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FIXED POINT THEOREM AND NONLINEAR
ERGODIC THEOREM FOR NONEXPANSIVE
SEMIGROUPS WITHOUT CONVEXITY

WATARU TAKAHASHI

ABSTRACT.  We first prove a nonlinear ergodic theorem for nonexpansive semi-
groups without convexity in a Hilbert space. Further we prove a fixed point theorem for
non-expansive semigroups without convexity which generalizes simultaneously fixed
point theorems for left amenable semigroups and left reversible semigroups.

1. Introduction. Let H be a real Hilbert space with norm || - || and inner product
(-,-) and let C be a nonempty subset of H. A mapping T: C — C is said to be Lipschitzian
if there exists a nonnegative number k such that

ITx — Ty|| = k||x — y|| for every x,y € C,

and nonexpansive in the case k = 1. If S is a semitopological semigroup and § = {7 :
s € S} is a continuous representation of S as Lipschitzian mappings of C into itself, it is
called a Lipschitzian semigroup on C. A Lipschitzian semigroup S = {7 : s € S} with
Lipschitzian constants k;, s € S is called a nonexpansive semigroup if k; = 1 for every
s € S. When C is closed and convex, there are many fixed point theorems and nonlinear
ergodic theorems for nonlinear semigroups in a Hilbert space; for example, see [1-8,
10-12, 14-17]. Recently, Mizoguchi and Takahashi [10] proved a fixed point theorem
which generalizes some results of them by introducing the notion of submean. And also
Ishihara [7] proved a fixed point theorem for left reversible Lipschitzian semigroups
without convexity.

In this paper, we first prove a nonlinear ergodic theorem for nonexpansive semigroups
without convexity in a Hilbert space. This is a generalization of Rodé’s result [ 14]. Fur-
ther by the method of [10, 15-17], we prove a fixed point theorem without convexity
which generalizes simultaneously fixed point theorems for left amenable semigroups
and left reversible semigroups. This is a generalization of results of Lau [8], Takahashi
[15] and Ishihara [7].

2. Nonlinear ergodic theorem. Throughout this paper, let S be a semitopological
semigroup, i.e., a semigroup with a Hausdorff topology such that for each s € S the
mappings t — ¢ - sand t — s - t of S into itself are continuous. Let B(S) be the Banach
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space of all bounded real valued functions on S with supremum norm and let X be a
subspace of B(S) containing constants. Then, an element p of X* (the dual space of X) is
called a mean on X if ||| = p(1) = 1. We know that u € X* is a mean on X if and only
if

inf{f(s):s € S} < u(f) < sup{f(s): s € S}

for every f € X. Let 1 be a mean on X and f € X. Then, according to time and circum-
stances, we use ,u,(f(t)) instead of u(f). For each s € Sand f € B(S), we define elements
lf and rf in B(S) given by

(If)(1) = f(s1) and (ref )(1) = f(15)

forall r € S. Let X be a subspace of B(S) containing constants which is [s-invariant (rs-
invariant), i.e., [(X) C X (rs()O C X) for each s € S. Then a mean p on X is said to be
left invariant (right invariant) if

() = ) (u(f) = p(r)

forall f € X and s € S. An invariant mean is a left and right invariant mean.

Let C be a nonempty subset of H. Then a family S = {7 : s € S} of mappings of C
into itself is called a Lipschitzian semigroup on C if it satisfies the following:

(1) Tyx =T;Tx forall s,t € Sand x € C;

(2) for each x € C, the mapping s — Tyx is continuous on S;

(3) for each s € S, Ty is a Lipschitzian mapping of C into itself, i.e., there is ky = 0
such that

[Tox — Toy|| < ksllx — |

forall x,y € C. A Lipschitzian semigroup S = {7, : t € S} on C is said to be nonexpan-
sive if ky = 1 for every s € S. For a Lipschitzian semigroup S = {7 : s € S} on C, we
denote by F(5) the set of common fixed points of T, s € S.

Let C(S) be the Banach space of all bounded continuous real-valued functions on §
and let RUC(S) be the space of all bounded right uniformly continuous functions on S,
i.e., all f € C(S) such that the mapping s — rf is continuous. Then RUC(S) is a closed
subalgebra of C(S) containing constants and invariant under /s and rs; see [9] for details.
When S = {T, : s € S} is a nonexpansive semigroup on C such that {T;x : s € S}
is bounded for some x € C, then we know from [8] that foreach u € Candv € H,
the functions f(¢) = ||T,u — v||* and g(¢) = (T,u,v) are in RUC(S). Let y be a mean on
RUC(S). Then since for each y in H, the real valued function t — <T,x, y) is in RUC(S),
we define the value ,(T,x,y) of u at this function. By linearity of u and of the inner
product, this is linear in y; moreover, since

I Tox, y)| < Il - sup [(Tix, y)| < (sup || Texl]) - Iy,
t t
it is continuous in y. So, by the Riesz theorem, there exists an xy € H such that

wi{Tx,y) = (x0,y) forevery y € H.

https://doi.org/10.4153/CJM-1992-053-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1992-053-3

882 W. TAKAHASHI

We write such an xy by T,,.x. Before proving a nonlinear ergodic theorem for nonexpan-
sive semigroups without convexity, we give a definition concerning means. Let {y :
a € A} be a net of means on RUC(S). Then {1, : @ € A} is said to be asymptotically
invariant if for each f € RUC(S) and s € S,

pa(f) — pallsf) — 0 and po(f) — pa(rd) — 0.

THEOREM 1. Let C be a nonempty subset of a Hilbert space H and let S be a semi-
topological semigroup such that RUC(S) has an invariant mean. Let S = {T, : t € S}
be a nonexpansive semigroup on C such that {Tyx : t € S } is bounded and MycsCo{Tyx
t € S} C Cfor some x € C. Then, F(S) # 0. Further, for an asymptotically invariant net
{ia : @ € A} of means on RUC(S), the net T, x, o € A converges weakly to an element
xp € F(S).

PROOF. Let p be an invariant mean on RUC(S). Then, we know that there exists an
xo € H such that u,(T,x,y) = (xo,y) for every y € H. For such an xy, we can prove
X0 € MyesC0{Tyx : ¢t € S}. If not, we have xyp & c0{Tyx : t € S} for some s € S. By the
separation theorem, there exists a yp in H such that

(x0,y0) < inf{(z,yo) cz€Co{Tyx:t € S}}

So we have )
1[2£<Tstxs y0) = pe(Taux, yo) = p{Tex, yo)

= (X0, Y0)
<inf{(z,y0) : z € CO{Tyux : 1 € S}}
< inf(Tyx, yo).
This is a contradiction. Therefore we have
X0 € MyesC0{Tyx : t € S}

and hence xp € C. On the other hand, since, for each y in H, the real valued function
t — ||Tix — y||? is in RUC(S), we can also define the value y,||T:x — y||? of u at this
function. Let

r=inf{u||Tx —y||* : y € H}
and
M={zCH: pw|Tx—z|*=r}

Then, since, foreachy € Handt € S
[0 = ¥II* = [ITex = yII> — 1 Tox — xo|* — 2{Tex — x0.0 — y),
we have
%0 = Y17 = uel|Tix = ¥I* — |1 Tex — xo[|> = 2(Tox — x0,%0 — ¥))

= puel| Tox = y2 = pul| Tox = x0]* — 2{x0 — x0, %0 — y)
= | Tex — y|1* — || Tex — xo|* 2 0.
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This implies that the set M consists of a single point xo. Now, we can show xy € F(S).
In fact, for each s € S,
2
el | Tox — Toxo|* = pu[| Toex — TsxO”2
= || T, Tox — Tyxo|?
< | Tx — x> = 7.

Hence, Tsxy = xo for every s € S.
Since p is an invariant mean on RUC(S), from [16], we know

pul| Tox = 2||* < inf sup | Tix — 2
for every z € H. On the other hand, since for z € F(§) and a,s € S,
inf sup | Zux — 2||” < sup [[Tuasx — 2|
= S‘:P “Tstx - Ttazll2

< sup || Tox — zff* = || Tox — 2|2,
t

it follows that
inf sup || Tux — 2l|* < pusl| Tyx — 2%
L

Therefore, for each z € F(S), we have

|| Tix — 2||* = inf sup || Tiox — 2|,
S

This implies that the point xy is independent of p, that is, T,,x = xo for each invariant
mean . Last, we show that T, x converges weakly to xp.

Let p be a cluster point of the net p14, @ € A in the weak* topology. Then p is an
invariant mean. In fact, since itis obvious that x is a mean, we show that p is left invariant.
For each ¢ > 0, f € RUC(S) and s € S, there exists g € A such that

o)~ pallf)] < 5

for all @ = . Since u is a cluster point of the net p4, @ € A, we can choose a; (2 ag)
such that .

|Hay (F) = wH)] = 3
and

e (Lf) — pH] =

W m

Hence, we have

|u(f) — ph)| = () = poy O] + | e (F) — b, Uf)|
+ | o, (If) — (1)

3 3 3
S-o+-+-=e
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Since ¢ > 0 is arbitrary, we have

p(f) = p(lef)

forevery f € RUC(S) and s € S. This implies that y is left invariant. Similarly, y is right
invariant.

Let {T,, x} be a subnet of {T,,x} such that T,,, x converges weakly to some z in H.
Then since a cluster point A of the net {1, } is also a cluster point of the net {js }, A is
an invariant mean. So, we have z = T)x = xp. This implies that T, x converges weakly
to xg € F(S).

3. Fixed point theorem. In this section, we prove a fixed point theorem for non-
linear semigroups without convexity. Let X be a subspace of B(S) containing constants.
Then, according to Mizoguchi and Takahashi [10], a real valued function i on X is called
a submean on X if the following conditions are satisfied:

(D) p(f+g) = u(f)+ u(g) forevery f,g € X;

2) ulaf) = au(f) forevery f € X and a 2 0;

(3) forf,g € X,f < g implies pu(f) < p(g);

(4) p(c) = c for every constant c.

For a submean i on X and f € X, according to time and circumstances, we also use
u,(f(t)) instead of u(f).

LEMMA [10]. Let S be a semitopological semigroup, let X be a subspace of B(S)
containing constants and let y be a submean on X. Let {x, : t € S} be a bounded subset
of a Hilbert space H and let D be a closed convex subset of H. Suppose that for each
x € D, the real-valued function f on S defined by

f@) = ||x; —x||* forallt € S

belongs to X. If
g(x) = wl|x; — x||* forall x € D

and
r = inf{g(x) : x € D},

then there exists a unique element 7 € D such that g(z) = r. Further the following
inequality holds:
r+ |z —x||* £ g(x) for every x € D.

Let X be a subspace of B(S) containing constants which is [s-invariant, i.e., [(X) C X
for each s € S. Then a submean p on X is said to be left invariant if u(f) = u(lf) for
all s € Sand f € X. Now, we can prove a fixed point theorem for nonlinear semigroups
without convexity in a Hilbert space.
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THEOREM 2. Let C be a nonempty subset of a Hilbert space H and let X be a Is-
invariant subspace of B(S) containing constants which has a left invariant submean
onX. Let S = {Ts : s € S} be a Lipschitzian semigroup on C with Lipschitzian constants
ks, s € S. Suppose that {Tx : s € S} is bounded and Mesco{Tyx : t € S} C C for some
x € C. Ifforeach u € Candv € H, the real valued function f on S defined by

f@) = ||T.u—v||* forallt € S
and the function h on S defined by
h(t) = k? forallt € S

belong to X and u,(k,z) < 1, then there exists an element 7 € C such that T,z = z for all
s eS.

PROOF. Define a real valued function g on H by
g = w||Tx — y|)* foreach y € H.

If r = inf{g(y) : y € H}, then by Lemma there exists a unique element z € H such that
g(z) = r. Further, we know that

r+|z—y|*> < g(y) forevery y € H.

For each s € S, let Oy be the metric projection of H onto co{7yx : t € S}. Then by
Phelps [13], O, is nonexpansive and for each t € S,

“T.s'tx - QSZHZ = ”QsTsrx - QJZHZ = “Tstx - Z“2'

So, we have ,
| Tox — Ouz))* = el | Tx — Qs2||* S puel| Tox — 2|
= ,Ut”Ttx - Z”2
and thus Q;z = z. This implies
ze€co{Tyx:t€ S}foralls e S

and hence
7 € Myesco{Tyx : t € S} C C.

Since by Lemma
llz=yI* = | Tix = yII* — el Tox — 2| for all y € H,
putting y = T,z for each s € §, we have

llz— T.s-Z||2 S wllTex — T_¢z||2 — | Tox — 2”2
= ,u,HTS,x - T.s'Z“2 - u,HT,x - Z”2
< (K = Dpe|| Tox — 22

https://doi.org/10.4153/CJM-1992-053-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1992-053-3

886 W. TAKAHASHI

and hence

e

psllz = Tyzl* < (pok) — el | Tex — 2> <
This implies ju||z — 7yz||*> = 0. Since for every a, s € S,
llz = Tazll* < 2l|z — Tszl|* + 2| Tsz — Tuz)%,

we have
lz = Tazll® < 2usllz — Tizll* + 20| Tz — Tazl|?

= ZIJ'J'IITVZ — TaZ||2 = ZMHTasZ - T“ZHZ
< 2k2u||Tyz — 2))* = 0.

Therefore, we have Tz = z for every s € S.

As a direct consequence of Theorem 2, we obtain the result F(S) # () in Theorem 1.
Further, we can prove the following fixed point theorem. A semitopological semigroup
S is left reversible if any two closed right ideals of S have nonvoid intersection. In this
case, (S, =) is a directed system when the binary relation “<” on § is defined by a = b
if and only if {a} U aS D {b} LUbS.

COROLLARY [7]. Let C be a nonempty subset of a Hilbert space H and let S be a
left reversible semigroup. Let S = {T, : t € S} be a Lipschitzian semigroup on C such
that {k; : s € S} is bounded and lim;supk, < 1. If {T;x : t € S} is bounded and
MyesCo{Tyx : t € S} C C for some x € C. Then there exists 7 € C such that T,z = z for
every s € S.

PROOF. Defining a real valued function p on B(S) by
u(f) = limsupf(s) for every f € B(S),
N

u is a left invariant submean on B(S). Since lim, supk, < 1 implies lim, supk? < 1, by
using Theorem 2, the proof is complete.

We may comment on the relationship between the hypothesis of Theorem 1: “RUC(S)
has an invariant mean” and Corollary [7]: “S is left reversible”. As well known, they
do not imply each other in general. But if RUC(S) has sufficiently many functions to
separate closed sets, then “RUC(S) has an invariant mean” would imply “S is left and
right reversible”.
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