CLASSIFICATION OF DEMUSHKIN GROUPS

JOHN P. LABUTE

A pro-p-group G is said to be a Demushkin group if

(1) dimg, H'(G, Z/pZ) < =,

(2) dimg, H*(G, Z/pZ) = 1,

(3) the cup product H'(G, Z/pZ) X H'(G, Z/pZ) — H*(G, Z/pZ) is a
non-degenerate bilinear form. Here F, denotes the field with p elements.
If G is a Demushkin group, then G is a finitely generated topological group
with #(G) = dim H'(G, Z/pZ) as the minimal number of topological genera-
tors; cf. §1.3. Condition (2) means that there is only one relation among a
minimal system of generators for G; that is, G is isomorphic to a quotient
F/(r), where F is a free pro-p-group of rank n = #(G) and (r) is the closed
normal subgroup of F generated by an element » € F?(F, F); cf. §1.4. (If
x,y are elements of a pro-p-group H, we let (x,y) denote the commutator
x~ 'y~ xy and (H, H) the closed subgroup generated by all commutators of H.)
Hence G/ (G, G) isisomorphicto (Z,)"* X (Z,/qZ,), whereq = q(G) 1s a uniquely
determined power of p. (By convention p* = 0; Z, denotes the ring of p-adic

integers.)

If ¢ # 2, Demushkin has shown (1; 2) that # is even and that there exists
a basis x1, . . . , x, of Fsuch that
(1) r = xlq(xlr x2)(x37 x4) LR (xn—lr xn)'

Moreover, for any relation » of the form (1) with # even and ¢ = p?, g being
aninteger >1or «, thegroup G = F/(r) is a Demushkin group with #(G) = =,
q9G) = ¢

To classify those Demushkin groups for which ¢(G) = 2, Serre (8) intro-
duced a new invariant of a Demushkin group G as follows: There exists a unique
continuous homomorphism x: G — U, the group of units of Z,, such that, if I;(x)
denotes the G-module obtained by letting G act on Z/p?Z by means of x, the homo-
morphism H'(G, I;,(x)) — H'(G, I.(x)) s surjective for j > 1. The invariant
Im(x) makes the invariant ¢(G) superfluous; in fact, ¢ = ¢(G) is the highest
power of p such that Im(x) C 1 4+ ¢Z,; cf. §3. For a relation of the form (1)
we have

Im(x) = U,@ =1+ p?Z, if g = p7 £ 2,
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If ¢(G) = 2 and n = n(G) is odd, Serre has shown (8) that there exists a
basis xy, ..., x, for F such that

(2) r = x12x22f(x2, xa) e (xn_l, x,,)

where f is an integer >2 or «. Moreover, for any relation 7 of the form (2)
with # odd and f such an integer, the group G = F/(r) is a Demushkin group
with #(G) = n, Im(x) = {£1} X U,

In §3 of this paper we give proofs of the above results as well as a preliminary
classification of those Demushkin groups with ¢(G) = 2, n(G) even; cf.
Theorem 3. The main section of this paper is §4, in which we prove the following
theorem, thus completing the classification of Demushkin groups; cf. (5).

THEOREM 1. Let v be an element of the free pro-p-group F of rank 2N, with
N > 1,and let G = F/(r). Suppose that G is a Demushkin group with invariants
n(G) = 2N, ¢(G) = 2 and Im(x) = A. Then there exists a basis Xy, .. .%, of
F such that

(3) r = x12+2f(x1, X2) (xa, x4) PN (x21v—1, x2N) if (A:A2) = 2,
where f is an integer >2 or «, or
4) r = x:12(xy, x2)s2 (x5, %4) . . . (Xan—1, Xon) if (4:4%) =4

where f is an integer >2. Moreover, for any relation r of the form (3) (of the form
(4)) with N an integer >1 (>2), and f an integer >2 or «, the group G = F/(r)
is @ Demushkin group with invariants n(G) = 2N, Im(x) = U1 (Im(x) =
{1} X Us?). Here Uyl s the closed subgroup of U, generated by —1 + 27,

Remarks. (1) If the Demushkin group G is infinite (or, equivalently, if
n(G) # 1), Tate has shown that G is of cohomological dimension two, and hence
the character x associated with G is nothing but the character associated with
the dualizing module of G; cf. (8, pp. 9-10).

(2) For every pair (n, A) where n is an integer >1 and 4 is a closed subgroup
of U,®, there is a Demushkin group G with invariants #(G) = #, Im(x) = 4,
provided that either

(i) n is even and p" > (4:47), or
(ii) nisodd, n > 3,and 4 = {41} X Uy, with f an integer >2 or «, or

(i) » =1, 4 = {£1}.

(3) The preceding results imply that two Demushkin groups with the same
invariants # and Im(x) are isomorphic; in fact they imply the following
stronger theorem concerning relations:

THEOREM 2. Let r, 7' € FP(F, F), where F is a free pro-p-group, and let
G = F/(r), G' = F/(r'"). Suppose that G, G' are Demushkin groups with
Im(x) = Im(x’). Then there exists an automorphism of F which sends r into 7',
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CoroLLARY. If (r) = (') and if the quotient F/(r) is a Demushkin group,
there is an automorphism of F sending r into r'.

In §5 we shall use the above results to show that the Galois group of the
maximal p-extension of a local field K is completely determined by [K:Q,]
and the intersection K’ of the field of p"th roots of unity (V. — «) with K.

On completion of this work I learned that Theorem 1 was also proved by
S. Demushkin in his paper Topological 2-groups with an even number of generators
and one defining relation (in Russian), Izvestia Akad. Nauk USSR, 29, (1965),
3-10. However, Theorem 2 of that paper is incorrect, a counter-example
being provided by the example at the end of §5 of our paper. The correct result
is given by Theorem 9.

§1. Preliminaries on profinite groups.

1.1. Cohomology. A topological group G is called a profinite group if it is
the projective limit of finite groups (each having the discrete topology). Such
a group is compact and totally disconnected. Conversely, if G is compact and
totally disconnected, G has a basis of neighbourhoods of the identity consisting
of open normal subgroups U, and hence the canonical homomorphism

G —lim G/U
—

is a bijection, which shows that G is a profinite group.

Let G be a profinite group and let % ¢ be a full subcategory of the category
of topological G-modules M, where the abelian groups M are either all discrete
or all profinite. By definition the product g-m, g € G, m € M, depends con-
tinuously on the pair (g, m). An n-cochain of G with values in M is a continuous
mapping # of the n-fold product G X ... X G into M. The coboundary du
of the cochain u is defined by the usual formula:

Jj=n

du(gl . e vgn-H) = gl'u(g2r ceey gn—H) + Zl (_1)ju(glv ceer 818541 - e ;gn+l)
=
+ (=D ulgs, -+, £a)-

In this way we obtain a complex C(G, M) = {C*(G, M)} whose cohomology
groups are denoted by H"(G, M). These groups coincide with the cohomology
groups defined by Tate in case M is discrete; cf. (3). The group H*(G, M) may
be identified with the set M ¢ of elements of M left invariant by G. A 1-cocycle
u is a continuous ‘‘crossed homomorphism’ of G into M, in other words, a
continuous mapping satisfying the identity

u(gh) = u(g) +g-u(h), gheaG.

Itis a coboundary if there exists an elementm € M such thatu(g) = g-m — m
forall g € G.
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Let 0 » 4 — B — C — 0 be an exact sequence in € . Then there exists a
continuous section C — B and hence the sequence of complexes

0—CG,4)—C@G,B)—~>CG,C)—0
is exact. We thus obtain an exact sequence of cohomology groups
.— H"(G, A) —» H"(G, B) —» H" (G, C) » H**'(G, 4) — ..

Let F be a profinite group and let R be a closed normal subgroup of F. Set
G = F/R and let the image of x € F in G be denoted by &. If M € ¥4, the
restriction and inflation homomorphisms

Res:C*(F, M) — C*(R, M), Inf:C*(G, M) — C*(F, M)
are defined as usual by the formulas
Resu(ry, ... ,r) =ulry, ..., 1), r; € R,
Infu(y,...,%) =u(@,...,%5,), %x;€F.
We then obtain homomorphisms
Res: H*(F, M) - H*(R, M) and Inf: H*(G, M) — H"(F, M)

on cohomology.
H!'(R, M) becomes an F-module if we define

(x-u)(r) = xu(xrx), x € F,r € R,u € H'(R, M).
If F acts trivially on M, then x-u = u if and only if u(x~rx) = u(r), that is,
if and only if #(r~x~rx) = 0; hence u € H'(R, M)¥ if and only if u is a
continuous homomorphism of R into M which vanishes on (F, R).

We now let M € % 4, with the action of G on M trivial, and establish the
existence of an exact sequence

(A) 0—H'G, M) —"5 HY(F, M) —=25 HY(R, M)F
8,52, ) 2L g, )

where tg is the so-called ‘“‘transgression homomorphism’ which we proceed
to define below. Let s: G — F be a continuous section such that s(1) =
and let 7: F — R be defined by 7 (x) = xs(£)~!. Then if x € F,r € R, we have
a(r) =r, n(rx) = ra(x). Let u € H'(R, M)¥, 4o = uor € C1(F, M), and
vo = duy € C2(F, M). If r,t € R, x,y € F, then

vo(rx, ty) = uo(rx) + uo(ty) — uo(rxty)
= u(r) + uolx) + u() + uo(y) — u(r) — uolxty).
But
uo(xty) = u(w(xty)) = u(xty s(&y)=1)
= u (xtx~ U Uxy s(TP)Y) = ut) + uo(xy).
Hence
vo(rx, ty) = uo(x) + uo(y) — uolxy) = vo(x, y),
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which implies the existence of a unique 2-cocycle v € C?(G, M) such that
2o = Inf(v). We let tg(u) be the class of v in H2(G, M). It is easy to show that
tg (1) is independent of the choice of s.
The exactness of
0— H' (G, M) —» H'(F, M) - H'(R, M) ¥
is clear, and
(i) tgoRes = 0: If # = Res(¢) with ¢t € H'(F, M), then
v, ¥) = dw om)(x,y) = ulxs(@)™) + ulys(F)™?) — ulxys(@y)™)
= —(uos(®) +u osH) — u os(@y)).
If 9o = Inf(v), then
v(%, §) = vo(x,y) = —d(u os)(Z, ¥)
which implies that tg(s) = 0.
(i1) Ker(tg) C Im(Res): Let u € H'(R, M)¥ with tg(u) = 0. Then if
1o = # om, there is a l-cochain w € C'(G, M) such that if vy = du, and
vo = Inf(v), then v = dw. If wy = Inf(w), then vy = dw,, that is,
uo(x) + uo(y) — uo(xy) = wo(x) + wo(y) — wolxy).
Hence if £ = uo — w,, then t € H(F, M) and

tr) = uo(r) — wo(r) = u(r)

for all » € R, thatis, u = Res(¢).

(iii) Info tg = 0: Immediate from the definition of tg.

(iv) Ker(Inf) C Im(tg): Let ¢ € H*(G, M) with Inf(a) = 0. Let » be a
2-cocycle representing a such that (1, g) = v(g, 1) = 0 for all g € G. Then, if
vo = Inf(v), we have

vo(x, y) = u'(x) + u'(y) — ' (xy)

for some u' € C'(F, M). If u = Res(u'), then u(rt) = u(r) + u(t) for all
r,t € R,and if x € F,r € R, we have
u(rxr—te ) = u(r) + ulerx1) = u(r) + ulx) + 2 x1) — volx, r1x~1)

=u(r) +ulx) +ul) +ulx?) — v 6™ — volx, r~x71)

= u(x) + ulx) —v(x,x 1) = o' (xx1) = ' (1) = 0.
Hence v € H' (R, M)¥. If up = u o=, then

(" — uo) (x) = w'(x) — o' (xs(Z)7?) = o' (s(F)x"x)
=o' os(f) = Inf(u os)(x).

Hence du’ — duy = Inf(d(w’ os)). But du’ = Inf(2) and duy = Inf(v’) where
7’ is in the cohomology class of tg(#). Thus v — v = d(&’ os), which implies

that tg(u) = a.
This establishes the exactness of the sequence (A).
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Let My, M2, M € %4 and suppose there exists a continuous bilinear mapping
My X My— M ((my, ms) > my-ms), such that g(m;-ms) = (gm,)- (gms) for
g € G, my, my € M. We then define a cochain cup product

Cﬂ(Gy Ml) X Cq(Gy M?) - Cp+q(G’ M)
by setting

u\Jo(gy ooy by ooy hy) =u(gy ..., ) g8 .80, ..., k).

Using the easily derived formula d(u\Uv) = du\Uv 4+ (—1)?u U dv, we
obtain a cup product on cohomology.

1.2, Free pro-p-groups. Let p be a prime number. Then a profinite group
G is said to be a pro-p-group if G is the projective limit of finite p-groups. Let I
be a finite set of cardinality #» and let L(I) be the discrete free group with
generators xy, ..., %, € I. The free pro-p-group F(I) generated by xi, ..., %,
is by definition the projective limit of the quotients of L(I) which are finite
p-groups. If ay, . . ., a, are arbitrary elements of a pro-p-group G, there exists
a continuous homomorphism of F(I) into G sending x;intoa,. If I = {1,...,n},
we write F(n) in place of F(I); the group F(n) is the free pro-p-group of rank n.

1.3. Interpretation of H': number of generators. If G is a pro-p-group,
we let H'(G) denote the group H*(G, Z/pZ) where the action of G on Z/pZ is
trivial. H*(G) is then a vector space over F,. H'(G) is the set of all continuous
homomorphisms of G into the discrete group Z/pZ. Each such homomorphism
vanishes on G* = G?(G, G). Hence H*(G) may be identified with H!(G/G*),
which implies that the abelian groups G/G* and H'(G) are dual, the first
group being compact and the second, discrete. It may be shown (9, ch. I,
Prop. 25) that gy, . . ., g, generate G topologically if and only if their images in
G/G* generate this group. Hence, if dim H1(G) = n < », G is a finitely
generated topological group with # as the minimal number of generators.

1.4. Interpretation of H2: number of relations. Let R be a closed
normal subgroup of a pro-p-group F. If x € Fand # € H'(R) then, as we have
seen, x-# = u if and only if # vanishes on (R, F). Hence H'(R)¥ may be
identified with H'(R/R?(R, F)), which implies that the groups R/R?(R, F)
and HY'(R)¥ are dual. If 74, ..., 7, € R, their conjugates generate a dense
subgroup of R if and only if the images of the r; in R/R?(R, F) generate this
group (9, ch. I, Prop. 26). Hence R = (r4, ..., r;) if dim HY{(R)F = h.

Suppose that G is a pro-p-group with n = #(G) < . Let 1 - R —> F—
G — 1 be a presentation of G with F = F(n). Letg=p? (g =1,2,..., ©)
be such that R C F¢(F, F) and let k = Z,/qZ, where k has the p-adic topology
and the action of G on k is trivial. (Note that R C F?(F, F) as H'(G) — H'(F)
is a bijection.) Then, since the homomorphism H'(G, k) — H'(F, k) is bijec-
tive, the exact sequence (A) shows that the transgression map is injective.
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Now one may show that H2(F, k) classifies the group extensions of F by % in
the category of pro-p-groups and, since F is free, each such extension splits.
Thus H*(F, k) = 0, which shows that tg is surjective and hence bijective.
In particular, if & = Z/pZ, the results of the preceding paragraph show that
R = (ry,...,r) if dim H*(G) = h.

1.5. The algebra Z,(G). The completed algebra Z,(G) of a pro-p-group G
is the projective limit of the group algebras of the finite quotients of G. Z,(G)
is then a compact totally disconnected ring and there is a canonical injection
of G into Z,(G). If G = Z,, then Z,(G) is isomorphic to the formal power
series ring Z,[[T]] (9, ch. I, Prop. 7). Moreover, the isomorphism can be so
chosen as to map a given generator of Z, onto 1 + 7. If G, H are two pro-p-
groups with G finite, then Z,(G X H) = Z,(G) ®z, Z,(H). Finally, if G is a
pro-p-group and E € % ¢ is compact, the continuous mapping G X E — E
extends to a continuous mapping Z,(G) X E — E, making E into a Z,(G)-
module. This follows from the fact that E is the projective limit of finite
G-modules.

§2. A preliminary classification. In the first part of this section we
prove some general propositions on free pro-p-groups and cup products of
1-cocycles. We then apply these results to obtain a preliminary classification
of Demushkin groups; cf. Theorem 3.

Let F be the free pro-p-group of rank # and let ¢ = p?, where g is an integer
>1 or o. The descending g¢-central series of F is the filtration (F;) defined
inductively as follows:

F1=F, F1~+1=Fiq(Fi, F).

The formulae F;.z C F;, (Fyi, F;) C Fiy; imply that gr(F) = F;/F, is an
abelian group (written additively), and that gr(F) = X gr;(F) is a Lie
algebra over Z,/qZ,; cf. (6). The Lie bracket for homogenous elements of
gr(F) is induced by the commutator, that is, if & = & € gr;(F), and
n = ¥ € gr;(F), then [, n] is the image of (x, y) = x~y~xy in gr.;(F).

PropPOSITION 1. If x € Fi, y € Fj, a € Z,, then

) 90" =29, 2) D (mod Fussma),
) (% 9) = (&, ) (90, 00D (mod Fippa),
3) (9% = (& )0 9), 9D (mod Fiypra).

Proof. The proposition is proved for positive integral a by induction using
the formulae

Q) (uv, w) = (u, w)((u, w), v) (v, w),
(i) (u, vw) = (u, w)(u,v)((u, v), w).
The general result is obtained by passing to the limit.
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Proposition 1 shows that the map x - x? of F; into F,; induces a mapping
mq: gl (F) = grip1(F). The family (n;) then induces a map n=: gr(F) — gr(F).
Letk = Z,/qZ, and let © be an indeterminate over k if ¢ # 0 and the zero element
of kif ¢ = 0. Then there exists a unique mapping

é: kln] X gr(F) — gr(F)

which is k-linear in the first variable and such that ¢(n?, £) = wx'(£). If we let
a-E denote ¢ (o, £), we have o (v7-£) = n™4. £ Proposition 1 now yields

ProposITION 2. Let £ € gr(F), n € gr;(F). Then

1) = @E+n) =mrt+ 709 ifi=7>1,
2) w@E+n9=mrét+a9+ <g>[£,n] ifi=7=1,
3) (&) = [r-& 9] = [§ 7] ifi#1(j#1),

@) h¢ﬂ=rw1+(>m1@1 ifi=j=1

® =i+ (lealn  Fi-i-t
Remarks. Let g be an integer > 1. If ¢ & 29, then (2> = 0 (mod ¢) and gr(F)

is a free Lie algebra over k[n]; cf. (8). If ¢ = 29, then (g) = 271 (mod ¢) and

gr(F) is not a Lie algebra over k[r]. In any case 31 gr;(F) is a Lie algebra
over k[r].

Now let » € F¢(F, F) and let 7 be the image of 7 in gry(F). Then

= E a; m El -+ Z az][‘gu S]

i<j
where £i,...,&, is a basis of gri(F) and a;, ay; € B = Z,/qZ,. Identifying
H'(F, k) with the dual of the k-module gr(F), we let x1, . . ., xo. € H'(F, k) be
the dual basis of &1, . . ., & Let R C FU(F, F) be a closed normal subgroup of F

containing r and let G = F/R. We have seen (cf. §1.4) that in the above
situation the transgression tg: H'(R, k)¥ — H?(G, k) is bijective. Hence we
may define a k-linear homomorphism

7 H*(G, k) >k
by setting #(a) = tg~'(a)(r™") for any a € H*(G, k). If we identify H'(G, k)
with H!(F, k), we have the following proposition.

PROPOSITION 3. Let x; \J x; € H2(G, k) be the cup product of x:, x; € H' (G, k)
relative to the pairing k X k — k defined by sending (a, b) into ab. Then
s aqj if 1: < j,
~Qji if 'i > j,

T_(Xi U Xj) =
1(%)(11 if i = j.
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Proof. Lift &1,...,&, to a basis x1,...,%, of F. The cohomology class
x: U x; can be represented by a 2-cocycle ¢, where ¢, (s, 7) = x:(o)x;(r) for
o, 7 € G. Let ¢ be the inflation of ¢, to F. Since H?(F, k) = 0, there exists a
cochain # € C'(F, k) such that & = du and, moreover, by subtracting from
u a suitable homomorphism, we can require that #(x,) = 0 forh =1,...,n.
Then

u(xy) = u() +u@®) — x«()x;0), xy€F
If v is the restriction of # to R, then v = tg—!(x; U x;). Hence
Fxi\Jxy) = o) = —ulr).
Since u (x™!) + u(x) 4+ x:(x)x;(x) = 0 for x € F, we have for 2 < k

u(@n %) = w(x,™) 4wl wn ) + xi(n)x;(xn)
=0 0+ u(xx™%n 1) + 8un O
w Qo) 4 wwn xx) 4+ xaCoe)x; (n) + x (o) x; (or)
—8u 6 + wu(xn) + u(xx) — xi(xa)x;(Xx) + 8k 60 + i 6
-1 ifz="h7==%,
=6ik6jh—31h5jk={ 1 ifi =k, j=h,
0 otherwise.

If 7 # j, we have u(x,™*!) = u(x,™) and u(x,~') = 0 which implies that
u(x,™) = Oforanym € Z.1f i = j, we have

w (X)) = u(xy™) — xi(@a™)x:i () = u(@y™) — Mmd,

m
u(x,") = ’“(2) Oin
form =1,2,3,....

Noticing that « restricted to F, is a homomorphism vanishing on F3; we have

5a,.j if i < j,
—Qj; lf1>j,

u(r) =
G

;__Il x, " H (ocny 25)™  (mod F3).

h<k

which implies that

since

r

COROLLARY. Suppose that ¢ #~ 0 and let s be any element of F such that r = s¢
(mod (F, F)). Then s is uniquely determined modulo (F, F) and

Fx U x) = <g> x(s)  for any x € H'(G, k).
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Proof. The first statement follows from the fact that F/(F, F) is a free
Z,module. As for the second, note that

s=]lx" (mod (F, F)).
i=1
Then by Proposition 3

F(xiU xi) = <g)az = (g) xi(s)-

The corollary then follows by linearity.

For the remainder of this section we suppose that (i) R = (r), (ii) G = F/R
is a Demushkin group, and (iii) ¢ = ¢(G). Note that g is also the highest power of
p such that r € FU(F, F). We now want to show that under these conditions
the homomorphism 7: H%(G, k) — k is bijective. For this it suffices to show that
M = R/R*(R, F) is a free k-module of rank 1. But this follows from the fact
that N = R/(R, F) is a free Z, module of rank 1 and that the image of
RY(R, F) in N is gN.

If we let x U x’ denote 7(x U x'), we obtain a k-bilinear form

H'(G, k) X H (G, k) =k

which is non-degenerate since its reduction modulo p is non-degenerate by
definition of a Demushkin group. If ¢ # 0, we let o be the tmage in gri(F) of the
element s described in the above corollary. Then ¢ may be completed to a basis
of gr;(F) and we have the following proposition.

ProposiTION 4. (1) If ¢ = 0, then n is even and there exists a basis X1, . . . , Xn
of H (G, k) such that

xiUxe=xsUxs=...=x0Ux. =1,

and x; \J x; = 0 for all other 1 < j.

(2) If ¢ # 0, there exists a basis X1, - - - , Xx» 0f H'(G, k) such that (a) x1(¢) = 1,

x:(e) =011 % 1 and (b)
x1\Jxe = XaUX4 =. . .= YUxp=1

with x;: \J x; = 0 for all other © < j, if n is even, or
xeYUxs=xaUxs=...= X1 \J xn = 1

with x; \J x; = 0 for all other © < j, if n is odd. Moreover, n is even if ¢ = 2.

Proof. (1) This follows from the theory of non-degenerate alternate
bilinear forms over a principal ideal domain.

(2) CaselI: ¢ # 2. The rank # is even since the reduction of the cup product
modulo p is a non-degenerate alternate bilinear form over the field F,. Let
X1, - - - , X» De any basis of H'(G, k) such that (a) holds. To find such a basis
one only has to complete ¢ to a basis of gr;(F) and take the dual basis. Since
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the cup product is non-degenerate, one of the elements x; \J x; with ¢ > 1
has to be a unit of k. After a permutation we may assume that x; \U x. is a
unit and multiplying x» by a unit we may even assume that x; \U x» = 1.
If x4\U x; = a; # 0 for some ¢ > 2, replace x; by x; — a; x2. Since condition
(a) is not altered by this substitution, we may assume that x; \U x; = 0 for
2> 2. Now if NV is the subspace spanned by xs, ..., xx., our cup product
restricted to NV X N is non-degenerate and alternate. Hence we mayv choose
X3 - - -y Xo € N such that (b) holds for 7, j > 2. Condition (a) is still satisfied,
x1 U x2 = 1,and x; U x; = 0 forz > 2. If we replace x» by

xXetasxs+ ...+ & xa

with as; = xa U x2:-1 and a9, = —x2 U x2;, we have, in addition,
xz U x; = 0 for 2 > 2. Thus, the proof of Case I is complete.

Case I1: ¢ = 2. In virtue of the corollary to Proposition 3 it suffices to find
a basis x; with x; \U x; = 8;; such that (b) holds. But this follows from a
classical theorem on non-alternate, symmetric bilinear formsin characteristic
2; cf. (4, p. 170).

COROLLARY. There exists a basis x1, . . . , X, for F such that

{xlq(xl, x2) (X3, X4) . .. (Xp_1, %) (mod F3) if n is even,

Y =
x19(%9, x3) (X4, X5) - . . (Xu_1, x,) (mod F3) if n 1s odd.
Proof. Choose a basis xi, ..., x, of H'(G, k) as in Proposition 4 and let
£1, ..., & be the dual basis in gr; (F). We obtain the required basis by lifting
£1,..., %, to a basis x1,...,x, of F.

For any basis x = (x;) of F let

x19(x1, x2) (3, X4) .+ . o (X1, %) if n is even,
70(3(3) =

%19(x2, x3) (x4, X5) .« . . (K1, Xn) if n is odd.
Ifty,...,t, € Fj_y, with j > 3, and if y, = x, ¢!, then y = (y,) is a basis of
Fand

To(x) = ro(y)dj_l(tl, ey tn)

where d;_1(¢1, ..., ¢,) is a uniquely determined element of F;. A simple cal-
culation using Proposition 1 shows that if 7, is the image of ¢, in gr;_,(F), then
the image of d;_;(t1,...,t,) in gr;(F) is

w71+ <g) [ry, &] 4 [ry, &l + (&1, 7o) + o o0 F [70ey, £+ [Em1, 7l
if # is even, and

w71+ [11, 8] + [r2, &3] + [&2, 73] + - - 0+ [r0—n, &) + [Eam1, 72l
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if » is odd. Hence d,_; induces a k-linear homomorphism §;_;: gr;_; (F)* — gr,;(F)
forj > 3.

ProrosITION 5. Let j > 3. Then

(1) gr;(F) = Im(3,-1) if ¢ # 2.

(2) The abelian group gr;(F) is generated by Im(8;—1) and the elements
w1 g, with 1 % 2, 4f ¢ = 2 and n is even.

() The abelian group gr;(F) is generated by Im(;,_1) and the elements
mileg, with 1 £ 1, if ¢ = 2 and n is odd.

Proof. Let H, be defined as Im(§;—;) in Case 1, the group generated by
Im(3,.,) and the elements 7/-1-£; (7 # 2) in Case 2, and the group generated
by Im(8,-1) and the elements w*~1-£; (i % 1) in Case 3. Notice that in order
to prove that H; = gr;(F), it suffices to show that =-7 € H; for any
7 € gr;—1(F). Indeed, in any case [r, £;] € Im(8,1) forz > 3 and 7-7 + [r, &),
[, £&1] € Im(8,-1) if # is even and w7 + [r, &, [7, &2] € Im(8,—1) if 7 is odd.
From this it follows that =7, [r, £;] € H; for all 7 € gr;_y(F) and 7 >1.
But the elements 7 -7, [r, &;] with 7 € gr,_(F) generate gr,(F).

We now proceed by induction on j. Assume that we have shown that
H; = gr,(F) for some j > 3. If 7 € gr;(F), then

i=n

T = Z a; ﬂ'j—l'fi + 51—1(le e ’Tn)
i=1

where a; € &k, 71,..., 7, € gr;_1(F) and a, = 0 in Case 2, a; = 0 in Case 3,
and all ¢; = 0 in Case 1. But then

i=n

T = Z a;mE + 8i(meT1, v evy T Tm),

i=1

which implies that -7 € H,4, for any 7 € H,.

Thus we are reduced to proving the proposition for j = 3, that s, to proving
that n-7 € H; for any 7 € gro(F). Moreover, it suffices to take 7 of the form
m-&i, £, &;] since these elements generate gra(F).

Case 1. The ring k is a local ring with maximal ideal It = pk. Hence by
Nakayama’s Lemma it suffices to prove that ngr.(F) C H3 + Mgr;(F), since
then we would have gr;(F) = H; + Mgr;(F). Set M = Mgr3(F). Then by
Proposition 2 we have

w6, &) = [mEn, E] +m = [E, m E] +m/,
where m, m’ € M. Therefore, since [r, &] € Im(8,) if 7 2, we have
n- £, &;] € Hy + M for any ¢, j. Moreover, as w7 + [, £&] € H; for any
7 € gro(F), we have n2-§; + [n-£;, £2] € H; and, hence, n2-§;, € H; + M for
any 1.

Case 2. Since n-7 + [r, £2] € H; for any 7 € gro(F), it follows that 72-¢,
and [n-§;, &2] € H;. But

[W'fzy £2] = ﬂ'[giv 22] + [[Eu E?]v gl];
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hence 7-[§;, £&2] € Hsas [, £;] € Hyfor any 7 € gro(F) if ¢ 5 2. For any 7, j we
then have

[[£s fj], &) = [[Ej, &), &i] + [[&, &4, ‘Ej] € H;

and hence 7 [£;, £;] € Hs.
Case 3. The proof of this case is the same as that of Case 2 except that here
%1 plays the role of £s.

The object of this section is to prove the following theorem.

THEOREM 3. Let r € F?(F, F), where F is a free pro-p-group of rank n.
Suppose that G = F/(r) is a Demushkin group with ¢(G) = q. Then,
(1) if q¢ = 2, there exists a basis xy, . . . , x, of F such that

r = 2:%(x1, x2) (3, %4) « + o ooty Xa) 3
(2) if ¢ = 2 and n is odd, there exists a basis x, . . . , %, of F such that

7 = 212092 (%9, x3) (X4, X5) . . . (Xn_1, %)

for somef =2,3,..., »;

(3) if ¢ = 2 and n is even, there exists a basis xu, . . . , %, of F such that

r = x12te(x1, £2)%52 (X3, X4) (X5, X6) « . . Xne1y Xn)

for some f = 2,3,..., © and o € 4Z,.

Proof. We know that r = r,(x) (mod F;) for some basis x = (x1, ..., x,)
of F. We proceed by the method of successive approximation.

Suppose first that ¢ ¥ 2 and that we have found a basis x = (x4, ..., x,) of
F such that 7» = r,(x) (mod F;) (j > 3), that is, r = r,(x)e; with e, € F,.
Then if y; = x,;¢; 1 with t; € F;_y, we have r = r,(3)d,;_1 (L, . . ., ty)e,. But in

virtue of Proposition 5 we may choose the #'s so that
dj_l(tl, ooy tn)ej =0 (mOd Fj+1).

Hence 7 = r,(y) (mod F;;1). Iterate this process and pass to the limit. (This
is possible since the successive corrections ¢t = (1, ..., f,) converge to 1.) We
thus obtain a basis x = (x,...,x,) of Fsuch thatr = 7r,(x).

Now assume that ¢ = 2 and # is even. Suppose that we have found a basis
x = (x1,...,%,) of Fand 2-adic integers \y, . . ., A, divisible by 4 such that

x A i
ro=xr re(x)xs ... x ey

for some j > 3 with ¢; € F;. If we set y; = x,¢;7* with ¢, € F,_;, then

y = yl)“ro(y)y;;)‘3 . ynx"dj_l(tl, R S

with e; = ¢/; (mod F,;1). By Proposition 5, there exist ¢, ...,4, in F,_; and
integers ai, ..., a, € {0, 1} such that
r ar2?™? a:;Zj—1 an2?™!
di1(ts, ..., t)e'; =y ) T (mod F;i1).
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Hence

Mar2 ! M+az2’ !
Yo (y)yg [

Mtan2’ ™1
r= v n n+an

¥

with e;41 € Fy,. Iterating this process and passing to the limit we find a basis
X1y . . ., %, of F and 2-adic integers ay, . . ., a, divisible by 4 such that

€5+1

an

r = x"ro(x)xs™ . . L x,

Now, using Proposition 3, we see that the relation

= (x3,%0) ... (Kpe1, X)X oL Xy
is a Demushkin relation in the variables «3, . . ., x,. Its ¢g-invariant is 27 for
somef > 2. Hence by Theorem 3, Case 1, we can choose the variables xs, . . . , x,
so that
s
1” = x32 (OC3, .’)C4) P (xn_l, x,,)

Since 7 = x,2t2t(xy, x2)7’, our proof is complete.

Since the case ¢ = 2, » odd is entirely analogous to the case ¢ = 2, # even,
we shall not discuss it here. For more details cf. (8, pp. 7-8).

§3. The invariant Im(x). In this section we discuss the invariant Im(x)
which was mentioned in the Introduction. We shall see that the existence and
uniqueness of x follow easily from Theorem 3 and at the same time we shall
give a procedure for computing it.

Let G be a pro-p-group, U, the group of p-adic units with the p-adic topology,
and x a continuous homomorphism of G into U,. If we define ¢-x = x(¢)x for
all ¢ € G, x € Z,, then Z,, with the p-adic topology, becomes a topological
G-module which we denote by I = I(x). We then have the following proposi-
tion:

ProposITION 6. If dim H'(G) < «, the following are equivalent:

(1) For all © > 1 the canonical homomorphism H'(G, I/p*I) — H' (G, I/pI)
s surjective.

(2) For all © > 1 we may arbitrarily prescribe the values of crossed homomor-
phisms of G into I/p'I on a minimal system of generators of G.

(8) We may arbitrarily prescribe the values of crossed homomorphisms of G
into I on a minimal system of generators of G.

Proof. (3) follows from (2) by passing to the limit, and (1) immediately
follows from (3). To prove that (1) implies (2) we proceed by induction on 1,
using the exact sequence

0= I/p TN I/p' T — I/pT—0

where \ is induced by multiplication by p. The statement (2) is true if 7 = 1
since Im(x) C 1 4 pZ, implies that G acts trivially on I/pl = Z/pZ. Now
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let g1,..., g, be a minimal system of topological generators of G and let
@y, ..., 8, € I/p'I with < > 1. Using (1) we can find a crossed homomorphism
D, of G into I/p*I such that b; = D;(g;) — a; € Im(\). By the inductive
hypothesis there exists a crossed homomorphism D5 of G into I/p* I such that
Ds(g;) = A\71(b;). Then D = D; — X\ 0 Dy is a crossed homomorphism of G
into I/p*I such that Dg; = a,.

COROLLARY. If G is a free pro-p-group, the statements (1), (2), (3) are true.

Proof. In virtue of the Proposition it suffices to prove (1). But this follows
from the fact that H*(G, I/p*I) = 0 for z > 1.

THEOREM 4. Suppose that the pro-p-group G is a Demushkin group. Then there
exists a unique continuous homomorphism x: G — U, such that I(x) has the
equivalent properties (1), (2), (3) of Proposition 6.

Proof. If dim H'(G) = =, we know that G is isomorphic to a quotient of the
free pro-p-group F = F(n) by a closed normal subgroup R = (). Moreover,
in each of the cases (1) ¢ # 2, (2) ¢ = 2, n odd, (3) ¢ = 2, n even, there is a
basis %1, . . ., x, of F such that r has the form described in Theorem 3.

In each of these cases we define a continuous homomorphism x: F — U, by
setting

(1) x(x2) = 1 — )7, xx) =1 ifi=2,

2) x(x1) = =1, x() =0 —2)7 x@x) =1 ifs1,3,

B) x(x2) = =+ ), x(xd) =0 —=2)71 x(x) =1 ife5£24.
In each case x(r) = 0so that x induces a continuous homomorphism x: G — U,,.
Now let D be any crossed homomorphism of F into I(x). Then, using the

formula
D(x,y) = x~'y"'(Dx — yDx + xDy — Dy),
we find
(1) Dr = (¢ + x(x2)™* — 1)Dx;, = 0,
@) Dr = (1 4+ x(x1))Dx: + 27 + x(x3)"! — 1)Dxs = 0,

(3) Dr = (2 + o+ X(xz)_l — 1)Dx1 + (2f+ x(.’XL;)“'l — l)Dx3 = 0.
It follows that D induces a derivation of G into I (x). Since F has property (3)
of Proposition 6, it follows that G does. Hence the existence of x is established.
To prove the uniqueness of x let us show that our definition was forced. Let
D; be the derivation of F into I(x) such that D;(r) = 0 and D;(x,) = &;;.
Then

(1) Da(r) = x(x1)x(x2) (x (1) — 1) = x(x1) =1,
Di(r) = g+ x(x2) — 1 =x(x2) = 1 -9
Dyi(r) = x(x20)7'(1 — x(x24-1)), 2% 1 = x(x21) = 1,
Daia(r) = x(x2i-1) P (x(w2s)™t — 1), 75 1= x(x2:) = L.
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(2)  Di(r) =1+ x(x1) = x(x1) = —1,
Di(r) = =D (%2 (%2, %3) - . . (ue1, %)),
1# 1= x(x) =1,
x(x3) = (1 —29)7,
x(x;) = 1forz > 3.

3) Dy(r) = x(x1)ox(x2) 1 (x(x1) — 1) = x(x1) =1,
Dy(r) = x(xs)2f‘1x(x4)"1(x(xs) - 1) = x(x3) = 1,
Di(r) =2+ a+ x(x)71 — 1 = x(x2) = —(1 + )7,
Ds(r) =27+ x(xs) — 1 = x(xs) = (1 — 27,

Di(r) = Di((xs5,%6) . . (Kp—1,%0)), ©> 4= x(x;) = L.

CorOLLARY. (i) Im(x) is an invariant of G.
(i1) g = q(G) is the highest power of p such that Im(x) C 1 + ¢Z,.
(iii) In Theorem 3 we have

1+ ¢Z, in Case 1,

Im(x) = ){£1} XU in Case 2,
{1} X U» in Case 3 if v2(a) > f,
U,/ in Case 3 if f' = vs(a) < J.

Remarks. The mapping log: U,""— p’Z, defined by
log(l +x) =x —x2/2 4+ x%/3 — ...

is a continuous homomorphism of U, into p’Z,. It is an isomorphism if
p#£2o0rif p =2 and f> 2. Hence, if p # 2, the only closed subgroups of
U,® are the groups U, with f > 1. In the case p = 2, however,

U,® = {£1} X U2,
It is then easy to check that the closed subgroups of Us? are either of the form

U, with f > 2 or of the form {1} X Us"? with f > 2 or of the form U,/
with 2 < f < «. Note that U,1 is isomorphic to Z,if 2 < f < =.

§4. The case ¢ = 2, n even. Let F be a free pro-2-group of even rank =
and let » € F2(F, F) = F, be a Demushkin relation with g-invariant equal
to 2. Let x = x, be the associated character.

DEFINITION. Let X =ker(x), E=X/(X,X), T = F/X, A= Z,(T);
cf. §1.5. We make E into a topological T-module in the following way. If ¢ = & € E
and o = § € T, then a £ is the image of y~xy in E. Since E is profinite, we may
consider E as a A-module; cf. §1.5.

Now by the Corollary to Theorem 4 we have T = Z/2Z, Z,, or (Z/2Z) X Z,.
If T = Z/27Z, then by Theorem 3 and the Corollary to Theorem 4 there is a
basis x4, . . . , x, for F such that

r = x2(x1, %2) . . . Kp_1, Xa).
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If T =Z, then Z,(T') = Z,[[T]] with a generator of I' corresponding to
L+ T;cf §1.5. If T = (Z/2Z) X Zs, then Zy(T') = Z,[S] ®,, Z,[[T]] where
S corresponds to the generator of Z/2Z.

Note. In this section, (F;) is the descending 2-central series of F; cf. §2.

4.1. Im(x) = Zs. In thiscase Im(x) = U1 withf £ . Thenby Theorem 3
and the Corollary to Theorem 4 there exists a basis w;, . . . , w, of F such that

r = w2 (wy, wa)ws’ (ws, ws) (ws, We) .« . . (W1, W,)

where a is a 2-adic integer with f = v5(e) > 2 and 27is an integer with g > va(a).
(If = = 2, then by the above we mean r = w;***(w;, w.) where « is a 2-adic
integer with f = vy(a) > 2. By this convention we include the case # = 2 in
what follows.)

In the proof of Theorem 4 we showed that

x(ws) = — (1 + )7, x(ws) = 1 — 29)7, x(w;) = 1 otherwise.

Let a be the (unique) 2-adic unit such that (1 4+ 2/)¢ =1 + «, and b the
(unique) 2-adic integer such that (1 + «)? = 1 — 29 Note that & is divisible

by 2. Now set
Yo = ‘Z/.'I2a_1, Y4 = Wy wy 2, Vi = W; otherwise.
Then vy, ..., ¥y, is a basis of F and

X(yl) = 1’ X(yZ) = _"(1 + 2f)_1y x(yi) = 1 fOI"L. > 2
with
r =y (y1, 32952 (¥3, ¥4 72%) 35, ¥6) - - - Gty Vo)

If v is the image of ¥, in T, then v is a topological generator of T'. Hence there
exists an isomorphism of Z.(T') onto Z,[[T]] sending v into 1 + 7. If we let
7 and ¥; be the image of  and y; respectively in E, then

F=04+ae+ QA+ D)5+ @+ A+ 1) — 1)Fs

LemMmA If ¢(T) € Zy[[T]], ¢ € 2Z,, then T — ¢ divides ¥ (T) in Z.[[T]] if
and only if ¥ (c) = 0.

Proof. We may assume that ¢ 0. If ¢(T) = (T — ¢)¢(T") with
o (T) € Z,[[T]], then ¢(c) = (¢ — c)¢(c) = 0, the substitution being possible
since all series involved are convergent. Conversely, if

Y) =bot+bic+boc+...+b,ci+...=0

and

c;j = —(bo+ bic+ ...+ b;c?)/cH,
thenc¢; € Z,forj > 0. If we set
(1) =co+a T +ceT>+...4+¢; T4+ ...,
then ¢(7T") € Z,[[T]] and ¢(T) = (T — ¢)¢(T).
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If we set
(@) =1l4+a+ Q+71) and (1) =2'-1+4+ 1+ )7,
then
i(-2-2)=14a+ (-1=-2)=14+a— (1+2)=
and

Yo(—2 =2 =20 - 14 (-2 =2 =20 — 1 4+ (— (1 + «))?
=214+ A +a)?=0
Hence by the lemma there are power series ¢1(7"), ¢2(7T") in Zs[[T]] such that
V() = 24274+ 1)¢:(T) fort=1,2.

Then
F= (242 4+ T)(¢:1(1)F1 + ¢2(T)7Fs).

Let z; be an element of X whose image in E = X/ (X, X) is

¢1(1)51 + ¢2(1)7s

and let z; = y, for 7 ¢ 1. Then, since ¢;(0) is a unit and ¢2(0) € 2Z,, we have
z; = y; (mod F2 M X) and

F= (242 + D
Hence zi, . . ., 2, is a basis of F with x(v;) = x(z:), and
r = 2272 (2), 2) (23, 24) . . . (Bue1, 20)e

with e € (X, X). If wesety, = ¢,2, (t; € F.) in the expression for 7 in terms
of the basis (y;) and make use of Proposition 1, we also see that ¢ € Fs.

THEOREM 5. Let r be a Demushkin relation in the free pro-2-group F of even
rank n. Let x be the character associated with the Demushkin group G = F/(r),
and suppose that Im(x) = UV with f £ . Then there exists a basts x1, . . . , %
of F such that

r = x12+2f(x1, x2) (x:;, x4) .o (xn_l, xn).

Proof. For any basis x = (x;) of Flet
7’0(90) = x12+2f(x1, xz) (xs, X4) ... (xn—lv xn)

The above results show that there exists a basis of F such that r = 7¢(x)es
with e; € (X, X) M F;. Fix this basis and let £; be the image of x; in gri(F).
We shall show that it is possible to correct x successively by factors ¢ in X so
that the desired result is obtained by passing to the limit.

Let gr(X) be the Lie algebra associated with the filtration (X;) of X where
X;= XN F;. Then the inclusion X C F defines an injection of the Lie
algebra gr(X) into the Lie algebra gr(F), and we use this homomorphism to
‘dentify gr(X) with its image in gr(F). Now let y = (v;) be a basis of F with
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y: = x; (mod X,) and let £ = (¢, ..., %) be a family of elements in X ;_; for
some j > 3. If 3, = y,¢,71, then 2 = (2,) is a basis of F and

rn(y) = ro(2)d;—1(t)

where d;_;(¢) is a uniquely defined element of X ;. Noting that the image of ¥,
in gr;(F) is &;, the image of d;_;(¢) in gr;(X) is

neT1+ [Tlv El] + [Tl, E2] + [Ely 7'2] + ...+ [Tn—ly gn] + [gn—ly Tn]
where 7, is the image of ¢; in gr;_;(X). Hence d;_; induces a linear map
8-1: gr—1(X)" — gr;(X).

LeEMMA 1. gr(X) is an ideal of gr (F) and for © > 1 the abelian group gr,(F) s
generated by gr,(X) and n*"1-£,. Moreover, n ™1 &, ¢ gr (X).

Proof. We have an exact sequence

0->X—>F3822,-0
where ¢ is the continuous homomorphism defined by
o (x2) = 2, o(x;) =0 forz =2

The groups ¢ (F;) = 2Z, give a filtration of 2Z, whose associated Lie algebra
may be identified with the abelian Lie algebra nF.[r], with the graduation
defined by the fact that =% is of degree <. (w?is the image of 2% in 2'Z,/2+1Z,.)
The above exact sequence induces an exact sequence of graded Lie algebras
cf. (6, p. 112, Theorem 2.4),

0 —» gr(X) —> gr(F) 25 2Fy[x] — 0
with ¢*(n1-£) = % But this implies our lemma.

LEMMA 2. For i > 3, the abelian group gr,(X) is generated by elements of the
form @ -7, [r, £;] with 7 € gri_;(X).

Proof. Let U; be the subgroup of gr;(X) generated by the elements = -7,
[, &;] with 7 € gr,_;(X) and let £ € gr;(X). Then

E=m1o +]é [r5 &
where 7; € gr,_;(F). But by Lemma 1,
Ti=a; 728 4 hy with a; € Fs, h; € gr,_1(X).
Now if j # 0, we have

[r,&6] = a;a™3 [n-£, £] + [h) &)]
a; w2 (B £l + ayn R [E £ So] + (R £5]
=7 (aj w3 [&, 51]) + [aj n i3 [&, &], E2] + [hjv fj] € A
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since a; 7'73- [£,, £;] € gr,1(X). In particular, this implies that 7-7¢ € gr,(X).
But 7.7 = agw*1-§ + w-ho implies that ay = 0. Hence =-7y € ¥,, which
means that ¢ € ;. Consequently, U; = gr;(X).

LemMA 3. If ¢ > 3, the abelian group gr,(X) is generated by Im(8,_,) and the
elements w1 -&; with j #= 2.

Proof. Let $; be the group generated by Im(5,_;) and =™ 1-£; with j = 2.
Im(d,-1) is generated by elements of the form

m™T + [TY 52]7 [Tv EJ] (j # 2)) with T e gri—l(X)'

To prove that $; = gr,(X), it suffices to show that =n-7 € §; for any
7 € gri_1(X) by virtue of Lemma 2. Using induction it suffices, therefore, to
show that (a) 79,1 C 9, for 2 > 4 and (b) 7gra(X) C 3. Now (a) follows
because 6; 1 = w6,_1 for 2 > 3. We have only to show (b).

By Lemma 1 the group gri:(X) is generated by the elements = -£; (j # 2),
(&), &) ( < k). To prove that 7-7 € 3 for any r € gr,(X), it suffices to show
that #2-&; (j # 2), - [£;, &] (j < k) are in D;. But the elements 72-£; (j 5% 2)
are in ;3 by definition. If j, k& 5 2, then [[£;, &], £&2] € 93 by virtue of Jacobi’s
identity. Hence n-[¢; &] € ©s if j, 2 # 2. But

[m-&5 &2] = m-[&, &] + [[£ 2], &5]
and [7-&y, &2, [[£), £2], £,] € ;3 imply that - [£), £2] € Hs. Hence (b) is proved
and the proof of the lemma is complete.

LEMMA 4. Let I = I(x) be the F-module defined in §3 and let D be a crossed
homomorphism of F into 21. Then, if we identify 3 ;51 2°1/2711 with wF.[n] as
in the proof of Lemma 1, we have

(1) D induces a linear map A: gr(F) — nF,[r],

(2) A (o] 51 = 0,

) if D, is the crossed homomorphism with D;(x;) = 28,; and A; is the
corresponding linear map, then

Ay(n?71y) = 1%y if b # 2,

4) Im(@8,_;) = Na (ker(a) N gr,(X)) fori > 3.

Proof. (1) We first prove D(F;) C 2¢I. By hypothesis D(F;) C 21. If
D(F,) C2Tand x € F,, then

Dx? = Dx + xDx = (1 + x(x))Dx C 2*1]
since x (x) is a unit. Also

D(x,y) = xy (1 — x(¥))Dx + (x(x) — 1)Dy € 2"

for any ¥ € F. Since the elements x2, (x,y) with x € F,, y € F generate F;y,,
we have D (F;y,) C 2711,
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Nowletx € F;,y € Fiy1. Then Dxy — Dx = xDy € 2%1], Hence D induces
a map A: gr;(F) — 2 /2%1], Moreover, if x,y € F;, then

Dxy = Dx + xDy = Dx + (1 + 2u)Dy with u € Z,,

which implies that Dxy — Dx — Dy € 2], Hence A is linear.
(2) If by oo vy iy € Xi—-ly then

D (82 (b1, 21) (ta, x2) (%1, £2) « .+« (tact, %) (B, 8))
= (2 + 27)Dt: + D(ts, x2) = (2 + 27)Dty + (x(x2)~* — 1)Dty
=242 —-1-2"-1)Dt; = 0.
3) Di(xk21—l) = 27-1Di(xk) = 215% if b 2.
(4) Follows from Lemma 3 and (1)—(3) of this lemma.

We are now in a position to complete the proof of Theorem 5. Suppose that
r = ro(¥)e,, where

(i) y1, ..., Y. is a basis of F with vy, = x; (mod X3);
(ii) e; € X;with j > 3 and De; = 0 for any crossed homomorphism D of F
into I.

(If j = 3, choose y; = x;. Then (ii) is satisfied since D(X,X) = 0.) If
z; = vy ¢! with ¢; € X;,, then working modulo (X, X) M F,4; we obtain
r = ro(2)e; e; with

er = 02 (4, 21) (t, 22) (3, £2) « « .+ (bucty 20) (Bacs, B) € X

Hence 7 = r¢(2)e;41 with e;41 = e1e;¢€'1, where ¢y € (X, X) N F;;1. Now if
D is a crossed homomorphism of F into I we have

Dejiy = Dey + De; + Dé's.

But De; = 0 by (ii), De’; = 0 since D vanishes on (X, X), and De, = 0 as in
the proof of Lemma 4, 2. If ¢; and ¢;4; are the images of ¢, and e, respectively
in gr;(F), we have

€41 = €5+ 0 1(71, . oy )

where 7, is the image of ¢, in gr,_, (X). By virtue of Lemma 3 we can choose the
t; so that
€= D@y + 8,(r1, .., ).
Butif ¢ # 2,
0= Ay(e;) = a;n?,

which implies that a¢; = 0. Hence ¢;41 = 0. This means that we have found a
basis zy, . . ., 2, of F with » = 7¢(2)e,;1, where (i) and (ii) are satisfied with v,
and j replaced by z; and j + 1 respectively. Iterating this process and passing
to the limit we obtain the desired result.

4.2, Im(x) = (Z/2Z) X Z,. In this section
Im(x) = {+1} X Uy withf > 2,f #* .
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Then by Theorem 3 and the Corollary to Theorem 4, we have # > 4 and there
exists a basis w, ..., w, for F such that

r = 'ZU12+°‘(‘Z/U1, ‘ZUZ)'LUsZI('ZUa, w4) e (wn—ly wn)

where a € 4Z, and f < v2(a). We want to find a basis such that » has the above
form with « replaced by 0. Hence we may assume that a # 0. We also lose no
generality if we assume that » = 4.

The proof of Theorem 4 implies that

x(w) =1, x(ws) = =0+ )7, x(ws) =1, x(ws) = 1 —2)"L
Let & be the unique 2-adic integer such that (1 — 27)> = 1 + « and let
Yo = wows?, ¥y, =w,; fori#2
Then yi1, ..., y4 is a basis of F, and
x(y1) =1, x(:) = =1, x(s) =1, x() = 1 — 297,
r = Y12 (ys, 32) (1, ¥2)957 93, ¥4) (01, ¥42), 2)e0
with e € (X, X). Let H and K be the subgroups of I' generated by S = ¥,
and v = ¥, respectively. Then I' = H X K with H =~ Z/2Z, K = Z, and
there is an isomorphism of Z,(T') onto Z.[S] ®2, Z:[[T]] sending S into S and
v into 1 4+ 7. Thus, if 7 is the image of » in E, we have
F=Q+a+S—-14+0Q+7-1+E -1 +T)—1)%n
+ 27+ 1)y
= 14+a+SA+ )5+ 27+ T)7s
LEMMA. There exists ¢(S, T) € Zo[S] ®,, Zo[[T]] such that
A+a+SA+T)A+a) P+ @74+ DS, T) =14 S.
Proof. Let
0, 7)=00+a+SA+D))A +a)t =S —1.
Then
(S, T) =S(1+7T)A+a)t—1) =S6().
Now
(=2 =(010-2"01+a)'-1=010+a)(l+a)?t—1=0.

Hence there exists ¢(7) € Zs[[T]] such that 6(7) = (2’ + T)¢(T). Then
¢ (S, T) = S¢(T) is the required element.

Now let 23, 25 be elements of X such that their images in E are respectively
1+ )y, 55 — (1 + )¢(S, T)¥. Then 51 = (1 + )72, 5 = ¢(S, T)2 + Z;
and
F=(1+a+SA+ DDA +a)t+ 274+ D)¢(S, 1))z + 27+ 1)z,

= 1+95za+ 274 7.
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Hence, if we set 25 = y,, 34 = ¥4, then 21,. .., 24 is a basis of F,
X(zl) = lv X(Zg) = _1) X(z3) = 11 X(Z4) = (1 - 2f)_l)
and
r = 2:%(21, 22)23% (23, 24) e

with ¢; € (X, X).
Now e; = (21, 23)%’y wherea € Zs;and ¢’y € (X, X) N Fs. Set

x1=2;1f1# 2 and x; = 2,257%
Then xy, . . ., x4 is a basis of F, x(x;) = x(2;), and
r = %1% (%1, X2)xs? (x5, x4) (21, x3)2%"
withe'’; € (X, X) N F,.

THEOREM 6. Let r be a Demushkin relation in the free pro-2-group F of even
rank n. Let x be the character associated with the Demushkin group G = F/(r)
and suppose that Im(x) = {£1} X U with 2 < f < ». Then there exists
a basis x1, . .., %, of F such that

r = %2 (1. X2)xs? (x5, 24) (5, %6) « .+ . (Xuet, %)

Proof. By an earlier remark it suffices to prove the theorem in the case
n = 4. For any basis x = (x;) of F, set

s
ro(x) = x12(x1, X9)x5% (3, X4).
The above results show that there exists a basis x = (x;) of F such that

x(x1) =1, x(x2) = =1, x(x) = (1 =207, x(xg) =1,
and

r = ro(x)es

where e; € (X, X) N F;. We fix this basis and let £; be the image of x; in
gr;(F). Then, as in the proof of Theorem 5, we define the Lie algebra gr(X)
and the linear map 68;-;: gr;—1(X)* — gr;(X). Recall that

5;'—1(7'1, ey 7'4) =m-71+ [7'17 51] + [7'1, 52] + [51» 72] + ...
for r1, ..., 74 € gr,_1(X).

LeMMA 1. For ¢ > 2 the abelian group gr;(F) is generated by gr;(X) and
w1 £y Moreover, 71 &, ¢ gri(X).

Proof. We have an exact sequence

0—X—F3 (Z/2Z) X (2Z) —0

where ¢(x4) = 2 € 2Zy, ¢p(x2) =1 € Z/2Z, ¢ (x1) = ¢(x3) = 0. Then
o (F;) = {0} X 2'Zyfor 2 > 2 and A, = ¢(F,)/d(Fiy1) = 2Z,/2H1Z,. If A
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is the abelian Lie algebra Y %;, we have the exact sequence of graded Lie
algebras

0—> gr(X) —s gr(F) 259 — 0
with ¢ (r*1-£,) # 0.

LEMMA 2. For © > 3 the abelian group gr,(X) is generated by elements of the
form w7, [, £;] with v € gr,_1(X).

Proof. Follows from Lemma 1 as in §4.1.

LemMmA 3. If © > 3 the abelian group gr;(X) is generated by Im(8,_;) and the
elements m2%- [£g, £4], 1 Ey, w1l £,

Proof. As in the proof of the corresponding Lemma 3 in §4.1, it suffices to
prove that wgro(X) C 93 where 9; is the group generated by Im(s,_;) and
the elements 7% 72- [£, £4], n*1- £, and 7 1-£;. By Lemma 3, group gra(X) is
generated by 7-&; (j#4) and [£), &] (> k). Now #2-&, 72-£ € ;3 by
definition and

n2 by [me&y, Lo] = 72 & € Im(5y).
If j, k = 2, then [[£}, &), £2] € Im () by virtue of Jacobi's identity. Hence
o [g, &) € Ds if J, k= 2. If j 4, then #2-£;, + [r-£, £&2] € Im(8;) which
implies that [r-§;, £] € 9. Now
['""Ejy 52] =m: [S]Y E?] + [[Ejv £2]v E/];

hence [7-§;, £2] € Dsifj # 4. But - [£4, £&2] € O3 by definition. Hence 7.7 € §3
for any 7 € gry(X) and the proof of the lemma is complete.

LEMMA 4. Same as Lemma 4 of §4.1 except that (3) is to be replaced by
(3) Let D, be the crossed homomorphism of F into I such that D(x;) = 268,
Then if A; is the corresponding linear map of gr(F) into nFe[n], we have

Ai(ﬂ"j_l glc) = 7Tj 51‘]{, ’Lf k ;é 214 dnd A4(7rj_2'[$2’ 54]) = 7rj'
Proof. It suffices to prove (2) and (3).
(2) If t1, o ey t4 € Xi—ly then
D (t2(t, 1) (1, 1) (tr, %2)E52 (83, x4) (x5, £4))
=2Dt; + (x(x2) — 1)Dty + 27Dts 4 (x(x4)™* — 1)Dts
= (2—=2)Dth+ (27 +1—2'—1)Dt; = 0.
(3) Di(oc,¥™) = 21D (xy) = 2% if k # 2, 4 and
Dz(Xz,.’XM)zj_z = 21—2D2(IX,‘2, x4) = —'2‘7—2(1 - 2f) (X(xz) —_ 1)D4x4 = 2'7(]. el 2f)
We can now complete the proof of Theorem 6. Suppose that r = 7o(y)e;
where
(i) ¥1,...,v41s a basis of F with y; = x; (mod X,);

(ii) e; € X; ( > 3) and De; = 0 for any crossed homomorphism of F into I.
Note that (i) and (ii) are satisfied for j = 3 if we choose y; = x;.
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If 2, = y; ¢, with ¢; € X4, then 7 = 7¢(2)e;41, where e,;1 = e ¢; €/; with
6,1 E (X, X) N Fj+1 and

e1 = 12ty 21) (1, 22) (B, La)ta? (b, 24) (23, 1) € X
If D is a derivation of F into I, then
De;ry = Dey + De; + De'y = 0.
If ¢;and €,,; are the images of e¢; and e, respectively in gr;(X), then
€41 =€+ 8;(r1, ..., 7T)

where 7, is the image of ¢; in gr,_;(X). By Lemma 3, we may choose ¢, . . ., 4
so that

e;=an? [t Bl FarnT b as T g i (T, L e, Ta)e

But 0 = A4(e;) = ar? implies that ¢ = 0, and 0 = A;(a; 77 1-§,) = a; 27!
for ¢ = 1,3 implies that a; = a3 = 0. Hence €,5; = 0. This means that we
have found a basis zi, ..., 2s for F with » = r¢(2)e;11 where (i) and (ii) are
satisfied with y; and j replaced by z; and j 4+ 1 respectively. Iterating this
process and passing to the limit, we obtain the desired result.

Theorem 1 now follows immediately from Theorems 3—6.

§5. Applications: The group of the maximal p-extension of a local
field. Let Q, be the field of p-adic rationals and let K be a finite extension of
Q, of degree d. Let K(p) be the largest Galois extension of K whose Galois
group G is a pro-p-group. The field K (p) is called the maximal p-extension of
K. In this section we shall determine the structure of G.

If K does not contain a primitive pth root of unity, Shafarevich (10) has
shown that G is a free pro-p-group of rank d + 1. Suppose then that K contains
a primitive pth root of unity. Following Serre (8) we shall show that G is a
Demushkin group. By local class field theory G/ (G, G) is isomorphic to the
p-completion of K*, that is, to the product (Z/9Z) X Z,%+! where ¢ is a finite
power of p. The integer g is the highest power of p such that K contains a
primitive ¢gth root of unity. Hence H'(G) = (Z/pZ)*+?, which implies that
n(G) = d + 2. Choosing a primitive pth root of unity we may identify Z/pZ
with the group of pth roots of unity in K. We then have the exact sequence

0—Z/pZ —Kp)* B K (p)* 0.

Taking cohomology, we obtain the exact sequences

1) k* Lk S H'(G) —0,
@) 0 — HXG) — HYG, K (p)*) B HXG, K (p)*).
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By local class field theory we have

H:(G, K(p)*) = Q)/Z,.
Hence by (2),
H2(G) = Z/pZ.

On the other hand, using the sequence (1) we see that H'(G) may be identified
with K*/K*?, With the above identifications Serre has shown (7, ch. XIV)
that the cup product

H'(G) X H'(G) — H*(G)

corresponds to the Hilbert symbol (g, 8). It is well known that this symbol is
non-degenerate. Hence G is a Demushkin group with invariants #(G) = d + 2,
¢(G) = ¢. Using Theorem 3, we obtain the following theorem due to Demushkin
(1;2).

THEOREM 7. If q # 2, the group G can be defined by d + 2 generators x1, . . .,
Xgro With the single relation

x12(x1, %2) (X3, %4) « . . (Xgy1, Xare) = 1.

In order to determine G in the case ¢ = 2, we must determine the invariant
Im(x) where x: G — U, is the character defined in §3. Let

Qp(g‘pw) = Ql Qp(g‘pN)

be the field of pVth (N — =) roots of unity. The Galois group of Q,({,»)/Q,
is canonically isomorphic to U, under the map a + o,, where o,({) = ¢° for
all roots of unity ¢. Since Q,({») C K(p), we obtain a continuous homo-
morphism x': G — U, where Im(x’) is the Galois group of Q,({,=)/K’, with
K’ = KN Q,({). Using the exact sequence

0 —> i — K(p)* L5 K(p)* — 0

and choosing the primitive p"th root of unity {,» properly for n > 1 (that is,
so that {pne1? = {n for m > 1), we obtain a commutative diagram

K*/K*" — H1(G, ) — H'(G, I/p"I)

l !
K*/K* — H'(G, u,) — H'(G, I/pI)

for n > 1, where I = I(x) is the profinite G-module defined in §3. Since the
horizontal arrows are all isomorphisms and K*/K* — K*/K*? is surjective,
we see that HY (G, I/p"I) — H'(G, I/pI) is surjective for n > 1. Hence, by
Theorem 4, x = x'.

If g = 2and dis odd, then K’ = K and hence Im(x) = Uy® = {41} X Uy®.
Using Theorem 3 and the Corollary to Theorem 4, we obtain the following
theorem due to Serre (8).
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THEOREM 8. If ¢ = 2 and d is odd, then the group G can be defined by d + 2
generators Xi, . .., Xqr2 With the single relation
%1%09% (X9, 3) (X4, X5) « . . (Kap1y Xay2) = L.
As for the case ¢ = 2, d even, we have by Theorem 1:
THEOREM 9. If ¢ = 2 and d is even, then the group G can be defined by d + 2
generators xi, . . ., Xqr2 With the single relation
x12+2f(x1, x2) (X3, X4) . . (Kayry Xag2) = 1 if Im(x) = U, f > 2,

or

%1% (%1, xg)x32f(x3, x4) ... (Xay1, Xag2) = 1 if Im(x) = {£1} XU, f > 2.

Example. If A is a closed subgroup of U, of finite index, let K C Q2 ({2) be
the fixed field of 4. Then K is a local field with d = (Us:4). Since Q, contains
a primitive square root of unity, the group G is a Demushkin group with
Im(x) = A.Inparticular,if 4 = U,?! then (Usy:4) = 2and K = Qg(\/:_Q).
Hence G can be generated by four elements x, v, 2, w with the single relation

x8(x, v) (2, w) = 1.
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