to a Teixeira
equation

( 3 ) s + L(x, y, z, q)t + M(x, y, z, q)p + N(x, y, z, q) = 0 .

Here, we assumed that Σ is the second associated system with the
transformed equation. This assumption is satisfied in the case of the
Laplace transformation, and we are going to generalize a result on this
transformation obtained by the author [8],

Let us try to solve the Cauchy problem of equation (1) by integrat-
ing ordinary differential equations. The author [7] gave a method by
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integrable systems for solving the problem in the space of (x,y,z,p,q),

which can be applied to Monge-Ampere's equation of any type. Consider

the problem in the space of (x, y, z, p, q19 , qn) involving the derivatives

of higher order qt = dίz/3yi(q1 = q) with respect to y, where n > 1. Then

it requires us to find an integral surface of the Pfaffian system gener-

ated by n equations

r Λ^ I dz — pdx — qdy = 0,
( 4 ) \

[ dqt + Fi_xdx — qi+ι(dy — gdx) = 0 i l ^ i ^ n — 1)

which contains a given integral curve of (4). Here, F^i ^ 0) is a

function of x9y,z,p,q19 •• ,gr

ί+i defined inductively by

( 5 ) F ^ y / M + ^iΓiff, Fo = f,

and Yi(i >̂ 1) is an operator defined by

dy $A ^ dqj dp dy dy dz

The author [8] gave a method by integrable systems of higher order for

solving the Cauchy problem of equation s + fix, y, z, p, q) = 0 in this

space. We shall generalize this method as follows; Consider a system

of ordinary differential equations

, 7 N dx_ = dy_ = _d^ = —dp __ ^ _ __ = dgn_χ _ dgw

o l q f + q2g Q2 Qn u

where w is a function of x9y,z,p,q19 •• ,gn Then it will be said to be

integrable if ^ is a solution of the system of two partial differential

equations of the first order

( 8 )
dp dx 1=1 dqi dy \ dqn

where F4(0 ^ i < n) is the function defined by (5). Equation (1) will

be said to be solved by integrable systems of order n if the rank of

the system (8) is greater than zero. In this case, it will be proved

that the Cauchy problem is solved by integrating the system of ordinary

differential equations (7) (Proposition 1). We shall obtain the following

{Theorem 2):

Suppose that Teixeira equation (3) is not Monge integrable with
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respect to the characteristic dy — Ldx = θ — dq + (pM + N)dx == 0. Then,
it is solved by integrable systems of order n if and only if the trans-
formed equation «' + / ' + g't' = 0 is solved by integrable systems of
order n — 1.

Here, n may be any positive integer, in particular may be one.
An equation solved by integrable systems of order 0 is by definition a
Monge integrable equation ([7]). In [8] and ([9], [10]) respectively, the
author proved this theorem for the Laplace transformation, and for an
Imschenetsky transformation. The latter is the Backlund transformation
of the first kind associated with s + M(x, y, z, q)p + N(x, y, z, q) = 0. The
transformed equation takes on the form s' + M'(x', y', z', pf)qr + N'(x'9 y',
«',2/) = 0.

Remark 1. Suppose that equation (1) is transformed to a Monge-
Ampere equation (E*) by a contact transformation a* = #*(#, y, z, p, q),
. . . , g* = q*(x,y,z,p,q). Then we have

dz* — p*dx* — q*dy* = pθ,

ωf = a^dq + fdx) + βx(dy - gdx) + γxθ,

ωf = a2(dq + fdx) + β2(dy — gdx) + γ2θ ,

where dz* — p*dx* — q*dy* = ωf = ωf = 0 is one of the characteristics

of (E*), and p Φ 0, aφ2 - ^ft ^ 0. Take

ί* = (ta2 + βJ-Ktcd + A)

Then Σ is transformed to Σ* generated by

dz* - p*dx* - q*dy* = ω* + ί*ω* = 0 .

The resolvent equation of Σ* with respect to dz* — p*dx* — q*dy* = 0
is the transformed equation (E*).

Remark 2. The general form of Teixeira equation is

s + M(x, y, z, q)p + T(x, y, z, q, t) = 0 ,

with which we can associate a Backlund transformation of the first kind
([5, pp. 29-30]). For the general theory of Backlund transformations of
the first kind, see Goursat [5, pp. 6-17].

2. Characteristic systems. Let fi be a Pfaffian system. Then an
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integral vector field ξ of Ω is called a characteristic of Ω if it satisfies

dω(ξ, rj) = 0 for each element <w = 0 of Ω and for every integral vector

field η oί Ω. The Pfaffian system for defining the characteristics is

called the characteristic system of Ω. This notion of a characteristic

system was obtained by E. Cartan [1]. Suppose that Ω is generated by

ωt = dXi — Σ aίόdXj = 0 (1 :£ i <^ r),

where x19 , xm are independent variables and α^(l ^ ί ^ r < j ^ m) is

a function of them. Then the characteristic system of £? is generated

by o)i = 0(1 <; i ^ r) and

β>ϋ = Σ bίjkdxk = 0 (1 ^ i ^ r < y ^ m),

where

3 ~ 3 dx dx έlto/c Λ=I \ 3^Λ dxh

Given a nontrivial vector field ξ = Σ?=ifα9/9^α =£ 0 a n d a curve C

defined by xa = x°a(s)(l ^ a ^ m), let us define S(f C) as a surface #α =

xa(
s9^)(X ^ tt ^ m) obtained by integrating dxa/dt = ξa(l ^ a <L m) under

the initial condition that xa(s,0) — x°a(s)(l ^ a ^ m). Then, due to E.

Cartan, we have the following ([2, p. 55]):

LEMMA 1. Suppose that ξ is a nontrivial characteristic of Ω, and

that C is an integral curve of Ω. Then, S(ξ; C) is an integral surface

of Ω.

The characteristic system of Ω is completely integrable for any Ω

([2, p. 52]). A Pfaffian system is completely integrable if and only if

the characteristic system is itself. Suppose that Ω is generated by a

single equation ω = 0. Then the Pfaffian equation ω = 0 is said to be

of class s if the rank of the characteristic system is s. This number s

is odd. Here, the rank of a Pfaffian system is the number of inde-

pendent equations contained in it. Suppose that ω = p(dxΎ + xr+1dx1 +

• + x2r-\dxr-\)> p Φ 0, where x19 , x2r_1 are assumed to be functionally

independent. Then, for each t(l <kt <^ r), the characteristic system of

ω = dx1 — = dxt_1 — 0 is generated by dxλ = = dxr = dxr+t = . . -

<= dx2r_λ = 0. Hence, the rank of this system is 2r — t. In particular,
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ω = 0 is of class 2r — 1. Conversely, suppose that ω = 0 is of class

2r — 1, and that φt = c is an integral of the characteristic system of

a) = dφx = = dφi_1 = 0 for each i(l <s i ^ ί)> where φly , φt are as-

sumed to be functionally independent. Then the rank of the character-

istic system of ω = dφλ = = dφt — 0 is 2r — t — 1 ([2, p. 57], [4,

Chap. XI]). Hence, if ω = 0 is of class 2r — 1, then it is expressed in

such a form ψ1dφ1 + + ψrdφr that 01? , φr are functionally inde-

pendent and φι = c is an integral of the characteristic system of ω = dφx

— . . . — dφi_λ — 0(1 fg i ^ r). Here, for each ΐ(l ^ i ^ r), we have ψ^ Φ 0,

and ψ^ψjfφjcil <^ j t^i r, j Φ ί, 1 <^ k <Ξ: r) are functionally independent.

They give 2r — 1 integrals of the characteristic system of ω = 0.

Let #, 2/, «, p, g be independent variables. Then a transformation

x' = x'(x,y,z,p,q), - - >, q' = qr(x,y,z,V,Φ is called a contact one if it
satisfies

dzf — p /d^ / — q'dy' = p(dz — pdx — qdy), p Φ 0 .

Let 0, ψ be two functions assumed to be functionally independent. Then

there exists such a contact transformation that xr = φ, yr — ψ if and only

if [φ,ψ] = 0 (Lie [6, Chap. V]). Here [φ,ψ] is the Lagrange bracket:

rώ , i __ dφ dψ dφ dψ _ dψ dφ _ dψ dφ d _ d d
dp dx dq dy dp dx dq dy ' dx dx 3z

Hence we have the following:

LEMMA 2. The Lagrange bracket [φ,ψ] vanishes if and only if

ψ = c is an integral of the characteristic system of dz — pdx — qdy =

dφ = 0.

Consider a Pfaffian system Ωn(n >̂ 1) generated by n + 1 equations

dz — pdx — qdy = 0 ,

dqt + Fi_xdx — qί+1(dy — gdx) = 0 (1 ^ ί < n),

dqn + Fn_xdx — u(dy — gdx) = 0

with independent variables x, y, z, p,q19 , gTO, where ί\(0 <L i < ri) is the

function defined by (5) and u is a function of x,y9z,p,qu •••,#». Then

the characterist ic system of β n ( π > 1) is generated by (7) and two equa-

tions
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dp

+ Yn-iFn-i\dy = O,
dx i=i dqt dy

where we assumed that n > 1. Hence Ωn(n > 1) has a nontrivial char-
acteristic if and only if u is a solution of (8), and in this case it is
given by (7). Suppose that n = 1. Then the characteristic system of
Ωλ is generated by

dx _ dy __ dz _ —dp _ dq
0 1 q f + ug u

and two equations

dp

f + g + f ^ + g u + f

dx dq dy \ dy dp dq dp I dy dp

Hence Ωx has a nontrivial characteristic if and only if u is a solution
of the system obtained by setting the two coefficients of dy equal to
zero. If the rank of this system is greater than zero, then equation
(1) is said to be solved by integrable systems of the first order ([7]).

Any system of partial differential equations of the first order with
one unknown function can be prolonged either to a complete system or
to an incompatible system by adding the compatibility conditions. If
we get a complete system generated by r independent equations, then
the original system is said to have the rank m — r, where m is the
number of the independent variables.

PROPOSITION 1. Suppose that equation (1) is solved by integrable
systems of order n. Then for any initial curve C satisfying (4) we can
make a solution of (1) from C integrating a characteristic of Ωn. Here,
n may be any positive integer.

Proof. By the definition, the rank of the system for u to give a
characteristic of Ωn is greater than zero. Hence, we can find such a
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solution u of the system that it satisfies dqn + Fn_1dx + u(dy — gdx) = 0

along C. Integrate the characteristic of Ωn defined by this u starting

from C. Then the surface thus obtained is a solution of (1), since it

is an integral surface of Ωn by Lemma 1.

3. Backlund transformations of the first kind. Let ω = 0 be an element

of Σ of the form

( 9 ) dq + fdx — t(dy — gdx) + λ(dz — pdx — qdy) = 0 .

Then we have the following:

PROPOSITION 2. The element ω — 0 is a singular equation of Σ if

and only if λ — fp + tgp.

Proof. The Pfaffian system for defining the Monge characteristics

of Σ with respect to ω = 0 is generated by

(fP + tgp - λ)dx = dy - gdx = θ = (fp + tgp - X)dp

= dq + fdx = dt + edx = 0 ,

where θ = dz — pdx — qdy, and

— df _ 2f ! /f i dg _
dy \ Q dy

Hence, the rank of this system is less than six if and only if fp + tgp

- λ = 0.

Suppose that λ = fp + tgp. Let θf — 0 be the element (9) defined

by this value of λ. Then the Monge characteristic system C(Σ;θf) is

generated by

(10) dy — gdx = θ = dq + fdx = dt + edx = 0.

We notice that e = F1 if q2 is replaced by t, where F1 is the function

of x, y, zy p, q, q2 defined by (5). A function φ(x,y,z,p,q,t) gives an

integral φ = c of CCI1 0') if and only if it is a solution of

dp

where

dx dy dq dt
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PROPOSITION 3. The Pfaffian equation θf = 0 is of class 5 if and
only if equation (1) is not Monge integrable with respect to the char-
acteristic θ = dy — gdx = dq + fdx = 0.

Proof. The characteristic system of ff = 0 is generated by six
equations

— 0P0 = ^0 = Hθ = Λp#

= dί + e<to + f— + tλq - λ2\θ = 0 ,

where

dx \dy I

The rank of this system is less than five if and only if

Equation (1) is Monge integrable with respect to the characteristic θ =
dy — gdx = dq + fdx = 0 if and only if the rank of the system of two
equations

du _ dju^ _ du^ __ ,du^ _ Q

dp dx dy dq

is greater than one. The compatibility condition between them is given

by

du du f du _ n

These three equations form a complete system if and only if

fPp — 9pp — Hi = H2 = 0 ,

where

j ^ - NKq + K(KN - LM) - (LZ + K^- - MLq) ,
\ d I

NKq + K(KN LM) (LZ + K^
dy \ dy

- NMq + M(KN - LM) - (NZ + K^L - MNq) ,
\ dy I

H2 = MX + iJ NMq + M(KN LM) (NZ + K
dy \ dy

and / = pM + N, g = pK + L, Mp = Np = Kv = Lp = 0. Suppose that

fpp = 9pp = 0. Then we have H = tHι + H2.
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THEOREM 1. Suppose that equation (1) is not Monge integrable with

respect to each of its two characteristics θ = dy — gdx = dq + fdx = 0

and θ = dx = dp + fdy + gdq = 0. Then, the transformed equation of

BX(Σ) takes on the form

(11) s' + f'(x', y', z'9 p', q') + g'(x', y', z', p', «')*' = 0

if and only if the original equation (1) can be transformed to a Teixeira

equation (3) by a contact transformation. Here, we assumed that Σ is

the second associated system with the transformed equation (11).

Proof. By the assumption that equation (1) is not Monge integrable

with respect to the characteristic θ = dy — gdx == dq + fdx = 0, the

Pfaffian equation θ' — 0 is of class 5. Hence, it is expressed in the

form dz' — p'dxf — q'dy' = 0, where x', yf, z'', p'', qf are functionally in-

dependent. Equation (11) can be the transformed equation of BX(Σ) if

and only if C(Σ θ') is generated by

(12) dy' - g'dx' = ff = dq' + fdx' - dp' - v'dx' = 0,

where v' is a function of x, y, z, p, q, t: For we assumed that Σ is

the second associated system with equation (11). In this case x' = c is

not an integral of C(Σ Θ'). In the other case where Σ is the first

associated system with equation (11), x' = c is an integral of C(Σ Θ'):

For Σ is the first associated system with equation (11) if and only if

C(Σ θ') is generated by

dx' = θ' = dp' + fdy' + g'dq' = dq' - t'dy' = 0 ,

where t' is a function of x, y, z, p, q, t.

First let us assume that λv Φ 0, and prove that the transformed

equation of BX(Σ) can not take on the form (11). The characteristic

system of θ' = 0 is generated by

dy — gdx — θ = dq + fdx — dt + edx = dp + μdx = 0,

where

μ = (λpY
ιH.

A function φ(x,y,z,p, q, t) gives an integral φ = c of this system if and

only if ζφ = 0, where
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d

dp dx dy dp dq dt

Take such a solution xf of ζx' = 0 that dx*'/dp Φ 0. The condition that

dx''/dp Φ 0 is a necessary and sufficient one that the solution x' of ζx' = 0

may not give an integral #' = c of C(Σ;Θ'). Starting from this x', let

us express ff — 0 in the form dz' — p'da/ — q'dy' = 0. Then #' = c is

an integral of the characteristic system of θf = da?' = 0, and z' = c is

an integral of the completely integrable system θf — dx' = dy' = 0. The

five functions a/, τ/7, «7, p', q' are functionally independent solutions of

ζφ = 0. A function φ(x,y,z,p,q,t) takes on the form φ'(x'9y',z',p'9q')

if and only if ζ0 — 0. The Monge characteristic system C(Σ θ') is

generated by

dy' - G'dx' = ds ; - (p; + q'G')dx' = d^ + F^d.τ7 = dp' - 'ί/da/ = 0,

where

dp I dp dp I dp dp I dp

Hence, we have ζG' — ζf = 0 if and only if every function of the form

φ'(x'y y', z', q') satisfies

dp / dp

since

3s7 /

dp / dp
= p7 +

Let [φ',ψ'] denote the Lagrange bracket with respect to {x'9y'9z
f

9p\qf).

Then we have [φ\x;] — dφ'/dp' for φf{x'\y\z'',p'\q'). Hence, by Lemma

2, a function φ(x,y,z,p,q,t) takes on the form φ'(xf,y',z',qf) if and only

if φ = c is an integral of the characteristic system of θf = da/ = 0. This

system is generated by four equations

dp I I dz dy dq dt
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dt + edx — —
dλ

dy
tλq - λ2 - λp

dp I dt

dx'Vιldx'
p \ dp I \ dy

t
dq

θ.

Hence, φ = c is an integral of this system if and only if φ is a solution

of the system of two equations

dz

(13)

dy dq \dy
+ tlq - X

dt

This is complete, since the characteristic system of ff — dxf — 0 is com-

pletely integrable. A function φ(x9y9zfp,q,t) which satisfies ζφ = 0 is.

a solution of ζ(dφ /dp jdxf/dp) = 0 if and only if φ is a solution of

(14)
dφ dφ

dz dy

dφ f dφ

dy dq
dφ

dt

If a solution φ of (13) satisfies (14), then, by λp φ 0 and

dλ
ep = dy

tλq - λ2 - tg)λp ,

we have

%

This equation is not a linear combination of the two equations (13) un-

less x't = dx'Idy + tXq — (f + tg)xp = 0. The two equation (13) are

linearly independent with each other, and they form a complete system

as it was noted above. By the assumption that equation (1) is not
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Monge integrable with respect to the characteristic dx = θ = dp + fdy

+ gdq = 0, we can not find such a solution xf of

+ t if + t g ) o
dt dy dq dp

that dx'/dp Φ 0. Hence, there exists a solution of the system (13) which

does not satisfy (14). Therefore, we have ζG' Φ 0 or ζF' =£ 0, and C(Σ 00

can not have such a system of generators as (12).

Secondly let us assume that λp = gp = 0, and prove that the trans-

formed equation takes on the form (11). Since H Φ 0, the characteristic

.system of 0' — 0 is generated by

dx = dy — dz = dg = dt — 0 .

Take α' = a\ Then x' = c is not an integral of CCΣ1; 00, since ζ0^' = 1.

The characteristic system of θf — dx' = 0 is generated by

dx = dy = dq + λdz = dt + ί— + t— - λλdz = 0 .
\ dt/ dq I

Hence, we can take yr = y. The system ff = dx7 = dyr = 0 is complete.

Set / = pM + 2Nf, where Mp = Np = 0. Then, ^ = M, and a function

Λ(a;, y, z, p, q, t) gives an integral h = c of 07 = d ^ = d?/' — 0 if and only if

dh _ M dh _ dh_ __ dh_ _ Q

~a7 θg ~ dp ~ dt ~

Take a solution ft of this system satisfying hq Φ 0, and set zf = ft. Then

we have

0' = 9\dzf - pfdxf - q'dy'),

where

A function ^(ίc, t/, z, p, q, t) takes on the form φ\x', y', z', p\ q') if and only

if θφ/dp = 0. The Monge characteristic system C(Σ 00 is generated by

dy' - G W = 07 = dq' + Ffdxf = dp' - t/da/ = 0 ,

where
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By our assumption that ^gp = 0, we have dG'/dp = gp = 0. The function

e is given by

e = pl-^L - M2 + Mqt) + dN - MN + Nqt + Ά - Mg + gqt)t.
\ dy I dy \dy I

Hence,

M4--..4^4r^jΛM e , ,
dz da dt dy

dz dq I \ dy dq I dt

Since hz - Mhq = hp = ht = 0, we have 3F73p = 0. Therefore, C(Σ θf)
is generated by (12), where f and gf are functions of x', y', z\ p', q'.

Lastly let us prove that equation (1) can be transformed to a
Teixeira equation (3) by a contact transformation if λp — 0. Consider
a contact transformation

(15)

X* = x , y* = φ(χ9 y, z, q) , Z* = ψ(x, y, Z, q) ,

where φq Φ 0 and

(16) φ,5 ψ ^ o , ^ ψ z ψ ^ ^ 0 .
ώl/ dy

Then equation

(17) β + (pK + L)t + pM + N = 0 (Kp = LP = MP =

is transformed to

s* + (p*K* + L*)ί* + p*Λί* + iV* = 0 ,

where

L* = yt + Lηf- - Ny* - v{^x - φxψjφq) [K^f- + y* - My*
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and we have M*, N* replacing y* by — q* in K*, L* respectively. They

are functions of x*, y*9 z*, q*, since 3/dp* = vd/dp. Take a solution φ of

K^ + φzdy

and solve (16). Then the contact transformation (15) transforms equa-

tion (17) to s* + L*t* + P*M* + N* = 0, where L*, M*, 2V* are functions

of x*, y*, z*, q*. The transformed equation is not Monge integrable

with respect to each of its characteristics if the original equation (17)

has such a property, since this property is left invariant by the contact

transformation.

Only in the first case where λp Φ 0, the assumption that equation

(1) is not Monge integrable with respect to the characteristic dx = θ —

dp + fdy + gdq = 0 is necessary for our discussions.

COROLLARY 1. Suppose that g = 0. Then the transformed equation

takes on the form s/ + f — 0 if and only if the original equation s + f

— 0 is transformed to an equation of Imschenetsky type s + pM + N = 0

(Mp = Np — 0) by a contact transformation.

For details of Imschenetsky transformations, see [10].

Remark 3. Equation (11) can be the transformed equation of a

Teixeira equation (3) by BX(Σ) if and only if it is transformed by a

contact transformation to such an equation

s* + f*(x*,y*9z*,p*,q*) + g*(x*>y*,z*,p*9 g*)ί* = 0

that the coefficients /*, g* satisfy

dq* dp* dq* dp* \dz* dp*

df* _ λ*Ml - ί^L - f*^*λ Φ 0
dz* dp* \dy* dp* I

where

dq* dp* \dy* dp*

Remark 4. Teixeira equation (3) can be transformed by a contact

transformation to an equation of Imschenetsky type where the coefficient

of t vanishes if and only if the rank of the system of two equations
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- (N - qLM)^- =*L- M*L = 0
d d d

+ L (N qLM) M
dx dy dq dz dq

with independent variables x, y, z, q is greater than zero.

4. Teixeira equation. Consider equation (1). Let x,y,z,p,q19 ,qn

be independent variables, and q9 t denote q19 q2 respectively. We shall

assume that n > 1. Then, by the definition (5),

Ft = YiF^ + qi+ιYιg (X^i<ri), Fo = f,

where Yt(X ^ i < n) is the operator defined by (6)

Yi 4 + Σ QuJ (/ + tg)^
dy j=i dqό dp

By the identities

dqi

dt dq dp \dq dp

we have

(18) JH. = ^ξi=ϊ. + Yι9 = ... = ^ L + (i - i)γi9
dqι+1 dqt dt

dq dp \dq dp

Suppose that / = pM + N, g = L, Mp = Np = Lp = 0. Let us define

the functions Ai9 BiiO ^ i < n) of x, y, z,q19 , qi+1 inductively by

f Ai+1 = Gi+1A, - MA,, Ao = M ,

I β< + 1 = Gi+1Bt - (N + tUAt + qMG,L , β 0 - N ,

where Ĝ  is the operator defined by

(20) G < = d + Σ f l 3_ ( l ^ i < % )
»2/ ^ = 1 dqj

Then we have

F , = pAi + Bt (Q^i<n).

Let us define the operators Zi9 Xi(l ^ i ^ n) by
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(21)
dz j=ι

(22) Xt
dx dy 3=1

Then, by (19), we have the identities

(23) [ZM, G,] = -MZt + (GtAJ—— (1 ̂  i < n),

(24) [Z<+1,G i] = -{ΛΓ-g(G1L +

+ {G^B, -

By (18), the second equation of (8) is written in the form

(V + qL)[znu + ^KU + Mn) + Xnu\ dq I

-LM + £ — + nGΔu + Nn - qLMn = 0 ,
dq I

qL M + £
dq dq dq

w h e r e Mn a n d Nn a r e f u n c t i o n s of xfy,z,qί9 •••,<?„ defined b y

(25) Mn = G^An-i - MAn^ ,

(26) Nn = Gn_ JB^ - (N + tL)An_,.

LEMMA 3. Teixeίra equation (3) is solved by integrable systems of

order n if and only if the rank of the system of two equations

(27) Znu + Mqu + Mn = 0 ,

(28) Xnu + (Nq - qLMq - LM + tLq + nGλL)u + Nn - qLMn = 0

with independent variables x, y, z9 q19 , qn is greater than zero, where

n>l.

Proof. The compatibility condition between the two equations of

the system (8) is (27). Hence, the system (8) with n + 4 independent

variables x9y,z,p,q1, •• ,# n has the rank greater than zero if and only

if the system of (27) and (28) with n + 3 independent variables x,y,z,

Qif , qn has the rank greater than zero.

Teixeira equation (3) is Monge integrable with respect to the char-
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acteristic dy — Ldx = θ = dq + (pM + N)dx = 0 if and only if the func-

tion H defined by

H = MX- NMq + L[<®L - M2) - (N2 - MNq) - t(Lz - MLq)
\ dy I

vanishes identically. Suppose that H Φ 0. Then, as it was shown in

the proof of Theorem 1, the solution h(x, y, z, q) of hz — Mhq = 0, hq Φ 0

defines the Backlund transformation of the first kind B^Σ) by

χr = x , y' = y , z' = h9 p' = hx - (N + tL)hq,

f + tK Glh
dy

and vf = ζQp'. The relation (29) between x, y, z, g, t and x', y', z', p\ qf is

solved conversely with respect to x, y, z, q, t by H Φ 0. The transformed

equation takes on the form (11), where f = — ζoq', gf = L. By the

identities

Co = (p + qL)Z2 + Z 2 , ζoh = pr + q'L

and

[Co, GJ - - ( p M + iV + tL) ( A - l l ) + ( G l 4
\ z dq I

l ) + (G l β)4
oz dq I ot

we have

(30) -f = G l P '
dy dq \ dy dq

Since Lt = 0, gr = L and

d _ dh
dt dq \ dq/ ~ dp'

we have

(31) ^- - g'^- = 0 .
dq' dp'

LEMMA 4. Suppose that gq — ggv = 0. Then equation (1) is solved

by integrable systems of order n if and only if the rank of the system

of two equations
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en du t F?m
dp dx i=ι dq dy \ dq dp

τoίth independent variables x, y, z, p,qlf , qn is greater than zero, where

Yo is the operator defined by

T7 d n d

dy dp

Here, n may be any positive integer, in particular may be one.

Proof. Suppose that n = 1. Then the system for u to give a char-

acteristic of Ωλ is written in the above form by the assumption that

3q — QQp = 0. Suppose that n > 1. Then, by (18) and

\dq dpi

the system (8) is written in the above form.

Change the independent variables x, y, z,q19 , qn to x', y', z', p', q[,

• , Qn-i by (29) and

where n > 1. Then, these relations can be solved conversely with re3pect

to x,y,z,qu ",qn by H Φ 0 and hq Φ 0.

LEMMA 5. The operators Zn,Xn,Gi(l ^ i < n) are expressed in the

following forms respectively:

<32) Zn = hjaΛj
dp'

dx' j-i dq] dy' dp

<34) Gi = Yί_, + Σ GiQ'j^r ( K * < w)

(35) G1 = Yί-

Here, F^(0 ̂  i < n — 1) is ίfee function of x',y',z',p',q[, , ^ + i defined

by

(36) F{ = Y i F ^ + tf+1Yta' ( l ^ ί < n - l ) , FJ = / ' ,
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and Yi(0 ^ i < n — 1) is the operator defined by

y/ _ d _ /./ 3
0 " d ^ 3p' "

Proof. The ^(1 <* i < ri) is a function of #, 2/, z, qu , <7<+1. By

(23) and Zxfe = hz - Mhq = 0, we have

(37) 2»tf = 0 ( l ^ ί < n ) .

By the identity

, 3 - (N + tL)-f\ =H-f + ± \ ^ -(N + tD^
dx dq \ dq i=* 1 dx dq

we have Znp
f — hqH. Hence, Zn is expressed in the form (32). The

identity (30) implies

GίP' = - ( / '

Hence, G^(l < i < n) and Gx are expressed in the forms (34) and (35)

respectively. Since ζ0 = (P + <?^)^2 + ^2?

(38) FJ = -X2q
f.

By (24) and (34),

Xί+1q> = XMGΛU = Y'UXiQi-i) ~ {GλL)q[ ( 1 < ί < n) .

Hence, by (36), (38) and ^ L = Yf

Qgf = Yί^/, we obtain

* < + 1 t f = - F ί . ! (1 ^ < < w) .

Therefore, Xn is expressed in the form (33) by Xλh = p' + gfq'.

LEMMA 6. Change the unknown function u to ur by

W = Gn^q'^ + hqu,

where n > 1. Then the two equations (27) and (28) are expressed in the

following forms respectively:
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(39) H^- = 0;
dp'

+

Proof. Since Znh = 0,

(41) Zn(hq)-1 = - M ,

By the definition, dq'n_λldqn = hq. Hence,

(42) ZnGnΛn_x = -M(zn

L - tψf + π-n-

dqn

by (23) and (25). We have

by (30). Hence,

(43) XnQιqY
ι = - (fe,)-1 (iV, - LM - qLMq + tLq - ML + L^L + GγL

\ dq dp

by Xnh = pf + ZY. We get

^ ί - YΪFΌ + (GlQ') (ML - LML
\ dq' dp'

by (35), and

- 2)Y'og' + ML- g'Mll (n > 2)

by (34) and (18). Hence, for any n > 1, we have

(44) XnGn.^ = GnUXnti-J ~ {N - q{GλL n + A M _Λ
dqn

- iG.DG^q'^ + {Gn^B^ - ^

-Gn.rn-2 -{N- q{GλL
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J}hq = hq(Nn - qLMn)

by (24), (26) and G1L = Yfa'. These identities (41)-(44) allow us to
express the two equations (27) and (28) in the forms (39) and (40)
respectively by Lemma 5.

THEOREM 2. Suppose that Teixeira equation (3) is not Monge inte-
grable with respect to the characteristic dy — Ldx = θ — dq + (pM + N)dx
= 0. Then, it is solved by integrable systems of order n if and only if
the transformed equation (11) is solved by integrable systems of order
n-1.

Proof. By (31) we can apply Lemma 4 to the transformed equation
(11). Hence, by Lemma 3 and Lemma 6, we have our theorem for
n > 1. Suppose that n — 1. Then equation (3) is solved by integrable
systems of order 1 if and only if the rank of the system of two equations

M +

dz dq dy

- (N - qLM)^-
d

^ + L (N qLM) + MN qL(
dx dy dq dy \ dy

Q + ^--LM - qLMq)u + Lqu
2 = 0

dy I

with independent variables x, y, z, q is greater than zero. It is possible
if and only if the rank of the system of two linear equations

(45) - ^ - M*± - (**L - M> + Mqt)*L = 0 ,
dz dq \ dij I dt

(46) *L + L*L-(N- qLM)*L _ \M. - MN - qd^- - W
dx dy dq I dy \ dy

with independent variables x, y, z, q, t is greater than one. Let us
identify t with q2. Then the two equations (45) and (46) are Z2u = 0
and X2u = 0 respectively. Change the independent variables x, y, z, q,
t to x', y\ z\ p', qf by (29). Then, by Lemma 5, the two equations (45)
and (46) are expressed in the following forms respectively:
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(47) hqH^L = 0
dp'

(48) *L - 9'-£L - / ' | L + X ^ = 0 .
eta' ds/' 9g' dp'

The transformed equation is solved by integrable systems of order 0 if

and only if the rank of the system of (47), (48) is greater than one

([7]). Hence, we obtain our theorem for n = 1.

Acknowledgements. In the case of Laplace transformation, it was

stated by Goursat that an equation s + ap + bq + cz = 0 is transformed

by n-times applications of the Laplace transformation to a Monge inte-

grable equation if and only if the given equation is solved by Darboux's

method of integration with respect to the characteristic of order n + 1

(E. Goursat, Leςons sur Γ integration des equations aux derivees partielles

du second ordre a deux variables independantes. II, Hermann, Paris,

1898, p. 178).
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