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ITERATIVE PROCESSES WITH ERRORS FOR
NONLINEAR EQUATIONS

LJUBOMIR CIRIC AND JEONG SHEOK UME

In this paper we introduce and consider a class of multi-valued and single-valued
operators of generalised monotone type. We proved a new general lemma on the
convergence of real sequences and some new convergence theorems for the Ishikawa
and Mann iteration processes with errors to the unique fixed point of such operators,
which are not necessarily Lipschitz operators. Our results generalise, improve, and
extend several recent results.

1. INTRODUCTION

Let X be a real normed linear space. A mapping T with domain D(T) and range
R{T) in X is called accretive ([1]) if for each x, y in D(T) and all t ^ 0, the following
inequality is satisfied:

\\x-y\\^\\x-y + t(Tx-Ty)\\.

If X is a Hilbert space, the accretive condition reduces to

for all x, y € X. An early fundamental result in the theory of accretive operators, due
to Browder, states that the initial value problem

du
— + Tu = 0, u(0) = u0

is solvable if T is locally Lipschitzian and accretive on X. It is well known (see, for
example [19]) that many physically significant problems can be modelled in the form of
this equation, where T is accretive. Typical examples of how such equations arise are
found in models involving either the heat, wave or Schrodinger equation. Browder also
proved that if T : X —t X is locally Lipschitzian and accretive then T is m-accretive;
that is, the map (I + T), where / denotes the identity map of X, is surjective. This result
was subsequently generalised by Martin [14] to continuous accretive operators.
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178 L. Ciric and J.S. Ume [2]

Let AT be a Banach space, X* be the dual space of X, and (•, •) be the pairing
betwen X and X*. The mapping J : X -4 2X' defined by

J(x) = {/• G X' : <x, D = \\x\ \

is called the normalised duality mapping. Recall (see [12]) that a multi-valued operator
T with domain D(T) C X and range R(T) c 1X is said to be of monotone type if there
exist a constant k G (0,1) and an x* G D(T) such that for each x G ̂ (T1) there exists
j(x — x*) G </(x — x*) satisfying

(1.1) ( x - x * , j ( x - x * ) ) < &||x-x*||2 for each x G Tx.

Also, T is said to be strongly accretive if there exists a constant k G (0,1) such that for
all x, y G D(T) there exists j(x - y) 6 J(x - y) with

(1.2) (x-y,j(x-y)) ^ k\\x - y\\2 for each i e T i and y €Ty.

Finally, T is said to be strongly pseudo-contractive if (/ — T) is strongly accretive, where
/ is the identity operator on D(T). Thus, T is strongly pseudo-contractive if there exists
a constant k € (0,1) such tha t for each x,y & D(T) there exists j(x — y)€ J(x — y) such
tha t

(1.3) (x-y,j(x-y)) < \\x - y\\2 - k\\x - yf for each x G Tx and y € Ty.

The class of operators of monotone type and classes of strongly accretive and strongly
pseudo-contractive operators have been studied extensively by various authors. In 1996
Chidume [9] and Osilike [17] introduced and studied a class of 0-strongly accretive and
a class of 0-strongly pseudo-contractive operators, which are generalisations of the class
of strongly accretive and the class of strongly pseudo-contractive operators.

DEFINITION 1.1: ([9, 17]). An operator T : D{T) c X -»• X is said to be <f>-
strongly accretive if there exists a strictly increasing function (j>: [0, +oo) —> [0, +oo) with
0(0) = 0 such that for each x, y € D(T) there is j(x — y) G J(x — y) (where J is a
normalised duality mapping) such that

(1.4) {Tx - Ty,j(x - y)) > <t>(\\x - y\\)\\x - y\\.

If / - T is (̂ -strongly accretive, that is, if

(1.5) (Tx - Ty,j(x - y)) < ||x - yf - 0(||x - y||)||z - y||,

then T is said to be <fi-strongly pseudo-contractive. If T satisfies (1.5) for any x G D(T),

but y G F(T) = {x G D{T) : x G Tx}, when F(T) ± 0, then T is said to be <j>-

hemicontractive.

Now we shall introduce a class of operators of generalised monotone type, a class of
generalised strongly accretive and a class of generalised strongly pseudo-contractive and
hemicontractive operators.
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Let X be a Banach space and T : D(T) C X —* 2X be a multi-valued operator.

D E F I N I T I O N 1.2: An operator T is said to be of generalised monotone type if there
exists an x* € D(T) and a nondecreasing function ip : [0, +oo) -* [0, +oo) with <p(t) = 0
if and only if t = 0, such that for each x € D{T) there exists jp(x — x*) € Jp(x — x*);
1 < p < +oo, such that

(1.6) (x-x',jp(x-x'))^\\x-x*\\p-<p(\\x-xt\\) for each x e Tx,

where Jp is the generalised duality map given by

Jp{x) = {/• e X*: <*,/•) - 11*11", ||r|| = Hzir1}, xex.

DEFINITION 1.3: An operator T is said to be generalised strongly accretive if for
each x, y € D(T)

(1.7) (x - 17, jp(x - y)) ^ v?(||x - 2/H) for each x€Tx and y € Ty,

where jp and ^ are as in Definition 1.2.

DEFINITION 1.4: An operator T is said to be generalised strongly pseudo-contractive

if / — T is generalised strongly accretive, that is, if

(1.8) (x-y,jP{x-y))^\\x-y\\'-<p{\\x-y\\) for each x € Tx and y e Ty,

where j p and </? are as in Definition 1.2. If F(T) = {x e 15(T) : x 6 Tx} is non-empty
and if T satisfies (1.8) for all x € D(T), but y € ^(T), then T is said to be a generalised
hemicontractive operator.

Observe that every mapping of monotone type is a mapping of generalised monotone
type with (p(t) — (1 — k)t2 and p — 2. The following example shows that a class of
mappings of generalised monotone type is a genuine generalisation of a class of mappings
of monotone type.

EXAMPLE 1. Let X — R be the set of real numbers with usual norm, D = [0, +oo) and
T : D —> D be a single-valued mapping defined by

Tx =

It is easy to see that T is of generalised monotone type which satisfies (1.6) with x* = 0,
ip(t) — (tp)/(l + tp). However, T is not of monotone type, since for any k € (0,1) and
x > \fk/{\ - k) we have

T2

X 9 i 9

T X 2 > k • x2.

Observe that T is a generalised hemicontractive, but not (/>-hemicontractive operator.
Indeed, if we suppose that T satisfies (1.5) with y — 0 = T(0) and with some function

https://doi.org/10.1017/S0004972700035929 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700035929


180 L. Ciric and J.S. Ume [4]

<f>(t), where <j> : [0, +oo) —> [0, +oo) is strictly increasing with 0(0) = 0, then we get the
inequality 4>(x) ^ x/(l + x2) for all x G (0, +oo). Thus we have lim <f>(x) = 0, which is

I-++0O

in contradiction with hypothesis that <p(0) = 0 and (j)(x) is strictly increasing.
An effective method for approximating the unique fixed point of an operator of

monotone type T : D(T) C X -¥ 2X, where X is a Banach space, is the Ishikawa
iteration process, starting with an arbitrary XQ G D(T) and for n ^ 0

xn+1 6 ( 1 - an)xn + anTyn, yn € (1 - pn)xn + 0nTxn,

where an, /3n € [0,1] satisfy suitable conditions. This successive process is more useful if it
allows nonzero error terms. Such processes are specially useful in the numerical analysis,
since in a general case it is more difficult to determine a succesive approximation xn+\
exactly from the value of xn, than an approximative. Recently Liu [13] introduced the
Ishikawa iteration process with errors for an operator T : D(T) C X —» X. Starting with
xQ e D(T) and for n ^ 0

xn+l = (1 - an)xn + anTyn + un,

Vn - (1 - Pn)Vn + PnTxn + Vn,

where {an}, /3n} C [0,1] and {un}, {vn} C X are two summable sequences (that is,
oo oo

]C llunll < +°°> ]C llun|| < +oo). If f3n = 0 and vn = 0, then the sequence {xn} is called
n=0 n=0

the Mann iteration process with errors.
The purpose of this paper is to consider a class of operators of generalised monotne

type, defined by Definition 1.2, and to study the Ishikawa iteration process with errors,
where error terms {un}, {vn} C X are not necessarily summable. Our results on the con-
vergence of the iterative approximation of solutions to nonlinear equations of generalised
monotone type in arbitrary Banach spaces generalise corresponding resultus of Gu Feng
[12] and generalise, improve and extend many known results.

2. LEMMAS AND INEQUALITIES

LEMMA 2 . 1 . Let {pn}£Lo De a sequence of non-negative real numbers, {An} be
a real sequence satisfying

oo

(2.1) 0 ^ An s$ 1 and ^ An = +oo
n=0

and let (p : [0, +00) -* [0, +00) be a non-decreasing real function such that ip(t) = 0 if
and only if t — 0. If there exists a positive integer A; such that

(2.2) p£+i ^ (?n -
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for all n ^ k, where p > 0 and fin ^ 0 with lim fj^ = 0, then

lim pn = 0.
71-+OO

PROOF: First we show that

(2.3) 25= lim infpn = 0.

Suppose the contrary that 6 > 0. Then there exists some no ~^ k such that pn ^ 6 > 0
for all n ^ n0. Since (p(t) is non-decreasing and 6 > 0, we have ^(pn +i) ^ y;(<$) > 0 for
all n ^ n0. As lim^n = 0, there exists a positive integer ni ^ no such that

for all n ^ «i. Thus, for all n ^ ni, from (2.2) we get

or rewritten,

Hence, for any n > nx, we obtain

]=ni

This implies

j=ni

which is in contradiction with (2.1). Thus 6 = 0.

Assume that for some e > 0,

(2.4) lim sup/9n^31 / p£ .
n-»oo

Since <p(e) > 0 and nn -¥ 0 as n —> +co, there exists a positive integer n2 ^ n0 such that

(2.5) Mn ^min{ep,<p{e)}

for all n ^ n2. From (2.3) there is a positive integer r > n2 such that

(2.6) pr < e.

On the other hand, from (2.4) there exists a positive integer s > r such that

(2.7) p j + 1 £ 2£".
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We show that (2.7) implies that p, > ps+l. From (2.7), (2.2) and (2.5)we get, as

A. ^ 1,

2e" < p j + 1 ^ p* - A,¥>(A+I) + As • n, ^ fi + \slis < p? + /i, < # + e".

Hence we get ps ^ e. Since from (2.7), p,+l ^ e and as <p(t) is non-decreasing, we have
—(p(ps+i) < — </>(e). Thus from (2.2) and (2.5) we obtain

p°s - K<p(e) + A,v>(e) = p*.

Thus we showed that ps+l < ps.

Similarly, since ps ^ ps+i and (2.7) imply that f?s ̂  2ep, we can show that ps ^ ps-\.
Continuing this process we obtain

Ps+l ^ Ps ̂  P s - l • •• < /»r-

Now, by (2.6) and (2.7), we have 2ep ^ ffs+1 ̂  /^ < e", a contradiction. Thus (2.4) is
wrong. Therefore, we have

lim sup pn = 0,
n—KX>

which implies that lim pn = 0. D
n—>oo

LEMMA 2 . 2 . (Chang, Cho, Lee, Jung and Kang [3]^) Let X be a real Banach
space and let Jp : X —»• 2X', 1 < p < +00, be a generalised duality mapping. Then, for
any given x, y 6 X, we have

(2.8) \\x + y\\p <\\x\\> +p(y,jp(x + y))

for all jp(x + y) e Jp(z + y).

3. THE CONVERGENCE OF ISHIKAWA ITERATION SEQUENCES FOR OPERATORS OF

GENERALISED MONOTONE TYPE

THEOREM 3 . 1 . Let D be a nonempty subset of a Banach space X and T : D
-> 2X be a multi-valued operator of generalised monotone type such that T(D) is bounded

and F(T) = {a; 6 D : x € Tx} is non-empty. Let {an} and {/3n} be real sequences in

[0,1] and {un} and {vn} be sequences in X satisfying the following conditions:
00

(i) an —* 0 as n —¥ 00 and J2 °n — +00,

(ii) |K||=0(aB).

Suppose that there exists XQ G D such that Ishikawa iteration process with errors {xn},

{Vn} generated from Xo by

(3.1) xn +i = (1 - otn)xn + anyn + un; yn G Tyn,

(3.2) yn = (1 - 0n)xn + 0nxn + vn; xn G Txn, n^O

is included in D and sequences {xn} and {yn} satisfy the following condition:
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(iii) | |z n + 1-yj | ->0 asn->oo.

Then the Ishikawa iteration sequence {xn} with errors converges strongly to the unique

fixed point x* ofT, where x* € D is the point appearing in (1.6).

PROOF: Set

u)n - — u n , if an / 0,

= 0, if an = 0.

Since T(D) is bounded, by (ii) we have that

(3.3) M = | | a ; 0 - a ; * | | + s u p { | | i - i * | | :x£Tx,xe £>} + sup{||wn|| : n ^ 0} < + o o .

No we shall show that

(3.4) | | i n - 1 * | | < M for all n ^ 0.

We prove (3.4) by induction. For n = 0, (3.4) holds from (3.3). Suppose now that (3.4)

is true for some fixed n ^ 0. From (3.1) we have

| | i n + i - i ' | | = \\(l - an)(xn - x*) + an(yn - x*) + un\\

< (1 - a n ) | | i n - x'll + an\\yn - i ' | | + an||wn||.

Thus, by (3.3), we get

(3.5) | |zn + 1 - i ' | | ^ (1 - an)\\xn - i*|| + anM.

Now, by the induction hypothesis ||xn — 1 * | | ^ M, we obtain ||a;n+i — 1 * | | ^ (1 — otn)M

+ anM = M. Therefore, we proved (3.4).

Since a real function / : [0, +oo) -> [0, +oo), denned by f(t) = tp, 1 < p < +oo, is
increasing and convex, that is, for any A € [0,1] and ti,t2 > 0, we have that

((i - \)u + \t2y ^ a - A)*; + \f2,

from (3.5) we get

||Sn+l - AY < ((1 - O»)ll*» - I'll + «nM)P

^ (1 - an) \\xn-x* \\" + anM".

Thus we obtain, as 1 - an ^ 1,

(3.6) | |xn+1 - z ' | | p < ||xn - x*||p + anM".
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Prom Lemma 2.2 and (3.1) we have

||xn+1 - x ' f = ||(1 - an)(xn - x*) + an(yn - x') + un\\
p

< (1 - an)p||xn - x*\\" +pan(yn - x\ jp(xn+l - x*))

+p(Un,jp(Xn+l ~ X*))

= (1 - <*„)!*„ - x*||" + pan(xn+1 - x*, jp(xn+1 - x')>

+P(*n(yn ~ Xn+l, jp{xn+i - X*)) +pan(wn, jp(xn+1 - X*))

for all jp(xn+i -x') € Jp(xn+i -x*). Hence we get, as T is of generalised monotone type,

(3.7) ||xn+1 - x*||p < (1 - an)p||xn - x"||" +pan||xn+1 - x'||p

-pa n y( | |x n + i -x* | | ) +pan(bn + cn),

where

bn = (Vn ~ Xn+l,jp(xn+l ~ X*)),

Cn = (kWp(zn + 1 -X*)) .

Since a generalised duality mapping Jp on a bounded subset of X is a bounded subset in
X*, and as ||xn+i — x*|| ^ M, it follows that {jp(xn+i - x')} is a bounded subset in X*.
Thus, from (iii) we have that

(3.8) lim bn = 0,
n—»oo

and from (ii), because ||o;n|| = ( l /a n ) | |u n | | —» 0 as n —> oo,

(3.9) lim Cn = 0.
nKx>n-Kx>

Now we shall estimate (1 — an)p. Consider the exponential function /(x) = e x for
x ^ 0. We know that for each x > 0 there exists c = c(x) G (0, x) such that

T

Since /"(c) = e~c and as 0 < e~c < 1, we obtain

Thus we have

(3.10) 1 - x ̂  e~x ̂  1 - x + -x2 for all x ̂  0.

Since 0 < 1 - an ^ e~°" implies (1 - an)p ^ e~po" for any p > 0, and as by (3.10) we
have that e~pa" ^ 1 - pan + (p2/2)a2, we obtain

(3.11) ( l - a n ) p ^ l - p a n + (p2/2)a2.
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Using (3.11), (3.6) and (3.4) we get, as p > 1,

(1 - a n ) p | | z n - I ' I I " + p a n | | z n + 1 - z ' | | p

< (1 - a n ) p | | z n - z*||p + pan(\\xn - x*\\p + anM
p)

(3.12) (

Substituting (3.12) into (3.7) we get

||s»+i - * T < \\xn ~ * T + 2p2a2
nM

p - pan<p{\\xn+l - z*||) +Pan(bn + c ) .

Hence we obtain, as p > 1,

(3.13) | | i n + 1 - I ' D " ̂  \\xn - x*\\p - an<p(\\xn+1 - x*\\) + annn,

where

Mn = p{2panM
p + bn + c,,) -* 0 as n ->• oo.

Letting pn — \\xn - x*\\ and An = an, it follows from (3.13) and Lemma 2.1 that ||xn

— a;*|| - 4 0 a s n - > oo. Thus we proved that {xn} converges strongly to the point x* 6 D.

Now we show that x* is a unique fixed point of T. Let q € F(T). Since T is of
generalised monotone type and q € Tq, from (1.6) with x — q we have

||4 - x'\\> = (q- x',jp(q - x*)) ^ \\q - x'\\> - f(\\q - x'\\).

Thus we have, as ip(t) € [0, +oo) ,

Since </j(t) = 0 if and only if t = 0, we have \\q — x*\\ = 0; hence q = x*. Therefore, x* is
the unique fixed point of T and {xn} converges strongly to the point x'. D

REMARK 3.2. From Definition 1.4 it is easy to see that a strongly pseudo-contractive
operator with a fixed point is an operator of generalised monotone type which satisfies
(1.6) with p = 2 and <p(t) = kt2.

REMARK 3.3. Theorem 3.1 improves and extends the corresponding results of Gu Feng
[12, Theorem 2.1] and Chang and Tan [2, Theorem 3.1] and contain it as special cases.
We note that {||un||} is not necessarily summable. Prototypical an and upper bound for
||un|| can be

Now we state the following defintion.
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DEFINITION 3.1: A multi-valued mapping T : D c X -> 2X is said to be uniformly

continuous on a subset A of D, if for any e > 0 there exists a 77 > 0 such that

= sup{||i - y\\ : x € T(i),y € T(y)} < e

whenever \\x — ?/|| < n; x,y £ A.

COROLLARY 3 . 1 . Let D be a nonempty subset of a Banach space X and T :
D -» 2X be a multi-valued uniformly continuous operator of generalised monotone type
such that T(D) is bounded and F(T) - {x e D : x e Tx} is non-empty. Let {otn} and
{/?„} be reai sequences in [0,1] and {un}, {vn} be sequences in X satisfying the following

conditions:
00

(i) an -> 0, pn -¥ 0 as n ->• 00 and J2 an — +00,

(ii) Hunll = o(an),
(iii) ||vn|| - > 0 a s n - > 00.

Suppose that there exists x0 6 D such that the Ishikawa iteration process with errors

{xn}, {yn} generated from xQ by

(3.14)

(3.15)

Zn+l =

yn =

(1 - an)xn H

(1 - Pn)xn -\- A.z n H

\-un\

"-vn\

ET2/n,

E Txn,n 0

is included in D. Then the Ishikawa iteration sequence {xn} with errors converges

strongly to the unique fixed point x* ofT, where x* € D is the point appearing in

(1.6).

PROOF: It is sufficient to show that the condition (iii) in Theorem 3.1 is satisfied.

From definition of xn+i and yn we have

(3.16) xn+i -yn = {Pn - oin)xn + anTyn - @nTxn + un- vn.

From hypotheses of Theorem, {Tyn}, {Txn}, {un} and {vn} are bounded sequences.
Since by the triangle inequeality we have ||xn|| ^ ||a;n - x*\\ + \\x*\\, following lines in the
proof of Theorem 3.1 we can prove that {zn} is bounded. Thus, from (ii), (iii) and (3.16)
it follows that

||zn+i - yn\\ -> 0 as n -> 00.

By virtue of the uniform continuity of T, we have

| | i n +i -yn\\ -> 0 a sn ->oo .

Thus the condition (iii) of Theorem 3.1 is satisfied. D

COROLLARY 3 . 2 . Let D be a nonempty subset of a Banach space X and T :

D -¥ 2X be a multi-valued operator of generalised monotone type such that T(D) is

bounded and F(T) — {x € D : x € Tx} is non-empty. Let {an} and {/?„} be reai

sequences in [0,1] satisfying the following conditions:
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oo
(i) an —> 0 as n —» oo and JZ an = +oo .

n = l

Suppose that there exists XQ € D such that the Ishikawa iteration process {xn}, {yn}
generated from xo by

(3.17) xn+l = (1 - an)xn + anyn- yn€Tyn,

(3.18) Vn = (l- Pn)xn + /?„*„; xn G Txn, n^Q,

is included in D and sequences {xn} and {yn} satisfy the following condition:

(ii) ||zn+i -yn\\ -»0 asn->oo.

Then the Ishikawa iteration sequence {xn} converges strongly to the unique fixed point
x* ofT, where x* € D is the point appearing in (1.6).

PROOF: Taking un = vn = 0 for all n ^ 0 in Theorem 3.1, then conclusions of
Corollary 3.2 follow from Theorem 3.1 immediately. D

COROLLARY 3 . 3 . Let D be a nonempty subset of a Banach space X and T :
D —>• 2X be a multi-valued uniformly continuous operator of generalised monotone type
such that T(D) is bounded and F(T) ^ 0. Let {an} and {/?„} be real sequences in [0,1]
satisfying the following conditions:

oo

(i) an -¥ 0, 0n —> 0 as n —> oo and ^ an — +oo .
n = l

Suppose that there exists x0 G D such that the Ishikawa iteration process {xn}, {yn}

generated from x0 by

xn+x = (1 - an)xn + anyn, yn € Tyn

Vn = (1 - /?n)Zn + PnXn, Xn € Txn, U^O

is included in D. Then the Ishikawa iteration sequence {xn} converges strongly to the

unique fixed point x* ofT, where x* € D is the point appearing in (1.6).

PROOF: Taking un — vn = 0 for all n ^ 0 in Corollary 3.1, then conclusions of
Corollary 3.3 follow from Corollary 3.1 immediately. D

REMARK 3.8. Our results in Theorem 3.1 and Corollaries 3.1-3.3 improve, extend and
generalise the corresponding results of Gu Feng [12], Chang and Tan [3], Chidume [5], and
Dunn [11]. Moreover, since every strongly pseudo-contractive mapping with fixed point
is a special case of mappings of generalised monotone type, Theorem 3.1 and Corollaries
3.1-3.3 also improve, extend and generalise the corresponding results for strongly pseudo
contractive mappings of Chang [4], Chidume [7], Chidume [8], Deng and Ding [10],
Osilike [16] and Tan and Xu [18].
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4. T H E CONERGENCE OF THE MANN ITERATION SEQUENCE FOR OPERATOR OF

GENERALISED MONOTONE TYPE

THEOREM 4 . 1 . Let D be a nonempty subset of a Banach space X and T : D
—¥ 2X be a multi-valued operator of generalised monotone type such that T(D) is bounded
and F(T) = {x G D : x 6 Tx} is non-empty. Let {an} be a real sequence in [0,1] and
{un} be a sequence in X satisfying the following conditions:

oo

(i) an —> 0 as n —• oo and Yl &n = +oo,

(ii) |K|| = oK).

Suppose that there exists x0 € D such that the Mann iteration process with errors {xn}

generated from x0 by

(4.1) xn+i - (1 - an)xn + anxn + un\ xn£Txn

is included in D and a sequence {xn} satisfies the following condition:

(iii) \\xn+i — xn\\ —¥ 0 as n —> oo.

Then the Ishikawa iteration sequence {xn} with errors converges strongly to the unique

fixed point x* ofT, where x* € D is the point appearing in (1.6).

PROOF: Taking f3n = 0 and vn — 0 for all n ^ 0 in Theorem 3.1, then the conclusions
of Theorem 4.1 follow from Theorem 3.1 immediately. ' D

REMARK 4.2. Observe that, similarly as in Theorem 3.1, the hypotheses in Corollary
3.1, Corollary 3.2 and Corollary 3.3 can be adapted to ensure the strong convergence of
the Mann iteration sequences.
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