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ITERATIVE PROCESSES WITH ERRORS FOR
NONLINEAR EQUATIONS

LiuBoMIR CIRIE AND JEONG SHEOK UME

In this paper we introduce and consider a class of multi-valued and single-valued
operators of generalised monotone type. We proved a new general lemma on the
convergence of real sequences and some new convergence theorems for the Ishikawa
and Mann iteration processes with errors to the unique fixed point of such operators,
which are not necessarily Lipschitz operators. Our results generalise, improve, and
extend several recent results.

1. INTRODUCTION

Let X be a real normed linear space. A mapping T with domain D(T) and range
R(T) in X is called accretive ([1]) if for each z, y in D(T) and all t > 0, the following
inequality is satisfied:

lz -yl < ||z -y + ¢(Tz - Ty)|.

If X is a Hilbert space, the accretive condition reduces to
(Tz—-Ty,z—-y) 20

for all z, y € X. An early fundamental result in the theory of accretive operators, due
to Browder, states that the initial value problem

3—1:+Tu=0, u(0) =uo

is solvable if T is locally Lipschitzian and accretive on X. It is well known (see, for
example [19]) that many physically significant problems can be modelled in the form of
this equation, where T is accretive. Typical examples of how such equations arise are
found in models involving either the heat, wave or Schrédinger equation. Browder also
proved that if T : X — X is locally Lipschitzian and accretive then T is m-accretive;
that is, the map (I +T'), where I denotes the identity map of X, is surjective. This result
was subsequently generalised by Martin {14] to continuous accretive operators.
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Let X be a Banach space, X* be the dual space of X, and (-, -) be the pairing
betwen X and X*. The mapping J : X — 2% defined by

J@)={f e X*:(z, f)= lzl* 1"l = ll=ll}, z€X,

is called the normalised duality mapping. Recall (see [12]) that a multi-valued operator
T with domain D(T) C X and range R(T) C 2X is said to be of monotone type if there
exist a constant k € (0,1) and an z* € D(T) such that for each z € D(T) there exists
j(z — z*) € J(z — z*) satisfying

(1.1) (T-2",j(z —z")) < k|z — z*||* foreach T €Tz

Also, T is said to be strongly accretive if there exists a constant k € (0, 1) such that for
all z, y € D(T) there exists j(z — y) € J(z — y) with

(1.2) (T-7,j(z—vy)) 2 kllz—y|* foreach €Tz and Fe€Ty.

Finally, T is said to be strongly pseudo-contractive if (I — T') is strongly accretive, where
I is the identity operator on D(T). Thus, T is strongly pseudo-contractive if there exists
a constant k € (0,1) such that for each z, y € D(T) there exists j(z —y) € J(z — y) such
that

(1.3) (Z-%3j—-v)<l|lz—yl>—kllz —y||* for each T € Tz and 5 € Ty.

The class of operators of monotone type and classes of strongly accretive and strongly
pseudo-contractive operators have been studied extensively by various authors. In 1996
Chidume [9] and Osilike [17] introduced and studied a class of ¢-strongly accretive and
a class of ¢-strongly pseudo-contractive operators, which are generalisations of the class
of strongly accretive and the class of strongly pseudo-contractive operators.

DEFINITION 1.1: ([9, 17]). An operator T : D(T) C X — X is said to be ¢-
strongly accretive if there exists a strictly increasing function ¢ : [0, +00) — [0, +00) with
#(0) = 0 such that for each z, y € D(T) there is j(z — y) € J(z — y) (where J is a
normalised duality mapping) such that

(1.4) (Tz — Ty, j(z — y)) > ¢(llz — yl)llz - vll.
If I — T is ¢-strongly accretive, that is, if
(1.5) (Tz - Ty,j(z - y)) < llz—yl* ~ ¢(llz = yll)llz - wll,

then T is said to be ¢-strongly pseudo-contractive. If T satisfies (1.5) for any z € D(T),
but y € F(T) = {z € D(T) : z € Tz}, when F(T) # 0, then T is said to be ¢-
hemicontractive.

Now we shall introduce a class of operators of generalised monotone type, a class of
generalised strongly accretive and a class of generalised strongly pseudo-contractive and
hemicontractive operators.
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Let X be a Banach space and T : D(T') C X — 2% be a multi-valued operator.

DEFINITION 1.2: An operator T is said to be of generalised monotone type if there
exists an z* € D(T) and a nondecreasing function ¢ : [0, +00) — [0, +00) with ¢(t) =0
if and only if t = 0, such that for each z € D(T') there exists j,(z — z*) € Jp(z — z*);
1 < p < 400, such that

(1.6) (Z—z"jp(z—2*)) < |lz—2*|P - ¢(llz — =*||) for each 7 € Tg,
where J, is the generalised duality map given by
Jo(z) = {f" € X*: (z, f) = =l I £l = =P}, zeX.

DEFINITION 1.3: An operator T is said to be generalised strongly accretive if for
each z, y € D(T)

(1.7) (Z-9,Jp(z—y)) 2 o(llc—yll) foreach ZeTz and ¥ e Ty,

where j, and ¢ are as in Definition 1.2.

DEFINITION 1.4: An operator T is said to be generalised strongly pseudo-contractive
if I — T is generalised strongly accretive, that is, if

(18)  (Z-The-v)<llz -yl —¢(lls—yll) foreachZ € Tz and € Ty,

where j, and ¢ are as in Definition 1.2. If F(T) = {z € D(T) : z € Tz} is non-empty
and if T satisfies (1.8) for all z € D(T), but y € F(T'), then T is said to be a generalised

hemicontractive operator.

Observe that every mapping of monotone type is a mapping of generalised monotone
type with ¢(t) = (1 — k)t? and p = 2. The following example shows that a class of
mappings of generalised monotone type is a genuine generalisation of a class of mappings
of monotone type.

EXAMPLE 1. Let X = R be the set of real numbers with usual norm, D = [0, +00) and
T : D — D be a single-valued mapping defined by

z3

Tr=—.
T iv o

It is easy to see that T is of generalised monotone type which satisfies (1.6) with z* =0,
@(t) = (t*)/(1 + t?). However, T is not of monotone type, since for any k£ € (0,1) and

> k/(1 — k) we have

z3 2
— ] = > k- 22
<1+:1:2’](x)> 1+22° *

Observe that T is a generalised hemicontractive, but not ¢-hemicontractive operator.
Indeed, if we suppose that T satisfies (1.5) with y = 0 = T'(0) and with some function
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#(t), where ¢ : [0, +00) — [0, +00) is strictly increasing with ¢(0) = 0, then we get the
inequality ¢(z) < z/(1 + z?) for all z € (0, +00). Thus we have ZETw¢(x) = 0, which is
in contradiction with hypothesis that ¢(0) = 0 and ¢(z) is strictly increasing.

An effective method for approximating the unique fixed point of an operator of
monotone type T : D(T) C X - 2%, where X is a Banach space, is the Ishikawa
iteration process, starting with an arbitrary zo € D(T) and forn > 0

Zpt1 € (1 - an)zn + anTym Yn € (1 - ,Bn)zn + ﬂnTxm

where ay,, 8, € [0, 1] satisfy suitable conditions. This successive process is more useful if it
allows nonzero error terms. Such processes are specially useful in the numerical analysis,
since in a general case it is more difficult to determine a succesive approximation z,;
exactly from the value of z,, than an approximative. Recently Liu [13] introduced the
Ishikawa iteration process with errors for an operator T : D(T) C X — X. Starting with
zo € D(T) and forn 2 0

Znt1 = (1 — an)ZTn + 0Ty + tn,
n = (1 - ﬂn)yn + ﬂnTxn + vn,

where {an}, Bn} C [0,1] and {u,}, {vn} C X are two summable sequences (that is,
2 [|ua]l < +o00, Z llon]] < +00). If B, =0 and v, = 0, then the sequence {z,} is called
the Mann 1terat10n process with errors.

The purpose of this paper is to consider a class of operators of generalised monotne
type, defined by Definition 1.2, and to study the Ishikawa iteration process with errors,
where error terms {u,}, {v,} C X are not necessarily summable. Our results on the con-
vergence of the iterative approximation of solutions to nonlinear equations of generalised
monotone type in arbitrary Banach spaces generalise corresponding resultus of Gu Feng
[12] and generalise, improve and extend many known results.

2. LEMMAS AND INEQUALITIES

LEMMA 2.1. Let {p,}22, be a sequence of non-negative real numbers, {\,} be
a real sequence satisfying

(2.1) 0K A <1 and » Ay=+00

and let ¢ : [0,+00) — [0, +00) be a non-decreasing real function such that ¢(t) = 0 if
and only if t = 0. If there exists a positive integer k such that

(2.2) Prt1 S P = 2@(Pas1) + Anpin

https://doi.org/10.1017/50004972700035929 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700035929

https://doi.org/10.1017/50004972700035929 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700035929

182 L. Ciri¢ and J.S. Ume (6]

We show that (2.7) implies that p, > ps;41. From (2.7), (2.2) and (2.5)we get, as
As £ 1,

25P<P§+1 Spg—)\sw(/?aﬂ)-f-/\s',us<P§+/\sﬂs<P§+Ma<p§+E".

Hence we get p; > €. Since from (2.7), p,41 > € and as ¢(t) is non-decreasing, we have
—@(ps+1) € —p(€). Thus from (2.2) and (2.5) we obtain

Pf:“ < pﬁ - )\S‘P(ps+l) + Agps < P — Asp(€) + /\,(,0(6) = Pg-

Thus we showed that py;y; < ps.
Similarly, since ps > p,+1 and (2.7) imply that p? > 2¢P, we can show that p, < p,_;.
Continuing this process we obtain

Ps+1 € Ps K Ps—1--- K Pr.

Now, by (2.6) and (2.7), we have 2¢? < g}, < g2 < €P, a contradiction. Thus (2.4) is
wrong. Therefore, we have

lim sup p, = 0,

n—oo

which implies that hm pn = 0. 0

LEMMA 2.2. (Chang, Cho, Lee, Jung and Kang [31'2{) Let X be a real Banach
space and let J, : X — 2X7 1 < p < 400, be a generalised duality mapping. Then, for
any given z, y € X, we have )

(2.8) iz +yllI” < ll2I” + p(y, 5oz + ¥))

for all jp(z +y) € Jp(z +y).

3. THE CONVERGENCE OF ISHIKAWA ITERATION SEQUENCES FOR OPERATORS OF
GENERALISED MONOTONE TYPE

THEOREM 3.1. Let D be a nonempty subset of a Banach space X and T : D
— 2% be a multi-valued operator of generalised monotone type such that T(D) is bounded
and F(T) = {z € D : z € Tz} is non-empty. Let {a,} and {B,} be real sequences in
[0,1] and {u,} and {v.} be sequences in X satisfying the following conditions:

o0
(i) oy —=0asn—o00and ) a,=+00,
n=1

(it)  |lunll = o(a).
Suppose that there exists xo € D such that Ishikawa iteration process with errors {z,},
{yn} generated from z¢ by
(3.1) Tt = (1 — an)Zp + an¥, + Un;  Tn € T¥n,
(3-2) Yn = (1= Pn)n + Bo%n + Un; Tn €Tzn,n2>0

is included in D and sequences {Z,} and {g,} satisfy the following condition:
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(i) |Zn+1 — Fall = 0 as n — oo.
Then the Ishikawa iteration sequence {z,} with errors converges strongly to the unique
fixed point z* of T, where z* € D is the point appearing in (1.6).

PROOF: Set

1 .
Wy = a_u"’ if ap, # 0,

=0, ifa,=0.
Since T(D) is bounded, by (ii) we have that |
(3.3) M =|zo — z*|| +sup{||T — z*|| : T € Tz,z € D} + sup{||lwal| : n = 0} < +o0.
No we shall show that
(3.4) |zn —z*|| € M foralln > 0.

We prove (3.4) by induction. For n = 0, (3.4) holds from (3.3). Suppose now that (3.4)
is true for some fixed n > 0. From (3.1) we have

lZnsr — 27|l = ”(1 ~0n)(Zn — 2°) + (¥, — 27) + u,,”

< (1= an)llzn — 2°[| + anllFs — 2"[| + omlwal-
Thus, by (3.3), we get
(3.5) [Zns1 — 2*|l € (1 = an)llzn — 2*|| + an M.

Now, by the induction hypothesis ||z, — z*|| < M, we obtain ||z,4; — z*|| £ (1 — an)M
+ a,M = M. Therefore, we proved (3.4).

Since a real function f : [0, +00) — {0, +0c0), defined by f(¢) =t*, 1 < p < 400, is
increasing and convex, that is, for any A € [0,1] and ¢, > 0, we have that

(1= A)t1 + M2)? < (1= N + M,
from (3.5) we get

(1 - an)llzs —2*|| + a,,M)p

|Znsr = 2*|IP <
< (1= ag)llzn — =°|° + an MP.

Thus we obtain, as 1 — a, <1,

(3'6) |Tns1 — I’”p < ||CE,, - I‘“p + o, MP,
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From Lemma 2.2 and (3.1) we have

lZntr — z*|P = ”(1 —an)(Tn — %) + an(F, — 2°) + un”p
< (1 - an)?l|zn — 2P + pan(Fn — 2°, Jp(Zas1 — %))
+P(Un, Jp(Znt1 = 2°))
= (1 = au)Pllzn — *[° + Pan(Tns1 — 2°, Gp(Tns1 — 2°))

+Pan(§n - fn+lajp(zn+1 - Zt)) +pan<wmjp(xn+l - :L“))
for all jp(Zn41—2*) € Jp(Tns1 —2*). Hence we get, as T is of generalised monotone type,
(B7) llzass ~ 2P < (1= an)?llzn — 1P + pollgnss — '[P
- Pan‘/’(”znﬂ - z‘”) + pon(bs + ¢a),
where
bn = <gn - fn+lajp($n+l - :B‘))’
Cn = <wmjp(zn+l - -'E‘)>-

Since a generalised duality mapping J, on a bounded subset of X is a bounded subset in
X*, and as ||Zp41 — 2| < M, it follows that {jp(zs41 — *)} is a bounded subset in X*.
Thus, from (iii) we have that

(3.8) ,,‘1,‘20”" =0,

and from (ii), because ||wy|| = (1/am)|lun)| = 0 as n = oo,

(3.9) lim ¢, = 0.

n—o00

Now we shall estimate (1 — a,)?. Consider the exponential function f(z) = e~* for
z 2 0. We know that for each z > 0 there exists ¢ = ¢(z) € (0, z) such that

1(z) = F0) + ' 0)z + 31"(0)s*
Since f"”(c) = e ¢ and as 0 < e~¢ < 1, we obtain
£O)+ £'(0)z < (@) < £(0) + f'©O)z + 552
Thus we have
(3.10) 1—-z<e"<1—x+%z2 forall z2>0.

Since 0 € 1 — a, < €7 implies (1 — a,)” < e7P*~ for any p > 0, and as by (3.10) we
have that e % < 1 — pa,, + (p?/2)a2, we obtain

(3.11) (1 - an)® < 1 - pon + (p2/2)cl.
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Using (3.11), (3.6) and {3.4) we get, as p > 1,

(1= an)Pllzn — =*|I” + panl|Tasr — z*|I°
< (1 - an)Plizn ~ 2°|? + pom (za ~ 2*|P + an MP)

1
(3.12) (14—-p2a§)nzn-z*nv4-pazﬁ4v

D 2
< |lzn — 2*||P + 2p%a2 MP.

Substituting (3.12) into (3.7) we get
Zat1 = 2P < llza — 2°|IP + 20° 0 MP — panp(||2ns1 — 2*1) + P (bn + ca).
Hence we obtain, as p > 1,
(3.13) [Zn41 = 2°|I° < Iz — 2* P — €np(l|Tns1 — 2*(]) + ctnpin,
where

tn = p(2pan MP + b, +¢,) > 0 asn — oo.

Letting p, = ||zn — z*|| and A, = au, it follows from (3.13) and Lemma 2.1 that ||z,
—z*|| = 0 asn — oo. Thus we proved that {z,} converges strongly to the point z* € D.

Now we show that z* is a unique fixed point of T. Let ¢ € F(T). Since T is of
generalised monotone type and ¢ € Tq, from (1.6) with T = ¢ we have

g = 2*|IP = (@ - 2", jolg — 2)) < llg — 2" [IP — ¢(llg — z*[])-
Thus we have, as p(t) € [0, +o0),
0< p(llg-=ll) <O.

Since ¢(t) = 0 if and only if ¢t = 0, we have ||¢g — z*|| = 0; hence ¢ = z*. Therefore, z* is
the unique fixed point of T and {z,} converges strongly to the point z*. 0
REMARK 3.2. From Definition 1.4 it is easy to see that a strongly pseudo-contractive
operator with a fixed point is an operator of generalised monotone type which satisfies
(1.6) with p = 2 and o(t) = kt?.

REMARK 3.3. Theorem 3.1 improves and extends the corresponding results of Gu Feng
[12, Theorem 2.1] and Chang and Tan {2, Theorem 3.1] and contain it as special cases.
We note that {|jus||} is not necessarily summable. Prototypical o, and upper bound for

lunll can be
o = ,——1 llunll < .
n — 1+TL’ nll X 1+n-

Now we state the following defintion.
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DEFINITION 3.1: A multi-valued mapping T : D C X — 2% is said to be uniformly
continuous on a subset A of D, if for any € > 0 there exists a 7 > 0 such that

5(T(1:), T(y)) = sup{[li— y“ :ZeT(x),7eT(y)}<e

whenever ||z - y|| < n; z,y € A.
COROLLARY 3.1. Let D be a nonempty subset of a Banach space X and T :
D — 2% be a multi-valued uniformly continuous operator of generalised monotone type
such that T(D) is bounded and F(T) = {z € D : z € Tz} is non-empty. Let {c,} and
{Bn} be real sequences in [0,1] and {u,}, {vn} be sequences in X satisfying the following
conditions:
(i) o, —0, 5, = 0asn — oo and io:a,,=+oo,
. n=1
(it) lunll = o(an),
(iii) J|vall = 0 as n — oo.
Suppose that there exists xo € D such that the Ishikawa iteration process with errors
{zn}, {yn} generated from z, by

(3.14) Zny1 = (1 — an)Zp + 0T, + Un; Ty € TYn,
(3.15) Yn = (1 = Bn)Tn + BuTn + Un; Tn € Tzp,n 20
is included in D. Then the Ishikawa iteration sequence {z,} with errors converges
strongly to the unique fixed point * of T, where * € D is the point appearing in
(1.6).

PROOF: It is sufficient to show that the condition (iii} in Theorem 3.1 is satisfied.

From definition of z,,, and y, we have
(3.16) Tnyr —Yn = (ﬂn - an)zn + onTyn — BuTTr + U — Up.

From hypotheses of Theorem, {Ty,}, {Tz,}, {u.} and {v,} are bounded sequences.
Since by the triangle inequeality we have ||z,|| < ||z, — z*|| + ||lz*||, following lines in the
proof of Theorem 3.1 we can prove that {z,} is bounded. Thus, from (ii), (iii) and (3.16)
it follows that

1Znt1 —¥nl| 2 0 as n — co.

By virtue of the uniform continuity of T', we have
[Zner = Full 0 asm— oo

Thus the condition (iii) of Theorem 3.1 is satisfied. 0

COROLLARY 3.2. Let D be a nonempty subset of a Banach space X and T :
D — 2X be a multi-valued operator of generalised monotone type such that T(D) is
bounded and F(T) = {z € D : z € Tz} is non-empty. Let {a,} and {B,} be real
sequences in [0, 1] satisfying the following conditions:
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o0
(i) an—0asn—ooand ) o, =+co.

n=1
Suppose that there exists o € D such that the Ishikawa iteration process {z,}, {yn}
generated from zy by

(317) Inyr = (1 - a")zﬂ + aﬂyn; yn € Tym
(3.18) Yn = (1 = Bp)Tn + PuZn; Tn € Tzn,n >0,

is included in D and sequences {Z,} and {7, } satisfy the following condition:
(i1) ||Tus1 — Tpll = 0 as n — oo.
Then the Ishikawa iteration sequence {z,} converges strongly to the unique fixed point
z* of T, where z* € D is the point appearing in (1.6).
ProoF: Taking u, = v, = 0 for all n > 0 in Theorem 3.1, then conclusions of
Corollary 3.2 follow from Theorem 3.1 immediately. 0

CoROLLARY 3.3. Let D be a nonempty subset of a Banach space X and T :
D — 2% be a multi-valued uniformly continuous operator of generalised monotone type
such that T (D) is bounded and F(T) # 0. Let {c,} and {#.} be real sequences in [0, 1]
satisfying the following conditions:
(o]
(i) an—0,8, >0asn—o0and Y a, =+oo.

n=1
Suppose that there exists to € D such that the Ishikawa iteration process {z,}, {yn}
generated from xy by

T+l = (1 - an)xn + anym Y, € Tyn
Yn = (1 = Bn)Tn + BnZn, Zn€Tzn, n20

is included in D. Then the Ishikawa iteration sequence {z,} converges strongly to the
unique fixed point z* of T, where x* € D is the point appearing in (1.6).

ProOF: Taking u, = v, = 0 for all n > 0 in Corollary 3.1, then conclusions of
Corollary 3.3 follow from Corollary 3.1 immediately. 0

REMARK 3.8. Our results in Theorem 3.1 and Corollaries 3.1-3.3 improve, extend and
generalise the corresponding results of Gu Feng [12], Chang and Tan [3], Chidume [5], and
Dunn [11]. Moreover, since every strongly pseudo-contractive mapping with fixed point
is a special case of mappings of generalised monotone type, Theorem 3.1 and Corollaries
3.1-3.3 also improve, extend and generalise the corresponding results for strongly pseudo
contractive mappings of Chang [4], Chidume [7], Chidume [8], Deng and Ding [10],
Osilike [16] and Tan and Xu [18].
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4. THE CONERGENCE OF THE MANN ITERATION SEQUENCE FOR OPERATOR OF
GENERALISED MONOTONE TYPE

THEOREM 4.1. Let D be a nonempty subset of a Banach space X and T : D
— 2% be a multi-valued operator of generalised monotone type such that T'(D) is bounded
and F(T) = {z € D : z € Tz} is non-empty. Let {o,} be a real sequence in [0,1] and
{un} be a sequence in X satisfying the following conditions:

o0
(i) an—>0asn > o0and Y o, = +o00,

n=1
(i) luall = o(an).
Suppose that there exists xo € D such that the Mann iteration process with errors {z,}
generated from xy by

(4.1) Tnt1 = (1 — Qn)Ty + 0nTpn + Un; Tpn € Tz,

is included in D and a sequence {Z,} satisfies the following condition:

(iii) ||ZTns1 —Zal| 2 0 as n — 0.
Then the Ishikawa iteration sequence {z,} with errors converges strongly to the unique
fixed point z* of T, where z* € D is the point appearing in (1.6).

Proor: Taking B, = 0 and v, = 0 for all » > 0 in Theorem 3.1, then the conclusions
of Theorem 4.1 follow from Theorem 3.1 immediately. ’ 0

REMARK 4.2. Observe that, similarly as in Theorem 3.1, the hypotheses in Corollary
3.1, Corollary 3.2 and Corollary 3.3 can be adapted to ensure the strong convergence of
the Mann iteration sequences.
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