ON A CYCLIC SUM

by P. H. DIANANDA
(Received 2 December, 1961)

1. For any positive integral # and any positive real x, ... , x,, we write

Sn(xh (R} xn) = rgl ;;:%Tz s (1)
where Xnsp =X, (allr). 2
Let Ay =(1/n) inf S,(xy, ..., X,). 3)
Then NOES: @

clearly. It is known [1,2] that
A(m)=1% )

for n £ 6, and further [4, 5, 6] that (5) is false for even n 2 14 and for odd n = 53. Mordell
[2] conjectured that (5) is false for alln 2 7, but recently [3] stated that computations indicated
that (5) is true for n = 7 and gave some calculations in support of (5) forn=17.

In this note we shall prove the

THEOREM. If (5) is false for n = m, where m is odd, then (5) is false for all n = m.

An immediate consequence of this theorem and equality (7) given later is the

COROLLARY. If (5) is true for n = m, where m is even, then (5) is true for alln S m.

In the preceding paper (as Professor R. A. Rankin has kindly informed me) Djokovié
has proved that (5) is true for n =8. A consequence of this result and the corollary is that
(5) is true for all n £ 8 and, in particular, for n =7. This confirms the truth of the result
indicated by computations and referred to earlier.

2. To prove the theorem we note first, from (3) and (4), that (5) is false if and only if
positive x,, ... , x, exist such that

Sn(xb sy xn) < '&na (6)
and second, from (1) and (2), that

Sn+2(xl9 ceey Xy xlsx2)=Sn(x1, ’xn)+l° (7)

Hence (5) is false for n = k+2 if (5) is false for n =k. To prove the theorem it is therefore
sufficient to prove the
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LeMMA. If n is odd, and positive x,, ..., x, exist such that (6) is true, then positive
Pi1s o+ » Yu+1 €XISt such that

Sn+1(yl: see 9yn+1) < %(n+l)'

To prove the lemma we note, from (1) and (2), that

Spt1 (g5 oo s Xpy Xpy Xpgs oo s X)) =Sy (X, ooy X} =3

Xr—1 + Xr _ Xp—1 1 (xr_xr—l)(xr_xr+l)
2xr Xt X1 Xt X1 2xr(xr+xr+l)
where Xp41=X; and x,=x,.

Hence the lemma follows if, for some r,
(xr_xr—l)(xr—xr+l) § 0’ (8)
where 1£r£€n (n odd), Xp41 = X1, X, = Xp. )

The lemma is thus proved since the assumption that (8) is false for all r, that is that

=% o ) (X, —X,41) >0 (10)

for all r, leads to a contradiction. This is easily seen since, if (10) is true for all r, we have

l—[ (xr_xr—l)(xr_xr+1) >0
r=1

and so, in virtue of (9),
ﬁ (xr—xr+l)2 < 0’
r=1

which is impossible. This concludes the proofs of the lemma and the theorem.

3. [Added, 18th December, 1961] Rankin [4] proved that the inequality (5) is false for
large enough odd n. Later Zulauf [6] obtained the result, stated earlier, that (5) is false for
odd n = 53. We can now improve this result and prove that the inequality (5) is false for all
oddnz=27.

In what follows we let the x,, in (1), be non-negative real numbers such that no denomina-
tor in (1) is zero. We note, from considerations of continuity, that this is permissible.

In (1), let n=27 and x,, ..., X;; be the sequence 0, 7,0, 8,0,9,0, 10,0, 11, 1, 12, 3, 11,
59,6,7,6,56,3,6,2,6,1,6. Then

S37(X1s ov s Xa7) = 134990440 ... < 272

and so, by (7), our result follows.

The sequence x,, ... , X,; may seem to be chaotic. It is therefore interesting to note that
there is some order in the sequence Xy, X3, ..., Xg3 OF X[, X3, .. , X27, X3, X4, -.. , X3¢ Which
is0,0,0,0,0,1,3,5,6,6,6,6,6,6,7,8,9,10,11,12,11,9,7, 5,3, 2, 1.

In obtaining our sequence X, ..., X,; we first found, by Zulauf’s method (see [6]),
using initially a sequence x,, ... , x4 for which S;,(xy, ..., X;4) < 12, a sequence xy, ..., X33
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for which S35 = S33(xy, ..., x33) = 33/2 nearly. We then altered this sequence, a member at
a time, to make S; as small as the order in which we altered the members enabled us to. We
next deleted the pair of consecutive (in the cyclic sense) members with ratio nearest one and
obtained a sequence X, ..., x3, for which S;,(x,, ..., x3;) = 31/2 nearly. Using similar
procedures twice more and then altering suitably the sequence obtained, we finally obtained
our sequence Xy, ..., X,7. We could not obtain, by this method, a sequence xy, ..., x,5 for
which S,5(x,, ..., X25) <25/2. In our numerical work only integral x, were used.
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