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Abstract

Let E be an Archimedean Riesz space and let Orth®( E) be the f-algebra consisting of all extended
orthomorphisms on E, that is, of all order bounded linear operators T: D — E, with D an order dense
ideal in E, such that 7(B N D) C B for every band B in E. We give conditions on E and on a Riesz
subspace F of E insuring that every T € Orth®( F) can be extended to some T € Orth®( E), and we
also consider the problem of inversing an extended orthomorphism on its support. The same problems
are also studied in the case of o-orthomorphisms, that is, extended orthomorphisms with a super order
dense domain. Furthermore, some applications are given.
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Introduction

An extended orthomorphism on an Archimedean Riesz space E is an order
bounded linear mapping T: D — E, where D is an order dense ideal in E, such
that T(B N D) C B for every band B in E. The set Orth®*(FE) of all extended
orthomorphisms on E is a laterally complete Archimedean Riesz space and, even,
an f-algebra with unit. The space Orth( E) of all orthomorphisms on E, that is, of
everywhere defined extended orthomorphisms, is an f-subalgebra of Orth®(E).
Extended orthomorphisms have been introduced in a special setting by Nakano
{11], used by Luxemburg and Schep [7] and were recently studied by the authors
[3]. They form a natural generalization of the orthomorphisms and the richness of
their structure allows to characterize many properties of E.
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In Section 1 we introduce the main notations and some useful tools. Section 2
is mainly devoted to the following problem: given a Riesz subspace F of E and
T € Orth®(F), does there exist some 7' € Orth®( E) extending T in some sense?
The same kind of problem was considered by Wickstead {16] in the case of
orthomorphisms; although Orth*(E) has generally much more elements than
Orth( E), the extension of extended orthomorphisms does not require so strong
hypothesis as the extension of orthomorphisms does and, in fact, the two
problems and their solutions are very different. The concept of a quasi-unital
Riesz subspace in an f-algebra, introduced here, seems to be specially useful in
that setting. The main extension theorem (2.5) is general enough to contain the
case when F is a quasi-unital Riesz subspace in an f-algebra E (2.4) as well as the
case when F is any Riesz subspace in a uniformly complete Riesz space E (2.6).
Finally we use our results to study the equality Orth®(Orth( E)) = Orth®(E) (2.7,
2.10), which is not always true unlike the following easier ones: Orth(Orth(E)) =
Orth( E) and Orth*(Orth*( E)) = Orth™(E).

Section 3 is concerned with the invertibility of extended orthomorphisms. It is
shown (3.3) that under some conditions on principal ideals of E, every extended
orthomorphism is invertible on its support. In particular, if E is uniformly
complete, then 7T is invertible in Orth®( E) if and only if | T'| is a weak order unit
(3.4).

In Section 4 we investigate the extension and inversion properties of o-ortho-
morphisms, that is, of extended orthomorphisms with a super order dense
domain. It is shown in [3, 4] that the study of the f-subalgebra Orth’(E) of
Orth®(E), consisting of all g-orthomorphisms on E, allows to characterize the
universal and the lateral o-completions of many almost Dedekind o-complete
Riesz spaces.

The authors wish to express their gratitude to the referees for all their valuable
suggestions.

1. Preliminaries

For terminology, notations and the general theory of Riesz spaces (resp.
f-algebras, extended orthomorphisms), we refer to [1, 8] (resp. [5, 6, 10, 12}, [2, 3,
7]). Nevertheless we recall here some definitions and results (with some proofs for
the sake of completeness).

The symbols i(A4) and b(A4) (or iz(A) and bg(A)) will denote respectively the
ideal and the band generated in a Riesz space E by a subset 4 of E; if A = {x}
we shall write i(x) and b(x).
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An f-algebra is a Riesz space E which is also an algebra such that xy = 0 for all
x, y € E,, and such that xz Ay =zx ANy =0 for all x, y, z € E satisfying
x Ay =0. It is known that every Archimedean f-algebra is automatically com-
mutative. An f-algebra will be called nowhere trivial if x*> = 0 implies x = 0 or,
equivalently in the Archimedean case, if xy = 0 is equivalent to x L y (note that
x L y = xy = 0 holds in any f-algebra). An f-subalgebra is a Riesz subspace which
is also a subalgebra. An f-homomorphism between two f-algebras is a Riesz
homomorphism which is also a ring homomorphism, and similarly for f-isomor-
phism. By an ideal, even in an f-algebra, we shall always mean an order ideal, that
is, a solid Riesz subspace.

We now recall some facts about extended orthomorphisms on an Archimedean
Riesz space E. An extended orthomorphism on E is an order bounded linear
mapping T: D, — E, with D, an order dense ideal in E, such that Tx L y for all
x € Drand all y € E satisfying x L y or, equivalently, such that T(B N D;) C B
for every band B in E. Such a T can be shown to be order continuous and there is
thus a largest ideal D7 of E, called the maximal domain of T, such that T can be
(uniquely) extended to an extended orthomorphism T: Dy — E.

Let Orth™( E) be the set of all equivalence classes of extended orthomorphisms
S, T,... on E, S and T being equivalent if S = T on some order dense ideal of E
(this implies that § = T on Dg" = D7'); D will denote any order dense ideal of E
on which T can be defined. It is known that Orth®(E) is a laterally complete (that
is, every positive disjoint system has a supremum) Archimedean Riesz space
under pointwise definitions of addition, scalar multiplication and ordering on
order dense ideals of E. For every S, T € Orth®( E) we have the formulas:

(SVT)x=8SxVTx (0<x€DgnN Dy),
ITI(x]) =IT(x)|=|Tx|  (x € Dr).

Note that the identity I on E is a weak order unit in Orth*(E): T = sup{T N nl;
n=1, 2,...} holds for every T € Orth% @®E), since Tx € b(x) implies that
Tx =sup, Tx Nnx (0 < x € Dyp).

LeMMA 1.1 [3; 1.3} If T € Orth™(E), then D = {x € D;; Tx € i(x)} is a super
order dense ideal in Dy.

PROOF. We can assume T = 0. Since D = U, _*{Kex(T — nI)™, D is clearly an
ideal. For every 0 < x € D, we have x = sup,(x — n"'Tx)*, and the proof will
be complete if we show that (x — n~'Tx)* €D (n=1,2,...). Fix 0 < x € Dy,
0 <X €R, and define y = (x — ATx)*, and S = I — AT. In order to see that

Ty < X'y (and so that y € D), observe first that S™ o S*: D, - E is defined.
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For every 0 <u € D; we have S (STuAnu) A ST u=0, hence S™ (ST u N
nu) ANS™Stu=0.But S* u A nu1,S* u and, using the order continuity of S~ ,
weget S”STAST ST =0, thatis, S~ S* = 0. The required inequality Ty < X'y
follows now from 0 = S~ ST x =S~y =(y — ATy)".

It follows from this lemma that, given S, T € Orth®(E), the product ST can be
defined (as in [7]) by (ST )x = S(Tx) for all x in the order dense ideal {x € Dy;
Tx € Dg} of E, and so Orth®(E) becomes an Archimedean f-algebra with the
identity I on E as (multiplicative) unit. In particular, the algebra Orth™(E) is
commutative.

The collection Orth( E) of all orthomorphisms on E, that is, of all T € Orth®(E)
such that Df* = E, is obviously an f-subalgebra of Orth®( E). The center Z(E) of
the Archimedean Riesz space E is the f-subalgebra of Orth( E) consisting of all
linear mappings T: E — E for which there exists A € R, satisfying | Tx|< Ax for
all x € E, ; Z(E) is obviously the (order) ideal generated by 7 in Orth( E).

LEMMA 1.2 [7; 1.5]. If F is a Riesz subspace of the Dedekind complete Riesz space
E, then every T € Z(F) can be extended to Ty € Z(E).

PrOOF. Given T € Z, (F), there exists A € R, such that Tx < Ax for all
x € F_; define p(x) = Ax™ for all x € E. Then p is a sublinear mapping and
Tx < T(x*) < p(x) holds for every x € F. It follows from the Hahn-Banach
theorem (in which R can be replaced by any Dedekind complete Riesz space [15))
that T has a linear extension 7,: E — E such that Tyx < p(x) for all x € E; it is
obvious that T, € Z, (E).

Let E be any Archimedean Riesz space. If T € Orth™( E), then its support By is
defined to be the band in E generated by 7(D;); by order continuity, B, does not
depend on the choice of domain D

LEMMA 1.3 [3; 14]. If T € Orth*(E), then Ker T = D, N B%. In particular:
(1) Ker T is a band in Dy; (2) Tx 0 for all x # 0 in Dy 0\ Br; (3) b(A) N By
= b(T(A)) for all subsets A of Dr.

PROOF. If x € D N BZ then x L Tx, hence Tx L Tx, that is, Tx = 0; so
DN B? C Ker T. For the converse, let 0 < x < D;. Since Ker T is an ideal,
there exists a net 0 < x, + y, 1 x, with 0 < x, € Ker T and 0 < y, € (Ker T)“.
By order continuity, T(x, + y,) = Ty, is order convergent to Tx and, since
Ty, € (Ker T), this shows that Tx € (Ker T')°. Hence B C (Ker T)?, and so
Ker T C D, N B{.
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(1) and (2) are obvious and (3) can be deduced from (2) and (1.1).

COROLLARY 14. If S, T € Orth*(E) satisfy Sx < Tx for all x in A C D¢ N Dy
NE,,then S<TonDs N DN b(A).

Lemmas 1.1 and 1.3 are simple generalizations of known results on orthomor-
phisms (see {6]). The proof of the next theorem is rather technical and will be
omitted.

THEOREM 1.5 [3; 1.8). Let (T,; a € A) be a family in Orth* (E) such that
T = sup T, exists. Then

Tx = sup{T,y; «a € Aandy € Dy N [0, x]}

for every 0 < x € Dr. In particular, if 0 <x € Dr N (N c,Dr), then Tx =
sup{T,x; a € A}.

We now recall that multiplication operators on an Archimedean f-algebra E are
orthomorphisms. More precisely, we may consider the natural f~homomorphism
¢: E - Orth(E), defined by ¢(x)(y) = xy for all x, y € E. It is well-known (and
easy to verify) that ¢ is one-to-one if and only if E is nowhere trivial, and that E
and Orth( E) are f-isomorphic via ¢ if and only if E has a (multiplicative) unit. In
particular Orth(Orth(E)) = Orth(E) holds for any Archimedean Riesz space E.
Since every laterally complete Archimedean Riesz space E satisfies Orth®(E) =
Orth( E) [3; 2.8.2], the next result is clear.

Lemma 1.6. If E is any Archimedean Riesz space, then Orth*(Orth®(E)) =
Orth(Orth*( E)) = Orth™(E).

The next lemma will be also useful.

LeMMA 1.7. Let E be an Archimedean Riesz space with a uniformly complete
center (this occurs in particular if E is uniformly complete). If T € Z( E) satisfies
| T|= A1 for some 0 <X € R, then T has an inverse in Z(E).

ProOOF. By Yosida representation theorem [8, 14}, Z( E) is Riesz isomorphic to
C(K), with I = 1, for some'compact space K. It follows easily from I = 1 and 1.4
that this Riesz isomorphism is actually an f-isomorphism, and the result is now
obvious.
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Given an Archimedean Riesz space E, let @ be a Riesz subspace of Orth®(E)
and, for every ideal J of E, define

@(J)={Te@; B, CJ}.
@(J) is clearly an ideal in @. In the special case when @ = Orth®(E), Orth(E) or
Z( E), we shall write Orth™( E, J), Orth(E, J) or Z(E, J) instead of @(J).
We shall say that @ is rich if @(b(x)) # {0} for all x # 0 in E; by [3; 2.4), @ is
rich if and only if @ is order dense in Orth®(E).

We shall say that @ is witrarich if @(i(x)) # {0} for all x # 0 in E. Riesz spaces
with a rich or ultrarich center have been studied in [9].

ExampLes. If € is a locally compact topological space and E = H (L) is the
Riesz space of all real continuous functions on £ with compact support, then E
has an ultrarich center ( f-isomorphic to (), the bounded continuous functions
on £ operating by product). If £ = L?(p), 1 < p < + o0, where p is the Lebesgue
measure on {0, 1], then Z( E') ( f<isomorphic to L*(u)) is rich (since E is Dedekind
complete), but Z( E) is not ultrarich because Z(E, i( f)) = {0} for all f € E (see
also [9; 4.11]).

2. Extension theorems and applications

The new concept that we introduce now is very important for what follows.
Let F be a Riesz subspace of the Archimedean f-algebra E. We shall say that F
is quasi-unital if the ideal generated in F by

M= {x€E€F;xy=xforsomey € F, }

is order dense in F; if this ideal is super order dense in F, we shall say that F is
super quasi-unital. Notice that xy = x in E implies that x’y = x’ for all x" € bg(x)
(an easy consequence of 1.4); in particular, M is a solid subset of F. It follows
easily from this and AM C M (A € R) that

n
ir(M), = { Y x;0<x,€Mandn= 1,2,...}.
i=1

Considering the following statements

(1) Ehasaunite and e € F,

(2) Ehasauniteand x Ne € Fforallx € F,

(3) E is nowhere trivial and, for every x € F, , there exists « € F, such that
xy Ny =uyforaly € F,_,

(4) F is super quasi-unital,
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it is not difficult to verify that (1) = (2) = (3) = (4). For (3) = (4) observe that (3)
will mean that E can be identified with the f-subalgebra ¢(E) of Orth(E) (¢ is
the natural f-homomorphism from E into Orth(E)) and that ¢(x) A I € ¢(F)
for all x € F ; hence it suffices to show that (2) = (4), which follows from

(x—nle)" (eAnx)=(x—n'e)" (x€F,,n=12..).

Observe also that any quasi-unital Archimedean f-algebra E is nowhere trivial.
Let indeed x € E such that x*> = 0; if x # 0 there would exist 0 < x’ <|x| with
x'y = x’ for some y € E ; it follows easily from x’?> = 0 that x’ = x’y = 0, and
this contradiction establishes the result.

EXAMPLES. (1) An example of a super quasi-unital Archimedean f-algebra without
unit is given by all continuous functions with compact support on a locally
compact non compact topological space.

(2) A quasi-unital Archimedean f-algebra which is not super quasi-unital. Let
K, =1, 2] for all j in some non countable set J and £ = 2K, (topological sum);
for u € C(Q) denote by u, its restriction to K. Let & be the Riesz subspace of C
[1, 2] generated by polynomials in R{x] and define x® = {xf; f € ?}; P and x&
are f-algebras for the usual product. Let also E be the f-subalgebra of C(Q)
consisting of all u such that u; € P for allj € J and {j € J; u; & x¥} is at most
countable. Observing that fg # f for all f, g € x%, it is easily seen that E is
quasi-unital but not super quasi-unital.

(3) If E = x%, then E is not quasi-unital for the usual product. But if for
f=xh, g=xk (h,k €?P) we define f » g= xhk (usual product), then E

6.9

equipped with the product “+” is an f-algebra with the polynomial “x” as unit.

The next two propositions provide other examples of super quasi-unital f-alge-
bras.

PROPOSITION 2.1. Let E be a nowhere trivial Archimedean f-algebra. If Z(E) is
uniformly complete (this occurs in particular if E is uniformly complete), then E is
super quasi-unital.

Proor. Fix x € E_, define T € Orth(E) by Ty = xy and, for n = 1,2,...,
define also T,=(TVn'I)Anl, and x,=(x —n"'x?)*" An(x?> —n'x)".
Since E is nowhere trivial, we have b(x?) = b(x); hence x = sup x,. It follows
easily from (n~'1 — T)* x, = (T — nI)* x, = 0 that n~'x, < xx, < nx, and, so,
T,x, = xx,. Now the uniform completeness of Z(E) and n~'I < T, < nI imply
that §,7, = I for some S, € Z(E) (1.7). Defining y, = S, x, it remains to observe
that x,, = S(T,x,) = S,(xx,) = X, ¥,
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PROPOSITION 2.2. Any uniformly complete Archimedean Riesz space E contains
an order dense ideal which is a super quasi-unital f-algebra.

PROOF. Let (e,) be a maximal disjoint system in £, and let 4 be the direct sum
of all E, = i(e,); A is an order dense ideal in E. The Yosida representation of E,
as C(X,), with e, = 1, for some compact topological space X,, shows that E, can
be equipped with a structure of f-algebra with unit e,. Definéw(Exa)(E V) =
22X, Vo (x4 Y, € Ey; x, =y, = 0 for all but a finite number of choices for a). The
Riesz space A4 becomes so an f-algebra and, for every x = Zx, € A, there exists
y =2y, €A, such that xy = x; it suffices to define y, = e, if x, ¥ 0, and
Yo =0ifx, = 0.

The next lemma is needed in order to obtain the main result of this paper.

LEMMA 2.3, If F is a (super) quasi-unital Riesz subspace of the Archimedean
f-algebra E, then every ideal D in F is (super) quasi-unital.

PROOF. Define M ={x € F; xy = x for some y € F, } and N = {x € D;
xy = x for some y € D }. By hypothesis io(M) is (super) order dense in F,
hence i (M) N D is (super) order dense in D, and we have to prove that i ,(N) is
(super) order dense in D. It is thus sufficient to show that i ,( N ) is super order
dense in ip(M) N D; but every member of ix(M) N D, is a finite sum of
members of M N D, and, so, we have only to show that every x € M N D, is
the supremum of some sequence in i,(N). Let y € F, such that xy = x and,
n=12.., define

xn=(x—n"y)+, Y, =y N\ nx,
and observe that x,, y, € D,0 < x, 1 x, and that
XpIn = ”xn("_ly —(x - "-IJ’)‘) = Xpy = Xp.
Hence x, € N and the proof is complete.

THEOREM 2.4. Let E be an Archimedean f-algebra and F a quasi-unital Riesz
subspace of E. Then every T € Orth®(F) can be extended to T € Orth™(E, b(F))
in the sense that T = T on some order dense ideal of F.

PrOOF. The proof is divided into two parts: given T € Orth™*(F), we shall
define 7 € Orth™®(E) in the first part and, in the second one, we shall verify that
T = T on some order dense ideal of F.

(1) Let T € Orth®(F); by 1.1, D = {x € D;; Tx € ig(x)} is an order dense
ideal of F. Define K = {x € E; xy = x for some y € D, } and J = i ;(K). For
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any x €J, write x = 27_, x, (0 < x; € K), choose y, € D, such that x,y, = x,
(1 <i<n), and define Tx = 3" x,Ty,. In order to verify that T is well-defined,
let u € E and v, v' € D, such that uv = uv’ = u; then uTv = uTv’ since, for
some A € R, we have:
|uT(v — o) [=|u] | T(v = o) |<|u| Ao — v'|= Au(v — 0')|= 0
On the other hand, if x = 27_, x{ with x; € E, and x;y/ = x| for some y/ € D,
(1 <j <p), then it follows from the Riesz decomposition property that there
exists a sequence (x,; ;) in £, such that x; = 2¥_, x,; (1 <i<n),and x; = Z7_, x,,
(1 sj=<p).Since x;,;y; = x;, 5/ = x,,, it follows that
inTyi = E’XijTyi = ExijTyj/ = EXJ/'T){[,'
i
Hence T: J . — J is well-defined, additive, posmvely homogeneous, and Tx €
ip(x)forallx e J, Extendmg T by linearity to T € Orth(J) and semng T=0
on J9, we obtain a member T: J ®J? - E of Orth*(E, b,(F)) (since T =0 on
J N F9),

(2) The lemma 2.3 shows that D is quasi-unital, that is, i, (D N K) =ix(D N
K) is order dense in D, hence in F. It remains to see that 7= T on ir(DNK);
since i (D N K) is linearly generated by D, NK, it suffices to verify that T = T
on D, NK.

To this end fix x € D, NK and choose y € D, such that xy = x; then
Tx = xTy by definition of T. since Ty € i (), there is some A € R, such that
| Ty|< Ay and, by 1.4, we also have | Tu|< Auforallu = 0in b (y) N D = by(y).
Hence the restriction of T to bD( y)isin Z( bp(y)) and, by 1.2, this restriction can
be extended to some T € Z(E), where E is the Dedekind completion of E. Note
that Tx = Tx since x = xy € be(y) N D C bp(y). On the other hand, if S €
Orth( F) 1s defined by Su = xu for all u € E, then S can be extended by order
continuity to $ € Orth( E). We finally obtain

Tx = xTy = $(Ty) = T(Sy) = T(xy) = Tx = Tx,
and the proof is complete.

The next result is an improvement of Theorem 2.4.

THEOREM 2.5. Let E be an Archimedean Riesz space, F a Riesz subspace of E and
assume there exists an ideal A of E such that:

(1) F N A is order dense in F;

(2) A is an f-algebra and F N A is quasi-unital.
Then every T € Orth®(F) can be extended to T € Orth®(E, B), with B = b(F),
in the sense that T = T on some order dense ideal in F. If F is order dense in B, then
T=yT)is unique and y is an f-isomorphism from Orth*(F) into Orth*(E, B);
moreover T = T on D} N D¥.
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PrROOF. Let T € Orth™(F) and define D = {x € D;; Tx € ig(x)}. Since D is
an order dense ideal in F (1.1), the restriction of 7' to D N A is in Orth®(F N A4)
(actually, Orth®*(F N A) = Orth®(F)). Applying 2.4 to the quasi-unital Riesz
subspace F N A of the f-algebra 4, we get T € Orth®( A4, b,( F)), with domain D,
and an order dense ideal L of F N A such that T = T on L. But L is also an order
dense ideal in F and, moreover, T can be extended to a member 7: D ® 49 > E
of Orth®(E, B) by defining T = 0 on 4% The results in the special case when F is
order dense in B are easy consequences of the order continuity of extended
orthomorphisms.

ExaMmpLES. (1) Considering the situation of 2.5 we show that if E = b(F), but F
is not order dense in E, it can happen that 7 € Orth®(F) and one of its
“extension” T € Orth®(E) do not coincide on D} N D7 (even if DY C DF).
Take E = %10, 1] (all the real valued functions on [0, 1]), F = C[0, 1], and define
T € Orth®(F) by (Tf }(x) = f(x)/x; then DF = {f € F; lim,_q f(x)/x = 0}.
Define also T € Orth(E) by Tf = gf for all f € E, where g € E is defined by
g(x)=1/x (x #0,1), g(0) =g(1) =0. Then T is an “extension” of T since
T = T on the order dense ideal D = {f € D7, f(1) = 0} of F, but clearly 7f # Tf
for all f € DF\D. Observe also that E, F are f-algebras with unit and are
uniformly complete ( E is even laterally and Dedekind complete).

(2) Even 1if F is order dense in E, it is not necessarily true that T € Orth™( F)
and its unique extension 7 € Orth®(E) satisfy D C D¥. take E = C[0, 1] and
consider the order dense Riesz subspace

F = {f € E; fis polynomial on some neighborhood of 0}.
Defining T € Orth™( F) by (Tf }(x) = f(x)/x, we have
pp={feF lim f(x)/x exists and is finite} = {f € F; £(0) = 0).

The unique extension 7 € Orth®°( E) is obviously defined by (77 )(x) = f(x)/x,
and Df = {f € E; lim,_, f(x)/x = 0}. It is clear that D} ¢ D7, although E, F
are f-algebras with unit and FE is uniformly complete.

(3) We finally show that 2.5 may fail without any special hypothesis on E of F;
our example is inspired from [16; example (a)]. Let F be the Riesz subspace of
C[0, 1] generated by polynomials and E the one generated by F and exp(x); then
F is an order (and uniformly) dense Riesz subspace of E, containing 1. Moreover
F is an f-algebra, Z( F) = F (operating by product), and Z(E) = {AI; A € R}.
Let C be the collection of all constant functions on [0, 1]. Then with the notations
of [3; 4.3], we have Orth*(F) = L(F, 0,[0, 1)) and Orth*(E) = L(C, ‘D, [0, 1]).
More precisely, 9D is the collection of all dense open subsets of [0, 1] and, if G is a
Riesz subspace of G0, 11, then L(G, D, [0, 1]) is the collection of all real valued
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functions f which are locally in G with respect to %, in the sense that: (a) f is
defined on some U; € 9; (b) for every 1 € U there exists a neighborhood V of ¢
and g € Gsuch that f=gon U N V.

The next result shows how powerful Theorem 2.5 is

COROLLARY 2.6. Let E be a uniformly complete Archimedean Riesz space and F
any Riesz subspace of E. Then every T € Orth®*(F) can be extended to Te
Orth®(E, B), with B = b(F), in the sense that T = T on some order dense ideal of
F. If F is order dense in B, then T = (T is unique and y is an f-isomorphism from
Orth®( F) into Orth®*( E, B); moreover T = T on D N DF.

PROOF. In order to obtain an ideal 4 of E satisfying conditions (1) and (2) of
2.5, consider a maximal disjoint system (e,) in F, and let 4 be the direct sum of
all E, = ig(e,). Continue as in the proof of 2.2.

ReMARKS. (1) Even if F is order dense in E, it is not necessarily true that
D7 C D7 (see example 2 after 2.5). However if E is a Dedekind (o-) complete
Riesz space and F a (super) order dense Riesz subspace of E, then every
T € Orth®(F) can be extended by order continuity to (a unique) T € Orth*(E)
such that D7 C D#.

(2) In a recent unpublished paper [13], B. de Pagter has obtained, with a
completely different proof, the following result, which is a special case of 2.6: If
E, F are uniformly complete Archimedean Riesz spaces such that F is an order
dense Riesz subspace of E, then any T € Orth®(F) has an extension T €
Orth™(E).

Before starting the next corollary, we observe that the richness of Z(E) or
Orth( F) are equivalent properties (since the identity / on E is a weak order unit
in Orth®(E)).

COROLLARY 2.7. If the Archimedean Riesz space E has a rich center, then there
exists an f-isomorphism  from Orth®(Orth(E)) into Orth*( E) such that U(T) =
YWU) - T for all U € Orth*(Orth(E)) and all T € D[}.

PrOOF. Let U € Orth®(Orth( E)); since, by hypothesis, Orth( E') is order dense
in Orth®(E), it follows from 2.4 that there exists U € Orth®(Orth®( E)) such that
U=U on D7 N D,'f' . But, by 1.6, U is in Orth(Orth*(E)) and there exists
S € Orth™(E) such that U(T) = ST for all T € Orth®(E). In particular U(T) =
ST for all T € D[ and, since D[} is order dense in Orth®( E), such an § is unique.
It remains to define y(U) = S.
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Given an Archimedean Riesz space E with a rich center, we shall say that
Orth®(Orth( E)) = Orth®( F) if the f-isomorphism v, defined in 2.7, is onto or, in
other words, if for every S € Orth®(E) there exists an order dense ideal @ in
Orth( E) such that ST € Orth(E) forall T € @.

We conclude this section by giving conditions to have Orth*(Orth(E)) =
Orth™(E). For this the next two lemmas are needed.

LEMMA 2.8. An Archimedean f-algebra E is quasi-unital if and only if E is
nowhere trivial and contains an order dense ideal of Orth(E).

PROOF. If E is quasi-unital, we already know that E is nowhere trivial and, so,
the natural f~homomorphism ¢ from E into Orth( E) is one-to-one; hence p(E) is
rich, that is, order dense in Orth®(E), since 0 # @(x) € Orth(E, b(x)) for all
x #0in E. Define M = {x € E; xy = x for some y € E_ }. Then g(i (M)) is
order dense in Orth(E) since E is quasi-unital and, moreover, @(i(M)) is an
ideal in Orth(E): it suffices to observe that if 0 < T < @(x), with T € Orth(E),
x € E, and xy = x for some y € E, , then T = ¢(Ty). The converse result
follows from 2.3.

Given an Archimedean Riesz space E and T € Orth®( E), define
Ar={x €D}, Tx €i(x)};

by 1.1, A, is an order dense ideal in E. A Riesz space is said to be order Cauchy
complete if every order Cauchy sequence is order convergent; order Cauchy
completeness is weaker than Dedekind o-completeness and stronger than uniform
completeness.

LEMMA 2.9. For an Archimedean Riesz space E, the following statements are
equivalent:

(1) E is order Cauchy complete;

(2) E is uniformly complete and b(x) C D} for all T € Orth*(E) and all
x € Ag.

PROOE. (1) = (2). Observe first that if x € E, then every T € Z(i(x)) can be
extended to § € Z(b(x)). Indeed, assuming that 0 < T < A for some A € R,
and considering 0 <y € b(x), we can define Sy = sup, Ty,, where (y,) is any
sequence in i(x) such that 0 < y, 1 y; the supremum exists because it follows from

0 < Tyn+p - Tyn SA(yn+p ﬂyn) < A(y _yn)lno

that (7y,) is an order Cauchy sequence in E.
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Now let T € Orth*(E) and x € A;; then the restriction of T to i(x) is in
Z(i(x)) and, hence, this restriction can be extended to S € Z(b(x)). The map-
ping

DPF+b(x)-E:(y+z)»Ty+ Sz
is well-defined (because 7= S on Dy M b(x)), is an extension of -T and an
extended orthomorphism on E; hence b(x) C Dr.

(2) = (1). By [3; 3.11} and uniform completeness of E, it suffices to see that,
givenx € E, ,every T € Z(i(x)) can be extended to S € Z(b(x)). But the linear
mapping R: i(x) ® i(x)? — E, defined by R = T on i(x) and R = 0 on i(x)? is
in Orth®(E) and x € Ag. Hence b(x) C Dy and the restriction S of R to b(x) is
in Z(b(x)) and is an extension of 7.

A Riesz space is said to be disjointly complete if every positive order bounded
disjoint subset has a supremum.

THEOREM 2.10. Let E be an Archimedean Riesz space and assume that E has an
order dense ideal F such that Z(E) = Z(F) (that is, every T € Z(F) can be
extended to T € Z(E)) and such that one of the following hypothesis holds:

(1) Fis disjointly complete;

(2) F is a quasi-unital f-algebra;

(3) Z(F) is ultrarich;

(4) Z(F) is rich and F is order Cauchy complete.

Then Z(E) is rich and Orth®(Orth( £)) = Orth™*( E).

PrOOF. Since F is an order dense ideal in E, it follows from 1.1 that
Orth*(E) = Orth®(F). Since Z( E) is a (super) order dense ideal in Orth(E), and
similarly for F, we have also:

Orth*(Orth( E)) = Orth®*(Z(E)) = Orth*(Z(F)) = Orth®(Orth(F)).
Observing moreover that Z(E) is rich if and only if Z(F) is rich, it is thus
sufficient to verify that Z(F) is rich and that Orth®(Orth(F)) = Orth*(F).
Recall that this last equality will mean that, for every T € Orth™( F), there exists
some order dense ideal @ in Orth( F) such that TS € Orth(F) forall § € &.

Let T € Orth®(F). If (1) is true then, by [3; 2.8.2], Orth(F) is a (super) order
dense ideal in Orth*(F), and the result follows from 1.1 applied to U €
Orth(Orth™( F)) defined by U(S) = TS. If (2) is true then Z(F) is rich and, by
2.8, F contains an order dense ideal of Orth( F); hence the result follows from 1.1
applied to T. If (3) holds, then we can take & = Z(F, D}') since Z(F, D}') is
obviously ultrarich. If (4) holds we can also take & = Z(F, D}') since, by 2.9 and
richness of Z(F), Z(F, D7) is rich.

https://doi.org/10.1017/51446788700022059 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700022059

236 Michel Duhoux and Mathieu Meyer [14]

REMARKS. (1) We have no counterexample showing that the richness of E is not
sufficient to insure that Orth®*(Orth( E)) = Orth”(E).

(2) Any Dedekind o-complete Riesz space F satisfies (4) of 2.10. By [3; 3.10],
any order Cauchy complete Archimedean Riesz space F with a weak order unit
satisfies (4). If K is a compact topological space, then C(K) has an ultrarich
center ( f-isomorphic to (K )); hence if E is a Banach lattice with a quasi-interior
point u, it follows from the Yosida representation theorem that F = i(u) satisfies
(2) and (3) of 2.10 and, moreover, Z(E) = Z(F) since every T € Z(F) is norm
continuous. More generally, if E is a Banach lattice with a representation space in
the sense of [14; III, 5.4, then the same argument works.

3. Inversion in Ortl™( E)

We start with a few comments about our hypothesis in the results of this
section. Considering the following conditions on an Archimedean Riesz space E,

(1) E is uniformly complete,

(2) Z(i(x)) is uniformly complete for every x € E ,

(3) Z(E) is uniformly complete,
it is easy to verify that (1) = (2) = (3), but (2) = (1) and (3) = (2) are not true as
shown in the next examples.

ExAaMPLES. (1) Let E = A4,,[0, 1] be the Riesz space of all continuous piecewise
linear functions on [0, 1]. Then for every f € E_, Z(i(f)) is finite dimensional
and, hence, is uniformly complete, but E is obviously not uniformly complete.

(2) Let E be the Riesz space of all continuous functions if on R such that: (a)
for every integer n, f is piecewise linear on [n, n + 1]; (b) there exists m
(depending on f) such that f(x + 1) = f(x) for all x = m. It is easily seen that
Z(E) is one dimensional and thus uniformly complete. Defining g € E, by
g(xt+ 1) =g(x)forall xand g(+)=tif t €[0,27'], =1 ~rif r €27, 1], it is
not difficult to verify that Z(i(g)) is not uniformly complete.

LEMMA 3.1. Let E be any Archimedean Riesz space and T € Orth*(E). Then | T|
is a weak order unit in Orth™(E) if and only if By = E. It is true, in particular, if T
has an inverse in Orth*(E).

PROOF. | T'| is a weak order unit in Orth®(E) if and only if / = sup, I A n|T]|,
that is, x = sup, x A n| Tx| for all 0 < x € D; (1.5). That will mean that x €
b(Tx) fr all 0 <x € D, and, by 1.3, this is also equivalent to B, = E. Since
By, C B for any S, T € Orth®(E), the last assertion follows.
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LEMMA 3.2. Let E be an Archimedean Riesz space such that Z(i(x)) is uniformly
complete for all x € E, . Let also T € Orth( E) and assume that for every x € E
there exist 0 <A < in R such that Ax <|Tx|< ux. Then T has an inverse in
Orth( E).

PrOOF. If x € E and A|x|<|Tx|< p|x| for some 0 <A <y, then A|y|<
| Ty|< u|y| holds for all y € i(x) (1.4) and, by 1.7, the restriction of T to i(x) has
an inverse S, in Z(i(x)). If x, y € E and x € i(y), then §,7x = x = §,Tx and,
since x € i(Tx), it follows that S,x = S x. Hence S: E — E, defined by
Sx = S, x, is a member of Orth( E) such that ST = I.

For every band B in an Archimedean Riesz space E, we define the extended
orthomorphism 7z: B ® B? > E by mg(x + y) = x for all x € B and all y € B%
we shall write 7 instead of mga. It is easily seen that B ® B and B are

respectively the maximal domain and the support of 7.

THEOREM 3.3. Let E be an Archimedean Riesz space such that Z(i(x)) is
uniformly complete for all x € E, . Then for every T € Orth®(E) there exists
S € Orth®(E) such that ST = mg,_.

PrOOF. Let T € Orth®(E), define J = {x € Dy; A|x|<|Tx|< p|x| for some
0 <A =< p} and observe that J is an ideal in the band B of E. Given 0 < x € B,
N Dy, we have b(Tx) = b(x) (1.3), and so x = sup x,,, where

X

=(x—n"Tx)" An(Tx|-n%)"  (n=1,2,...),

is in J, since n~'x, <| Tx,|< nx,, for all n. That shows that J is super order dense
in B; N Dy; hence J is order dense in B. By 3.2 the restriction of T to J has an
inverse S in Orth(J) and, extending S to J ® B% by setting S = 0 on Bf, we
obtain an S € Orth™(E) such that ST = mp .

ReMARkS. (1) If E is any Archimedean Riesz space, then the assertion in 3.3
continues to hold if we only assume that, for all x € E__, every strong order unit
in Z(i(x)) has an inverse in Orth®(i(x)).

(2) The next example shows that some hypothesis on E in needed to insure that
every extended orthomorphism is invertible on its support. Let E be the Riesz
subspace of C[0, 1] generated by the polynomials. Then E is an f-algebra with
unit, but the only members of Orth*(E) = L(E, 9,0, 1]) which are invertible on
their support are the functions in L(C, 9, [0, 1]), where C is the collection of all
constant functions (see remark 3 after 2.5).
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The next corollary follows immediately from 3.1 and 3.3.

COROLLARY 3.4. If E is as in 3.3, then T € Orth*(E) has an inverse in
Orth™(FE) if and only if | T| is a weak order unit in Orth*(E).

In [13] it is shown (with a rather technical proof) that if E is a uniformly
complete Archimedean Riesz space, then the algebra Orth®(E) is von Neumann
regular, that is, for every T € Orth*(E) there exists S € Orth*(E) such that
T = ST?. As a corollary it is also obtained that, when E is uniformly complete,
every weak order unit in Orth®(E) is invertible. To conclude this section we
remark in the next corollary that the von Neumann regularity of Orth®(FE)
follows immediately from 3.3.

COROLLARY 3.5. If E is as in 3.3, then Orth®(E) is von Neumann regular.

PROOF. If S, T € Orth™(E) satisfy ST = mp , then ST*> =7y T=T.

4. Applications to Orth’(E)

A o-orthomorphism T on an Archimedean Riesz space E is an extended
orthomorphism that can be defined on a super order dense ideal of E or, in other
words, such that D7 is super order dense in E; the set Orth’(E£) of all o-ortho-
morphisms on E has been introduced and studied in [3]. When we shall consider a
possible domain D for a o-orthomorphism 7, it will be always supposed that D,
is super order dense. Using 1.1, it is easily seen that Orth’( E) is an f-subalgebra
of Orth®*(E); since moreover I € Orth’(E), it follows that Orth(Orth’(E)) =
Orth°( E), the members of Orth’( E) operating by product on Orth’(E).

Note that g-orthomorphisms are useful to characterize the universal g-comple-
tion (see [3]) and the lateral o-completion (see [4]) of many almost Dedekind
o-complete Riesz spaces (that is, Riesz spaces which are Riesz isomorphic to a
super order dense Riesz subspace of some Dedekind ¢-complete Riesz space).

It follows from [3; 3.6, 3.8.1] that if E is an almost Dedekind o-complete Riesz
space, then Orth’(Orth’( £)) = Orth(Orth’( £)). But the almost Dedekind o-com-
pleteness of E implies that Orth’( E) is rich [3; 3.4] and, as a consequence of 2.4
and the next lemma, we shall show that this richness suffices to insure that
Orth’(Orth’( E)) = Orth(Orth’( £)).

LEMMA 4.1. Let E be an Archimedean Riesz space such that Otth°( E) is rich, let

S € Orth®(E), and assume that ST € Orth°(E) for all T in some super order dense
ideal @ of Orth®’(E). Then S € Orth’(E).
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Proor. For T € @ define the ideal K(T') = Dy N Dgr N Ker({ — T'). In order
to show that J = i(U {K(T); T € &}) is super order dense in E, let (7,) be a
sequence in @ such that 0 <7, 171 in Orth’(E), hence also in Orth®(E) by
richness of Orth’( E); note that S, = nT, A I'is in @. Fix x € E, and, for each n,
choose a sequence (x,) in Dy N Dgg such that 0 <x; 1,x. It follows from
I = sup,,T,, order continuity and 1.5 that x = sup{T,x;; n=q and p = 1}
(g =1,2,...); hence x =sup, ,y,; with y' = (T,x; — n“x,’,’)*. Observe that
Yy € Dg (O Dgg, (since 0 < T, < I and Dy = Dy ), and also that y;’ € Ker(/ —
S,) since

S P + ozt oon
(I_Sn)yp—nl(l nT;l) (nY;l I) xp—o'

Hence y, € K(S,) C J, and J is super order dense in E.
It remains to see that J/ C D¢ But if T € @, the mapping

DI+ K(T)->E:(x+y)m Sx + STy

is well-defined (since S = ST on D' N K(T')) and is obviously an extension of S
and an extended orthomorphism on E. Hence K(T') C D¢" for all T € &, and the
proof is complete.

ReMARK. The same proof shows that if Orth(E) is rich, S € Orth*(FE), and
ST € Orth®(E) for all T in some super order dense ideal of Orth(E), then
S € Orth’(E). It follows immediately from this fact that the f-isomorphism ¢
defined in 2.7 satisfies Y(Orth°(Orth( £))) C Orth’(E).

THEOREM 4.2. If E is an Archimedean Riesz space such that Orth°(E) is rich,
then

Orth*(Orth’( E)) = Orth(Orth’( E)) = Orth?( E).

PROOF. Given U € Orth’(Orth’( E)), it suffices to see that U € Orth(Orth’( E)).
Since Orth’( E) is order dense in Orth®( E), it follows from 2.4 and 1.6 that there
exists U € Orth(Orth®(E)) such that U= U on D}/, and also S € Orth®(E)
such that U(T) = ST for all T € Orth®(E). Hence U(T) = ST for all T € Dy
and, by 4.1, S is in Orth’(E). Finally, U = § where S € Orth(Orth’(E)) is
defined by S(T) = ST.

REMARKS. (1) We do not know if the richness of Orth’( E) is necessary for 4.2
and, even, we have no example of a Riesz space E such that Orth’( E) is not rich.

(2) 1t follows from 4.2 and [3; 3.10] that if Orth’(E) is rich, then uniform
completeness and order Cauchy completeness are equivalent properties for
Orth®(E).
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Let E be an Archimedean Riesz space and & a Riesz subspace of Orth( E). We
shall say that & is super rich (vesp. super ultrarich) if E is countably generated (that
is, is the band in itself generated by some sequence) and if, for every x € E, ,
there exists a sequence (7,) in &(b(x)) (resp. in @(i(x))) such that x = sup, T, x.
Note that in the examples at the end of Section 1, the ultrarich center of
E = H(Q) is not super rich if & is not o-compact, and that E = L”(u) has a
super rich but not ultrarich center. A Riesz space is said to be disjointly a-complete
if every positive order bounded disjoint sequence has a supremum. With these
definitions we can state the next theorem which is similar to 2.10.

THEOREM 4.3. Let E be an Archimedean Riesz space and assume that E has a
super order sense ideal F such that Z(E) = Z( F) and such that one of the following
hypothesis holds:

(1) F is disjointly o-complete;

(2) F is a countably generated super quasi-unital f-algebra;

(3) Z(F) is super ultrarich;

(4) Z(F) is super rich and F is order Cauchy complete.

Then Z(E) is rich and Orth’(Orth( E)) = Orth°(E).

REMARK. Any Dedekind o-complege Riesz space F satisfies (1) of 4.3. Any
order Cauchy complete Archimedean Riesz space F with a weak order unit
satisfies (4). If E is a Banach lattice with a quasi-interior point u, then F = i(u)
satisfies (2) and (3) of 4.3, and Z(F) = Z(E).

Now we shall investigate the invertibility of o-orthomorphisms.

THEOREM 4.4. Let E be an Archimedean Riesz space such that Z(i(x)) is
uniformly complete forall x € E, . If T € Orth’( E), then there exists S € Orth’(E)
such that ST = wg_if and only if By © B is super order dense in E.

PROOF. Let T € Orth’( E) and use the notations of the proof of 3.3. The super
order dense ideal J of B, N D is now also super order dense in B and, so, if
B, ® B is super order dense in E, then J © B{ has the same property; hence S:
J® B2 E is a o-orthomorphism. Conversely, if ST = mg, for some S €
Orth’(E), then 7z € Orth’(E) and, consequently, the maximal domain By © BZ
of mp_1is super order dense in E.

The next corollary follows immediately from 3.1 and 4.4.
COROLLARY 4.5. Let E be as in 4.4. If T € Orth’(E) is invertible in Orth*(E),

then its inverse is a a-orthomorphism.
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COROLLARY 4.6. Let E be as in 4.4 and assume moreover that Orth°( E) is rich.
Then the following statements are equivalent:

(1) Orth°( E) has the principal projection property;

(2) For every T € Orth’(E) there exists S € Orth’(E') such that ST = mp_;

(3) Orth®°( E) is von Neumann regular.

PROOF. It is easily seen that two extended orthomorphisms are disjoint if and
only if they have disjoint supports; hence if & = b(T) in Orth’(E), we have
Orth’(E, B;) C @ and @ = Orth’( E, BZ). But, if Orth°(E) is rich, we have also
@ = Orth®( E, By) by virtue of 1.5.

(1)=(2). Let T € Orth’(E); by (1), @ = b(T) is a projection band and it
follows from the above that m; must be the component of / in @. So =y _is a
o-orthomorphism, that is, B; © B% is super order dense in E.

(2) = (3), because ST = my_implies ST? = g T = T.

(3) = (1). Let T € Orth°(E) and & = b(T); by (3) there exists § € Orth’(E)
such that ST = T, hence such that T(mz — ST) = 0. So, by 1.3, m;, = ST €
Orth’(E) and, consequently, every R € Orth’(E) can be decomposed as R =
mp, R + mj R withmy R € @and mg R € @“. Hence @ is a projection band.

REMARK. If E is an almost Dedekind o-complete Riesz space, then Orth’(E) is
rich and has the principal projection property [3; 3.4, 3.6].

To conclude, we point out that a simple inspection of the proofs of 2.4 and 2.5
shows that it is possible to give an “extension theorem” for ¢-orthomorphisms
which is similar to 2.5, but with more complicated hypothesis.

THEOREM 4.7. Let E be an Archimedean Riesz space, F an order dense Riesz
subspace of E generating a super order dense ideal, and assume there exists a super
order dense ideal A of E such that:

(1) F N A is super order dense in F,

(2) A is an f-algebra and F N A is super quasi-unital.

Then the f-isomorphism : Orth®(F) — Orth*(E) defined in 2.5 satisfies
Y(Orth’(F)) C Orth°(E). Moreover, for any T € Orth®(F), T = (T) holds on
some super order dense ideal of F.

REMARK. If E is uniformly complete and F, has a maximal disjoint system (e)
such that, for every x € F, {a; e, /A x # 0} is at most countable, then E has a
super order dense ideal A4 satisfying (1) and (2) of 4.7.
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ExaMPLE. Given an Archimedean Riesz space E and an order dense Riesz
subspace F, it can happen that every T € Orth®(F) has a (unique) extension
T € Orth®(E), but that T & Orth’(E) for some T € Orth’(F) (even if F is an
ideal, in which case Orth®(F) = Orth®(E) by 1.1). Let X be a non countable set
and %( X) the Riesz space of all real functions on X. If E = {f € 9(X); {f # a)}
is at most countable for some @ € R} and F = Cy( X) (functions vanishing at o),
then we have Orth’(F) = Orth®(F) = 4( X), but Orth’(E) = E and Orth®(E)
= %( X) (all these functions operating by product).
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