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BACKLUND TRANSFORMATIONS OF THE FIRST KIND
ASSOCIATED WITH MONGE-AMPERE’S EQUATIONS

MICHIHIKO MATSUDA

Due to Clairin and Goursat, a Bicklund transformation of the first
kind can be associated with Monge-Ampeére’s equation. We shall consider
Monge-Ampere’s equation of the form s + f(«,v,2,p,9) + 9(,¥,2,p, )t
= 0, where p = 0z/ox, q = 9z2/0y, s = d°z/oxdy, t = d°z/0y*. The follow-
ing theorems will be obtained:

1. The transformed equation takes on the same form s’ 4+ f’ + ¢'t’
= 0 if and only if the given equation can be transformed to a Teixeira
equation s 4+ L(z,y,z, )t + M(x,9,2,Q)p + N(,¥4,2,9) = 0 by a contact
transformation.

2. Teixeira equation s + tL + pM + N = 0 is solved by integrable
systems of order » if and only if the transformed equation is solved by
integrable systems of order n — 1.

Here, the method of solving s + f + gt = 0 by integrable systems
of higher order is a generalization of that for solving s + f =0 given
by the author [8]. In [8] and ([9], [10]) respectively, he proved the
second theorem for a Laplace transformation associated with s + a(z, ¥)p
+ b(x,y)q + c(x,y)z = 0 and for an Imschenetsky transformation associ-
ated with s + M(2,¥,2,Q)p + N(x,y,2,q) = 0. These two transformations
are special ones of the Bicklund transformations of the first kind.

1. Introduction. Bicklund transformations were classified by Clairin
and Goursat to the three kinds ([3], [6]). Given Monge-Ampére’s equation

Rr +2Ss + Tt + U + Virt —s) =0,

two Béacklund transformations of the first kind can be associated with
it according to its two characteristics ([5, p. 27]). Here, p = 0z/ox,
q = 0z/0Y, r = dz/dx?, s = d%[oxdy, t = d2/9y’, and R, S, T, U, V are

Received January 10, 1973.

161

https://doi.org/10.1017/50027763000015786 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000015786

162 M. MATSUDA

functions of «, ¥, 2z, p, q. We shall consider Monge-Ampeére’s equation
of the form

(1) s+ fx,9,2,0,0 + 9@, 9,2,0,9t =0.

Monge-Ampeére’s equation whose two characteristics are different can be
transformed to an equation of this type by a contact transformation if
and only if it has an intermediate integral of the first order with respect
to one of the characteristics.

Consider a Pfaffian system X generated by

dz — pdx — qdy = dq + fdx — t(dy — gdx) =0,

where z, ¥, 2z, », q, t are independent variables and f, g are functions
of 2, ¥, 2, v, ¢; f: =9, =0. Let w =0 be an element of Y. Then an
integral vector field & of X is called a Monge characteristic of ¥ with
respect to w = 0 if it satisfies dw(§,7) = 0 for every integral vector field
y» of ¥. The element w = 0 is called a singular equation of X if there
exists a nontrivial Monge characteristic of ¥ with respect to o = 0, and
in this case the Pfaffian system C(2'; w) for defining the Monge character-
istics is called a Monge characteristic system of X with respect to v = 0.
Let 6 denote the Pfaffian form dz — pdx — qdy. Then 6 = 0 is a singular
equation of X, and the Monge characteristic system C(X'; 6) is generated
by

Suppose that z = ¢(x,y), p = p(x,y), ¢ = q(z,¥y), t = t(z,y) give an inte-
gral surface of . Then 2z = ¢ is a solution of (1), and p = ¢, ¢ = ¢,,
t = ¢,,. Conversely suppose that z = ¢(x,¥) is a solution of (1). Then
z2=¢, P=4¢, q=4¢, t=4¢, give an integral surface of X. Equation
(1) is called the resolvent equation of X with respect to 6 = 0.

Equation (1) is the resolvent equation of the other Pfaffian system
3’ generated by

0 =dp + fdy + gdq — vdx = 0

with respect to = 0, where 2, ¥, 2z, p, ¢, v are independent variables.
Let us say that ¥ and 3’ are the first and second associated systems
with equation (1) respectively.
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Consider the first associated system 3 with equation (1). Let w = 0
be an element of Y of the form

dq + fdx — t(dy — gdx) + 16 =0.

Then it will be proved that it is a singular equation of X if and only
if 2 takes on the value f, + tg, (Proposition 2). Let ¢ =0 be this
singular equation of X different from 8 = 0. Then it will be shown
that the Pfaffian equation ¢ = 0 is of class 5 if and only if the resol-
vent equation (1) of X with respect to 6 =0 is not Monge integrable
(Proposition 3). Suppose that ¢ =0 is of class 5. Then it can be
expressed in the form dz’ — p’de’ — ¢’dy’ = 0, where ', v, 2/, p’, ¢’ are
functionally independent. The resolvent equation of 3 with respect to
¢ = 0 is in general an equation of the second order

( 2 ) F/(x/) y/’ Z,, p/y q/, ’I",, 8/’ t/) =0

([5, p. 20]). Through an integral surface of 2 a solution of the resol-
vent equation (1) is transformed to a solution of the other resolvent
equation (2). This is the Béicklund transformation of the first kind
B,(3) associated with 3. The resolvent equations (1) and (2) are called
the original and transformed equations of B,(2) respectively. If f =
a(xz, y)p + b(x,y)q + c(x,y)z and g = 0, then B,(Y) is a Laplace transfor-
mation. In this case, the original equation is s + ap + bq + ¢z = 0, and
the transformed equation takes on the same form s 4+ a'p’ + b’q¢’ + ¢’z
= 0. We shall prove the following (Theorem 1):

Suppose that equation (1) is not Monge integrable with respect to
each of its characteristics. Then, the transformed equation of B,(%)
takes on the same form s + f’ 4+ ¢’t' =0 if and only if the original
equation (1) can be transformed by a contact transformation to a Teixeira
equation

(3) s + L(x,y,2, Ot + M(x,y,2,9p + Nx,9,2,9) =0.

Here, we assumed that 3 is the second associated system with the
transformed equation. This assumption is satisfied in the case of the
Laplace transformation, and we are going to generalize a result on this
transformation obtained by the author [8].

Let us try to solve the Cauchy problem of equation (1) by integrat-
ing ordinary differential equations. The author [7] gave a method by
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integrable systems for solving the problem in the space of (x,v,z,, q),
which can be applied to Monge-Ampeére’s equation of any type. Consider
the problem in the space of (x,¥,z2,0,q, -+, q,) involving the derivatives
of higher order g, = %2 /9y*(q, = q) with respect to ¥, where n > 1. Then
it requires us to find an integral surface of the Pfaffian system gener-
ated by n equations

dz — pdx — qdy =0,

4
) dg; + Fi_de — q(dy —gde) =0 A=i=n—-1)

which contains a given integral curve of (4). Here, F (¢ = 0) is a
function of z,¥,2,»,49, -+, q;,, defined inductively by

(5) F,=YF, ,+q.Yy9, F,=71,

and Y, = 1) is an operator defined by

d : ] 0 d ] ]
6 YZ = — i —_— s — a
(6) & + ,Zzlq“‘aqj (f + ¢.9) - a + o

The author [8] gave a method by integrable systems of higher order for
solving the Cauchy problem of equation s + f(x,%,2,9,¢) =0 in this
space. We shall generalize this method as follows; Consider a system
of ordinary differential equations

0 1 q I+ a9 a0 an %

where % is a function of «,v,2,9,q;, --+,q,. Then it will be said to be
integrable if % is a solution of the system of two partial differential
equations of the first order

(8) Ey—:%_znpi—la—u‘Fgﬂ'l“<8—Fn_—l+Y1g>u+Yn_1Fn—1:O,
ap de =1 0q;, dy 94,

where F,(0 <7< mn) is the function defined by (5). Equation (1) will

be said to be solved by integrable systems of order = if the rank of

the system (8) is greater than zero. In this case, it will be proved

that the Cauchy problem is solved by integrating the system of ordinary

differential equations (7) (Proposition 1). We shall obtain the following

{Theorem 2):
Suppose that Teixeira equation (3) is not Monge integrable with
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respect to the characteristic dy — Ldx = 0 = dg + (pM + N)dx = 0. Then,
it is solved by integrable systems of order » if and only if the trans-
formed equation s’ + f/ 4+ ¢’'t' = 0 is solved by integrable systems of
order n — 1.

Here, n may be any positive integer, in particular may be one.
An equation solved by integrable systems of order 0 is by definition a
Monge integrable equation ([7]). In [8] and ([9], [10]) respectively, the
author proved this theorem for the Laplace transformation, and for an
Imschenetsky transformation. The latter is the Bicklund transformation
of the first kind associated with s + M(x,¥,2,¢)p + N(x,v,2,q9) = 0. The
transformed equation takes on the form s + M'(x/,vy’,z',p")q¢ + N'(&', v,
2,p) =0.

Remark 1. Suppose that equation (1) is transformed to a Monge-
Ampére equation (E*) by a contact transformation z* = x*(z, vy, 2, p, q),
coe, @* = q*(,Y,%2,p,9). Then we have

dz* — p*da* — q*dy* = pf ,
of = ay(dq + fdx) + p(dy — gdx) + 10,
of = a,(dq + fdx) + B(dy — gdx) + 1.0,

where dz* — p*de* — g*dy* = o} = wf = 0 is one of the characteristics
of (%), and p # 0, a,f, — a8, # 0. Take

t* = (taz + ﬁz)_l(tal + ;81) .
Then 2 is transformed to X2* generated by
dz* — p*da* — ¢*dy* = of + t*eFf = 0.

The resolvent equation of X* with respect to dz* — p*da* — ¢*dy* = 0
is the transformed equation (E*).

Remark 2. The general form of Teixeira equation is
S + M(x,y, %, Q)p + T(x’ Y,%2,q, t) =0 ’

with which we can associate a Bicklund transformation of the first kind
(I5, pp. 29-30]). For the general theory of Backlund transformations of
the first kind, see Goursat [5, pp. 6-17].

2. Characteristic systems. Let Q be a Pfaffian system. Then an
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integral vector field & of Q is called a characteristic of Q if it satisfies
dw(&,7) = 0 for each element w = 0 of £ and for every integral vector
field 5 of 2. The Pfaffian system for defining the characteristics is
called the characteristic system of Q. This notion of a characteristic
system was obtained by E. Cartan [1]. Suppose that Q is generated by

w; = dz; — S aude, =0 1<i<),
i>r

where «,, - -+, 2, are independent variables and a¢,;(1 << r<j< m) is
a function of them. Then the characteristic system of 2 is generated
by 0; =01 Z41< 7 and

where
aa; oa,; * [oa, o
Dije = —byyy = 20k _ 0y ( i g, — wa).
e T 0% ox, + =1\ 0xy, " o0, e
Given a nontrivial vector field ¢ = >, £,8/0x, + 0 and a curve C

defined by z, = 2%(9)(1 < a < m), let us define S(&; C) as a surface z, =
2.(5, )1 < a < m) obtained by integrating oz, /ot = £,(1 < ¢ < m) under
the initial condition that z,(s,0) = 2%(s)(1 < a@ < m). Then, due to E.
Cartan, we have the following ([2, p. 55]):

LEMMA 1. Suppose that & is a nontrivial characteristic of 2, and
that C is an integral curve of L. Then, S(&; C) is an integral surface
of Q.

The characteristic system of £ is completely integrable for any 2
(2, p. 52]). A Pfaffian system is completely integrable if and only if
the characteristic system is itself. Suppose that 2 is generated by a
single equation w = 0. Then the Pfaffian equation w = 0 is said to be
of class s if the rank of the characteristic system is s. This number s
is odd. Here, the rank of a Pfaffian system is the number of inde-
pendent equations contained in it. Suppose that o = p(dz, + .., dx;, +
v+ 2y d2,_y), p # 0, where 2, -+, ,,_, are assumed to be functionally
independent. Then, for each ¢(1 £t < 7), the characteristic system of
w=dx,=--- =dx,_, =0 is generated by do, = --- =dx, =dw,,, = ---
= dx,,_, = 0. Hence, the rank of this system is 2r — ¢. In particular,
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o =0 is of class 2r — 1. Conversely, suppose that o =0 is of class
2r — 1, and that ¢, = ¢ is an integral of the characteristic system of

o=d¢, = --- =dp;,_, =0 for each i1 < ¢ < t), where ¢, ---,¢, are as-
sumed to be functionally independent. Then the rank of the character-
istic system of w =d¢, = --- =d¢p, =0 is 2r —t —1 ([2, p. 571, [4,

Chap. XI]). Hence, if o = 0 is of class 2r — 1, then it is expressed in
such a form +d¢, + --- + ¢,d¢, that ¢, ---,4, are functionally inde-
pendent and ¢, = ¢ is an integral of the characteristic system of w = d¢,
= ... =d¢,., =01 =¢=7). Here, for each i(1 <¢ < 7), we have ¢, # 0,
and VW0, A7 7,7+#1%1=<k<r are functionally independent.
They give 2r — 1 integrals of the characteristic system of o = 0.

Let =, y, 2, p, ¢ be independent variables. Then a transformation

¢ =2@x,9,2,0,9, -, ¢ =q(,9,2,p,q is called a contact one if it
satisfies

dz’ — p'de’ — ¢'dy’ = p(dz — pdx — qdy), p+0.

Let ¢, 4 be two functions assumed to be functionally independent. Then
there exists such a contact transformation that 2’ = ¢, ¥’ = + if and only
if [¢,v¥] = 0 (Lie [6, Chap. V]). Here [¢, ] is the Lagrange bracket:

0 dy 9 dy oy dp oy dp d _ 5 3
9, v op dx + g dy op dx dqg dy’  dx ox +paz ’

Hence we have the following:

LEMMA 2. The Lagrange bracket [¢,] vanishes if and only if
¢ = ¢ is an integral of the characteristic system of dz — pdx — qdy =
d¢ = 0.

Consider a Pfaffian system 2,(n = 1) generated by » + 1 equations
dz — pde — qdy =0,
dg; + Fiode — q(dy —gde) =0 A 2i<m),
dq, + F,_dx — uw(dy — gdz) =0

with independent variables «,¥,%,p,4q;, - -+, q,, Where F,(0 < 7 < n) is the
function defined by (56) and u is a function of «,v,2,9,9, -++,q,. Then

the characteristic system of £2,(n > 1) is generated by (7) and two equa-
tions
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ou

“Zdy =0,

op y
du u du oF
U _$p, _<nly Y, F, ldy=o0,
{d% ;1 aqi+gdy+ 7. + 1g)u+ 1 1 @y

where we assumed that » > 1. Hence 2,(n > 1) has a nontrivial char-
acteristic if and only if « is a solution of (8), and in this case it is
given by (7). Suppose that n» = 1. Then the characteristic system of
2, is generated by

and two equations

ou
—dy =0,
apy
B g2y gl (0 g0 O g3y 4
{dx f gdy+ dy fap+aq gap dy f
99 _ 8_g> Z}d =0
+(6q gapu v '

Hence 2, has a nontrivial characteristic if and only if % is a solution
of the system obtained by setting the two coefficients of dy equal to
zero. If the rank of this system is greater than zero, then equation
(1) is said to be solved by integrable systems of the first order ([7]).

Any system of partial differential equations of the first order with
one unknown function can be prolonged either to a complete system or
to an incompatible system by adding the compatibility conditions. If
we get a complete system generated by 7 independent equations, then
the original system is said to have the rank m — r, where m is the
number of the independent variables.

PROPOSITION 1. Suppose that equation (1) is solved by integrable
systems of order n. Then for any initial curve C satisfying (4) we can
make a solution of (1) from C integrating a characteristic of 2,. Here,
n may be any positive integer.

Proof. By the definition, the rank of the system for w to give a
characteristic of £, is greater than zero. Hence, we can find such a

https://doi.org/10.1017/50027763000015786 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000015786

MONGE-AMPERE’S EQUATIONS 169

solution u of the system that it satisfies dq, + F,_.dz + u(dy — gdz) = 0
along C. Integrate the characteristic of £, defined by this u starting
from C. Then the surface thus obtained is a solution of (1), since it
is an integral surface of 2, by Lemma 1.

3. Bicklund transformations of the first kind. Let v = 0 be an element
of X of the form

(9) dq + fdx — t(dy — gdx) + A(dz — pdx — qdy) = 0.
Then we have the following:

PROPOSITION 2. The element w = 0 is a singular equation of 2 if
and only if 2= f, + tg,.

Proof. The Pfaffian system for defining the Monge characteristics
of X with respect to w = 0 is generated by

(fp +t9, — Ddw = dy — gdo = 0 = (f, + tg, — Ddp
=dq + fde =dt + ede =0,

where 6 = dz — pdx — qdy, and
e= U _ar 4 (0 + 20— ag)t + gt
dy dy
Hence, the rank of this system is less than six if and only if f, + tg,
—2=0.

Suppose that 1= f, + tg,. Let & = 0 be the element (9) defined
by this value of 2. Then the Monge characteristic system C(Y; @) is
generated by

(10) dy —gdx =0 =dq + fdx =dt + ede = 0.

We notice that e = F, if g, is replaced by ¢, where F, is the function
of z, v, 2, p, q, q, defined by (5). A function ¢(x,v,2,p,q,t) gives an
integral ¢ = ¢ of C(3; @) if and only if it is a solution of

0P
=% _9,
Cop ap
where
d d 0 0

= Yy T e T
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PROPOSITION 3. The Pfaffian equation ¢ = 0 is of class 5 if and
only if equation (1) is mot Monge integrable with respect to the char-
acteristic § = dy — gdx = dq + fdxz = 0.

Proof. The characteristic system of 6 = 0 is generated by six

equations
dy — gdx — g,0 = 2,0 = HO = 2,dp + Hdx = ¢’
— dt + edx + (ﬂ+mq—ﬁ)a=0,
dy
where
=Lt gL r) = (= 200 — (0, — 290t = ge.
dx dy

The rank of this system is less than five if and only if
=H=0.

Equation (1) is Monge integrable with respect to the characteristic § =
dy — gdx = dq + fdx = 0 if and only if the rank of the system of two
equations

ou du du ou
2 =27 g2 — 27 =0
op dx gdy faq

is greater than one. The compatibility condition between them is given
by

ou du ou
- — — fp—=20.
0z + gpdy I» aq

These three equations form a complete system if and only if
fpp:gpp=H1=Hz=0,
where

H =K, + LY _ NK, + KEN - LM) — (L2+Kﬂ —MLq) :
dy dy

H =M, + LY _NM, + M(EN — LM) — (NZ+K§-Z!—MN,1),
dy dy

and f=pM + N, g=pK+ L, M,=N,=K, =1L, =0. Suppose that
Jop = 9pp = 0. Then we have H = tH, + H,.
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THEOREM 1. Suppose that equation (1) is not Monge integrable with
respect to each of its two characteristics § = dy — gdx = dq + fdx =0
and 0 = dx =dp + fdy + 9gdg = 0. Then, the transformed equation of
B,(2) takes on the form

an s+ fl&@, v, 2,0, a) + 9@, vy, 2,0, =0

if and only if the original equation (1) can be transformed to a Tetxeira
equation (3) by a contact transformation. Here, we assumed that X is
the second associated system with the transformed equation (11).

Proof. By the assumption that equation (1) is not Monge integrable
with respect to the characteristic 6 = dy — gdx = dq + fdx = 0, the
Pfaffian equation ¢ = 0 is of class 5. Hence, it is expressed in the
form dz’ — p’da’ — ¢’dy’ = 0, where 2/, ¥/, 2/, v’, ¢ are functionally in-
dependent. Equation (11) can be the transformed equation of B,(Y) if
and only if C(Y;6¢) is generated by

12) dy — g'da’ =6 =dq + flde’ =dp’ —vda’ =0,

where v’ is a function of z, ¥, 2, p, q, t: For we assumed that X is
the second associated system with equation (11). In this case &’ = ¢ is
not an integral of C(X;#). In the other case where 3 is the first
associated system with equation (11), 2’ = ¢ is an integral of C(2;é):
For Y is the first associated system with equation (11) if and only if
C(2; @) is generated by

de’ =0 =dp + f'dy’ + ¢g'd¢’ =dq — t'dy’ =0,

where t’ is a function of z, v, 2, », q, t.

First let us assume that 1, #+ 0, and prove that the transformed
equation of B,(2) can not take on the form (11). The characteristic
system of ¢ = 0 is generated by

dy — gde =60 =dq + fdx =dt + ede =dp + pdx =0,
where
p= Q) 'H.

A function ¢(x,¥,2,p,q,t) gives an integral ¢ = ¢ of this system if and
only if {4 = 0, where
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o _ d _d__ﬂ_a__fi_ei,
op dx dy op oq ot

Take such a solution 2’ of {x’ = 0 that dx2’/dp = 0. The condition that
0x’'/dp # 0 is a necessary and sufficient one that the solution &’ of {2’ = 0
may not give an integral &’ = ¢ of C(Y; ¢). Starting from this z/, let
us express ¢ =0 in the form dz’ — p’da’ — ¢’dy’ = 0. Then ¥y = ¢ is
an integral of the characteristic system of ¢ =dx’ =0, and 2’ =c¢ is
an integral of the completely integrable system ¢ = da’ = dy’ = 0. The
five functions 2/, ¥/, 2/, p’, ¢’ are functionally independent solutions of
¢¢ =0. A function ¢(x,¥,2,p,q,t) takes on the form ¢'(’,v’,2",9",q")
if and only if ¢ = 0. The Monge characteristic system C(2;¢) is
generated by

dy — Gda’ =d2 — (p' + ¢GNdy = dq’ + F'dx’ =dp’ — v'da' =0,
where

’ 4 /7 /
G = /o . F = — 09’ /ox . v = ap 0x’ )
op/ dp op / ap o

Hence, we have (G’ = {F’ = 0 if and only if every function of the form
&'@Yy, 2, q) satisfies

C<a¢' ax'> ~0,

op/ op
since
0z’ ax ,
G/
D ap =9 4+ q

Let [¢’,4'] denote the Lagrange bracket with respect to («/,¥’,2,7’,q).
Then we have [¢/, 2] = o¢’/op’ for ¢'(2/,¥',%',p’,q). Hence, by Lemma
2, a function ¢(x,y,z,p,q,t) takes on the form ¢'(a’,¥’, 7, ") if and only
if ¢ = ¢ is an integral of the characteristic system of ¢ = da’ = 0. This
system is generated by four equations

ox’ \tox’
dy — dx:{ —z(__> }0,
v—9 Ip =4 op ot

b= = () [0 2,

ap 0z I dy dy £V dy
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dg + fdw = — {7, + Z(ap)ﬂax}a,

ot

dA ox’ \ ' dx’ ax
dt + ed =—{__ tx—zZ—z( ) ( )}0.
+edw ay + op dy +e aq

Hence, ¢ = ¢ is an integral of this system if and only if ¢ is a solution
of the system of two equations

Cp=0,
Qe AR e e AR
a® -2 +ng”; — Ty — (g—2+tz ~ )]
BTN T S

This is complete, since the characteristic system of ¢ = da’ = 0 is com-
pletely integrable. A function ¢(x,y,%2,p,q,t) which satisfies {§ =0 is
a solution of {(d¢/dp /ax’/ap) = 0 if and only if ¢ is a solution of

(14) (%+%f ﬁ% Z)
gz<z+gpd — eyay) = 0.

If a solution ¢ of (13) satisfies (14), then, by 2, #+ 0 and

ep:gi+tz—ﬁ f + to)2y

we have
/[ dg ¢ 6¢Jl
29 499 tg) 2%
xt{dy + aq f + tg) ap

~ 3 (d
ot \dy

L=+ o) = 0.

This equation is not a linear combination of the two equations (13) un-
less ;= da'/dy + tx;, — (f + tg)x, = 0. The two equation (13) are
linearly independent with each other, and they form a complete system
as it was noted above. By the assumption that equation (1) is not
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Monge integrable with respect to the characteristic de =6 = dp + fdy
+ gdq = 0, we can not find such a solution 2’ of

ox’ __ dx’

5 dy + —(,],q——~(f+tg)———0
that 92’/op + 0. Hence, there exists a solution of the system (13) which
does not satisfy (14). Therefore, we have (G’ = 0 or LF’ = 0, and C(Z; ¢)
can not have such a system of generators as (12).

Secondly let us assume that 2, = g, = 0, and prove that the trans-

formed equation takes on the form (11). Since H =+ 0, the characteristic
system of ¢ = 0 is generated by

dr=dy =dz =dqg=dt=0.

Take #’ = 2. Then 2’ = ¢ is not an integral of C(J;¢), since {x’ = 1.
The characteristic system of ¢ = da’ = 0 is generated by

de = dy = dq + 1de = dt + (ﬂ+t_ Zz)dz:O.
dy g
Hence, we can take ¥ = y. The system ¢ = da’ = dy’ = 0 is complete.
Set f=pM + N, where M, =N, =0. Then, 2 =M, and a function

hx,y,z,p,q,t) gives an integral h = ¢ of ¢ = dx’ = dy’ = 0 if and only if
oh M oh _ oh __ oh

=" =" =0.

07 aq op ot
Take a solution k& of this system satisfying &, = 0, and set 2 = k. Then
we have

0 = p'(de’ — p'da’ — ¢'dy’),
where

p/:_ak_-—N_a_h_—tgah, qlzilﬁ-‘-ta_h_, p’:(hq)_",
x oq aq ay aq

A function ¢(z,y,2,p, q,t) takes on the form ¢'(2’,v’,2’,p’,¢') if and only
if dp/dp = 0. The Monge characteristic system C(J; ¢) is generated by

dy — G'dx’ =6 =dq + F'de’ =dp’ —v'de’ =0,
Wwhere

G=CLy=9, FF==4, vV=C0p.
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By our assumption that g, = 0, we have dG’/9p = g, = 0. The function
e is given by
e:p(ﬂ—Mz-{-Mqt) + N yN & N+ (E—Mg+gqt)t.
dy dy dy

Hence,

op 0z 0q at
[EI YRR R AN
0z 2q ot = dy oq
0 0 de de,\ 0
--u[L-nE) s fl i
0z 0q + dy + oq |/ ot

Since h, — Mh, = h, = h, = 0, we have 9F'/op = 0. Therefore, C(2';¢)
is generated by (12), where f’ and ¢’ are functions of «’, ¥/, 7/, v, ¢

Lastly let us prove that equation (1) can be transformed to a
Teixeira equation (3) by a contact transformation if 1, = 0. Consider
a contact transformation

{x*ny y*:¢(x9y,z7Q), Z*Zd’(xyy,z’q)y

15)
p* = %i - i¢L‘!’q/¢q , QF = Vg/Pq »
X dx
where ¢, = 0 and
(16) ¢qccll_w — g d¢ =0, G — Vop. F 0.
Y dy

Then equation
an s+ WK+ Lt+pM+N=0 (K, =L,=M,=N,=0)
is transformed to

§% + WK* + LOtF + p*M* + N* =0,

where
*
K* = D(K—@y— -+ y;k — M?/j) y V= (""z - ¢z‘!’q/¢q)—1 ’
dy
* Ed
L* = y* + L% — Ny§ — vy — $atrg/by) (K% + ¥ - My;“)
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and we have M*, N* replacing y* by —q¢* in K*, L* respectively. They
are functions of «*, y*, 2*, ¢*, since d/op* = vd/dp. Take a solution ¢ of

K@L+¢z—M¢q:0’ ¢ # 0,
dy

and solve (16). Then the contact transformation (15) transforms equa-
tion (17) to s* 4+ L*t* + p*M* 4+ N* = 0, where L*, M*, N* are functions
of x*, y*, z* ¢* The transformed equation is not Monge integrable
with respect to each of its characteristics if the original equation (17)
has such a property, since this property is left invariant by the contact
transformation.

Only in the first case where 2, = 0, the assumption that equation
(1) is not Monge integrable with respect to the characteristic de =60 =
dp + fdy + gdg = 0 is necessary for our discussions.

COROLLARY 1. Suppose that g = 0. Then the transformed equation
takes on the form s + f/ =0 if and only if the original equation s + f
= 0 is transformed to an equation of I'mschenetsky type s + pM + N =0
M, =N, =0) by a contact transformation.

For details of Imschenetsky transformations, see [10].

Remark 3. Equation (11) can be the transformed equation of a
Teixeira equation (3) by B,(2) if and only if it is transformed by a
contact transformation to such an equation

§* 4 fE@E, yF, 2F, 0%, 0F) + gF @t uF, 2F, p%, )t = 0
that the coefficients f*, g* satisfy

dg* . og* -0 ot Lot (89* _l*ag*) —0,

- ’

aq* op* oq* op* 0z* op*
af* or* ( dr* oxt )
— — — f* *+ 0,
oz* op* dy* I op*

where

= of* _g*af* . (dg* _ *ag*) .
Remark 4. Teixeira equation (3) can be transformed by a contact
transformation to an equation of Imschenetsky type where the coefficient
of t vanishes if and only if the rank of the system of two equations
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ou
adadl ——N LM—=— M——=0
8x+ oy ( 1 )q 07 aq

with independent variables z, vy, 2z, q is greater than zero.

4. Teixeira equation. Consider equation (1). Let z,¥,2,0,q, -+, Qs
be independent variables, and g, t denote ¢,, ¢, respectively. We shall
assume that » > 1. Then, by the definition (5),

Fi=YF,_,+¢.Yy9g A=i<n), F,=71,
where Y,(1 £ 7 < n) is the operator defined by (6);

d
ay + Z qmaqj

Y, = (f+tg)— 1=si<m.

By the identities

P 07 0y 400 00)
st o o ag Tl T
we have
ag ey o 2y oy
995, g, at
:ﬁi_g_aith(ig_ "”9)+@Y1g A<i<n).
aq op aq ap
Suppose that f =pM + N, g =L, M, =N, =L, = 0. Let us define
the functions A4,,B,(0 =<t <mn) of z,¥,2,q, -+, q;,, inductively by
(19) {AHI =G,A;, — MA,, A, =M,
Biww=G,,B;— (N + tD)A; + ¢;,..,GL, B,=N,

where G, is the operator defined by

20) Gi=1 {5q,.-0

A=si<lm.
dy =1 0q;

Then we have
F,=pA;+B;, 0=i1<m).

Let us define the operators Z,,X;(1 < i < n) by
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21) =2 —>4,, %,

0% =1 0q;
22) X, =2 412 — @, —qa4,) 2.

ox oy = 09,
Then, by (19), we have the identities
(23) Zi, Gl = —MZ, + (G;A) 9 1=si<n,
T+1
(24) X, Gl = —{N — o(G,L + LM)}Z; — (G,L)G,
+ {GA(B: — aLA)- 9 d<i<n.

i+1

By (18), the second equation of (8) is written in the form

(p + qL)(Znu + %{u 4 M,,) + X,u

+ (ﬂ_qLﬂ—LMHEE+nGlL)u+Nn—qLMn:0,
0q oq aq
where M, and N, are functions of «,v,z2,q, -, q, defined by
(25 M, =G, An, — MA,_,,
(26) N,=G,_B,_, — (N +th)A,_,.

LEMMA 3. Teixeira equation (3) is solved by integrable systems of
order n if and only if the rank of the system of two equations

@27 Zuw+Mu+ M, =0,
28 Xu+ (N,—qLM,— LM + tL, + nG\L)u + N, — qLM, =0

with independent variables x,y,2,q,, --+,q, 1S greater than zero, where
n > 1.

Proof. The compatibility condition between the two equations of
the system (8) is (27). Hence, the system (8) with # + 4 independent
variables x,v,2,p,q, -, q, has the rank greater than zero if and only
if the system of (27) and (28) with n 4+ 3 independent variables =z,v, 2,
Q- +,Qq, has the rank greater than zero.

Teixeira equation (3) is Monge integrable with respect to the char-
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acteristic dy — Ldx = 6 = dq + (pM + N)dx = 0 if and only if the func-
tion H defined by

H =M, — NM, +L(0;M Mz) — (N, — MN,) — #(L, — ML)
Y

vanishes identically. Suppose that H = 0. Then, as it was shown in
the proof of Theorem 1, the solution h(z,¥,z2,q) of h, — Mh, =0, hy + 0
defines the Backlund transformation of the first kind B,(2) by

¥=xz, Y=y, Z=h, p=h,— N+ thh,,
(29)

and v’ = {p’. The relation (29) between z,¥,%,q,t and «’,vy’,2’,p’,q¢ is
solved conversely with respect to x,¥,2,q,t by H = 0. The transformed
equation takes on the form (11), where f' = —(,¢’, ¢’ = L. By the

identities
=W+ al)Z, + X,, Ch =9 + ¢L
and
(€ Gl = —M + N + tL)(— - M—) + (G, e)— — (GG,
we have
, / ,__ adp’ op’ (dq )

30 — =G LG, = =2 t
(30) VA W + LGy d+8q+ dy+aq
Since L, =0, ¢’ = L and

2 k(5 . 0)

ot 9q \ 3¢’ op’ |’
we have

ag/ , 09’

31 —
(31) o g9 w

LEMMA 4. Suppose that g, — 99, = 0. Then equation (1) is solved
by integrable systems of order n if and only if the rank of the system
of two equations
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—al:——“zn:F +g—*‘+(af af+nYog)u+Yn1Fn1—'0
op de = "aq dy 0q

with independent variables x,Yy,2,Dp,4q,, « -+, q, 1S greater than zero, where
Y, is the operator defined by

=t _ 0

dy op

Here, n may be any positive integer, in particular may be one.

Proof. Suppose that n = 1. Then the system for % to give a char-
acteristic of 2, is written in the above form by the assumption that
94 — 99, = 0. Suppose that » > 1. Then, by (18) and

Yg=Y9 + t( 09 g—a—g‘> =Yy,
oq op

the system (8) is written in the above form.

Change the independent variables «,¥%,2,q,---,q, to 2,y ,2,9, .,
<oy qhoy by (29) and

qz e Gi' . 'Glh = Gi_,’lqé_l + qi“hq = qug—l (1 < Z < 7’&) )

where n > 1. Then, these relations can be solved conversely with respect
to 2,9,2,q,--+,9, by H # 0 and h, # 0.

LEMMA 5. The operators Z,,X,,G;(1 <1< n) are expressed in the
following forms respectively :

(32 ;
(32) o

o 0 d 0
33 Xn - - F/‘_ — ’ Xn g ;
( ) dx’ jZ::1 J laq; + g dyl + p ap/
(34) G, =Y., —ijquJa a<i<m;

qQ;
(35) G=Yi+ G2 - o) + LG
aq g,

Here, Fi(0 <1< mn—1) is the function of ',y ,2,0', 4, -+, Q... defined
by
(36) Fi=YF_+a¢.Y¢ A=2i<n-1, Fi=f,
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and Y0 < i< nm—1) is the operator defined by

7 d ¢ s a _ 4 ! a < y —
Yi - "Jy—/ + jglq]urla—q‘;‘ (f 'I' ng)ap, (1 =1 < n 1) ’
d 0
Y, = — f .
Ty d oy’

Proof. The q/(1 £i<m) is a function of z,4,2,q9, --,¢.. By
(23) and Z,h = h, — Mh, = 0, we have

37 Z,0;=0 1Zi<m).

By the identity

Tt

sy (N 4 tL)
0q 7=z

o0x aq

oq;

aA,-_l} ?

we have Z,p’ = h,H. Hence, Z, is expressed in the form (32). The
identity (30) implies

G = —(f' + LG + q(%’; + Lf’a"T) = (' + ¢l G>1),

G’ = —(" + LG .

Hence, G;(1 <7< mn) and G, are expressed in the forms (84) and (85)
respectively. Since &, = (p + qL)Z, + X,,

38 Fi=—-X,q .
By (24) and (34),

Xin®: = XonGi@io, = Yi(Xegi) — (GlL)g; A<i<mn).
Hence, by (86), (88) and G.L = Y9’ = Y,9’, we obtain

Xt =—F,_, A=si<m).
Therefore, X, is expressed in the form (83) by XA =9’ + 9'¢q’.
LEMMA 6. Change the unknown function u to u' by
W = Gporlnor + gt

where n > 1. Then the two equations (27) and (28) are expressed in the
following forms respectively:
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(39) HY o0,
op’
n=l du’
40) & —1[ /
40 () -5F =

-+w—nmy+ﬂﬁ_ﬁfu+y mmuapwjzm
oq’ op op

Proof. Since Z,h =0,
41) Z,(h) 't = —M,(h)".
By the definition, 9q,_,/3q, = h,. Hence,

@2)  Z,Gdys = —M(zn + An_la"’ )q;_1 + (GorAa) ag"—l = h,M,

n dn

by (23) and (25). We have

8 L8 — 2L~ (h)(w + L) 4 6L
99’ ap’ 9q

by (30). Hence,

@3) X (k)" = —-(hqu( — LM — qLM, + tL, — af + L gg _ ¥ GIL)

by X,h =9’ + Lg’. We get

% /
GF; = Yy + (G0 (3 — L.97)
a0q op

by (35), and

GooiFlcs = Vil + (Gt O
9Gn-1

= Y, + (Gt ) (0 — Y + %Jql — g } n > 2)

op’

by (84) and (18). Hence, for any n > 1, we have

(44)  X,Gusthos = Gui(Xudh_) — (N — q(G,L + LMD (zn + A, a‘; )q:,_l

— (GiL)Gyry-s + {Gos(Bu_y — qLA,_D) aaq

n

= '—Gn—IF;—z - {N - Q(G1L ‘|‘ LM)}An-1hq - (GIL)Gn—lq;L—l
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=+ {Gn—-l(Bn—l - qLAn—l)}hq = hq(Nn - qLMn)

— Y, F,_,— {(n — DY + ?”f;/ —L af/}Gn—lq:’L—l
aq/ ap/
by (24), (26) and G,L = Y;9’. These identities (41)-(44) allow us to
express the two equations (27) and (28) in the forms (89) and (40)
respectively by Lemma 5.

THEOREM 2. Suppose that Teixeira equation (3) is not Monge inte-
grable with respect to the characteristic dy — Ldx = 0 = dq + (pM + N)dz
= 0. Then, it is solved by integrable systems of order w if and only if
the transformed equation (11) is solved by integrable systems of order
n — 1.

Proof. By (31) we can apply Lemma 4 to the transformed equation
(11). Hence, by Lemma 3 and Lemma 6, we have our theorem for
n > 1. Suppose that » = 1. Then equation (3) is solved by integrable
systems of order 1 if and only if the rank of the system of two equations

ou ou aM

. ppou AM_ an oy =0,
0z aq + dy + M
LIS LGS Y 5 LA Vi N qL(_dM —MZ)
ox oy 0q dy dy
+ (Vo + %—LM—qLMq)quLquZ:

with independent variables «, ¥, 2, q is greater than zero. It is possible
if and only if the rank of the system of two linear equations

ou ou (dM , ) ou
ow _pyot (2% ey M) =0,
(45) oz aq dy MR P
ou ou ou dN aM
46) 41 (N — qL %L — {—_———MN—qL<——M2>
(46) ox + oy ( e 0q dy dy
+ (Nq + 9Ly qLMq)t + thz}i“_ 0
dy at

with independent variables =, v, 2z, ¢, t is greater than one. Let us
identify t with ¢,. Then the two equations (45) and (46) are Z,u =0
and X,u = 0 respectively. Change the independent variables z, v, 2, g,
t to «,y, 2, v, q¢ by (29). Then, by Lemma 5, the two equations (45)
and (46) are expressed in the following forms respectively:
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ou .
47 thW =0;
du du ou ou
48 = g — X =0.
(48) i ! iy J o0 + Xip o

The transformed equation is solved by integrable systems of order 0 if
and only if the rank of the system of (47), (48) is greater than one
([7]). Hence, we obtain our theorem for n = 1.

Acknowledgements. In the case of Laplace transformation, it was
stated by Goursat that an equation s + ap + bq + ¢z = 0 is transformed
by n-times applications of the Laplace transformation to a Monge inte-
grable equation if and only if the given equation is solved by Darboux’s
method of integration with respect to the characteristic of order » + 1
(E. Goursat, Lecons sur 'intégration des équations aux dérivées partielles
du second ordre & deux variables indépendantes. II, Hermann, Paris,
1898, p. 178).
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