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Abstract

This paper investigates self-small abelian groups of finite torsion-free rank. We obtain a new
characterization of infinite self-small groups. In addition, self-small groups of torsion-free rank 1 and
their finite direct sums are discussed.
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1. Introduction

It is the goal of this paper to investigate self-small abelian groups. Introduced by
Arnold and Murley [6], these are the abelian groups G such that, for every index
set I and every α ∈ Hom(G, G(I )), there is a finite subset J ⊆ I with α(G)⊆

⊕
J G.

Since every torsion-free abelian group of finite rank is self-small, and all self-small
torsion groups are finite by [6, Proposition 3.1], our investigation focuses on mixed
groups. Section 2 introduces several important classes of self-small mixed groups, and
discusses their basic properties. In Section 3 we give a new characterization of infinite
self-small groups of finite torsion-free rank (Theorem 3.1), while Section 4 extends
the notion of completely decomposable groups from the torsion-free case to the case
of mixed groups.

Although we use the standard notation from [12], some terminology shall be
mentioned for the benefit of the reader. A mixed abelian group G is honest if tG
is not a direct summand of G, where tG =

⊕
p G p denotes the torsion subgroup of G,

and G p is its p-torsion subgroup. The set S(G)= {p|G p 6= 0} is the support of G.
The torsion-free rank of G, denoted by r0(G), is the rank of G = G/tG. Furthermore,
a subgroup U of G is full if G/U is torsion.

Given a class C of abelian groups, the objects of the category QC are the groups
in C, while its morphisms are the quasi-homomorphisms

HomQC(A, B)=Q⊗Z Hom(A, B).
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This makes QC a full subcategory of QAb where Ab is the category of all groups [14].
Groups A and B, which are isomorphic in QAb, are called quasi-isomorphic; and
we write A ∼ B in this case. The discussion of quasi-properties often gives rise to
properties of a group which hold for all but finitely many primes in a subset S of the
set P of all primes. We say that such a property holds for almost all primes in S.

For sets S1 and S2, we write S1 ⊆
· S2 if there is a finite subset T of S1 such that

S1 \ T ⊆ S2. The sets S1 and S2 are quasi-equal (S1
.
= S2) if S1 ⊆

· S2 and S2 ⊆
· S1.

2. Classes of self-small mixed groups

We use the symbol S to denote the class of infinite self-small groups which have
finite torsion-free rank. For G ∈ S , choose a full free subgroup F of G, and let
D(G) be the quasi-equality class of the set {p|(G/F)p is divisible}. To see that D(G)
is well defined, consider full free subgroups F1 and F2 of a group G ∈ S . Then
F1 ∩ F2 is a full free subgroup of G; and Fi/F1 ∩ F2 is finite for i = 1, 2. Hence, for
almost all primes p, (G/F1)p is divisible if and only if (G/F2)p is divisible because
G/Fi ∼= [G/F1 ∩ F2]/[Fi/F1 ∩ F2].

THEOREM 2.1 ([6, Proposition 3.6] and [3, Theorem 2.2]). The following are equiv-
alent for a reduced group G with r0(G) <∞.

(a) G is self-small.
(b) Each G p is finite, and S(G)⊆· D(G).
(c) Each G p is finite and Hom(G, tG) is torsion. 2

Moreover, groups in S satisfy a weak projection condition.

COROLLARY 2.2 [8, Lemma 2.1]. Let G be a self-small group of finite torsion-free
rank, and F be a full free subgroup of G. For every prime p, consider a decomposition
G = G p ⊕ G(p) with corresponding canonical projection πp : G→ G p. Then G p =

πp(F) for almost all primes p. 2

The objects of the category WALK are the abelian groups. The WALK-maps
are HomW (G, H)= Hom(G, H)/Hom(G, t H), and EW (G)= HomW (G, G) is the
WALK-endomorphism ring of G. The WALK-endomorphism ring of a self-small group
G of finite torsion-free rank is E(G)= E(G)/t E(G) since Hom(G, tG)= t E(G) by
Theorem 2.1. Finally, the symbol G ∼=W H indicates that G and H are isomorphic in
WALK.

THEOREM 2.3. The following are equivalent for self-small groups G and H.

(a) G ∼=W H.
(b) There exist decompositions G = G ′ ⊕U and H = H ′ ⊕ V with U and V finite

such that G ′ ∼= H ′.

PROOF. It suffices to show (a) implies (b). If G and H are isomorphic in WALK, then
there exist homomorphisms α : G→ H and β : H → G such that [1G − βα](G) and
[1H − αβ](H) are torsion. By the remarks preceding the theorem, there exists a finite
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set I of primes such that (1G − βα)(G)⊆
⊕

I G p and (1H − αβ)(H)⊆
⊕

I Hp.
Since G p and Hp are finite, G = [

⊕
I G p] ⊕ G ′ and H = [

⊕
I Hp] ⊕ H ′. It is now

easy to see that α and β induce isomorphisms between G ′ and H ′. 2

In particular, the last result shows that a self-small group G is honest if and only if
it is not WALK-isomorphic to a torsion-free group. Moreover, arguing as in the proof
of Theorem 2.3, we obtain the following corollary.

COROLLARY 2.4. Let G ∈ S . If e1, . . . , en are pairwise orthogonal idempotents
in EW (G) with e1 + · · · + en = 1, then there exist pairwise orthogonal idempotents
e1, . . . , en, e of E(G) such that ei ∈ ei for all i = 1, . . . , n, e(G) is finite, and
e1 + · · · + en + e = 1G . 2

There are two subclasses of S which have been studied extensively over the last
decade by several authors. The first of these is the class G, which consists of the
self-small mixed groups G of finite torsion-free rank such that G/tG is divisible
(for example, see [1–3, 10, 13, 15]). A reduced group G of finite torsion-free rank
belongs to G if and only if G p is finite for all primes p, and G can be embedded as
a pure subgroup into

∏
p G p such that it satisfies the projection condition: for some

(equivalently any) full free subgroup F ⊆ G, one has πp(F)= G p for almost all p.
Here, πp is the natural projection of the direct product onto G p.

Unfortunately, the direct sum of a group in G and of a subgroup of Q need not be
in S .

PROPOSITION 2.5.

(a) There exist a group G ∈ G and a subgroup H of Q such that G ⊕ H 6∈ S .
(b) If {G1, . . . , Gk} are groups of finite torsion-free rank, then

⊕k
i=1 Gi ∈ S if and

only if each (Gi )p is finite for all primes p, and
⋃k

i=1 S(Gi )⊆
·
⋂k

i=1 D(Gi ).

PROOF. (a) For each prime p, let ap be a generator of the group Z/pZ. Define G
to be the pure subgroup of

∏
p〈ap〉 generated by ⊕p〈ap〉 and the element a = (ap)p.

Clearly, G ∈ G. We consider the subgroup H of Q generated by {1/p | p a prime}.
Since S(G ⊕ H) is the set of all primes, while D(G ⊕ H) is empty, G ⊕ H is not
self-small.

(b) In [6], it was shown that S is closed under direct summands. Moreover, it is not
hard to check that S(

⊕k
i=1 Gi )=

⋃k
i=1 S(Gi ) and D(

⊕k
i=1 Gi )=

⋂k
i=1 D(Gi ). 2

The second class of mixed groups is D, the class of quotient divisible (qd-)
groups [11]. It consists of those abelian groups G for which tG is reduced, and which
contain a full free subgroup F of finite rank such that G/F is the direct sum of a
divisible and a finite group (see also [4]). The torsion-free qd-groups are precisely the
classical quotient divisible groups introduced by Beaumont and Pierce [7]. It is easy
to see that G ⊆D.

Furthermore, qd-groups are also characterized by a projection condition. Let W
be a set of primes. For p ∈W , select a finitely generated Ẑp-module Mp. A
subgroup G ≤

∏
p Mp satisfies the p-adic projection condition if it contains a full
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free subgroup F of finite rank such that πp(F) generates Mp as a Ẑp-module for
every p ∈W . Here, πp :

∏
q Mq → Mp again denotes the canonical projection.

THEOREM 2.6 [11]. An infinite, reduced group G of finite torsion-free rank is quotient
divisible if and only if there exist a set W of primes and finitely generated p-
adic modules {Mp|p ∈W } such that G can be embedded as a pure subgroup into∏

p∈W Mp satisfying the p-adic projection condition.

In particular, D ⊆ S since G p is finite whenever G ∈D by Theorem 2.6.

3. A new characterization

Let W be a nonempty set of primes. A group G is essentially W -reduced if G does
not contain an infinite subgroup which is divisible by all primes p ∈W . The symbol
D R(W ) denotes the class of essentially W -reduced groups G of finite torsion-free rank
which have a full free subgroup F such that W ⊆ D(G/F). To see that every group
G in D R(W ) is self-small, observe that S(G)⊆· W since G is essentially W -reduced.
In view of the fact that W ⊆ D(G/F), we obtain that G p is finite for every p ∈W
because G has finite torsion-free rank. If p ∈ S(G) \W , then G p is divisible by all
primes in W . Thus, G p is finite in this case too. Now apply Theorem 2.1.

THEOREM 3.1.

(a) Let G be an honest self-small mixed group of finite torsion-free rank. Then
G ∼=W H such that H is an extension of a finite-rank torsion-free S(G)-divisible
group X by a group Y in D R(S(G)).

(b) Let W be a nonempty set of primes. Every extension H of a W -divisible finite-
rank torsion-free group by a group from D R(W ) is self-small.

PROOF. (a) Let G be an honest mixed self-small group of finite torsion-free rank.
As we have already noted, G p is finite for each p ∈ S(G). Since G is honest, S(G)
must be infinite. For each p ∈ S(G), fix a decomposition G = G p ⊕ G(p). Then
K =

⋂
S(G) G(p) is torsion-free and pure in G. Let X =

⋂
S(G) pωG. For p ∈ S(G),

there exists a positive integer kp such that pkp G = pkp G(p). Thus, pωG = pωG(p)⊆
G(p) for all p ∈ S(G). Consequently, X ⊆ K , and X is a torsion-free group which
is p-divisible for all p ∈ S(G). Furthermore, since tG cannot be a summand of G,
r0(X) < r0(G).

Let {x1, . . . , xn} ⊆ G be a maximal independent subset consisting of elements of
infinite order such that {x1, . . . , xm}, for some m < n, is maximal independent in X .
Write

S(G) \ D(G/〈x1, . . . , xn〉)= {p1, . . . , pl}.

The modularity law yields

G =

( l⊕
i=1

G pi

)
⊕

( l⋂
i=1

G(pi )

)
.
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If ρ : G→
⋂l

i=1 G(pi ) is the canonical projection, then the full free subgroup

F = 〈x1, . . . , xm, ρ(xm+1), . . . , ρ(xn)〉 ⊆

l⋂
i=1

G(pi )

has the property that
⋂l

i=1 G(pi )/F is p-divisible for all primes

p ∈ S

( l⋂
i=1

G(pi )

)
= S(G) \ {p1, . . . , pl}.

Moreover, for every i = 1, . . . , l, we have( l⋂
j=1

G(p j )/F

)
pi

= Ri ⊕ Di

with Ri finite and Di divisible.
If F ⊆ F ′ ⊆ (

⋂l
i=1 G(pi )) satisfies F ′/F =

⊕l
i=1 Ri , then F ′ is a free group

such that
⋂l

i=1 G(pi )/F ′ is p-divisible for all p ∈ S(G). Moreover, F ′/F is a
direct summand of

⋂l
i=1 G(pi )/F . Hence, its nonzero elements have finite pi -

heights for all i ∈ {1, . . . , l}. Then, every element y ∈ F ′ \ F has finite p-height
for all p ∈ {p1, . . . , pl}. We claim that F ′ has a basis which contains the maximal
independent system {x1, . . . , xm} of X .

To see this, it is enough to prove that 〈x1, . . . , xm〉 is a pure subgroup of F ′.
Suppose that y ∈ F ′ such that py ∈ 〈x1, . . . , xm〉. If y ∈ F , then obviously y ∈
〈x1, . . . , xm〉. If y /∈ F , then p ∈ {p1, . . . , pl}. Hence, the p-height of y in
(
⋂l

i=1 G(pi )) is finite. But, since X is p-divisible (it is q-divisible for all q ∈ S(G)),
the p-height of py is infinite, and this is not possible since

G p ∩

( l⋂
i=1

G(pi )

)
= 0.

If

Y =

( l⋂
i=1

G(pi )

)/
X,

then
F = (F ′ + X)/X ∼= F ′/(F ′ ∩ X)

is a free subgroup of Y , and Y/F is p-divisible for all p ∈ S(G). Since Y is also
essentially S(G)-reduced, Y ∈D R(S(G)).

(b) If 0→ X→ H → Y → 0 is an exact sequence such that X is a torsion-
free group which is p-divisible for all p ∈W and Y ∈D R(W ), then S(H)⊆
S(Y )⊆W . Let {x1, . . . , xm} be a maximal independent subset of X ; and choose
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ym+1, . . . , yn ∈ H such that {ym+1 + X, . . . , yn + X} is a maximal independent
subset of Y such that Y/〈ym+1 + X, . . . , yn + X〉 is p-divisible for all p ∈W . Then
F = 〈x1, . . . , xm, ym+1, . . . , yn〉 is a full free subgroup of H ; and it is easy to see
that H/F is p-divisible for all p ∈W . By Theorem 2.1, H is self-small. 2

The next result shows that the groups in D R(W ) satisfy a projection condition
similar to the one for qd-groups (see Theorem 2.6). We remind the reader that, for a
set W of primes, a subgroup U of an abelian group G is W -pure if pnU =U ∩ pnG
for all p ∈W and n < ω.

THEOREM 3.2. Let G be a group of finite torsion-free rank. If W is a nonempty set
of primes, then G ∈D R(W ) if and only if G is isomorphic to a W -pure subgroup of
a direct product of (finitely generated) p-adic modules

∏
W Mp satisfying the p-adic

projection condition.

PROOF. Suppose that G ∈D R(W ). For each p ∈W , write G = G p ⊕ G(p) with
G p finite, and let X =

⋂
W pωG. As in the proof of Theorem 3.1, X = 0 since X is

torsion-free and W -divisible, and G is essentially W -reduced. As in Theorem 2.6,
there is a W -pure embedding G ⊆ M =

∏
W Mp, where each Mp is the p-adic

completion of G/pωG.
For each p ∈W , let πp be the natural projection of M onto Mp. Since G/F is

p-divisible, Ẑpπp(F)= Mp for each p. Thus, we have shown that G satisfies the
p-adic projection condition and that each Mp is finitely generated of rank no greater
than r0(G).

Conversely, suppose that G is a W -pure subgroup of M =
∏

W Mp which satisfies
the p-adic projection condition. Then, (G/F)p is divisible for some full free F ≤ G
and all p ∈W . In addition, any subgroup G of M is essentially W -reduced since each
Mp is a reduced p-adic module. 2

We remind the reader that G denotes the group G/tG where tG is the torsion
subgroup of G.

COROLLARY 3.3. Let G be a self-small group of finite torsion-free rank n. If G p is
of rank n for almost all p ∈ S(G), then G is p-divisible for almost all p ∈ S(G), and
X =

⋂
p∈S(G) pωG = 0.

PROOF. As a consequence of Theorem 3.1, we obtain an exact sequence 0→ Y
→ G→ H → 0 in which H ∈D R(W ), where W is quasi-equal to S(G), and Y =
B ⊕ X for a finite direct summand B of G such that X =

⋂
p∈S(G) pωG is torsion-

free and p-divisible for almost all p ∈ S(G). We view H as a W -pure subgroup
of
∏

p∈W Mp as in Theorem 3.2. Since almost all p-components G p are direct
summands in the corresponding p-adic modules Mp, we observe that almost all of the
p-adic modules Mp are generated by at least n elements. Therefore, the torsion-free
rank of H is n, hence X = 0. Moreover, if Mp = G p ⊕ Np, then the minimal number
of generators for Mp is n + m, where m is the minimal number of generators of the
free p-adic module Np. From all these observations, we obtain Np = 0 for almost
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all p, and modulo a finite direct summand, G is a W -pure subgroup of
∏

p∈W G p.

Hence, G is p-divisible for all p ∈W . 2

COROLLARY 3.4. The following are equivalent for an essentially S(G)-reduced
group G.

(a) G is self-small.
(b) G ∈D R(S(G)).
(c) G can be embedded as an S(G)-pure subgroup into a direct product of

(finitely generated) p-adic modules
∏

p∈S(G) Mp such that G satisfies the p-adic
projection condition. 2

Observe that W -purity and the projection condition are independent.

EXAMPLE 3.5. Let S be an infinite set of primes. For each prime p ∈ S, let ap be a
generator of Z/pZ and bp be a generator of Z/p2Z.

(a) Consider the subgroup G of
∏

S〈ap〉 which is generated by ⊕S〈ap〉 and the
additional element a = (ap)S . The group G satisfies both the ordinary and the p-adic
projection condition and r0(G)= 1. But G/Za ∼=⊕SZ/pZ. Thus, D(G) is empty,
while S(G)= S. By Theorem 2.1, G is not self-small.

(b) Consider the pure subgroup H of
∏

p∈S〈bp〉 generated by ⊕p∈S〈bp〉 and the
additional element b = (pbp)S . Then H is not self-small since D(H) is empty.
Observe that H does not satisfy the (p-adic) projection condition.

4. Direct sums of self-small groups of torsion-free rank 1

A self-small group of finite torsion-free rank is completely decomposable if it is
isomorphic to a direct sum of groups whose torsion-free rank is 1. By Theorem 2.3,
WALK-isomorphic self-small groups are quasi-isomorphic. On the other hand,
two quasi-isomorphic self-small groups, whose torsion-free rank is 1, are WALK-
isomorphic by [9, Lemma 3.1]. Hence, we obtain the following result.

THEOREM 4.1. The following are equivalent for completely decomposable, self-small
groups A =

⊕m
i=1 Ai and B =

⊕k
j=1 B j where the Ai and B j have torsion-free

rank 1.

(a) A ∼ B.
(b) m = k; and, after some re-indexing, Ai ∼=W Bi for all i = 1, . . . , m.
(c) A ∼=W B.

If G is a self-small group of torsion-free rank 1, then G p is cyclic for almost all
primes p by Corollary 2.2. Conversely, let S be an infinite set of primes, and consider
the torsion group T =

⊕
S〈ap〉, where ap is a generator of Z/pkp Z with 0< kp <∞

for each p ∈ S. Define τ = type(T ) to be the type with characteristic (χp) defined by
χp = kp for p ∈ S and χp = 0 otherwise.

Note that τ is locally free in the sense that all of its entries are finite. The set S is a
representative of the support of τ where the support of a locally free type τ = [(χp)]
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is the set of primes S(τ )= {p | χp > 0}. The set S(τ ) is defined only up to quasi-
equality.

For T as above, regard T as a pure subgroup of T̂ =
∏

S〈ap〉. Consider a = (ap)

∈ T̂ , and choose a subgroup X of Q containing ZS−1 where ZS−1 is the subring of
Q generated by Z and {1/p | p ∈ S}. Define A(T, X) to be the inverse image of
X (a + T )⊆ T̂ /T under the natural factor map T̂ → T̂ /T . Because A/Za is p-
divisible for all p ∈ S, Theorem 2.1 yields that A(T, X) is a self-small group such
that t A = T and A/T (A)∼= X .

THEOREM 4.2. Let A be a self-small group of torsion-free rank 1.

(a) A ∼=W A′ where A′ is a rank-one torsion-free group, or A′ ∼= A(T, X) for some
appropriately chosen T and X.

(b) A/t A is divisible for almost all primes in S(A).

PROOF. (a) Since A is self-small, each Ap must be finite. If S(A) is also finite, then
A ∼=W A′ where A′ is a torsion-free group of rank 1. Therefore, we may assume
that S = S(A) is infinite. Choose an element a ∈ A of infinite order, and let ap
be the projection πp(a) of a into Ap associated with any direct sum decomposition
A = Ap ⊕ B(p). By Theorem 2.1, we can modify A by a WALK-isomorphism in such
a way that A/Za is divisible for all p ∈ S. Following Corollary 2.2, each Ap is cyclic
of order pkp with generator ap. Hence, T = t A =

⊕
p∈S〈ap〉.

There is a natural map λ : A→ T̂ =
∏

S Ap extending the inclusion T → T̂ . Note
that λ(a)= (ap) ∈ T̂ . It is now easy to check that λ is an embedding of A into T̂ and
that λ(A) satisfies the projection condition.

Let X be the rank-one torsion-free group defined by λ(A)/T = X (a + T ).
Since λ(A) satisfies the projection condition, λ(A)/T is p-divisible for all p ∈ S.
Equivalently, pX = X for p ∈ S. Since the modified group A is isomorphic to
A(T, X), our original A is WALK-isomorphic to A(T, X).

(b) Observe S(A)⊆· D(A) by Theorem 2.1. Since A has torsion-free rank 1, we
obtain D(A)= D[A/t A] using (a). 2

In particular, A = A/t A is divisible by almost all primes in S(A) whenever A is a
completely decomposable self-small group.

Let S1 denote the set of ∼=W equivalence classes of torsion-free rank-one self-small
groups. The symbol T indicates the set of ordered pairs (τ, σ ) where τ is a locally
free type and σ is a type such that σ(p)=∞ for almost all p ∈ S(τ ).

For [A] ∈ S1, write τA = type(t A) and σA = type(A/t A). The proof of
Corollary 4.2 shows that A is determined up to WALK-isomorphism by the pair of
types (τA, σA), which we call the pair of types of A. In particular, we obtain that the
map [A] → (τA, σA) is a bijection between the set S1 and the set T .

For a self-small group A of torsion-free rank 1, we may assume that S(A)⊂ D(A)
since there exists a group which is WALK-isomorphic to A and has this property.
Furthermore, we may assume that there is an element a ∈ A with 〈πp(a)〉 = Ap for
all p ∈ S. Recall that the sequence u p(a)= (h p(a), h p(pa), . . .) is the p-indicator
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of a ∈ A. Suppose that σA = [(m p)]. The height matrix of A is the ω × ω matrix
whose rows are indexed by the primes such that the pth row is u p(a).

It is easy to see the following.

(Ia) If p /∈ S and 0≤ m p <∞, then u p(a) has no gaps; in this case u p(a)=
(m p, m p + 1, . . .).

(Ib) If p /∈ S and m p =∞, then A is p-divisible, that is, u p(a)= (∞,∞, . . .).
(II) If p ∈ S and Tp(A)∼= Z(pkp )with 0< kp<∞, then u p(a)= (0, 1, . . . , kp − 1,

∞, . . .).

Consequently, every self-small group of torsion-free rank 1 is determined up to
WALK-isomorphism by its height matrix.

THEOREM 4.3. Let A and C be rank-one self-small groups with corresponding pairs
of types (τA, σA) and (τC , σC ), respectively. Choose characteristics (k A

p ) ∈ τA, (kC
p ) ∈

τC and (m A
p ) ∈ σA. The following are equivalent.

(a) HomW (A, C) 6= 0.
(b) (i) σA ≤ σC ;

(ii) m A
p = 0 for almost all p ∈ S(C) \ S(A); and

(iii) k A
p ≥ kC

p for almost all p ∈ S(A) ∩ S(C).

PROOF. To prove that (a) implies (b), let f : A→ C be a homomorphism and a ∈ A
an element of infinite order such that c = f (a) also has infinite order. Then the induced
homomorphism f : A→ C is nonzero, hence σA ≤ σC . Moreover, u p(a)≤ u p(c) for
all primes p. Since these p-indicators satisfy conditions (Ia), (Ib), and (II) for almost
all p, (ii) and (iii) also hold.

For the reverse implication, we may assume without loss the generality that A =

A(S, X) with S =
⊕

p Z/pk A
p Z and that X is a subgroup of Q of type σA. Similarly,

we need to consider only the case C = A(T, Y ) where T =⊕pZ/pkC
p Z and Y ⊆Q of

type σC . Hence,

A ⊆ Ŝ =
∏

p
Z/pk A

p Zap

where a = (ap) ∈ A satisfies A/S = X (a + S). Similarly,

C ≤ T̂ =
∏

p
Z/pkC

p Zcp

where c = (cp) ∈ C with C/T = Y (c + T ). By (i), no generality is lost if we only
consider the case 1 ∈ X ⊆ Y . Moreover, as a consequence of Theorem 2.3, we may
assume that (ii) and (iii) are valid for all p ∈ S(C) \ S(A) and for all p ∈ S(A) ∩ S(C),
respectively.

Using either condition (ii) for p ∈ S(C) \ S(A), or the remarks preceding
the theorem for p ∈ S(A) ∩ S(C), we obtain h p(a)= 0 for all p ∈ S(C). By
[5, Section 1] for p ∈ S(C) \ S(A), and by condition (iii) for p ∈ S(A) ∩ S(C), we
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have A/pkC
p (A)∼= Z/pkC

p Z for all p ∈ S(C). There exists a unique homomorphism
ϕp : A→ C p with ϕp(a)= cp for all p ∈ S(C). Let ϕ : A→

∏
S(C) C p be the

homomorphism induced by the maps {ϕp}p∈S(C). Then ϕ(a)= c and ϕ(t A)⊆ tC .
If x is an element of infinite order in A, then there exists a nonzero integer k such

that 1/k ∈ X and kx ∈ 〈a〉 + t A. Hence, kϕ(x) ∈ 〈c〉 + tC . Since 1/k ∈ X ⊆ Y , we
have ϕ(x) ∈ C . Thus, ϕ(A)⊆ C ; and ϕ induces a homomorphism from A into C
whose image is not a torsion group. 2

A group A ∈ S is WALK-homogeneous completely decomposable provided A =
(
⊕n

i=1 Ci )⊕ B such that B is finite, r0(Ci )= 1, and Ci ∼= C j for all i, j = 1, . . . , n.
By [5, Theorem 2.3], a homogeneous almost completely decomposable group is
completely decomposable. We now show that this also holds for self-small mixed
groups.

THEOREM 4.4. A self-small group A of finite torsion-free rank such that A
.
=⊕n

i=1 Ci with r0(Ci )= 1 and Ci ∼= C j for all i, j = 1, . . . , n is WALK-homogeneous
completely decomposable.

PROOF. Let m > 0 be an integer such that m A ⊆ C =
⊕n

i=1 Ci ⊆ A. Since C is self-
small by [9, Lemma 2.5], the projection condition implies that the p-components of
the groups Ci are cyclic for almost all primes p. Hence, we can assume that, modulo
a WALK-isomorphism, the following conditions hold:

(i) for every prime p, the p-component of Ci is a cyclic group;
(ii) for every prime divisor p|m, the p-component of A is zero;
(iii) A is p-divisible for all p ∈ S(A).

These conditions guarantee that, for every prime p, either Ap = 0 or Ap ∼= (Z/pkp Z)n
for some integer kp > 0. Note that A has a unique decomposition A = Ap ⊕ A(p) for
every p ∈ S(A) since A is p-divisible. Let πp : A→ Ap be the canonical projection.

Since m A ⊆
⊕n

i=1 C i ⊆ A, [5, Theorem 2.3] yields that A is homogeneous
completely decomposable. Let R be a subgroup of Q which has the same type
as A. Write A =

⊕n
i=1 Rai . We can assume that, for every prime p, Ap =

〈πp(a1), . . . , πp(an)〉. Because of Ap ∼= (Z/pkp Z)n , we obtain Ap =
⊕n

i=1〈πp(ai )〉.
Observe that the subgroup 〈πp(a1), . . . , πp(an)〉 does not have pnkp elements if
the elements πp(a1), . . . , πp(an) are not independent. For every prime p, let
πpi : A→ 〈πp(ai )〉 be the canonical projection induced by the decomposition A =
(
⊕n

i=1〈πp(ai )〉)⊕ A(p).
For every index i , consider the subgroups

〈ai 〉? = {a ∈ A | sa ∈ 〈ai 〉, 0 6= s ∈ Z, and ∀p ∈ P, πp(a) ∈ 〈πp(ai )〉}

= {a ∈ A | sa ∈ 〈ai 〉, 0 6= s ∈ Z, and ∀p ∈ P, j 6= i ⇒ πpj (a)= 0}

where P denotes the set of all primes. It is easy to see that
∑n

i=1〈ai 〉? =
⊕n

i=1〈ai 〉?
and that it contains t A. If x = x + t A ∈ Rai , then there exist coprime integers u, s,
with u 6= 0 and s/u ∈ R, and t ∈ t A such that ux = sai + t . Let S be the set of primes
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dividing u, s, and the order of t . It is not hard to see that πp(x) ∈ πp(ai ) for all
p ∈ P \ S. Therefore, x ′ = x −

∑
p∈S πp(x) satisfies πp(x ′) ∈ πp(ai ) for all p ∈ P .

Observe that p ∈ S yields πp(x ′)= 0, from which we obtain x = x ′ ∈ (〈ai 〉? + T (A)).
Thus,

Rai ⊆ (〈ai 〉? + t A)/t A.

Since the converse inclusion is obvious,

(〈ai 〉? + T (A))/T (A)= R
_
ai

for every index i ; and

A =
n∑

i=1

〈ai 〉? =

n⊕
i=1

〈ai 〉?

where the groups 〈ai 〉? are isomorphic mixed groups of torsion-free rank 1. 2

Arguing as in the last proof, we obtain the following result.

COROLLARY 4.5. Let A be a self-small group of torsion-free rank 1. If C is a self-
small group of torsion-free rank n such that tC ∼= t An and C ∼= A

n
, then C ∼= An . 2
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