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THE STRUCTURE OF THE SALLY MODULE OF
INTEGRALLY CLOSED IDEALS

KAZUHO OZEKI anD MARIA EVELINA ROSSI

To Shiro Goto on the occasion of his seventieth birthday

Abstract. The first two Hilbert coefficients of a primary ideal play an
important role in commutative algebra and in algebraic geometry. In this
paper we give a complete algebraic structure of the Sally module of integrally
closed ideals I in a Cohen—Macaulay local ring A satisfying the equality
e1(I)=eo(I) — La(A/I) +£a(I?/QI) + 1, where Q is a minimal reduction of I,
and eo(I) and e;(I) denote the first two Hilbert coefficients of I, respectively,
the multiplicity and the Chern number of I. This almost extremal value of
e1(I) with respect to classical inequalities holds a complete description of
the homological and the numerical invariants of the associated graded ring.
Examples are given.

§1. Introduction and notation

Throughout this paper, let A denote a Cohen—Macaulay local ring with
maximal ideal m and positive dimension d. Let I be an m-primary ideal in
A and, for simplicity, we assume the residue class field A/m is infinite.
Let £4(N) denote, for an A-module N, the length of N. The integers
{ei(I)}o<i<a such that the equality

e/ =an(" 5 ) —am (M) 4 1 ean

holds true for all integers n > 0, are called the Hilbert coefficients of A with
respect to I. This polynomial, known as the Hilbert—Samuel polynomial of

I and denoted by H Pr(n), encodes the asymptotic information coming from
the Hilbert function Hy(t) of I which is defined as

Hy(t) =La(I') 1),
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The generating function of the numerical function Hy(t) is the power series

HSp(z)=>  Hi(t)2'.

t=>0

This series is called the Hilbert series of I. It is well known that this series
is rational and that, even more, there exists a polynomial h;(z) with integer
coefficients such that hr(1) # 0 and

hi(z)

HS[(Z) = m

Notice that for all ¢ > 0, the Hilbert coefficients can be computed as it follows

where h(Ii)(l) denotes the ith derivative of hj(z) evaluated at 1 (h(?) = hy).
Choose a parameter ideal (Q of A which forms a reduction of I and let

R=R(I):=A[lt] and T =R(Q) := A[Qt] C A[t]
denote, respectively, the Rees algebras of I and Q). Let
R =R/(I):=A[It,t '] C A[t,t™!] and
G=G):=R/t'R=P1/"

n=0

Following Vasconcelos [V], we consider

S=Sq(I)=IR/IT=EH 1" /Q"I

n>1

the Sally module of I with respect to Q.

The notion of filtration of the Sally module was introduced by Vaz Pinto
[VP] as follows. We denote by E(«), for a graded T-module E and each
a € Z, the graded T-module whose grading is given by [E(«a)], = Eq4y for
all n € Z.

DEFINITION 1.1. [VP] We set, for each i > 1,

o) — (I'R/T'T)(—i + 1) = @ it

n=t
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and let L) = T[CO];. Then, because L) =, . Q"I+ /Q ="' and
c@ / L) =~ 0+ a5 graded T-modules, we have the following natural exact
sequences of graded T-modules

0— LW - c® ot 40
for every i > 1.

We notice that C1) = S, and C'(?) are finitely generated graded T-modules
for all 4 > 1, since R is a module-finite extension of the graded ring T'.
So, from now on, we set

C'=Cq(I)=CY® = (I*R/I’T)(-1)

and we shall explore the structure of C. Assume that [ is integrally closed.
Then, by [EV, GR], the inequality

e1(1) > eo(I) — La(A/T) + a(1?/QI)

holds true and the equality ej(I) =eq(I) — £a(A/I) + £4(I?/QI) holds if
and only if I? = QI%. When this is the case, the associated graded ring G
of I is Cohen—-Macaulay and the behavior of the Hilbert—-Samuel function
C4(A/I™Y) of I is known (see [EV], Corollary 2.10). Thus the integrally
closed ideal I with eq(I)=-eq(I) —£4(A/I) + £A(I?/QI) enjoys nice prop-
erties and it seems natural to ask what happens to the integrally closed ideal
I which satisfies the equality e1(I) = eq(I) — £4(A/T) + £A(I?/QI) + 1. The
problem is not trivial even if we consider d = 1.

We notice here that £4(I12/QI)=eo(I)+ (d—1)la(A/I) — La(I/I?)
holds true (see for instance [RV3]), so that £4(I?/QI) does not depend
on a minimal reduction @) of I.

Let B=T/mT = (A/m)[X1, Xo, ..., X4] which is a polynomial ring with
d indeterminates over the field A/m. The main result of this paper is stated
as follows.

THEOREM 1.2. Assume that I is integrally closed. Then the following
conditions are equivalent:

(1) ei(I) =eo(I) — La(A/T) +La(I?/QI) + 1,

(2) mC=(0) and rankpC =1,

(3) C=(Xy,Xa,...,X)B(—1) as graded T-modules for some 1 < c<d,
where X1, Xo, ..., Xy are linearly independent linear forms of the
polynomial ring B.
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When this is the case, ¢ =LA(I3/QI?) and I* = QI3, and the following
assertions hold true:

(i) depth G>d— ¢ and depthyC =d —c+1,
(ii) depth G=d—c, if c>2.
(iii) Suppose c=1<d. Then HP;(n) =LA(A/I"Y) for alln >0 and

er(I)—eo(I)+04(A/T)+1 ifi=2,
ei(l)=41 ifi=3 and d >3,
if 4 <1i<d.

(iv) Suppose 2 < c<d. Then HP;(n) ={£s(A/I"Y) for alln >0 and

el(I)—eg(I)+€A(A/I) ifi=2,
ei([)=40 ifitc+1,c+2, 3<i<d
(—1)ctt ifi=c+1,c+2, 3<i<d

(v) Suppose ¢ =d. Then HP(n) =£la(A/I"Y) for alln > 2 and

o JeD) —eolD) +La(A/T)  ifi=2 andd>2,
(D) =1 if3<i<d

(vi) The Hilbert series HSy(z) is given by

Ca(A/D) + {eod) — La(A/I) — €a(I?/QI) — 1}z + {£4(I%/QI) + 1}2° + (1 — Z)C“z'

HSp(2) = RIS

Let us briefly explain how this paper is organized. We shall prove
Theorem 1.2 in Section 3. In Section 2 we will introduce some auxiliary
results on the structure of the T-module C = C(I) = (I2R/I?T)(—1), some
of them are stated in a general setting. Our hope is that this information
will be successfully applied to give new insight to problems related to
the structure of the Sally module. In Section 4 we will introduce some
consequences of Theorem 1.2. In particular, we shall explore the integrally
closed ideals I with e1(I) <eg(l) —€a(A/I)+ 3. In Section 5 we will
construct a class of Cohen-Macaulay local rings satisfying condition (1)
in Theorem 1.2.

§2. Preliminary steps

The purpose of this section is to summarize some results on the struc-
ture of the graded T-module C' = Cq(I) = (I?R/I?T)(—1), which we need
throughout this paper. Remark that in this section I is an m-primary ideal
not necessarily integrally closed.
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LEMMA 2.1. The following assertions hold true.

(1) m‘C = (0) for integers £ > 0; hence dimyC < d.
(2) The homogeneous components {Cptnez of the graded T-module C are

given by
o~ (0) ifn<1
" It/ Qr1r? ifn>2.

(3) C=(0) if and only if I3 = QI>.
(4) mC = (0) if and only if mI" Tt C Q"I for alln > 2
(5) C =TCs if and only if I* = QI3.

Proof. (1) Let uw=t"! and T'=R/(Q). Notice that we have
C = (I?R/I?T)(—1) = (I?R'/I?T")(—1) as graded T-modules. We then
have u’-(I?R'/I*T") = (0) for some £ 0, because the graded T’-module
I?R'/I*T’ is finitely generated and [I[?R’/I*T"],, = (0) for all n < 0. There-
fore, m‘C = (0) for £>> 0, because Q* = (Qt")u’ Cu’T' N A and m = /Q.

(2) Since [I?R],, = (I"*2)t" and [I*T],, = (I?Q™)t" for all n > 0, assertion
(2) follows from the definition of the module C = (I?R/I*T)(—1).

Assertions (3), (4), and (5) readily follow from assertion (2). [

In the following result we need that QN I?= QI holds true. This
condition is automatically satisfied in the case where I is integrally closed
(see [H, 12]).

PROPOSITION 2.2. Suppose that Q N I? = QI. Then we have AsspC C
{mT} so that dimp C =d, if C # (0).

Let @ =(a1,...,aq) be a minimal reduction of I. In the proof of
Proposition 2.2 we need the following lemmata.

LEMMA 2.3. Suppose that QN I?>=QI. Then we have the equalzty

(a1, as,...,a;) N Q" I% = (a1, as,...,a;)Q"I? foralln >0 and 1 <i < d.
Therefore, a1t €T is a nonzero dwzsor on T/I*T
Proof. We have only to show that (ai,as,...,a;)NQ"T1I%2C
(a1, as, ..., a;)Q"I* holds true for all n > 0. We proceed by induction on n
and 7. We may assume that i < d and that our assertion holds true for 7 + 1.
Suppose n = 0 and take x € (a1, as, . . ., a;) N QI?. Then, by the hypothesis
of induction on 4, we have
((11, az, ..., ai) N QI2 - (ala az, . . ., Qj, aiJrl) N QI2
= (alu az, .. ., Qjg, ai+1)I2-
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Then we write x=vy+a; 12 with y € (a1, a2,...,a;)[* and z¢€ %

Therefore, z € [(ay,as,...,a;):ait1] NI%= (a1, as,...,a;)NI%>C (a1, as,

,a;) N QI. Notice that, since Q/QI = (A/I)?, (a1, a2, ...,a;)NQI=

(al, az,...,a;)] holds true. Hence, we get x=y+a;11z€ (a1, as,

, a;)I%. Therefore, we have (ay, as, ..., a;) N QI?> = (a1, as, . .., a;)I>.

Assume that n > 1 and that our assertion holds true for n — 1. Take

x € (a1, az, ...,a;) N Q" 1I2 Then, by the hypothesis of induction on i, we
have

(al, ag, ..., ai) N Qn—HIz g (al, ag, ..., a4, a¢+1) N Qn—HIZ

= (a1, a9, ..., a; ai+1)Q"I2.

Write © =y + a;412 with y € (a1, az, ...,a;)Q"I? and z € Q"I%. By the

hypothesis of induction on n, we have z € [(a1, az, . . ., ;) : a;41] N Q"I? =
(a1, as,...,a;) N Q"I* = (a,as,...,a;)Q" 1% Therefore, we get
r=y+ ai+1z € (a1, az,...,a;)Q"I?. Thus, (ai,as,...,a;) Q" I%=
(a1, as, ..., a;)Q"I? as required. 0

LEMMA 2.4. Suppose that Q N I? = QI. Then Q"' N Q™I?> = Q"I for
alln>0.

Proof. We have only to show that Q"t!nQ"I?C Q"I for n>0.
Take f € Q"' N Q"I? and write f = > la|=n Taay az® - af? with 24 € I,

where o = (a1, az, ..., aq) €Z% and |a| = 2?21 ;. Then, we have ft" =
2 la|=n Taly az® ayt" =0 in G(Q) =R/(Q)/t"'R(Q), where ft" and
Toaftay? - - - ag?t" =0 denote the images of ft" and zqai"a3? - - - ay*t™ in

G(Q), respectively. Because G(Q) = (A4/Q)[a1t, agt, . . . , agqt] is the polyno-
mial ring over the ring A/Q, we have z, € QN I? = QI Thus f € Q" so
that Q" N Q™I% = Q"I holds true. 0

LEMMA 2.5. Suppose that Q N I> = QI. Then the following sequences

(1) 0=T/IT 2 T/I*T —T/[I*T + a1T] — 0, and
(2) 0—T/[I>T + QT)(—1) Y T/[I>T + ayT] — T/[I2T+ a1tT + a1T]— 0

of graded T-modules are exact.

Proof. (1) Let us consider the homomorphism

¢:T —T/I*T
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of graded T-modules such that ¢(f) = ay f for f € T where a; f denotes the
image of a; f in T/I*T. Because ¢(IT) = (0) and Coker¢ = T/[I*T + a, T},
we have only to show that ker ¢ C IT. Take f € [ker ¢],, and write f = xt™
with n >0 and = € Q™. Then we have a;f = ayzt" € I*T so that a z €
Q"I? N Q™! = Q"I by Lemma 2.4. Because a1t € T forms a nonzero divi-
sor on T/IT (notice that T/IT = (A/I)[a1t, ast, . . ., aqt] is a polynomial
ring over the ring A/I), we have (a;) N Q" I =a;Q"I so that = € Q"I.
Therefore, f € I'T, and hence ker ¢ C IT. Thus, we get the first required
exact sequence.
(2) Let us consider the homomorphism

©:T(=1) = T/[I’T + a) T

of graded T-modules such that ¢(f) = aitf for f € T where a1t f denotes the
image of aitf in T/[I*T + a1T). Because ¢(I*T + QT) = (0) and Coker¢ =
T/[I*T + a1tT + a1 T], we need to show that [ker ¢, C I?T}, 1 + QT},_1 for
all n > 1. Take f € [ker ¢], and write f = 2t""! with n>1 and z € Q" L.
Then we have aitf = a1xt™ € I?’T + a1T so that a1z € Q™I + a1 Q™. Write
a1z =1y + a1z with y € Q"I? and z € Q™. Then have

a(z—2)=y € (a) NQ"I* =a, Q" '1?

by Lemma 2.3. Hence  — z € Q" 112 so that x € Q" 112 + Q™. Therefore,
feI*T, 1+ QT,_1 and hence [ker o], C I?T},_1 + QT,,_1. Consequently,
we get the second required exact sequence. 0

The following Lemma 2.6 is the crucial fact in the proof of Proposition 2.2.
LEMMA 2.6. Assume that Q N I? = QI. Then we have Assp(T/I*T) =
{mT}.

Proof. Take P € Assp(T/I?T); then we have m7T C P, because
m!(T/I?T) = (0) for £>>0. Assume that m7 C P; then ht7P > 2, because
mT is a height one prime ideal in T' (notice that dim T'=d + 1). Consider
the following exact sequences

0 — Tp/ITp — Tp/I*Tp — Tp/[I*Tr +a1Tp] =0 (*1) and
0 — Tp/[I°Tp + QTp] — Tp/[I’Tp + arTp] — Tr/[I°Tp + artTp +a1Tp] — 0 (%2)

of Tp-modules, which follow from the exact sequences in Lemma, 2.5. Then,
since depthy,Tp/ITp >0 (notice that T/IT = (A/I)[X1, Xo, ..., X4 is
the polynomial ring with d indeterminates over the ring A/I) and
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depthTPTp/IQTp =0, we have depthTPTp/[IQTp + a1Tp] =0 by the exact
sequence (*1). Notice that T/[I?T + QT) = (A/[I? + Q])[ X1, X2, .. ., X4] is
the polynomial rings with d indeterminates over the ring A/[I? + Q]. Hence,
depthTPTp/[IQTp + a1tTp + a1Tp] =0 by the exact sequence (x2). Then,
because ait € Anng(T/[I?°T + a1tT + a1T]), we have ajt € P. Therefore,
depthy, Tp/1 2Tp >0 by Lemma 2.3; however, it is impossible. Thus,
P =mT as required. []

Let us now give a proof of Proposition 2.2.

Proof of Proposition 2.2. Take P € AsspC. Then we have m1 C P,
because m‘C = (0) for some £ > 0 by Lemma 2.1(1). Suppose that mT C P;
then ht7 P > 2, because m7T is a height one prime ideal in T. We look at the
following exact sequences

0—I*Tp — I?Rp — Cp —0 (*3) and

0= I*Tp = Tp—Tp/I*Tp =0 (%4)
of T’p-modules which follow from the canonical exact sequences
0—I*T(-1) = I’R(-1) - C =0 and 0—I°T —-T —T/I°T -0

of T-modules. We notice here that depthp, I 2Rp >0, because aj € A is
a nonzero divisor on I?R. Thanks to the depth lemma and the exact
sequence (x3), we get depthTPIQszl, because depthTPIQRp>O and
depthp,Cp = 0. Then, since depthy, Tp > 2, we have depthTPTp/Isz =0
by the exact sequence (x4). Therefore, we have P =mT by Lemma 2.6,
which is impossible. Thus, P = mT as required. 0

The following techniques are due to Vaz Pinto [VP, Section 2].
Let L =LY =TS8 then L = @D,>, Q" 'I?/Q"I and S/L = C as graded
T-modules. Then there exists a canonical exact sequence

0—>L—>S—C—=0 (1)

of graded T-modules (Definition 1.1). We set D= (I?/QI)®2x
(T/Anna(I?/QI)T). Notice here that D forms a graded T-module and
T/Anny(I?/QIT =2 (A/Anny (17/QI))[ X1, Xa, . . ., X4 is the polynomial
ring with d indeterminates over the ring A/Ann(1?/QI). Let

0:D(-1)— L
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denote an epimorphism of graded T-modules such that 6(), ZTq ®
XMX52 X7 =3, xaaltag? - - agdt‘o‘Hl for 24 € I? and a = (a1, asg,

,ag) €ZY with o; >0 (1<i<d), where |a|= Zle a;, and Tq
and zoalad? - - aj?tletl denote the images of z, in I?/QI and
reaftad? - - O‘dt‘od+1 in L.

Then we have the following lemma.

LEMMA 2.7. Suppose that Q N I?> = QI. Then the map 0 : D(—1) — L is
an isomorphism of graded T-modules.
Proof. We have only to show that ker # = (0). Assume that ker 6 # (0)

and let n > 2 as the least integer so that [ker 6],, # (0) (notice that [ker 0], =
(0) for all n < 1). Take 0 # g € [ker 0],, and we set

I = {(al,az,...,ad_l,O)EZd|ai>Oforlgigd—l, and Zai—n—l},

d
I = {(ﬁ1752,~-->5d)€Zd|5i>0f0r1<i<d—1yﬁd>17 andZBi:n—l}.

i=1
Then because
d
rul’ = {(al,ag,...,ad)EZd|ozi20for 1<i<dand Zai:n—l}
=1

we may write

1= 3 TOXPAP X

acl'ur”
= Z@@XlalXém ...Xad 1 Z xﬁ@XﬁlXﬂ2"'X§d7
ael per’

where T, Tg denote the images of z,, x5 € I? in I?/QI, respectively. We
may assume that > s Tp ® XlezB2 e ng # 0 in D. Then we have

Q)ZZxaai“ag? . d a4+ Z zgal’ ay a? ---agdtnzo
aecl’ per’

so that

«
S st a4 Y e QL
ael per’
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Because Q"I = (a1, az, . . ., aqg_1)"1 +agQ" I and B4 > 1, we may write

_ —1

ael BeT
with 7 € (a1, ag, . . ., ag_1)"I and p € Q" 1I. Then because
Z zgal’as a2 . gd - =7 Z zoajtay? - - agdll
per’ acl’
-1
S (al, ag, ..., ad,l)”

we have, by Lemma 2.4,

Z zpay’ dy ay - gd Y_pe(ar,az, ... ag-1)" tnQ" 2P C QML
peT’

Therefore, s wgay a§2 e agrl € Q" 'I and hence 0> per Tp @
xXhxbe... ng_l) =0. Then, because } g Tp® xhxbe. .. ng_l €
[ker 8],—1 = (0), we have 3 4cp 75 ® X' X4? - X4 =0, which is con-
tradiction. Thus ker § = (0). Consequently, the map 6: D(—1) — L is an
isomorphism. [

Thanks to Lemma 2.7, we can prove the following result.
PROPOSITION 2.8. Suppose that Q N 1> = QI. Then we have

eata/r ) = el (" 1)~ oot — eatarn + ey (1)

cearian(" 157 - e

for allm > 0.
Proof. We have, for all n > 0,

€a(Sn) = €a(Ln) 4 €a(Ch)

eeen(" 5T )

eeen("H ) —aeen ("1 ) )
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by the exact sequence
0-L—-5S—-C—=0 (1)

and the isomorphisms L= D(—1)=(I12/QI)®4 (A/Anny(1?/QI))
[ X1, Xo,...,X4] of graded T-modules (see Lemma 2.7). Therefore,
we have, for all n > 0,

/) = ("5 1) ~teln) - eatarmy (" 1T - tats

=D (" ) ~teatn-tatarmn ("1 4T {earan

)

_<n+d11> A2/QD) (nzf;2>+€A(Cn)}

(n;d —{eo(I) — La(A/T) + £4(I*/QI)}
)

(n+d 1 n+d—2

raren(” 515 %) - e

by [GNO, Proposition 2.2 (2)] [

The following result specifies [GNO, Proposition 2.2(3)] and, by using
Propositions 2.2 and 2.8, the proof takes advantage of the same techniques.

PROPOSITION 2.9. Suppose that QNI*>=QI. Let p=mT. Then we
have

er(I) =eo(I) — La(A/T) + €a(I?/QI) + Lr, (Cy).

Combining Lemma 2.1(3) and Proposition 2.9 we obtain the following
result that was proven by Elias and Valla [EV, Theorem 2.1] in the case
where [ =m.

COROLLARY 2.10. Suppose  that QNI>=QI. Then we have

ex(1) > co(T) — La(A/T) + La(I?QI). The equality ex(T) = eolI) — C4(A/T)
—l—ﬁA(IQ/QI) holds true if and only if I = QI%>. When this is the case,
ea(I)=ei1(I) —eo() +Ca(A/I) if d>2, e;(I) =0 for all 3<i<d, and G
1s a Cohen—Macaulay ring.

Let us introduce the relationship between the depth of the module C' and
the associated graded ring G of 1.
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LEMMA 2.11. Suppose that Q N I? = QI and C # (0). Let s = depthC.
Then we have depthG > s — 1. In particular, we have depthG =s — 1, if
s<d—2.

Proof. Notice that L= D(—1) by Lemma 2.7 and D is a d dimen-
sional Cohen-Macaulay T-module. Therefore, we have s < depth;S and, if
s < d — 2 then s = depthyS by the exact sequence

0=>L—>S—=C—=0 (1)

Because depthG > depthS — 1 and, if depthyS <d —1 then depthG =
depth S — 1 by [GNO, Proposition 2.2(4)], our assertions follow. [

83. Proof of Theorem 1.2

The purpose of this section is to prove Theorem 1.2. Throughout this
section, let I be an integrally closed m-primary ideal.

THEOREM 3.1. Suppose that I is integrally closed. Then the following
conditions are equivalent:

(1) er(I) =eo(l) — La(A/T) + £a(I?/QI) + 1,

(2) mC = (0) and rankgC =1,

(3) there exists a non-zero graded ideal a of B such that C =a(—1) as
graded T -modules.

To prove Theorem 3.1, we need the following bound on ex([).

LEMMA 3.2. ([I1, Theorem 12}, [S2, Corollary 2.5], [RV3, Corollary 3.1])

Suppose d>=2 and let I be an integrally closed ideal. Then
62(1) = el(I) — e()(I) +£A(A/I).

Proof of Theorem 3.1. Let p=mT; then we see that ei(I) =eo(I) —
CA(A/T) +04(I?/QI) + £1,(Cy) by Lemma 2.9 and AsspC={p} by

Proposition 2.2.
(1) = (2) Since {1,(Cy) =1 and AssyC = {p}, we have mC = (0) and

rankgC = 1.
(2) = (1) This is clear, because assertion (1) is equivalent to saying that

(3) = (2) This is obvious.
(2) = (3) Because AssyC = {p}, C is a torsion free B-module. If C is
B-free, then we have C'= B(—2) as graded B-modules, because C # (0)
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and Cp, = (0) for n < 1. Hence C = X;B(—1) as graded B-modules with
0 75 X1 € B;.

Suppose that C' is not B-free. Then we have d =dim A > 2. Because
rankpC = 1, there exists a graded ideal a of B such that

C=a(r)

as graded B-modules for some r € Z. Since every height one prime in the
polynomial ring B is principal, we may choose a with htpa > 2. Then since
aryo = a(r)y = Cy # (0) and a, = (0) for all n <0, we have r + 2 > 1 so that
r > —1. It is now enough to show that » = —1. Applying the exact sequence

0—C— B(r)— (B/a)(r) =0
of graded B-modules, we have

0a(Cn) = LaA(Brin) — La([B/0]r4n)

(n +; + il - 1) — 0([B/a] 1)

n+d—1 n+d—2
—( J_1 >—|—7‘( d_2 >—|—(lowerterms)

for all n> 0, because htga > 2. Therefore, thanks to Proposition 2.8, we

have
eata/rh) = (" 5 1) D) - tata/n) + eatian)
(" s aen(M 15 ?) - i)

=D (") = D) - ta(a/D) + eal?/@0) +1)

. <” ' E N 1) H{ea(12/QT) 1} <” gf ) 2) +(lower terms)

for all n>>0. Therefore, es(I)=£s(I?/QI) —r. Then, because ey(I)>

e1(I) —eo(I) +4a(A/I)=L4(I?/QI) +1 by Lemma 3.2 we have r < —1.
Thus » = —1 and so C' = a(—1) as graded B-modules. [

As a direct consequence of Theorem 3.1 the following result holds true.
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PRrOPOSITION 3.3. Assume that I is integrally closed. Suppose that
er(I) =eo(I) = LaA)I) + L4(I%/QI) + land I* = QI3. Let c = 04 (13/QI?).

Then

(1) 1<e<d and up(C)=c.

(2) depth G >d — ¢ and depthpC =d — c+ 1,

(3) depth G=d—c, if c=2.

(4) Suppose c=1<d. Then HP;(n) =£la(A/I"™Y) for alln >0 and

61(1)—60(1)4-5,4(/1/[)4-1 ifi:2,
ei(I)=<1 ifi=3 and d > 3,
if4<i<d.

5! uppose 2 < ¢ < d. en 1(n)=~4 or alln >0 an
S 2 d. Then HP CA(A/IMTYY for all 0 and

er(I) —eo(I) + €a(A/])  ifi=2,
ei(l)=40 ifi#c+1,c4+2,3<i<d,
(—1)ctt ifi=c+1,c+2,3<i<d,

(6) Suppose c=d. Then HPr(n) ={4(A/I"Y) for alln>2 and

= e1(I) —eo(I)+La(A/I) ifi=2 and d > 2,
=10 if 3<i<d,

(7) The Hilbert series HS(z) is given by

La(A/D) +{eo(D) = £a(A/D) = £a(I/QI) — 1}z + {£a(I?/QD) + 1}2% + (1 — 2)° T2

HS[(z) = =2

Proof. (1) We have C=TC,, since I*=QI® (cf. Lemma 2.1(5)).
Therefore, thanks to Theorem 3.1, C' = a(—1) as graded T-modules, where
a= (X1, Xs,...,X.)B is an ideal generated by linear forms {X;}i<i<. of
B. Hence, we get 1 <c¢ < d and up(C) =c.

(4), (5), (6) Let us consider the exact sequence

0—-C—B(-1) = (B/a)(—=1) =0 (x5)
of graded B-modules. Then, we have

(a(Cn) = La(Bn-1) — La([B/0a]n-1)

_(n—1+d-1 _ n—14+d—c—1
N d—1 d—c—1
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_ n+d—1 7 n+d—2 B n+d—c—1
S\ d-1 d—2 d—c—1
n n+d—c—2
d—c—2

for all n>0 (resp. n>2) if 1<c<d—1 (resp. ¢c=d). Therefore, our
assertions (4), (5), and (6) follow by Proposition 2.8.

(7) We have
z—(1—2)

(1—2)
by the above exact sequence (*3), where HS,(z) denotes the Hilbert series
of the graded modules. We also have

B {0A(I%)QI) + 1}z — (1 — 2)°z
B (1—2)4

HSc(z) = HSp(2)z — HSpjq(2)z =

HSs(z)=HS(z) + HSc(2)

by the exact sequence
0-L—-S—-C—=0 (1)

and the isomorphism L = D(—1) of graded T-modules (Lemma 2.7). Then,

because

CA(A)T) + {eo(I) — La(A/])}2
(1-2z)

([VP], [RV3, Proposition 6.3]), we can get the required result.

We prove now (2), (3). We have depthpC=d—c+1 by the exact
sequence (x*5) so that depthG >d — ¢ and, if ¢> 3, then depthG =d — ¢
by Lemma 2.11. Let us consider the case where ¢ =2 and we need to show
depthG = d — 2. Assume depthG > d — 1; then S is a Cohen—Macaulay T-
module by [GNO, Proposition 2.2]. Taking the local cohomology functors
Hi, () of T with respect to the graded maximal ideal M = mT + T’ to the
above exact sequence (1) of graded T-modules, we get a monomorphism

Hy; H(C) — Hi, (L)

of graded T-modules. Because C = (X7, X2)B(—1), we have H% 1(C) =
HY2(B/(X1, X2)B)(—1) as graded T-modules so that [HI(C)]_ 413 #
(0) (notice that B/(Xi, X2)B=(A/m)[X3, X4,...,X4]). On the other
hand, we have [H%,(L)], = (0) for all n > —d + 2, because L= D(—1) =
(I?/QI) @4 (A/AnnA(I?/QI))[X1, X2, . . ., X4](—1) by Lemma 2.7. How-
ever, this is impossible. Therefore, depth G =d — 2 if ¢ = 2. [

HS[(Z) =

—(1— 2)HSs(2)
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We prove now Theorem 1.2. Assume assertion (1) in Theorem 1.2. Then
we have an isomorphism C' = a(—1) as graded B-modules for a graded ideal a
in B by Theorem 3.1. Once we are able to show I* = QI3, then, because C =
TCy by Lemma 2.1(5), the ideal a is generated by linearly independent linear
forms {X;}1<icc of B with ¢ =£04(I3/QI?) (recall that a; = Cy = I3/QI?
by Lemma 2.1(2)). Therefore, the implication (1) =-(3) in Theorem 1.2
follows. We also notice that, the last assertions of Theorem 1.2 follow by
Proposition 3.3.

Thus our Theorem 1.2 has been proven modulo the following theorem.

THEOREM 3.4. Assume that I is integrally closed. Suppose that ei(I) =
eo(I) — La(A/I) + 04(I?/QI) + 1. Then I* = QI3.

Proof. We proceed by induction on d. Suppose that d =1. Then the
result follows by [HM, Proposition 4.6] since ey (1) =Y, £a(I"71/QI").

Assume that d>2 and that our assertion holds true for d—1.
Since the residue class field A/m of A is infinite, without loss of
generality, we may assume that a; is a superficial element of I and
I/(ay) is integrally closed (cf. [I1, p. 648], [RV3, Proposition 1.1]).
We set A'=A/(a1),I'=1/(a1), Q' =Q/(a1). We then have e(I')=
eo(I") — bar(A')T) + L4 (I?/Q'T") + 1 because e;(I') =e;(I) for 0<i<
d—1, Ca(A/T")=0a(A/I), and since (ay)NI?=arl, L4 (I"?/Q'T) =
04(I?/QI). Then the inductive assumption on d says that I"* = Q'I"® holds
true. If depthG(I”) >0 then, thanks to Sally’s technique (cf. [S1], [HM,
Lemma 2.2]), ait is a non-zero divisor on G. Then we have I* = QI3.

Assume that depthG(I") = 0. Then because e; (I') = eg(I') — L4 (A'/T") +
(y(I?/QT)+1 and I"=QI3, we have (y(I”/QT%) =d—1 by
Proposition 3.3(2). Since I"®/Q'I"* is a homomorphic image of I?/QI?, we
have £4(C2) = £4(I3/QI?) > d — 1. Let us now take an isomorphism

p:C—a(-1)

of graded B-modules, where a is a graded ideal of B (cf. Theorem 3.1).
Then since f4(a1) =£44(Co) >d— 1, we have Y1,Ys,...,Y; 1 €a where
Y1,Ys,...,Y; 1 denote linearly independent linear forms of B, which we
enlarge to a basis Y1,Ys, ..., Yy 1,Y; of By. If a=(Y1,Ys,..., Yy 1)B
then, because C =TC3, we have I*=QI? by Lemma 2.1(5). Assume
that a # (Y1, Y2, ...,Yy1)B. Then, since B = k[Y1, Ys, ..., Yy, the ideal
a/(Y1,Y2,..., Yy 1) is principal so that a=(Yy,Ys,..., Yy 1, Y} )B for
some £ > 1.
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We need the following.
Claim 1. We have /=1 or £ =2.

Proof of Claim 1.  Assume that ¢>3. Then I*/[QI®+ mI%]=
[C/MC]3 = (0), where M =wmT + Ty denotes the graded maximal ideal of
T. Therefore, I* = QI? by Nakayama’s lemma so that C' = T'Cy, which is
impossible. Thus £ =1 or £ = 2. 0

We have to show that £ =1. Assume that £ =2. Let us write, for each
1<i<d, Y;=b;it with b; € Q, where b;t denotes the image of bt € T in
B. We notice here that @ = (b1, b, . . ., bg), because Y1, Y, ..., Y, forms a
k-basis of Bj.

Let us choose elements f; € Cy for 1<i<d—1 and f; € C5 so that
o(fi)=Y; for 1<i<d—1 and ¢(fs) =Y} Let z €I for 1<i<d—1
and zg € I* so that {fi}1<icq_1 and f; are, respectively, the images of
{2t }1<ica—1 and z4t3 in C. Let us now consider the relations Yd2 fi=Yifs
in C for 1 <i<d—1, that is

bglzi —bjzq € Q312
for 1 <i<d-— 1. Notice that
(b1, bg) N Q3I? = (b1, by) Q*I>
by Lemma 2.3 and write
(1) biz1 — bizg = bimi + by
with 71, 74 € Q*I?. Then we have
ba(baz1 — 74) = b1(2a + 1)

so that bgz1 — 74 € (b1) because by, by forms a regular sequence on A.
Since 74 € (b1, bg) N Q*I? = (b1, bgy)QI? by Lemma 2.3, there exist elements
], Ty € QI? such that 74 = b7 + bqt);. Then by the equality (1) we have

(2) bg(zl—Té)Zbl(Zd—FTl—l-de{)

so that we have 21 — 7 € (b1). Hence 21 € QI* + (b1). The same argument
works for each 1 <i < d — 1 to see that z; € QI? + (b;). Therefore, because
3= QI2 + (21, 295y Zd_l), we have I3 - deQ + (bl, ba, ..., bd—l) and
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hence
T C I + (b1, b, ..., bg1).

Then, because zq+ 71 + b7 € I*, there exist elements h€I? and ne€
(b1, b2, ..., bg—1) such that z4 + 71 + bg7] = b3h + 1. Then we have

(3) ba(z1 — 74— bih) = bin)

by the equality (2). Since by, bo,...,bq is a regular sequence on A,
ne (bg) N (bl, ba, ..., bd—l) = b?l(bl, ba, ..., bd—1)~ Write n = bzn/ with 17’ €
(b1, b2, ...,b4_1), then we have

b2(z1 — 75 — bih) = byb2e)

by the equality (3), so that z; — 7, —bih="011. Then we have bin' =
21— Th—bhe@?*NI?=Q%I, since Q*°NI3CQ*N Q3 =Q%Q = QI (cf.
[H, 12]), where J denotes the integral closure of an ideal J. Hence 2; € QI?,
because 74, bih, bin’ € QI?. Therefore, f; =0 in C, which is impossible. Thus
¢ =1 so that we have a = (X1, X2, ..., X4)B. Therefore, C = TCy, that is
I* = QI3. This completes the proof of Theorem 3.4 and that of Theorem 1.2
as well. [

84. Consequences

The purpose of this section is to present some consequences of Theorem
1.2. Let us begin with the following which is exactly the case where c=1 in
Theorem 1.2.

THEOREM 4.1. Assume that I is integrally closed. Then the following
conditions are equivalent.

(1) C = B(-2) as graded T-modules.

(2) e1(I) = eo(I) — Ca(A/T) + (a(IP/TQ) + 1, and if d>2 then ex(T) £
ex(1) — eo(T) + L4(A/1).

(3) EA(I3/Q ?)=1and I' = QI°.

When this is the case, the following assertions follow.

(i) depthG >d —
(ii) ex(I) =ei(I) —eo(I) + La(A/I) + 1 if d = 2.
(i) es(/)=11ifd>3, ande;(I)=0 for 4 <i<d.

https://doi.org/10.1017/nmj.2016.47 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.47

THE STRUCTURE OF THE SALLY MODULE OF INTEGRALLY CLOSED IDEALS 67
(iv) The Hilbert series HS1(z) is given by

CACA/T) + feo(T) = La(A/T) = EA(I?/QD)}s + {a(I?/QD) — 1}5% + 2*

HSi(z) = 1= 2

Proof. For (1)< (2), (1) = (3) and the last assertions see Theorem 1.2
with ¢=1.

(3) = (1): Since mI"™!=Q" 1% for all n>2, we have mC = (0)
by Lemma 2.1(4). Then we have an epimorphism B(—2) - C — 0 of
graded T-modules, which must be an isomorphism because dimp C =d
(Proposition 2.2). 0

Let J= Unst " ia I =Upsy J"ia (af, a8, ... a}) denote the
Ratliff-Rush closure of an m-primary ideal J in A, which is the largest
m-primary ideal in A such that J C J and e;(.J) = e;(J) for all 0 <i < d (cf.
[RR]).

Let us note the following remark.

REMARK 4.2. Assume that [ is integrally closed. Then, by [H, I1], @™ N
I =Qr N Q™! = Q"Q = Q"I holds true for n > > 1, where J denotes the
integral closure of an ideal J. Thus, we have Q™ N [ Il — =Q"I for alln >

The following result corresponds to the case where ¢=d in Theorem
1.2. In Section 5 we give an example of the maximal ideal which satisfies
assertion (1) in Theorem 4.3.

THEOREM 4.3. Suppose that d > 2 and assume that I is integrally closed.
Then the following conditions are equivalent:

(1) C=By(—1) as graded T-modules.

(2) er(d) =eo(I )—ZA(A/I)+€A(12/QI)+1 ex(I) =LA(I?/QI) + 1, and
ei(1) =0 for all 3< i< d.

(3) EA(IQ/I2) =1 and I"+1 QI™ for alln >

When this is the case, the associated graded ring G of I is a Buchsbaum
ring with depth G =0 and the Buchsbaum invariant I(G) =d.

Proof. We set c¢=104(I3/QI?) and F={I"},s0. Let R/(F)=
ez It C Aft, t71] and G(F) = R/(F) /t 'R/ (F). Let ¢;(F) denote the ith
Hilbert coefficients of the filtration F for 0 <7 < d.

(1) = (2) follows from Theorem 1.2, because ¢ ={4(Cs) =d.
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(2) = (1) Because ex(I) =e1(I) —eo(l) +£a(A/I) and e;(I) =0 for all
3 <i<d, we have ¢ =d by Theorem 1.2. Therefore C' = B (—1) as graded
T-modules.

(1) = (3) Since ¢ = d, we have depthG = 0 by Theorem 1.2(i7). We apply
local cohomology functors Hy,(x) of T' with respect to the graded maximal
ideal M =mT + Ty of T to the exact sequences

0— I’R(-1) - IR(-1) - G4 —0  and
0—I’T(~1) = I*’R(—-1) = C =0

of graded T-modules and get derived monomorphisms
HY,(Gy) = Hy(I*R)(-1)  and  Hj;(I*R)(-1) — H},(0)

because depthyI/R >0 and depthpI?T >2 (recall that T is a Cohen—
Macaulay ring with dim 7' =d + 1 and depth;T/I?T > 1 by Lemma 2.3).
We furthermore have H},(C) 2 (B/By)(—1) since C = B, (—1). Since [ is
integrally closed, we have [H3,(G)]o = (0) so that HY,(G) 2 HY,(G ) # (0).
Then because £4(B/B) =1, we have isomorphisms

H,(G) = Hy, (I°R)(-1) = Hy, (C) = B/B.(~1)

of graded B-modules and hence HY,(G) = [H},(G)]1 = B/B. Then since
HY, (G 1'2/1'2 we have ﬁA(IQ/Iz) = 1. Hence we have

e1(F) = er(I) = eo(I) — LA(A/T) + L4(I%/QI) + 1
= eo(F) — La(A/I) + La(I2/QI) + 1 — LA(I2/1?)
= eg(F) — La(A/]) + £a(12/Q N 1)

because I = I, Q nI2=QI by Remark 4.2, and ¢;(F) =¢;({) for i =0, 1.
Therefore, I I = = QI" for all n > 2 by [GR, Theorem 2.2].

(3) = (2) Because QN I2=QI by Remark 4.2 and InHl = QI™ for
all n>2, we have e (F)=-eq(F)—Lla(A/I)+ EA(IQ/QI) and G(F)
is a Cohen—Macaulay ring by [GR, Theorem 2.2]. Then, since
04(I2/1%) =1, we have e(I)=-co(I) — Ca(A/]) +La(I2/QI) +1. We
furthermore have ex(I) = ea(F) :€A(f2/QI) =0A(I?/QI)+1=e1(1) —
eo(I) +0a(A/I), and e;(I) =e;(F)=0 for 3<i<d, because G(F) is a
Cohen-Macaulay ring (cf. [HM, Proposition 4.6]).
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Assume one of the equivalent conditions. We have H},(G) = [HY,(G))
by the proof of the implication (1) = (3). Let n > 3 be an integer. We then
have

I =11t I 2 H(G))a-1 = (0)

because 1" = Q"‘Qﬁ C I™!. Therefore, we have In=1" for all n > 3.
We set W =R/(F)/R’ and look at the exact sequence

0= R -R(F)=W =0 ()

of graded R’-modules. Since In=1"for all n # 2, we have W =W, = I~2/I2
so that £4(W)=1. Then, because G(F)=R/(F)/t 'R/(F) is a Cohen—
Macaulay ring, so is R/(F). Let M’ = (m, Ry,t )R’ be the unique graded
maximal ideal in R’. Then applying local cohomology functors HY,, ()
to the exact sequence (') yields H%,(R')=(0) for all i#1,d+1 and
H!,(R)=W. Since mW = (0), we have mH},(R') =(0). Thus, R’ is a
Buchsbaum ring with the Buchsbaum invariant

d

(R)=3" (d) £a(Hyp(R) = d

1=0

and hence so is the graded ring G = R'/t ' R’. This completes the proof of
Theorem 4.3. [

In the rest of this section, we explore the relationship between the
inequality of Northcott [N] and the structure of the graded module C of
an integrally closed ideal.

It is well known that the inequality e;(I) > eo(I) — £4(A/I) holds true
[N] and the equality holds if and only if 12 = QI [H, Theorem 2.1]. When
this is the case, the associated graded ring G of I is Cohen—Macaulay.

Suppose that [ is integrally closed and e;(I) =eo(I) — ¢4(A/I) + 1 then,
thanks to [I1, Corollary 14], we have I3 = QI? and the associated graded
ring G of I is Cohen-Macaulay. Thus the integrally closed ideal I with
e1(I) <eo(I) —La(A/I)+ 1 seems understood in a satisfactory way. In this
section, we briefly study the integrally closed ideals I with ej(I) =eq(I) —
CA(A/T)+ 2, and e1(I) =eo(I) — La(A/I) + 3.

Let us begin with the following.

THEOREM 4.4. Assume that I is integrally closed. Suppose that e;(I) =
eo(I) — La(A/I) + 2 and I3 # QI?. Then the following assertions hold true.
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CA(I?/QI) =LA(I3/QI?) =1, and I* = QI°.

C = B(—2) as graded T-modules.

depth G=d — 1.

e2(l)=3ifd>2,e3(I)=14fd>3, and e;({) =0 for4<i<d.
The Hilbert series HS1(z) is given by

EA(A/I) + {e()(f) —@A(A/I) — 1}Z+Z3
(1—2)d '

[\

N

N N S N
ot [N
— — — — ~—

HS](Z) =

Proof. Because I? # QI?, it follows from Corollary 2.10 that
0<lx(I*/QI) < e1(I) —eg(I) + £a(A/T) =2.

Thus, £4(I?/QI)=1 and e;(I)=eo(l) — La(A/I) —G—ZA(IQ/QI) + 1. Let
I?=QI + (zy) with =z, y€I\Q. Then I?=QI?+ (2%y), so that
04(I%/QI?) = 1 since I # QI? and mI? C QI. Thanks to Theorem 1.2, C' =
B(—2) as graded T-modules, so that assertions (1), (2), (4), and (5) follow,
and depth G >d — 1 by Theorem 4.1. Since I3 C QI, G is not a Cohen—
Macaulay ring, for otherwise I3 = Q N I? = QI?, so that depthG =d — 1.
This completes the proof of Theorem 4.4. 0

Notice that the following result also follows by [RV3, Theorem 4.6].

COROLLARY 4.5. Assume that I is integrally closed and suppose that
e1(I) =eo(I) — £a(A/I) +2. Then depth G >d — 1 and I* = QI3, and the
graded ring G is Cohen-Macaulay if and only if I3 = QI>.

Before closing this section, we briefly study the integrally closed ideal I
with e1(I) =eo(I) —€a(A/I)+ 3. Suppose that e1(I) =eo(I) —La(A/I) +
3 then we have

0<l4(I?/QI)<e1(I) —eg(I) +€a(A/T)=3

by Corollary 2.10. If £4(I?/QI)=1 then we have depthG >d—1 by
[RV1, W]. If £4(I?/QI) =3 then the equality ey (I)=-eo(l) — La(A/I) +
04(I?/QI) holds true, so that I? = QI? and the associated graded ring G
of I is Cohen—-Macaulay by Corollary 2.10. Thus we need to consider the
following.

THEOREM 4.6. Suppose that d > 2. Assume that I is integrally closed
and e1(I) =eo(I) — La(A/I)+3 and La(I?/QI)=2. Let c=LA(I3/QI?).

Then the following assertions hold true.
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(1) Either C = B(—2) as graded T-modules or there ezists an ezact
sequence
0—B(-3)—=B(-2)®B(-2)—»C—0

of graded T-modules.

(2) 1<e<2and I*=QI5.

(3) Suppose c=1; then depthG >d —1 and ea(I) =4, e3(I) =1 if d >3,
and e;(1) =0 for4<i<d.

(4) Suppose ¢ =2; then depthG =d — 2 and ea(I) =3, e3(I) = —1 if d > 3,
es(l)=—-11ifd>4, and e;(I)=0 for 5<i<d.

(5) The Hilbert series HS(z) is given by

Ca(A/T) + {eo(I) = La(A/T) = 2}z + 22 4 22

0 ifc=1,
HSIE =0 0,04/D) + feoll) = ba(A/D) = 2}z 4358 — 50
12 if c=2.

Proof. Since £4(I?/QI) =2 and e;(I)=eo(I) — £4(A/I)+ 3, we have
e1(I) =eo(I) — La(A/T) + L4(1?/QI) + 1. We also have 1< £4(I3/QI?) <
2 (see the proof of [RV2, Propositions 2.1 and 2.2]). Then, thanks to
Theorem 1.2, C = X;B(—1) or C = (X1, X2)B(—1) as graded T-modules,
where X7, X9 denote the linearly independent linear forms of B. Thus all
assertions follow by Theorem 1.2. 0

We remark that £4(12/QI) measures how far is the multiplicity of I
from the minimal value (see [RV3, Corollary 2.1]). If £4(1?/QI) < 1, then
depth G > d — 1, but it is still open the problem whether depthG > d — 2,
assuming £4(I1%?/QI) = 2. Theorem 4.6 confirms the conjectured bound.

COROLLARY 4.7. Assume that I is integrally closed. Suppose that
e1(I)=eog(I) —la(A/I)+ 3. Then depth G >d — 2.

Proof.  We have 0</a(I?/QI)<ei(I)—eo(I)+£s(A/I)=3 by
Corollary 2.10. If ¢4(I?/QI)=1 or £a(I?/QI)=3 then we have
depthG >d — 1 as above. Suppose that £4(I?/QI)=2 then we have
depthG >d —2 by Theorem 4.6(3), (4). This completes a proof of
Corollary 4.7. [

85. An example

The goal of this section is to construct an example of a Cohen-—
Macaulay local ring with the maximal ideal m satisfying the equality in
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Theorem 1.2(1). The class of examples we exhibit includes an interesting
example given by Wang, see [RV3, Example 3.2].

THEOREM 5.1. Let d > c>1 be integers. Then there exists a Cohen—
Macaulay local ring (A, m) such that

d=dim A, ej(m)=-eg(m)+La(m?/Qm), and c=~L1(m>/Qm?)
for some minimal reduction Q = (a1, ag,...,aq) of m.

To construct necessary examples we may assume that c¢=d. In fact,
suppose that 0 < ¢ < d and assume that we have already chosen a certain
Cohen—-Macaulay  local ring  (Ag,mg) such that ¢=dim Ay,

el (mo) =€y (mo) + EAO (m%/Qomo), and c= ng (m%/Qomg) with
Qo = (a1, a9, . ..,a:)Ap a minimal reduction of my. Let n=d — ¢ and let
A= Ao[[X1, Xa,...,X,]] be the formal power series ring over the ring Ay.

We set m =mpA + (X1, X2, ..., Xp)Aand Q = QoAl + (X1, Xo, ..., Xn)A.
Then A is a Cohen—Macaulay local ring with dim A = d and maximal ideal
m=mgA + (X1, Xo,..., X;,)A. The ideal @ is a reduction of m and
because X1, Xo, ..., X, forms a super regular sequence in A with respect
to m (recall that G(m)= G(mg)[Y1,Y>,...,Y,] is the polynomial ring,
where Y;’s are the initial forms of X;’s), we have e;(m)=e¢;(mg) for
i=0,1, m?/Qm==m3/Qomp, and m3/Qm?=m}/Qym3. Thus we have
e1(m) = ep(m) + £4(m?/Qm) and £4(m3/Qm?) = c. This observation allows
us to concentrate our attention on the case where ¢ =d.
Let m >0 and d > 1 be integers. Let

D =k[[{X;hi<j<m, Y, {Vihi<i<a: {Zi}i<i<d)]

be the formal power series ring with m + 2d + 1 indeterminates over an
infinite field k, and let

0= (X1 <5 <m)+ (V)] (X511 <G <m) + (V) + (V1< <d)]
+(ViViI1<i,j <d,i#5) + (V7 = ZiY[1<i<d).

We set A= D/a and denote the images of X;, Y, V;, and Z; in A by z;,
Yy, v;, and a;, respectively. Then, since v/a = (X;|1 <j<m)+ (V) + (Vi]1 <
i <d), we have dim A=d. Let m= (z;|1 <j<m)+ (y) + (vi]1 <i<d) +
(a;]1 < i< d) be the maximal ideal in A and we set Q = (a;|1 < i < d). Then,
m? = Qm + (v?[1 <i < d), m3 = Qm? + Qy, and m* = Qm3. Therefore Q is a
minimal reduction of m, and aq, as, . . ., aq is a system of parameters for A.
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We are now interested in the Hilbert coefficients e;(m) of the maximal
ideal m as well as the structure of the associated graded ring G(m) and the
module Cg(m) of m.

THEOREM 5.2. The following assertions hold true.

1
2

A is a Cohen—Macaulay local ring with dim A =d.

Cg(m) = B, (—1) as graded T-modules. Therefore, {4(m3/Qm?) =
eo(m)=m+2d+2, e;(m) =m+ 3d + 2.

eo(m)=d+1ifd>2, and e;(m) =0 for all 3< 1< d.

G(m) is a Buchsbaum ring with depthG(m) =0 and I(G(m)) = d.
The Hilbert series HSw(z) of A is given by

L+ {m+d+ 1}z + X3 (-1)771 (1)) 2
(1—2)4

Notice that Wang’s example before quoted corresponds to the particular
case m=0 and d = 2.

Let us divide the proof of Theorem 5.2 into two steps. Let us begin with
the following.

w

5

(1)
(2)
(3)
(4)
(5)
(6)

HSw(z) =

PROPOSITION 5.3. Letp=(X;|1<j<m)+(Y)+ (Vi[l1<i<d) in D.
Then £p,(Ap) =m + 2d + 2.

Proof. Let k=k[{Z}1<ica: {# }1<ica) and D = D[{} }i<icq]. We set

XJ’»—Z1 for 1<j<m,V/ = V forl i < d,andY':ZLl.Thenwehave

= KX <j<mb Y AV <i<a),
aD = [(Xj1<j<m) + (V)] [(X51<j<m) + (V) + (V|1 <i < d)]

Z2
+ (Vi j<d, i7éj>+(zl,‘/2'3—Y’!1<i<d),

and {X7}igj<m, V', and {V/}1<ica are algebraically independent over k.
Let N
W =k[{Xj1 <j<m}, {V/[1<i<d}]

inﬁand
b=[(X1<j<m)+ (V)] (XL <j<m)+ (V1 <i<d)

A
Fisia<d 40+ (D -2z <i<a)
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in W. Then substituting Y’ with Z;V/ 3in 15, we get the isomorphism
D/aD=W/b

of k algebras. Then the prime ideal pﬁ/af) corresponds to the prime
ideal P/b of W/b, where P =W, = (X]|[1 <j<m)+ (V/|1 <i<d). Then
because
b+ (V%) = (Xj[1<j <m) - (X1 < <m) + (V1 <i<d)
+(VVIN<ij<d, i#5)+(VPL<i<d)

and Ly, ([0 + (VI3)|Wp/6Wp) =1, we get

O (Wp/6Wp) = by, (Wp/[o + (V{*)Wp) + b ([0 + (V{*)Wp/6Wp)
=(m+2d+1)+1=m+2d+ 2.
Thus ﬁAp (Ap) = EWP/bWP (Wp/pr) =m+ 2d + 2. N

Thanks to the associative formula of multiplicity, we have
— 4 (Ay) - e /P4 A]/pA) = 2d + 2
eo(Q) =La,(Ap) "7 ([Q +pA]/pA) =m +2d + 2,

because p = y/a and A/pA = D/p = k[[Z;|1 < i < d]]. On the other hand, we
have

A/Q = E[[{X; h<j<m Y {Vihi<icdl] /¢

where
¢ = ((X1<j<m)+ (V)] (X1 <j<m) + (V) + (Vill <i< d)]
+(ViVi1<i,j<d, i#5) + (VPL<i<d).
Therefore, (4(A/Q)=m+ 2d + 2. Thus ey(Q) =L4(A/Q) so that A is a
Cohen—Macaulay local ring with ey(Q) =m + 2d + 2.
Let Ko=A, Ki =m, and K, =m"” +ym" 2 for n > 2, and we set K =

{Kn}n>0- Let €;(K) denote the ith Hilbert coefficients of the filtration K for
0<i<d.

LEMMA 5.4. The following assertions hold true.

(1) a(Kz/m?)=1 and K, =m" for all n > 3.
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(2) QNKy=QK; and K,+1=QK, for all n>2. Therefore, e;(K)=
eo(K) — La(A/ K1) + La(K2/QK1), e2(K) = La(K2/QKy) if d > 2, and
ei() =0 for 3<i<d.

Proof. (1) Since K2 =m? + (y), we have £4(Ks/m?) = 1. We have K,, =
m” +ym" "2 =m" for all n > 3, because ym = (yv;|1 <i < d) = (v;3]1 <i <
d) C m3.

(2) Since K, =m" for all n>3 by assertion (1), we have Ky Cm2.
Therefore, Q N Ko C Q Nm? = Qm = QK; by Remark 4.2. It is routine to
check that K, 1 = QK, for all n >2. Thus e1(K) =e¢(K) — la(A/K1) +
4(K2/QK1) by [GR, Theorem 2.2]. We also have eg(K) = £4(K2/QK) if
d>2, and ¢;(K) =0 for 3 <i<d by [HM, Proposition 4.6]. 0

We prove now Theorem 5.2.

Proof of Theorem 5.2. Since K,, =m" for all n >3 by Lemma 5.4(1),
we have e;(K) = e;(m) for 0 < i < d. Therefore, e (m) = eg(m) + £4(m?/Qm),
ea(m) =L (m?/Qm) + 1 if d > 2, and e;(m) =0 for all 3 <i<d, because
KA(KQ/W@) =1, 61</C) = eo(IC) +€A(K2/QK1) — 1, GQ(IC) :gA(Kg/QKl) if
d>2, and e;(K) =0 for 3 < ¢ < d by Lemma 5.4. Then we have e;(m) =m +
3d + 2 and ez(m) = d + 1 because eg(m) = m + 2d + 2 and £4(m?/Qm) = d.
The ring G(m) is Buchsbaum ring with depthG(m) =0 and I(G(m)) = d by
Theorem 4.3. This completes the proof of Theorem 5.2. 0
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