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FIXED POINT THEOREM AND NONLINEAR 
ERGODIC THEOREM FOR NONEXPANSIVE 

SEMIGROUPS WITHOUT CONVEXITY 

WATARU TAKAHASHI 

ABSTRACT. We first prove a nonlinear ergodic theorem for nonexpansive semi­
groups without convexity in a Hilbert space. Further we prove a fixed point theorem for 
non-expansive semigroups without convexity which generalizes simultaneously fixed 
point theorems for left amenable semigroups and left reversible semigroups. 

1. Introduction. Let H be a real Hilbert space with norm || • || and inner product 
(•, •) and let C be a nonempty subset of//. A mapping T: C —> C is said to be Lipschitzian 
if there exists a nonnegative number k such that 

||7JC — Ty\\ ̂  k\\x — y\\ for every JC, y E C, 

and nonexpansive in the case k — 1. If S is a semitopological semigroup and S = {Ts : 
s £ S} is a continuous representation of 5 as Lipschitzian mappings of C into itself, it is 
called a Lipschitzian semigroup on C. A Lipschitzian semigroup S = {Ts : s G S} with 
Lipschitzian constants ks, s G S is called a nonexpansive semigroup if ks = I for every 
s £ S. When C is closed and convex, there are many fixed point theorems and nonlinear 
ergodic theorems for nonlinear semigroups in a Hilbert space; for example, see [1-8, 
10-12, 14-17]. Recently, Mizoguchi and Takahashi [10] proved a fixed point theorem 
which generalizes some results of them by introducing the notion of submean. And also 
Ishihara [7] proved a fixed point theorem for left reversible Lipschitzian semigroups 
without convexity. 

In this paper, we first prove a nonlinear ergodic theorem for nonexpansive semigroups 
without convexity in a Hilbert space. This is a generalization of Rodé's result [14]. Fur­
ther by the method of [10, 15-17], we prove a fixed point theorem without convexity 
which generalizes simultaneously fixed point theorems for left amenable semigroups 
and left reversible semigroups. This is a generalization of results of Lau [8], Takahashi 
[15] and Ishihara [7]. 

2. Nonlinear ergodic theorem. Throughout this paper, let S be a semitopological 
semigroup, i.e., a semigroup with a Hausdorff topology such that for each s G S the 
mappings t —* t - s and t —> s • t of S into itself are continuous. Let B(S) be the Banach 
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space of all bounded real valued functions on S with supremum norm and let X be a 
subspace of B(S) containing constants. Then, an element \i of X* (the dual space of X) is 
called a mean onX if \\/JL\\ — /x(l) = 1. We know that \i G X* is a mean on X if and only 
if 

inf \f(s) :seS}^ii(f)^ sup{/X*) : s e S} 

for every/ G X. Let /i be a mean on X and/ G X. Then, according to time and circum­
stances, we use ///(/(0) instead of fiif). For each s G 5 and/ G 5(5), we define elements 
l$f and r / in 5(5) given by 

(l/)(t)=f(st)md(r/)(t)=f(ts) 

for all J G S. Let X be a subspace of B(S) containing constants which is /^-invariant (rs-
invariant), i.e., ls(X) C X (rs(X) C X) for each 5" G 5. Then a mean \i on X is said to be 
/é/r invariant (right invariant) if 

for al l / G X and s G 5. An invariant mean is a left and right invariant mean. 
Let C be a nonempty subset of H. Then a family S = {Ts : s £ S} of mappings of C 

into itself is called a Lipschitzian semigroup on C if it satisfies the following: 
(1) Tstx = TsTtx for all 5", t G 5 and x G C; 
(2) for each x G C, the mapping 5 —* 7̂ JC is continuous on S; 
(3) for each s G 5, 7̂  is a Lipschitzian mapping of C into itself, /.£., there is ks ^ 0 

such that 
| | 7>- r5;y|| ^ fe||*-;y|| 

for all x,y G C. A Lipschitzian semigroup 5 = {Tt : t G 5} on C is said to be nonexpan-
sive if fc5 = 1 for every s G S. For a Lipschitzian semigroup S = {r5 : s G 5} on C, we 
denote by F(5) the set of common fixed points of 7 ,̂ s G S. 

Let C(S) be the Banach space of all bounded continuous real-valued functions on S 
and let RUC(S) be the space of all bounded right uniformly continuous functions on S, 
i.e., a l l / G C(S) such that the mapping s —+ r / is continuous. Then RUC(5') is a closed 
subalgebra of C(S) containing constants and invariant under Is and r$; see [9] for details. 
When S — {Ts : s G S} is a nonexpansive semigroup on C such that {7V* : s G 5} 
is bounded for some x G C, then we know from [8] that for each u £ C and v G //, 
the functions/(0 = ||7"rw — v||2 and g(0 = (Ttu, v) are in RUC(S). Let \i be a mean on 
RUC(S). Then since for each y in //, the real valued function t —> (Ttx,y) is in RUC(S), 
we define the value nt(Ttx,y) of [i at this function. By linearity of \i and of the inner 
product, this is linear in _y; moreover, since 

\n,(Ttx,y)\ £ UMII • sup \{T,x,y)\ ^ (sup ||7>||) • \\y\\, 
t t 

it is continuous in y. So, by the Riesz theorem, there exists an XQ G H such that 

Ht{Ttx,y) = (xo,y) for every y G H. 
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We write such an xo by T^x. Before proving a nonlinear ergodic theorem for nonexpan-
sive semigroups without convexity, we give a definition concerning means. Let {pa : 
a G A} be a net of means on RUC(S). Then {pa : a G A} is said to be asymptotically 
invariant if for each/ G RUC(S) and s G S, 

Va(f) ~ Mo(//) —* 0 and /xa(/) - pa(rj) —• 0. 

THEOREM 1. Lef C be a nonempty subset of a Hilbert space H and let S be a semi-
topological semigroup such that RUC(S) has an invariant mean. Let S = {Tt : t G S} 
be a nonexpansive semigroup on C such that {Ttx : t G S} is bounded and \lsesCô{Tstx : 
t G S} C C/or some i G C 77ien, F(S) ^ 0. Further, for an asymptotically invariant net 
{pa : a G A} of means on RUC(S), the net T^ax, a G A converges weakly to an element 
xo G F(S). 

PROOF. Let p be an invariant mean on RUC(S). Then, we know that there exists an 
xo G H such that pt(Ttx9y) = (xo,y) for every y G H. For such an JCO, we can prove 
xo £ r\S£sôô{Tstx : t G 5}. If not, we have xo ^ cô{T5rjc : t G 5} for some 5 G 5. By the 
separation theorem, there exists a yo in / / such that 

(*o,.yo) < inf{(z,j0) : z G cô{7;fx : fG5}} . 

So we have 
inf(Tstx,yo) Û pt(Tstx,yo) = pt(Ttx,yo) 

= (*ô,;yo) 

< i n f { ( z , y 0 ) : z G c o { r ^ : r E S } } 

^ inf(r^x,y0). 

This is a contradiction. Therefore we have 

xo G nseScô{Tstx : r G S} 

and hence xo G C. On the other hand, since, for each y in //, the real valued function 
t —•> ||7)x — v||2 is in RUC(S), we can also define the value fjLt\\Ttx — y\\2 of p at this 
function. Let 

r = mf{pt\\Ttx-y\\2:yeH} 

and 
M = { z G / / : ^ | | 7 > - z | | 2 = r}. 

Then, since, for each y G H and f G S 

H*o - y | | 2 = | | T f x - y | | 2 - \\Ttx - x0\\
2 - 2(Ttx - x0,xo - y ) , 

we have 

ll*ô -> i | 2 = M r d l ^ - y l l 2 - | | 7>-xo | | 2 -2(Ttx-xo,x0 -y)) 

= pt\\Ttx - y\\2 - pt\\Ttx - xo\\2 - 2(x0 - xo,x0 - y) 

= /x r | | r rx-y | | 2- / i f | | r ?x-x 0 | | 2^0. 
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This implies that the set M consists of a single point JCO- Now, we can show XQ G F(S)-
In fact, for each s G S, 

lit\\Ttx - Tsx0\\
2 = frWTstX- Tsx0\\

2 

= lit\\TsTtx- TSXQ\\2 

<T H T Il2 

^lit\\Ttx-xo\\ =r. 
Hence, TSXQ = XQ for every s G S. 

Since \x is an invariant mean on RUC(S), from [16], we know 

Ht\\Ttx — z\\2 ^ inf sup||r^x — z\\2 

s t 

for every z G H. On the other hand, since for z G F(S) and a, s G 5, 

inf sup||7iwx —z||2 ^ sup ||rtoJjt — z||2 

" t t 

= sup||r^r,x-rtoz||2 

^sup | | 7 ;x -z | | 2 = | | 7 > - z | | 2 , 

it follows that 
inf sup ||7;Mx — z||2 ^ ^ | | 7 > - z | | 2 . 

u t 

Therefore, for each z G F(J>), we have 

/j,t\\Ttx — z\\2 = infsup||rr5x —z||2. 
s t 

This implies that the point xo is independent of /i, that is, T^x — xo for each invariant 
mean //. Last, we show that T^ax converges weakly to XQ. 

Let / i b e a cluster point of the net /ia , a G A in the weak* topology. Then /i is an 
invariant mean. In fact, since it is obvious that /i is a mean, we show that /J is left invariant. 
For each e > 0 , / G RUC(S) and s G S, there exists a0 eA such that 

for all a ^ ao. Since \x is a cluster point of the net /xa, a G A, we can choose ct\ (^ oro) 
such that 

1^(0-^(01^1 
and 

| / i a i ( / / ) - / i ( / / ) | ^ | . 

Hence, we have 

|M(f) " l*W\ ^ W) - »M + lM«,(f) - A*a,(//)| 
+ IM« , ( / / ) -M/ / ) | 
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Since e > 0 is arbitrary, we have 

»(f) = /!(//) 

for every/ G RUC(S) and s G S. This implies that \i is left invariant. Similarly, \i is right 
invariant. 

Let {T^a x} be a subnet of {T^ax} such that T/ia x converges weakly to some z in H. 
Then since a cluster point A of the net {/xa/3} is also a cluster point of the net {/ia}, A is 
an invariant mean. So, we have z — T\x — XQ. This implies that T^ax converges weakly 
to x0<EF(S). 

3. Fixed point theorem. In this section, we prove a fixed point theorem for non­
linear semigroups without convexity. Let X be a subspace of B(S) containing constants. 
Then, according to Mizoguchi and Takahashi [10], a real valued function \x on X is called 
a submean on X if the following conditions are satisfied: 

(1) /z(f + g) ^ pif ) + /i(£) for every/, # G X; 
(2) n(af) = aiiif) for every/ G l a n d a i 0; 
(3) for/, g G X , / ^ implies /i(f) g /zfe); 
(4) /x(c) = c for every constant c. 
For a submean /z on X and/ G X, according to time and circumstances, we also use 

Mr(/"(O) instead of //(/). 

LEMMA [10]. Let S be a semitopological semigroup, let X be a subspace of B(S) 
containing constants and let \i be a submean on X. Let {xt : t G S} be a bounded subset 
of a Hilbert space H and let D be a closed convex subset of H. Suppose that for each 
x G D, the real-valued function f on S defined by 

f{t)= \\xt-x\\2 for allt^S 

belongs to X. If 
g(x) = /ij||jCf — x\\2 for all x G D 

and 
r = inf{g(x) : x G £>}, 

then there exists a unique element z G D such that g(z) = r. Further the following 
inequality holds: 

r+ \\z — x\\2 ^ g(x) for every x G D. 

Let X be a subspace of B(S) containing constants which is /^-invariant, i.e., ls(X) C X 
for each s G S. Then a submean [i on X is said to be /e/f invariant if ^(/) = /i(//) for 
all s G 5 and/ G X. Now, we can prove a fixed point theorem for nonlinear semigroups 
without convexity in a Hilbert space. 
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THEOREM 2. Let C be a nonempty subset of a Hilbert space H and let X be a /$-
invariant subspace ofB(S) containing constants which has a left invariant submean [i 
on X. Let S — {Ts : s G S} be a Lipschitzian semigroup on C with Lipschitzian constants 
ks,s G S. Suppose that {Tsx : s G S} is bounded and nsesCô{Tstx : t G 5} C C for some 
x G C. If for each u G C and v G H, the real valued function f on S defined by 

f(f)= \\Ttu - v\\2 for all t G S 

and the function h on S defined by 

h(t) = k}forallteS 

belong to X and nt(kj) = 1, then there exists an element z G C such that Tsz = zfor all 
ses. 

PROOF. Define a real valued function g on H by 

g(y) = Ht\\Ttx - y\\2 for each y G H. 

If r — inf {g{y) : y G / / } , then by Lemma there exists a unique element z G H such that 
g(z) = r. Further, we know that 

r+ ||z — y\\2 ^ g(y) for every y G H. 

For each s G S, let Qs be the metric projection of H onto cô{Tstx : t G S). Then by 
Phelps [13], Qs is nonexpansive and for each t G 5, 

\\TstX-Qsz\\2 = \\QsTstx-Qsz\\2 £ | | r ^ - z | | 2 . 

So, we have 
lit\\Ttx - Qsz\\2 = Ht\\Tstx - Qsz\\2 ^ iit\\TstX ~ z\\2 

\\T> I l2 

= iit\\Ttx — z\\ 

and thus Qsz = z. This implies 
z G cô{r5rx : r G S} for ail s G S 

and hence 
z G nseScô{TstX :teS}cC. 

Since by Lemma 

| | z - y | | 2 S / i , | | r ^ - y | | 2 - ^ | | ^ - z | | 2 f o r a l l y G / / , 

putting y = Tsz for each s G S, we have 

||z - Tsz\\2 £ iit\\Ttx - TsZ\\2 - iit\\Ttx - z\\2 

= /xr||Tir^ - Tsz\\2 ~ fit\\Ttx - z\\2 

è(k2-l)^\\Ttx-z\\2 
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and hence 
H,\\z - 7k||2 ^ (^s(k

2) - \)[i\\T,x - zf ^ 0. 

This implies fis\\z — Tsz\\2 = 0. Since for every a,s £ S, 

\\z-Taz\\2^2\\z-Tsz\\2 + 2\\Tsz-Taz\\2, 

we have 
\\z - TaZ\\2 ^ 2iis\\z - TsZ\\2 + 2^s\\Tsz - Tazf 

= 2 ^ | | 7 ; z - r a z | | 2 = 2iis\\TasZ- Taz\\2 

^2k2
aiis\\Tsz-z\\2 = 0. 

Therefore, we have Tsz — z for every s G S. 
As a direct consequence of Theorem 2, we obtain the result F(S) ^ 0 in Theorem 1. 

Further, we can prove the following fixed point theorem. A semitopological semigroup 
S is left reversible if any two closed right ideals of S have nonvoid intersection. In this 
case, (5, ̂ ) is a directed system when the binary relation "^" on S is defined by a ^ b 
if and only if {a} U aS D {b} U bS. 

COROLLARY [7]. Let C be a nonempty subset of a Hilbert space H and let S be a 
left reversible semigroup. Let S = {Tt : t G S} be a Lipschitzian semigroup on C such 
that {ks : s G S} is bounded and lim5 supfc5 ^ I. If {Ttx : t G S} is bounded and 
nsesCô{Tstx : t G S} C C for some x G C. Then there exists z G C such that Tsz = zfor 
every s G S. 

PROOF. Defining a real valued function \i on B(S) by 

(i(f) = lim sup/O) for every/ G #(S), 
s 

fi is a left invariant submean on B(S). Since lim^ sup£5 ^ 1 implies lim^ sup k2
s ^ 1, by 

using Theorem 2, the proof is complete. 
We may comment on the relationship between the hypothesis of Theorem 1 : "RUC(S) 

has an invariant mean" and Corollary [7]: "5 is left reversible". As well known, they 
do not imply each other in general. But if RUC(S) has sufficiently many functions to 
separate closed sets, then "RUC(S) has an invariant mean" would imply "S is left and 
right reversible". 
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