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THE L,-VERSION OF THE DILIBERTO-STRAUS
ALGORITHM IN C(TXS)
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Introduction

Let (S,Z, ) and (7,0,v) be two measure spaces of finite measure where we assume
S, T are compact Hausdorff spaces and u,v are regular Borel measures. We construct
the product measure space (T x S,®,0) in the usual way. Let G={g,,g,,...,8,] and
H=[hh,,...,h,] be finite dimensional subspaces of C(S) and C(T) respectively where
G and H are also Chebyshev with respect to the L,;-norm. Note that a subspace Y of
a normed linear space X is Chebyshev if each xeX possesses exactly one best
approximation yeY. For example, in C(S) with the L;-norm, the subspace of
polynomials of degree at most n is a Chebyshev subspace. This is an old theorem of
Jackson. Now set

U=C(T)®G, V=HRC(S), W=U+V.

It is easy to prove [7] that U and V are proximinal subspaces of C(T x S). That is, every
S eC(T xS) possesses at least one best approximation from U or from V. A metric
selection Py: C(T x S)—U is a mapping which associates each f e C(T x §) with one of
its best approximations in U. The metric selection P, is similarly defined.

We shall investigate the behaviour of the Diliberto—Straus algorithm [2]. This
algorithm generates a sequence of functions {f,} and may be described by taking f,=f
and setting

j;l=f;l—l—-PU(f;l—l—PVf;l—l)’ n=1a293,"'

This algorithm is essentially the “alternating method” of Von Neumann [11] although
his discussion centred on the Hilbert space setting. This investigation extends work in
[8] where G and H were both restricted to being 1-dimensional. Other papers directly
related to this work are [4], [7] and [9]. We shall show that if one or other of G and H
is one dimensional and if f satisfies certain hypotheses than the norms of the iterates
converge to dist(f, W)=inf,  w||f—w| In contrast to the Diliberto-Straus paper [2]
(which dealt with the L_-case) it is impossible to obtain convergence of these L,-norms
to dist( f, W) for all f € C(T x §) as is shown by an example from [9].

It will be convenient to assume throughout that S and T have measure 1. We shall
use unadorned norm symbols ||.|| to denote the L,-norm on T x S while ||.]|s and ||.||r
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will denote L;-norms on S and T respectively. We shall also need to assume that the
bases in G and H are such that they each form one half of a bi-orthonormal set of bases
for G,G* and H, H*. Thus

gla---’ngG;¢1’~--a¢pGG*

1=”gil|s=”¢i”w <gia¢j>=5ij 1£4,j<p

hy,....,h,eH;¥y,..., ¥, € H*

1=”hi”T=”'l’l’Hao Chisi>=9y; 1=ij<m

The algorithm

Given f e C(T x S) the sections f; and f, are defined by the equation f,(s)= f(t, s) = fi(t).
f,€C(S) for all teT Every section f, possesses a unique best approximation ge G
because G is Chebyshev. We claim that when these “sectional” approximations are
pieced together, we obtain an element of U. Before we can establish this we need a
result from [4], whose proof we provide on account of its brevity.

Lemma 1 There exists a function g in C(S) such that for each u in U,
() e, 9)| =g(s)]|ea]ls
(&) [Ju]|r < sl
Jorall teT, seSs.
Proof. Set dj '=inf; g, +; Cig:i+g||s- Since the g; are linearly independent we

have d; >0 for j=1,2,...,n. Let u=)%xg; and let T;={re T:x;(t)#0}. Then for ¢ in
T; we have
b

.( i
x;(8)

i x(t)g;

{ “pol| 3

g,“ _Ixj(t)|d L
Thus for all te T|x;(t)| <d; |ju|s- Now
9] S beto] 9] < s - et
Choosing g=Y% d;|g;| gives (i), while for (ii) we need only observe
sl = § e, v = (s dv =)}

Let A be the best approximation operator for G, i.e.

lo—Ad|ls<|lp—¢lls forallgeG
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where ¢ € C(S). By a well-known result [5], 4 is a continuous operator from C(S) onto
G. Consider the map 4y on C(Tx S) defined by

(AufXt, 5)=(Af)(s)-
We claim that the range of A is indeed U.

Lemma 2. Let f € C(TxS). Then,
Aof 9= 3. 508,

where x; € C(T).

Proof. From the construction of Ay it is clear that A, has the correct form and we
need only check the claim that x; e C(T). Let f e C(Tx S). Since T and S are compact, f
is uniformly continuous on T x § and so given J, >0 there is a §, such that

|f(s,¢)— f(5,8)| £6, for |t'—t| <5, and all s€eS,

so that ||f;, — f;]|s< 6, for | —¢|<5,. Now by the continuity of 4, given ¢>0 there is a
0>0 such that

|t —Asllsse for |lffils<o

or
|4f — Af|lsSe for |¢—f<&

ie.
P
“ 5 {xi(t')—x,-(t)}g,-“ <o for |/—f<o.
i1 s

Now from the proof of Lemma 1 we can see that if x;(t") # x;(t) then

2 x(t')—x,(t)
Sx,(t) —x;(0)

HE:: {x:(t)— xi(t)}giHS = |xj(t,) - xj(t)|

S
= |xj(t’) —xj(t)| dj“.
Hence

(&) —x;()|Sd;e for [t —e| <&

and so x;eC(T). O

Clearly the map A,:C(T xS)—V can be similarly defined. We remark that both A,
and A, are metric selections. For a fixed f € C(T x S) we can define mappings B,:V—-U
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and B,:U—-V by
Byv=A/f —v) and Byu=A,(f —u).
Lemma 3. The mappings By and By, are continuous.

Proof. We shall only establish that B, is continuous. Consider first the mapping
¢:V x T—G given by

d(v,) = A(S — ).

¢ is clearly continuous since A is continuous and the operation of taking t-sections of
functions in C(T x S) is also continuous. Now fix vye V. Then given ¢>0 we choose J, to
be the largest real number such that

lA(f —vo).— A(f —v)||s<e whenever ||(v5), —v||s <8
Now by Lemma 1 applied to V rather than U, there is a function he C(T) such that
lodlssh@)|| forallteT
Hence we can modify J, to be the largest real number such that

|4(f —vo).— A(f —v)||s<e whenever |jvo—1v|| <,
ie.,

||d(vo, 1) — (v, D)||s<e  whenever |jvo— ]| <3,

Set 6 =inf,_;J,. We claim that § >0. Suppose to the contrary we have §=0. Set

Osc(¢,t,I)= sup ! |¢(vl’ ) — vy, t)l

v,v,€

Then Osc(¢, t, B(vo,6,))=¢ where B(vo,8,)={v:[[vo0—v||<6,}. Now by our hypothesis
there is a sequence {t,} €T such that 6, 1 0. By the compactness of T we may as well
assume that t,—t*e T. Now Osc(¢, t,,, B(vy, ; ) 2 € violates the continuity of ¢ at (v,, t*).
We have thus shown that given £>0 there is a 6 >0 such that

|A(f —vo).— A(f —v)||s<e whenever |Jv,— ]| <é.
Integrating over T gives the required result

|4(f —vo)— ALf —u)||<e whenever ||[vo—1||<d. O

Note that the continuity of the metric selection in general is not being asserted here
since Ay is being restricted to act on V. Nevertheless, Lemma 3 provides a class of
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functions and a L,-metric selection which is continuous on that (infinite-dimensional)
class.
We are now in a position to define the algorithm for a fixed f € C(T x S) we set

f1=f
fz=f1—AUf1

f3=f2—Asz

f2n=f2n—l —Ayfan-1
f2n+1 =f2n_AVf2n

If we also put

G,= Z Ay fri-1s an'zﬁ Ay fai, Hy=Gy=0,

i=1

then the algorithm can be rewritten

f2n—1=f_Hn—l_Gn—l n=1.2
f2n=f—.Hn—1_Gn S

It is easy to establish that

H,= 4,/ —G,) =By(G,) } ~1,2,....

Gn=AU(f“Hn—l)=BU(Hn—1)

Our main question can now be stated more carefully. Given an f € C(T x §) we want to
know when ||f,]||»dist(f, W). It will become clear shortly that {||f,]|} is a decreasing
sequence of real numbers bounded below by dist(f, W) so that we are really asking—
when is this lower bound attained?

Preliminary results

We shall need several results which are not in the mainstream of our argument. For
convenience we collect them in this section. The first is a characterisation theorem of
James [6].

Theorem 4. In order that O be a best L,-approximation to an feL(S) from some
linear subspace K it is necessary and sufficient that [ksgn f gjz( T |k[for all keK. Here
Z(f) denotes the set of points where f(s)=0.

Corollary 5. If K is a one-dimensional subspace spanned by a non-negative function k
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then 0 is a best L,-approximation to an f € L,(S) if and only if

| k<ifk and k<ifk.
S

Here N(f) and P(f) denote the sets where [ is negative or positive respectively.

This result is an elementary special case of Theorem 4, and we omit the proof.

Lemma 6. Suppose K is a one-dimensional subspace of L.(S) generated by a non-
negative function ky,. Then there exists a metric selection n: L(S)—K with the following
properties

() n(f+Akg)=nf + kg for all 2eR, f € L,(S).
(i) [If =/ s/ ls for all feLy(S).
(iii) 7fy 2 7f, whenever f, 21>, f,.f> € Ly(S).
(iv) ”7th —”fz”s, 0= ||f1 - fz”s, « When f1,f; € C(S).

Proof. We begin by observing that only (iv) needs the requirement that S has a
Borel measure defined on it. Further (i) and (ii) are elementary. To establish (iii) we
firstly recall that the set of best approximations to f; from K is convex and closed. If K
is generated by k, then this set corresponds to some interval [, f;]<=R in the sense
that ck, is a best approximation to f; if and only if ce[ay, §,]. Now suppose f, =/, with
corresponding interval [«,,,]. Suppose further that a, <a;. Then since ayk, is not a
best approximation to f; we have by Corollary 5 either

k0>%£ko or § k0>-21~£k0.

P(Sf | —azky) NS —aykg)

Now if the former obtains then [p;, .., ko>7%[sko since f,2f,. In the latter case
Ine 11 ~asko) ko>%(sko. These two conditions viola.te the fact that a,k, and a,k, are best
approximations to f, and f; respectively. A similar argument shows f,<pf,. Now

defining nf; = Ak, where 1 is the midpoint of [«,, 8,] gives the result. The proof of (iv) is
as follows. Firstly, (iv) involves no selection since in this case nf is unique for f e C(S)
[10; p.235] so

~fi=Lolls, oS fi— 22| /i— Lolls,

or

'“”f1"f2”s.oo+f2_-<_-f1§f2+“f1—f2”s,ao-
Now by parts (iii) and (i)

nfz—”fl _f2||S.co§nf1 é”fz'*‘“fx—fz”s,ao

or

II’Tfl —“lels, w0 ||f1 —f2||s, w

https://doi.org/10.1017/50013091500022094 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500022094

L,-VERSION OF THE DILIBERTO-STRAUS ALGORITHM IN C(T xS) 37
Note that we cannot relax the condition that K be generated by a non-negative function
for if k, has both P(k,) and N(ky) of positive measure then we cannot have aky2a,kq
unless x=ua,.

We now give three results which appeared in [7]. We provide the proofs of two for
completeness, the third being elementary.

Lemma 7. The subspace W is closed in C(T x S). Hence each element we W has the
representation w=u-+v with ue U, ve V and ||u||+||v|| < B||w||, B constant.

Proof. Recalling our bi-orthonormal bases we define

(PA)t,5)= "; S i28:i(s)  feC(Tx$)

QN s)= 21 S0k fe(TxS).

These are bounded linear projections onto U and V respectively. It is easily verified that
PQ=QP. By [3], p. 481] P+Q—PQ is a projection of C(T x S) onto W. W is therefore
closed and given we W defining u=Pw— PQw and v=Qu completes the proof. []

Lemma 8. If veV then

sup s <Ill 3 Il
Proof. Letv=) 7", y;h;. By the bi-orthonormality property

yi(s)=J v(t, )yi(t) dv.

Therefore, since ||;||, =1 we have
Wyills =1 [yi(s)| du=§ | oz, )¥i(2) dv| du

< ot 9] d v = o

This gives

ds

Sl‘lp ||v,||s = 51t1p J |§1 yi(s)hi(t)

sup ol S sup Sl s <Ioll 5, .o

Lemma 9. If feC(T x 5) then || f||s || /|-
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We shall now show that the sequence {f,}, generated by our algorithm has cluster
points. The proof is surprisingly intricate when compared with similar results from [8].
We begin by observing that the mechanism by which w=u+v is shown to have a
representation w=u'+v where |[w|/+|[v]|<B|w| in Lemma 7 is in fact to take an
appropriate ze U N V and set v'=u—2z, v'=v+2z. Now given our algorithm we set

on—l =f—Hn—1_Gn—1 =f_(Hn—l'_zn)~(Gn—l +Zn)=f_H:|,—1 _G;:
f2n=f_Hn—1 _Gn=f_(Hn—l—zn)_(Gn+Zn)=f_ :1’—1 _G;
f2n+1 =f_Hn _Gn=f_(Hn—zn)—(Gn +Z,.)=f—H:,—G;,
where z, is chosen in U n V so that
I+ ][Gal| < BlIH, + Gl < Bl|Ha + G|

Notice that

G,=Gp+z,=Ay(f —H,-,)+2,
=AU(f_(Hn—1—Zn))
=Ay(f —H,-,).

Similarly, H,=A,(f—G;) and H,_,=A,(f—G,_,).
Note further that A, f produces a best approximation to f out of U since

v )= fills=l4f— flls =

p

Y A1) —f“ for J,(t) e R.
1 s

Integrating over T gives

lAvf = f|IS|If 4|  forall ueU.
Similarly

lAvf=rfllsllf-v| forallveV

Now from f,,= fon—1—Ayfa—1 We see that ||fo,||<||f2n-1| and in a similar way
| /20+1]| S| f24]] ie. the sequence {||£,]|} is decreasing. Hence

If —H; - = Ga =1l
or

1H#; -1 + Gl =2l

https://doi.org/10.1017/50013091500022094 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500022094

L,-VERSION OF THE DILIBERTO-STRAUS ALGORITHM IN C(T xS) 39

and similarly
17 -5 + Gl =2||f]]

14, + G| 2] ]

Using the fact that ||H},|

+||G,|| 2 B||Hy + G,|| we see that

£ ]| <261 71

G,|| <28/
Now since ||G;|| is bounded we have

;[ < lHz -1 + Gl +[Grl < 28+ 2/

and again
IGa -l lIHz -1 + Gr ]|+ | Hz - [ < 2B+ 4) /]|
Hence ||H,|, |G|}, |H;- ||, and ||G;,—,|| are all bounded by »||f].

Lemma 10. Let fe C(T x S) and let G have metric selection satisfying condition (iv) of
Lemma 6. Then the sequence {G,} has cluster points in U with respect to the supremum
norm on C(T x ).

Proof. Consider |Gj(s, ;) — Gi(s, 1)
é'G;(Sl,tl)—'G;,(Sl,'t)l+|G;,(S1,t)—G:,(S, t)l
§“G;|(7 tl)_G:l(.’ t)“S,w+||G;|(s19‘)_G;l(s5.)”T, ©

=||A(f —H7- ), — A —H7- D5, o +[|Ga(51,) = Gols, |7,

G:l(sl7.)_Gn(s9')||T,m by Lemma 6

§”(f—H:—1):1"‘(f“H:—1)z”s, oo+|
é ”f;l _f;”S, ot ”(H;:-l)tl —(H:—l)t“S, © + ”(G:I)Sl _(G:l)s“T, ©

<|f, = Alls, o +IHR - O, = (He - )dls, 0 + (G5, — (Gosl 7,

—+

S,

=i, = flls. o+ 5, OO0 =]

3. xiO)sils) -89

T, ©

. m P
=< ”fz, “fz”s, © +miax|hi(t1)—hi(t)| iZl ”,V.'”s, ® +miax|g,~(sl) —gi(s)lizl ”xi”T, o

In these last two expressions the y; and x; depend on n. We need to show that the sums
Sy |ills,  and Y-, ||x:||7. » are uniformly bounded.
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We already know (G.), = A(f,—(H”_,),) so that
Gl SIGa) — fi+ (H - Dills + 11— Hi- )ils
<2\, —(Hy - )dls

<2|| Alls+2|(H7 - ells

22| flle+2||(H7-1)|s by Lemma 9
<fllo+2H-1]| §. lr. by Lemma s
<2 flle+ 20|11 .-21 |||, by the remarks preceding this lemma
<2fla(14 5, il )
Now from the proof of Lemma 1 we obtain
0l s&IGss 2411+ § ... )

which gives the boundedness of ||x;||r, .-
Similarly, (H},_,), is the best approximation from H to f,—(G)_,), to that

L - Dallr S |(Hs - e = £+ G- Diellr+ | o= (G- )il
<2l fi— (G- )il

§2||fs”T+ 2||(G:— l)s”T

P
S2flla+2165-11 5, lils o by Lemmas 8, 9
P
<21l +22011 5, .

<2147 3, leds.. )

Again from the proof of Lemma 1 applied to an element of V rather than U we
obtain

4
ol ze -l <2e 1 (147 5, el
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where

Z cihi +h_;

ej !=inf
iFi

c‘eR

T

The first of these two arguments shows further that ||G,||,, is bounded for n=1,2,...,
and we may now conclude that {G;} is a bounded equicontinuous family of functions in
U. Since U is closed {G,} has cluster points in U with respect to the supremum norm.

Theorem 11. Let feC(TxS) and let G be one-dimensional generated by a non-
negative function g. Then the sequence {f,} generated by the L,-version of the Diliberto—
Straus algorithm has cluster points with respect to the sup-norm topology on C(T x S).

Proof. By Lemma 10 the sequence {G;} has cluster points. Now H,=A,(f—G,)
=By(G,) and B, is continuous by Lemma 3. Thus if G, -CeU, H; —By(C) and so
Jo,= f*=f—C—By(C). Since W is closed C~By(C) lies in W. [

Finally, we have the following result from [8]. An alternative proof is provided.

Lemma 12. Let (H,A,B) be a finite measure space and let {f,} be a éonuergent
sequence in L\(H,A, ) with limit e. Suppose {F,} is a sequence of measurable sets in H
such that

@ §|f|dB—0 as n-oow
Frl

(i) B(Z(e))=0.

Then ﬁ(F")—bo_

Proof. Let E, ={h:e(h)>1/m}. Then the E, form an increasing sequence of sets in H
with limit H. Suppose that the desired conclusion is false. Then by passing to
subsequences if necessary we may assume B(F,)=8>0 for all n. Choose E, so that
P(E,)=1—6/2. Then B(E,, n F,)26/2. Now take ¢>0. Since f,—e we deduce that there
is an n, for which

‘j‘fn—e|dﬁ§e when n>n,

or
[ lelap< [ |f)aB+e
;, F,

Now

B, S § el dBS § |1, 4B+
Fﬂ F’l
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Choosing n, such that

{|f|dBse forn=n,
F

we have (1/m)B(E,, n F,) £ 2¢ for large enough n.
This contradicts S(E,, " F,)=46/2. [

Convergence of the algorithm

We shall throughout this section assume that G is one-dimensional generated by a
non-negative function g, f € C(T x S) and that the sets of points at which f agrees with
any member of W have measure zero, so that if

X, ={(t,9):(f —w)(t,5)=0}

then o(X,)=0 for all we W. This condition is analogous to the idea of smoothness in L,
spaces. We are requiring that each element f—w, we W should be smooth (almost
everywhere different from 0), see [6] for details.

Lemma 13. Let F,={(t,s):sgn f, . (t,5)= —sgn f,(t,5)}, and let {f, } be a convergent
subsequence of the algorithm. Then o(F, )—0.

Proof. Recall that {||f,||;} is a decreasing sequence bounded below and hence
convergent. Given ¢>0 take N sufficiently large so that || f,,_||—||fz.|| <& for all 12 N.
By our assumption on f the functions f, agree with members of W only on sets of
measure zero and so by the characterisation theorem in the form given by Theorem 4
we obtain

[gsgn f,,du=0 for almost all te T and all geG.

Furthermore f,,— f,,-1 €U and so f,,(¢,") — f2,-1(t,-) € G for almost all te T. Hence

_‘.[on(t’ ')_on-l(t’ )] sgn f2n(t’ )d.u=0 for almost all te 7;

and so
i§(f2n— fon-1) 580 f2,d6=0.
This gives

“fz"”-“fzn—x “sgn f5,_do+ 2F” San—1-580 f2,-1=0.

2n~-1

But || f2,—1||— || f2sl| <& so that we may conclude

21,-“.“. |f2n_1|d0'<8.

2n—1
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A similar argument applies for F,, so that [{,|f,|>0. Now suppose f, —e. Then
again e agrees with members of W only on sets of measure zero and so Lemma 12 can
be applied to give o(F,)—0. []
We shall now show that for the convergent subsequence {f, } with limit e, we have
{fwsgnedo=0 for all weW.

It will be sufficient to show

{fusgnedo=0 for allueU
and

[fvsgnedo=0 for all ve V
or again sufficient to demonstrate that
;hsgnedv=0 for all he H, almost all se S
and

{gsgnedu=0 for almost all te T
S

when the former limits will follow from an application of the Fubini Theorem. If n, is
odd then

{hsgn f, dv=0 for all he H, almost all s S
T

while if n, is even then

Jgsgn f, du=0 for almost all te T.
S

Suppose n, is even, n, =2p say. Then {;hsgn S, +1dv=0 for almost all seS. Set F,(t)=
{s:(s,)eF,} and F,(s)={t:(s,t) e F,}. Then

§ jhsgnf,,kdvldu=£

S|T

[hsgn fo,edv+2 [ hsgnfy,, dv|du
T sz(s)

I thnf2p+1dV|dﬂ

Fyuls)

g

1A

2f | |pdvadu

S sz(s)

<2hotF.,).
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Now take k, sufficiently large to ensure that for a given ¢ and fixed he H

(i) o(F,)<Q||H|) " (/2)
¢ p for all k= kg, and almost all te T

(ii) |f h(sgne—sgn f, )dv|<=
T 2

Then

|

S

2

;hsgnedvldu_s_j{';hsgn fopdv +f}du

§2||h||wa(F,,k)+8/2<e.
Thus
{hsgnedv=0 for almost all s€S.
T

In a similar manner we show that

{gsgnedu=0 for almost all te T and all geG.
T

With this preamble we are able to state and prove our main result.

Theorem 14. Let G be a one-dimensional subspace generated by a non-negative
Junction. Let f e C(T x S) with the sets

X, ={(t,9):(f —w)(t,s5)=0}

having o(X,,)=0 for all we W. Then the sequence {f,} generated by the L,-version of the
Diliberto~Straus algorithm has the property || f,,|| ldist(f, W).

Proof. We shall show that if {f, } is a convergent subsequence with limit e then
|le]|=dist(f, W). Then we already know {{||f,||} is a decreasing sequence and so the
theorem will be proved. From the preamble we already know [[wsgneds=0 for all
we W. Now

lle+w||=ff(e+w)sgnedo
={[esgnedo=|¢||.
Thus by the fact that W is closed and
e=lim f, =lim f—w, = f—w*

we have

dist(f,W)= inf ||f —w||= inf [le+w|[2]el|=[lf —w*|= lim [|£,,]|= lim || 7. O
we W‘G —+ o n—o
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Remarks

Other theorems of this nature are easily obtained after one has observed that the
assumption that G be one-dimensional generated by a positive function is only needed
to ensure that Lemma 6(iv) holds. An alternative approach is to assume that G has the
property given in Lemma 6(iv) i.e. its metric selection is Lipshitz with constant unity on
C(T x S). Apart from the one-dimensional subspaces generated by positive functions this
phenomenon would seem to be somewhat rare.
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