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Complete addition laws on abelian varieties
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ABSTRACT

We prove that under any projective embedding of an abelian variety A of dimension g, a complete
set of addition laws has cardinality at least g + 1, generalizing a result of Bosma and Lenstra
for the Weierstrass model of an elliptic curve in P2, In contrast, we prove, moreover, that if k
is any field with infinite absolute Galois group, then there exists for every abelian variety A/k
a projective embedding and an addition law defined for every pair of k-rational points. For an
abelian variety of dimension 1 or 2, we show that this embedding can be the classical Weierstrass
model or the embedding in P'®, respectively, up to a finite number of counterexamples for |k] < 5.

1. Introduction

The notion of completeness of a set of addition laws for an abelian variety A in P" was
introduced by Lange and Ruppert [11]. We recall that an addition law is an (r 4+ 1)-tuple
of bihomogeneous polynomials (pg, . . ., p,) such that the map

(.Z‘, y) — (po(w, y)a s apr(xa y))

determines the group law p: A x A — A on an open subset of A x A, and a set of addition
laws is complete if these open sets cover A x A (see Definition 2.1). The bidegree (m,n) of
an addition law is the bidegree of the polynomials p; in = and y. Lange and Ruppert proved
that the minimal bidegree of any addition law is (2, 2) and determined exact dimensions for
the spaces of all addition laws of a given bidegree. For an elliptic curve E in P? in Weierstrass
form, the space of addition laws has dimension 3, and Bosma and Lenstra [6] proved that two
suffice for a complete set, determining p on all of E x E.
In 2007, Edwards introduced a new normal form for elliptic curves

2 2 2 2 2
xf + x5 =a(1 + z7z3),

with a particularly simple rational expression for the group law. After a coordinate scaling,
Bernstein and Lange [3] transformed this model to

22 422 =1+ doiad
for d = a*, which admits the group law z + y = z where

Z:(I1y2+$2y1 Y3 — T3 )

1+ dl’gyg ’ 1-— d$3y3

with 3 = z172 and y3 = y1y2. In addition to giving a precise analysis of the efficiency of this
group law, Bernstein and Lange observed that the addition law is k-complete over any field k
in which d is a nonsquare (that is, the addition law is well-defined on all pairs of k-rational
points of E). To interpret these rational expressions in terms of projective addition laws as
analyzed by Lange and Ruppert, we note that {1, 21, 22, 23} forms a basis of global sections for
the Riemann-Roch space of the divisor at infinity for the pair of coordinate functions (x1, x2),
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and that this basis determines a projective embedding
(z1, o, x3) — (1 : @1 : 29 : x3)

in P? which is projectively normal (see Section 2 for precise definitions). Specifically, the image
curve is of the form

XP+X3=X2+dX3, XoX3=XXo.
The Edwards addition law can be interpreted as the bidegree-(2, 2) addition law

(XoYo + dX3Y3)(XoYo — dX3Y3), (XoYo — dX3Y3)(X1Y2 + Xa2Y1),
(XoYo + dX5Y3)(XoYs — X3Yp), (XoYs — X3Yp)(X1Ya + XoY7)).

Any elliptic curve specified by an affine model has a canonical embedding associated to the
complete linear system. Consequently, we refer only to such abelian varieties with projective
embeddings.

In terms of degree-3 models, Bernstein, Kohel and Lange [2] constructed a k-complete
addition law on the family of twisted Hessian curves

aXp 4+ X3 4+ X5 = dXo X1 Xa,
which admit the k-complete addition laws
(XoX Y2 — X2YYa, aXoXoYE — X2Y1Ys, —aX2YoY) + X1 XoYE)
and
(XoXoYs — X3YoY1, —aX3YoYs + X1 XoYE, aXo X Y7 — X3Y1Y3)

over any field k in which a is not a cube. Any such model is equivalent to a Weierstrass model
by a linear change of variables, which shows that the property of k-completeness is not special
to quartic models in IP3.

Both the Edwards and twisted Hessian models share the property that they require a
level structure of rational torsion. In analogy with the quartic Edwards model, Bernstein and
Lange [4] demonstrated by example that a general elliptic curve admits a quartic model with
k-complete addition law (subject to some coefficient being a nonsquare), while resorting to
a rational expression for an addition law of high bidegree. The second author of the present
article gave an elementary characterization of k-completeness of addition laws of bidegree (2, 2)
in terms of the Galois action on an associated divisor on the curve; see [8, Corollary 12]. In
particular, the property of k-completeness on elliptic curves is not special.

In this paper, we generalize the above results to abelian varieties. We determine new, tight
bounds on the size of a complete set of addition laws under any embedding, generalizing the
result of Bosma and Lenstra [6] for elliptic curves. Moreover, we prove that if k is any field
with infinite absolute Galois group, then there exists for every abelian variety A/k a projective
embedding and an addition law defined for every pair of k-rational points (see Theorem 3.1).

Our work builds on the elegant paper of Lange and Ruppert [11], in which the authors
interpret addition laws on an abelian variety A/k in terms of sections of a certain line bundle
M on Ax A. Our key idea is to observe that an addition law associated to a section s of
HO(A x A, M) with zero divisor D := (s)g is defined on A x A\Ds. We obtain a k-complete
addition law by constructing a k-rational divisor Dy without any k-rational point. This gives
an exact analogue of the elliptic curve case studied by the second author in [8].

In Section 2, we recall some definitions and concepts from [11], explain more explicitly the
link between addition laws on a projective embedding of A/k and sections of H°(A x A, M),
and also deal with the geometric case k= k. For any principally polarized abelian variety
of dimension g, we give bounds on the cardinality of any complete set of addition laws; in
particular, we show that its cardinality is at least g + 1.
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In Section 3, we consider the case of a field & with infinite absolute Galois group, and prove
the aforementioned result on existence of a pair consisting of a projective embedding and a
k-complete addition law.

In Section 4, we specialize to elliptic curves and Jacobians of genus-two curves over a finite
field k, noting that the results also extend to other fields (see Remarks 4.4 and 4.9). We
prove that there exists a k-complete addition law for their classical embeddings in P? and P'5,
respectively, as soon as |k| > 5 for elliptic curves and |k| > 7 for Jacobian surfaces. In particular,
we exhibit an explicit k-complete addition law on a Weierstrass model of an elliptic curve E
over k when E has no nontrivial rational 2-torsion points.

2. Addition laws and completeness

Let k be a field and A/k an abelian variety of dimension g. We assume that A is embedded in
some projective space P" over k by a very ample line bundle £ = £(D), with D being an effective
divisor, and we denote by ¢: A< P" the corresponding morphism. We also assume in what
follows that the embedding is projectively normal. Recall that A is said to be projectively
normal in P7 if for every n > 1 the restriction map I'(P", Opr(n)) — I'(4, L™) is surjective.
This is the case in the classical settings where £ = L§ with £y an ample line bundle and a > 3
(see [5, p. 187]).

Let I1 and I> be the homogeneous defining ideals for A in k[Xo, ..., X,] and k[Yp, ..., Y],
respectively. The group law

w:AxA— A,

defined by (z,y)— x+y, can be locally described by bihomogenous polynomials. More
precisely, an addition law p of bidegree (m,n) on ¢(A) CP" is an (r + 1)-tuple (po, ..., pr)
of elements

pi € k[Xo, . ,X,-]/Il & k‘D/o, C. ,Y,]/IQ
which are bihomogeneous of degree m and n in Xo, ..., X, and Yo, ..., Y., respectively, and
for which there exists a nonempty open subset U of A x A such that for all (x,y) € U(k),
vou(x,y) = (po(u(x), u(y)) : - . . pr (), (y))-

When A is given with a fixed embedding in P", we may suppress the reference to the embedding
¢ and speak of addition laws on A.

DEFINITION 2.1. A set S of addition laws is said to be k-complete if for any k-rational point
(z,y) € (A x A)(k) there is an addition law in S defined on an open set U containing (z, y).
This set is said to be complete if the previous property holds over k. If S = {p} is a singleton,
we say that the addition law p is k-complete and complete when k = k.

In [11, Lemma 2.1], Lange and Ruppert gave the interpretation of the possible addition laws
in terms of the sections of certain line bundles.

PRrROPOSITION 2.2. Let w1, 72 : A X A — A be the projection maps on the first and second
factor. There is an addition law (respectively, a complete set of addition laws) of bidegree
(m,n) on A with respect to the embedding in P" determined by L if and only if

H(Ax A, M) #0
(respectively, the linear system |M.,, ,,| is basepoint-free), where

Mpn = WLt L™ @i
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We explain how one associates an addition law to a nonzero section w in H°(A x A, My, ).
For 0<j<n,lett; € HC(A, £) be the basis given by t; = 1*X; where X; are the coordinate
functions on P". As shown in [11, p. 607], H*(A x A, p*L£) = p*H°(A, £), and so s; = u*t; is
a basis of HY(A x A, u*L). For each j and (z,y) € A x A, we have

si(@,y) =t; 0 p(z, y) = X;j(eo p(z, ).
Now w® s; € HY(A x A, m{ L™ @ w5L™). As the embedding is projectively normal, we have
L @i L" = (1L ® 1)*Opr (M) @ Opr(n),
and then there exists a bihomogeneous polynomial p; of bidegree (m, n) such that for all points
(x,y) € A X A,
(’LU ® Sj)(xv y) = pj(l’(x)v L(y))
Therefore, if U = A x A\(w)g, we have

(Po(e(x), e(y)) « - - 1 pr (@), L(y)) = (W @ s0) (@, y) ¢ - .. (w @ 5p) (2, y))
= (so(z,y):...:8:.(2,9))
= (Xo(tou(@,y)):...: Xp(vop(z,y)))
= (@, y))-

Another natural requirement is that £=L(D) be symmetric, that is, [-1]*£L =L or,
equivalently, D ~ [—1]*D, as can be seen from the following lemmas.

LEMMA 2.3. If A/k is embedded in P" by a very ample symmetric line bundle L (projectively
normal), then the inversion map [—1] on A is induced by a linear automorphism of P". Moreover,
if char(k) # 2, there is a choice of coordinates such that the inversion acts by +1 on each
coordinate.

Proof. The first statement is a direct consequence of the symmetry of £. Now fix a basis
(t;) of H°(A, £) and let M be the matrix of the coordinates of [—1]*¢; in the basis (¢;). The
morphism [—1] is induced by an involution of P", so there exists € € k such that M? — ¢ Id = 0.

The neutral element O = (ag : . ..:a,) of A< P" is a fixed point for [—1]. Hence, the vector
(ag, . .. ,a,) is an eigenvector of the matrix M with eigenvalue ¢ € k. This implies that ¢ = &3,
and if char(k) # 2, then M? — e 1d factors as (M — gold)(M + gold). This proves that M can
be diagonalized over k with eigenvalues in {+e¢}, and so the conclusion holds. |

Before considering non-algebraically closed fields, it is natural to examine what happens over
k. We start by giving an upper bound on the cardinality of a complete set of addition laws.
In what follows, we define the difference map 6: A x A— A by (x,y) — x — y, and use the
product partial order on bidegree given by (k, 1) < (m,n) if and only if k < m and | < n. For
bidegree (m, n) = (2, 2), we denote the line bundle M,,, ,, of Proposition 2.2 by M. We begin
by recalling a fundamental result of Lange and Ruppert; see [11, Propositions 2.2 and 2.3].

LEMMA 2.4. Let £ be an ample line bundle on A,
(1) If £ is not symmetric, then H°(A x A, M) =
(2) If £ is symmetric, then M is isomorphic to 5 L and is basepoint-free; consequently,
RO(M) = KO(L).
If (m,n) > (2, 2), then h®(M,,.) = h°(L)?(mn —m — n)9.
Proof. For (m,n) > (2,2), the proof follows the case of ( (2,3) treated in [11,

,n) =
Proposition 2.3]. For (m, n) = (2, 2), Lange and Ruppert proved in [11, Proposition 2.2] that
M = §*L and that M is basepoint-free. The equality h°(M) = h°(L) is an easy consequence
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of the fact, proved in [11], that M|gaq), is trivial together with the fact that, as £ is ample,
its index is zero. Indeed, according to [13, Theorem 1(ii), p. 95], one then has the isomorphism
H(Ax A, M)= H°(A, L). O

The isomorphism of M with 6*£ allows us to consider line bundles on A instead of on A x A.
The following well-known lemma shows that we can always find a symmetric embedding of A/k.

LEMMA 2.5. Let (A, \) be a principally polarized abelian variety over k. Then there exists
a symmetric line bundle which induces the polarization A on A.

Proof. Suppose that £’ is a line bundle attached to the polarization A. We construct a
symmetric line bundle £ algebraically equivalent to L'. Since L' is algebraically equivalent to
[—1]*L" (see [9, p. 93]), there exists x € A(k) such that the translation 7;L’ is algebraically
equivalent to [~1]*L’. Let y be an element of A(k) such that 2y =z, and set £ =7;L’. Then
L is algebraically equivalent to £ and

L=r,L =7 7L =7" [-1]"L = [-1]"L,
so that it is symmetric. O

Suppose that £ is a symmetric line bundle as in the preceding lemma. By Lemma 2.4, the

embedding defined by £3 has a complete set of biquadratic addition laws of cardinality equal

to h? (A, £3) = 39. This gives an upper bound on the minimal size of a complete set of addition
laws. We now determine a lower bound.

THEOREM 2.6. Assume A is embedded in P" by a symmetric line bundle. If S is a complete
set of addition laws on A, then |S| > g + 1.

Proof. Suppose that S is a complete set of addition laws of bidegree (m,n) on A, and let
V =ker(u) C A x A. By Lemma 2.3, the isomorphism
[1]x[-1]:A—V

is linear, and so ([1] x [-1])*S is a set of polynomial (rational) maps for A —{O} C A. It
follows that there exists a set I of polynomials of degree m + n such that

([1] x [-1])*S ={(a0q¢(Xo, .- -, X¢)s -« oy arq(Xo, ..., X)) 1 q €T},

where O =(ag :---:a,). Since S is complete, the subvariety V(1) N A is empty. On the other
hand, its dimension is at least dim(A) — |I| > g — |'S|, hence the cardinality of S must be at
least g + 1. O

Although the interval [¢g+ 1,39] is quite large, the lower bound shows that there is no
complete addition law on any abelian variety of any dimension. For g = 1, these bounds show
that the minimal size of a complete set of addition laws is either 2 or 3. An explicit set of
cardinality 3 was already given by Lange and Ruppert in [11, Section 3] for char(k) # 2, 3, and
in [12] for any characteristic; furthermore, Bosma and Lenstra [6] proved that a set of minimal
cardinality 2 is in fact sufficient.

3. k-complete addition laws

Let £ be a very ample symmetric line bundle defined by an effective k-rational divisor D on
Alk.

Since 6*L =M = p* L7 @ 77 L% @ 73 L2, there exists w in HY(A x A, M) such that (w)g =
0*(D). As we have seen in Section 2, w defines a biquadratic addition law on the complement
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of (w)g =06*D. Hence it is sufficient that D have no k-rational point for the group law to be
k-complete. Note that this is also a necessary condition, since a k-rational point x on D gives
the k-rational point (x,0) on §*D.

THEOREM 3.1. Let A/k be an abelian variety and io: A< P™ an embedding for some
ro > 1. Assume that k has infinite absolute Galois group and let d > ro be such that there exists
a separable extension K /k of degree d over k. Then there exists an embedding v : A <— P" and
a k-complete biquadratic addition law on ((A), with r = (2d)9(ro + 1) — 1.

Proof. Let K =k(ap)/k be a separable extension, and denote by «y, . .., aq—1 its distinct
Galois conjugates in the normal closure of K/k. For i =0, ...,d — 1, let H; be the hyperplane
in P,

Hi:XO—I-CkZ'Xl-F...-l-Ck:oXTO:O.

Since d > ro, the sets {1, a;, ..., a;°} are linearly independent over k for every %, and hence
H; (k) is empty. Now > H; is a k-rational divisor, so let Do = ¢{j(>_ H;) and define the divisor
D =Dy+ [-1]*Dgy. Then D is a symmetric, effective, k-rational divisor without k-rational
points. Denote by £y the line bundle associated to the embedding ¢o. The line bundle £ = £(D)
is isomorphic to £2¢, so £ is very ample and provides a projectively normal embedding A < P"
with a k-complete biquadratic addition law. By the Riemann-Roch theorem, the dimension r
is equal to (2d)9(ro + 1) — 1. O

4. The genus-one and genus-two cases

In the previous section, a k-complete (biquadratic) addition law was proved to exist for an
embedding of the abelian variety in a projective space of high dimension. When k=T, is a
finite field and the abelian variety A/k has dimension 1 or 2, we will show that we can take
the embedding to be the corresponding classical one. In what follows, we let o denote the
Frobenius automorphism of k/k.
4.1. Elliptic curves
Let A= FE be an elliptic curve defined over k =F,.

LEMMA 4.1. If ¢ > 5, there exists Py € E(k) such that its Galois orbit is given by three
distinct points whose sum is O.

Proof. Consider the group homomorphism N : E(F;s) — E(F,) given by

P~ P+P° 4P
We are looking for a point Py € ker(N)\E(F,); hence we want
|ker(N)| > |ker(N) N E(F,)|.

The intersection of ker(N) with E(F,) is the group of F,-rational 3-torsion points of E, so
|ker(N) N E(F,)| < 9. On the other hand, for all ¢ > 5 we have

EF S +1-2y/¢?
|k€I‘(N)|> | ( q3)| 2(] + q >9’
[E(Fy)| ~ q+1+2y4
so such a point Py exists in E(Fs). |

REMARK 4.2. For each of ¢ =2, 3 and 4, there exists at least one elliptic curve over [, for
which |ker(N)| = |ker(N) N E(F,)|.
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THEOREM 4.3. Let k be the finite field F, with ¢ > 5, and let E/k be an elliptic curve.
There exists a k-complete biquadratic addition law on the Weierstrass model of E C P?.

Proof. Let Py be a point as in Lemma 4.1, and let D be the divisor given by the sum of
the Galois conjugates of Py. It is a k-rational divisor without k-rational points. It is not a
symmetric divisor, but £ = £(D) is a symmetric line bundle as D ~ 3(O) ~ [-1]*D. Another
consequence of the relation D ~ 3(0O) is that the embedding associated to £(D) is projectively
equivalent to the Weierstrass model of E. O

REMARK 4.4. We use the fact that k is a finite field only to prove the existence of the point
Py. It is easy to see that when k is a number field, such a point always exists and so the
conclusion of Theorem 4.3 still holds. Indeed, if E is defined by y* + h(z)y = f(z), then, since
k is Hilbertian (see [10, p. 225]), there exists yo € k such that y2 + h(z)yo — f(x) is irreducible.
We can take Py = (0, yo) where g is any root of y2 + h(z)yo — f(z) =0 in k.

In particular, for char(k) # 2 or 3, by means of a change of variables we may assume that
E is of the form y? = 2% + ax + b. Moreover, if E has no nontrivial k-rational 2-torsion points,
then the polynomial f(x) = 3 + ax + b is irreducible over k and the sum (X7 :Y7: Z;) + (X3 :

Y3 : Z5) is given by the addition law (Xz)EZ)7 Y3(2), Z§2)) of Bosma and Lenstra [6],
((X1Y2 + Y1Xo)(Y1Ya — 6bZ1Z5) — a(Y1Zo + Z1Y2)(2X1Xo — aZ1 Z>)
— X1Z5(aX1Ys + 3bY1 Z5) — Z1 Xo(aY1 X + 302, Y5),
Y2Y? + aX1Xo(3X1 Xy — 202, Z5) — a*(X1Z2 + 71 X5)?
+30(X1 20 + 71 X2)(3X1 Xy — aZ1Z5) — (a® + 9*) 23 73,
Y1Ya(YiZo + Z1Ya) + (3X1 Xo + 2aZ1 Z5) (X1 Ys + Y1 Xo)
+ (aX1 + 3bZ)Y1Z5 + Z7(aXs + 3bZ5)Ys),

specialized to (a1, ag, as, as, ag) =(0,0,0,a,b). Under the hypothesis on the 2-torsion, the
exceptional divisor 6*{Y = 0} is irreducible, hence the addition law is k-complete.

4.2. Genus-two curves

Let C be a genus-two curve over a finite field k =T,, with hyperelliptic involution P P.
By [15, Proposition 2.3.21, p. 180], there exists a (not necessarily effective) k-rational divisor
P, of degree 1 such that 2P, is equivalent to the canonical divisor £ of C. The divisor
©, defined as the image of C in Jac(C) under the map P+ (P) — Py, is then a k-rational,
ample, symmetric divisor which defines the canonical principal polarization on Jac(C). For any
z € Jac(C)(k), we denote by O, its translation (77)710 =0 + 2.

The following result can be found, for instance, in [14, p. 275].

PROPOSITION 4.5. Let P and Q be points in C(k), and set z = (P) — (Q) € Jac(C)(k). Then
we have

0N6,={(P)— Ps, (Q) — Px}.

As in the previous section, we will need the existence of a Galois orbit of points for the
construction of a divisor on Jac(C).

LEMMA2 4.6. Ifq > T, there exists a point Py € C (k) such that its Galois orbit has cardinality
4 and P§ = Py.

Proof. Let ¢:C — P! be the quotient by the hyperelliptic involution. Note that Py is a
point in C(F,)\C(F,2) such that ¢(Fp) is in P*(F,2). Moreover, no such point exists if and

https://doi.org/10.1112/51461157012001027 Published online by Cambridge University Press


https://doi.org/10.1112/S1461157012001027

COMPLETE ADDITION LAWS ON ABELIAN VARIETIES 315

only if ¢(C(Fy2)) =P (F,2) or, equivalently,
[C(Fg2)| = 2(¢* +1) —e2,

where e; <6 is the number of ramification points of ¢ in C(Fg2). For ¢ > 7, this equality
contradicts the Weil bound |C(Fg2)| < ¢® + 4¢ + 1, and so such a point exists. a

REMARK 4.7. For each of ¢ =2, 3,4 and 5, there exists at least one genus-two curve over
F, with no such point Py. In particular, for ¢ =5 the bound is tight (for e; = 6), namely

|IC(F,2)| =2(¢* +1) — 6 =¢* + 4q + 1 = 46,

and is satisfied for the curve y? = z% + 1 over Fs.

THEOREM 4.8. Let C be a genus-two curve over F, with ¢ > 7. There exists a k-complete
biquadratic addition law for the classical embedding of Jac(C') in P® determined by L(40).

Proof. For the canonical divisor x and a point Py as in Lemma 4.6, we define
ap = (Po) + (F) — &, a1 =(F5)+ (Po) — &,
az = (Po) + (Pg) =k, az=(Py) + (Py) — .
Using Proposition 4.5, we find that
Oa, NBa, = (74,) " (ONO () = {(Po) — Po + ao},
Oy MO0y = (72,) (O N Opry_ () = {(P5) — Poc + ato}.
By construction, the divisor D =) ©,, is ample, symmetric and k-rational. Moreover, since

there exists a transitive action on the components ©,,, any k-rational point of D must be a
point of the intersection

Oqp MOy, NO,, NOy,,

which is empty. Finally, we have > «; =0 by construction, so D ~ 40 and D determines a
k-complete addition law for the classical embedding of Jac(C) in P'5 determined by £(40). O

REMARK 4.9. This construction can be generalized to other fields. For instance, following
the same lines as Remark 4.4, Lemma 4.6 has an analogue over number fields k. However, a
k-rational divisor P, of degree 1 may no longer exist, but for the family of curves C such as
y? = f(x) with deg f =5, we can take Py, to be the divisor with support being the point at
infinity. In this case, the analogue of Theorem 4.8 holds over a number field. Arene and Cosset
have developed an algorithm to construct such an addition law [1].

REMARK 4.10. The construction of Theorem 4.8 uses differences of effective divisors of
degree g = 2. In general, such degree-g divisors are necessary, since if C' is a curve of genus g
and we define W; = im(Sym® C — Jac(C')), then by [7, p. 146] the intersection

ﬂ{Wq_l —a:a€eW, +b}
is nonempty for any 0 <r < g — 1 and any b € Jac(C).
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