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Measures

The first section of this chapter is devoted to a review of basic definitions of meas-
ure theory. Among other topics, we recall basic properties of positivity preserving
operators, which provide tools useful in constructive quantum field theory.

The rest of this chapter is devoted to measures on infinite-dimensional Hilbert
spaces. It is well known that there are no Borel translation invariant measures
on infinite-dimensional vector spaces. However, one can define useful measures
on such spaces which are not translation invariant. In particular, the notion
of a Gaussian measure has a natural generalization to the infinite-dimensional
case.

Measures on an infinite-dimensional Hilbert space X is quite a subtle topic. A
naive approach to this subject leads to the notion of a weak distribution, which
is a family of measures on finite-dimensional subspaces satisfying a natural com-
patibility condition. It is natural to ask whether a weak distribution is generated
by a measure on X'. In general, the answer is negative. In order to obtain such a
measure, one has to consider a larger measure space containing X'. Many choices
of such a larger space are possible. A class of such choices that we describe
in detail are Hilbert spaces BX for a self-adjoint operator B satisfying certain
conditions.

Measures on Hilbert spaces play an important role in probability theory and
quantum field theory. One of them is the Wiener measure, used to describe
Brownian motion. There are also natural representations of the Fock space as
the L? space with respect to a Gaussian measure: the so-called real-wave and
complex-wave CCR representations, which we will consider in Chap. 9.

Note that for most practical purposes many subtleties of measures in infinite
dimensions can be ignored. In applications, an important role is played by such
concepts as LP spaces, the integral, the positivity a.e., etc. It is important that
there exists an underlying measure space, so that we can use tools of measure
theory. However, which measure space we actually take is irrelevant. Therefore,
the choice of the operator B mentioned above is usually not important for appli-
cations.

5.1 General measure theory

In this section we recall basic concepts and facts of measure and integration
theory.

https://doi.org/10.1017/9781009290876.006 Published online by Cambridge University Press


https://doi.org/10.1017/9781009290876.006

112 Measures

5.1.1 o-algebras

Let Q be a set. Let 2¢ denote the family of its subsets. Let us introduce some
useful kinds of subfamilies of 29.

Definition 5.1 Let R C 29.
(1) We say that R is aring if A, B€R = A\B, AUB €.
(2) R is a o-ring if it is a ring and A1, As,... € R = |J A, € R

n=1
Definition 5.2 Let & C 29.

(1) & is an algebra if it is a ring and Q € 6.
(2) 6 is a o-algebra if it is a o-ring and an algebra.

Definition 5.3 If T C 29, then there exists the smallest ring, o-ring, algebra
and o-algebra containing . It is called the ring, o-ring, algebra, resp. o-algebra
generated by ¥.

Definition 5.4 If (Q;,5;), i = 1,2, are spaces equipped with o-algebras, we say
that F : Q1 — Qo is measurable if for any A € Gy, F71(A) € &;.

5.1.2 Measures
Let (Q, &) be a space equipped with a o-algebra.

Definition 5.5 A finite complex measure is a function
G3A— u(A)eC
such that pu(0) =0 and for any Ay, Ag,...€ &, AiNA; =0,i+# 7],

Udi=4 = ) =3 m4), (5.1)

where the above sum is absolutely convergent. A finite real, resp. finite positive
measure on (Q,S) has the same definition, except that we replace C with R,
resp. [0,00]. In the case of a positive measure we usually drop the word positive.
(In this case the requirement of the absolute convergence of the series in (5.1) is
automatically satisfied, and hence can be dropped from the definition).

We say that a positive finite measure p is a probability measure if u(Q) = 1.

In the positive case Def. 5.5 has a well-known generalization that allows the
measure to take infinite values.

Definition 5.6 A (positive) measure, is a function

S 3 A pu(A) €0, 00]
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such that p(0) = 0 and for any Ay, As,...€ &, AiNA; =0, # j,

o0

Jai=4 = ua) =" ni4). (5.2)

Such a triple (Q, S, u) is often called a measure space. If in addition u is a
probability measure, (Q, S, 1) is called a probability space.

A measure space (Q,6, ) is complete if B C A with A€ & and p(A) =0
implies B € 6. If (Q, S, 1) is a measure space, one sets
6Cp1 = {B € QQ : 3A1,A2 € S with A1 C B C Ag, ,U,(Az\Al) = O},
P (B) 5= (A,

Then (Q,&! 4P!) is a complete measure space called the completion of
(Q, 6, 1). It admits more measurable sets and functions and therefore is more
convenient for the theory of integration.

5.1.3 Pre-measures

Generalizing Def. 5.6 to the real or complex case poses problems because the
series in (5.1) could be divergent. In this case, one of the possible solutions is to
use the concept of a pre-measure, which is defined only on a ring, takes finite
values and is conditionally o-additive.

Let (Q,%R) be a space equipped with a ring.

Definition 5.7 A complex pre-measure on (Q,fR) is a function
Ro>A—v(A)eC

such that v(0) = 0 and for any Ay, Ay, ... € S, AiNA; =0,i#j,

o

Il
—_

J

where the above sum is absolutely convergent. A real, resp. positive pre-measure
on (Q,R) has the same definition, except that we replace C with R, resp. [0, co].

The following well-known theorem allows us to extend in a canonical way a
positive pre-measure to a positive measure.

Theorem 5.8 Suppose that (Q,R) is a space with a ring and v : R — [0, 00| is
a positive pre-measure. Let G be a o-algebra containing R. Then

w(A) = sup{V(B) : BER, BC A}, A€, (5.4)

is a measure on & extending v. If & coincides with the o-algebra generated by
R, then p is the unique measure on & extending v.
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5.1.4 Borel measures and pre-measures
Let @ be a topological space. The following two families of subsets of @ play a

distinguished role in measure theory:

Definition 5.9 (1) The o-algebra generated by the family of open sets of Q will
be called the Borel o-algebra of @ and denoted B(Q).

(2) The ring that consists of pre-compact Borel sets in Q will be denoted R(Q).
(We say that a set is pre-compact if its closure is compact).

Definition 5.10 A complex, real, resp. positive Borel pre-measure on @) is a
complez, real resp. positive pre-measure on (Q, R(Q)). Meas(Q) will denote the
space of complex Borel pre-measures.

Definition 5.11 p is a positive Borel measure on @ if it is a measure on

(Q,B(Q)) that is finite on K(Q) and
n(A) =sup{u(B) : B€ &(Q), BC A}, AecB(Q). (5.5)
Meas™ (Q) will denote the space of positive Borel measures on Q.

Note that every positive Borel pre-measure possesses a unique extension to a
Borel measure. Conversely, every positive Borel measure restricted to £(Q) is a
positive Borel pre-measure.

Definition 5.12 Let pu be a complex Borel pre-measure on Q. The total variation
of p is the positive Borel measure |u| defined for A € B(Q) by

[ (A) = SUPZ (A7)l

where the supremum is taken over all families Ay, As, - -+ € R(Q) such that A; N
A; =0,i# j and A; C A. Meas'(Q) will denote the space of finite complex Borel
pre-measures on Q) equipped with the norm |u|(Q), which makes it into a Banach
space.

5.1.5 Integral
Let (Q, ®) be a space with a o-algebra.
Definition 5.13 Let M (Q, &), resp. M(Q, &) denote the set of S-measurable

functions with values in [0, 0o[, resp. C.

Let (Q, S, 1) be a measure space.
We will often abbreviate (Q,S) to @ and (Q, 6, u) to (Q, p).

Definition 5.14 Let N (Q, 1), denote the subset of M(Q) consisting of functions
vanishing outside of a set of measure zero. We set My (Q, 1) := M4 (Q)/N(Q, )
and M(Q, 1) :== M(Q)/N(Q, n).
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Definition 5.15 For f € M, (Q), in a standard way we define its integral,
which is an element of [0,00] and is denoted

/ Fdu. (5.6)

Clearly, (5.6) does not change if we add to f a function vanishing outside a set
of measure zero, hence it makes sense to write [ fdu also for f € M, (Q, ).

5.1.6 L? spaces
Definition 5.16 For f € M, (Q) we define

esssup f := inf {supf’Q\N : Ne6, pu(N)= 0}. (5.7)

Clearly, (5.7) does not change if we add to f a function vanishing outside a set
of measure zero, hence it makes sense to write esssup f also for f € M, (Q, p).

Definition 5.17 For 1 <p<oo and f € M(Q, ), we set

191 += (i)™

[flloo := ess sup|f].

We also introduce in the standard way the Banach spaces LP(Q, pn) C M(Q, ).
For f € L*(Q, p), we define its integral, denoted by [ fdpu.

If ¢ is used as the generic variable in @, then instead of (5.6) one can write
[ f(g)dp(q). Often, especially if @ is a finite-dimensional vector space and p is
a Lebesgue measure on Q, we will write [ f(g)dg for (5.6).

If the measure p is obvious from the context, we will often drop p from our

notation and we will write L (Q), M (Q) etc. for LP(Q, u), M(Q, 1),
Let 1 <p,g< oo, pl+q !t =1.1f f,g € M(Q), the Hélder’s inequality says

1£glle < W £llpllglly,

Definition 5.18 We will write L', (Q) for LP(Q) N M4 (Q).

Definition 5.19 Let g € M(Q). We say that g is strictly positive (w.r.t. u),
and we write g >0, if g >0 and 1 ({q : g(q) =0}) = 0.

Proposition 5.20 Let g € LP(Q), 1 <p,g< o0, p ' +¢q ' =1.

(1) g >0 iff

/Q fgdu>0, feLl(Q) (5.8)
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(2) g>0iff
/Qfgdu >0, feLl(Q), f#0.

If the measure is finite, then ¢ > p implies L1(Q) C L?(Q).

5.1.7 Operators on LP spaces
In this subsection we recall properties of linear operators on L? spaces.

Let p; be a measure on (Q;,S;), i =1, 2.
Definition 5.21 T € B(L*(Q1), L*(Q2)) is called

(1) positivity preserving if f >0 = Tf >0,
(2) positivity improving if f >0, f#0 = Tf > 0.

Note that T is positivity preserving (resp. improving) iff 7™ is.
Let us assume in addition that pu;, ¢ = 1,2, are probability measures.

Definition 5.22 T € B(L*(Q1),L*(Q2)) is called hyper-contractive if T is a
contraction and there exists p > 2 such that T is bounded from L?*(Q) into

LP(Q2).

Let 1 be a probability measure on (@, &). Clearly, the constant function 1
belongs to L?(Q).
Definition 5.23 T ¢ B(L2 (Q)) is doubly Markovian if T' is positivity preserving
and T1=T*1=1.

We recall some classic results.

Proposition 5.24 A doubly Markovian map T extends to a contraction on
LP(Q) for all1 < p < 0.

Theorem 5.25 (Perron-Frobenius) Let H be a bounded below self-adjoint
operator on L*(Q), such that e~'f is positivity preserving for t >0 and E =
inf spec(H) is an eigenvalue. Then the following are equivalent:

(1) inf spec(H) is a simple eigenvalue with a strictly positive eigenvector.
e """ 4s positivity improving for all t > 0.
2 t G itivity 1 ‘ Ut>0

5.1.8 Conditional expectations

Let 1 be a measure on (@, S). Let &) be a sub-o-algebra of &. Let py denote
the restriction of the measure p to &y.

For 1 <p < o0, elements of LP(Q, i) that are Gyp-measurable form a closed
subspace of LP(Q, ) that can be identified with LP(Q, uo)-
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Definition 5.26 We denote by Eg, the orthogonal projection from L*(Q, )
onto the subspace L*(Q, j10). Es, is called the conditional expectation w.r.t. &.

The following properties are well known.
Proposition 5.27 Let u be a probability measure.
(1) Es, extends to a contraction on LP(Q, p) for all 1 < p < 0.

(2) Es, extends to an operator from M, (Q,S) to M, (Q,Sy).

(3) If g € L>®(Q, p) is &y-measurable, then Es,(9f) = gFs, (f) whenever both
sides are defined.
(4) If o : R — R is convex and positive, then

¢(Ee, [) < Es, (¢(f)) a-e.

(5) If &y C &y are two sub-o-algebras of &, then Fg, < Es, .
(6) Let {S, }nen be an increasing sequence of sub-c-algebras of & such that &

is generated by |J &,,. Then
neN

s — lim Eg, =1, in L’ (Q,u), 1 <p < 0.

n—00

(7) Let F € LY(Q, ) with F >0 a.e. and set dup = (fQ Fd,u)_leu. Denote
by Ego the conditional expectation for the measure pup. Then

BL, () = ).

5.1.9 Convergence in measure

Let (Q, 1) be a probability space. In this subsection we review various notions
of convergence for nets of functions on a probability space.

Definition 5.28 The topology of convergence in measure on M (Q) is defined by
the following family V (€,0) of neighborhoods of 0:

V(ed)={re M@ : u{a : /(@) >e}) <a}.

It is a metric topology for the distance

o0

d(f,9) =Y 2"u({q : 1f(@—g(@)]=27"}).

n=0
The following proposition is immediate:
Proposition 5.29 If f, — f a.e. then f, — [ in measure.

We also recall the useful notion of the equi-integrability.
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Definition 5.30 A family {f;}icr in M(Q) is equi-integrable if

lim sup /Q il cer () = 0.

n—=+00 e

The following two results are well-known:

Proposition 5.31 Let {f;};er belong to M(Q). Then the following hold:

(1) If f :=sup|fi| is in L*(Q), then {fi}ier is equi-integrable.
i€l

(2) Ifsup || fillp < oo for some p > 1, then {fi}icr is equi-integrable.
iel

Theorem 5.32 (Lebesgue—Vitali theorem) Let 1 < p < oo, (fn)nen belong to
LP(Q) and f € M(Q). Then the following are equivalent:

(1) feLP(Q) and f, — f in LP(Q).

2) (I |p)neN is equi-integrable and f, — [ in measure.

5.1.10 Measure preserving transformations

Let © be a probability measure on (Q,&). Clearly, L*°(Q) is a commutative
W*-algebra equipped with a faithful normal state, which we also denote by p,
that is,

u(f) = / fdp feI®Q).

(See Subsect. 6.2.7 for the terminology on W*-algebras.) Conversely, every com-
mutative W*-algebra equipped with a faithful normal state can be represented
as L>°(Q) for some probability space (Q,S, p). However, in general there may
be many non-isomorphic choices of probability spaces that lead to the same
W*-algebra and state.

Clearly, if r is a measure preserving bijection on @, then r, f := f o 7~! defines
an isometry on LP(Q) for all 1 < p < oo. In the case of p = o0, it is in addition a
o-continuous *-automorphism of the commutative W*-algebra L>°(Q) preserving
the state u. However, if we are given a o-continuous *-automorphism of L™ (Q),
we have no guarantee that there exists an underlying bijection of ). Therefore,
in the following proposition we do not insist on the existence of an underlying
bijection for *-automorphisms of L>(Q).

Proposition 5.33 (1) A x-automorphism of L*°(Q) that preserves the state p
extends to an isometry of LP(Q) for all 1 < p < +o0.
(2) Let Rt +— U(t) be a group of x-automorphisms of L>=(Q) preserving the
state . Then the following statements are equivalent:
(i) For some 1 <p<oo and all f € L’(Q), Rot—U(t)f € LP(Q) is
norm continuous.
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(ii) For all f € L>®(Q), R t+— U(t)f is continuous in measure.

(iil) For all 1<p<oo and f€LP(Q), Rot—U(t)f € LP(Q) is norm
continuous.

(iv) For all f € L®(Q), R> t — U(t)f is o-weakly continuous.

Proof Let T be a s-automorphism of M(Q) as in (1). Clearly, T preserves the
L? norm of simple functions for all 1 < p < co. Therefore, T is an isometry of LP
for 1 < p < oo. Then using that || f|lec = [[m(f)|lB(z2(@)) if m(f) is the operator
of multiplication by f, we obtain also that T is an isometry of L>(Q).

We now prove (2). Since [ |f|Pdp > e’ u({|f] > €}), we obtain that (i)=-(ii).
Let us prove that (ii)=-(iii). Using (1) it suffices by density to show that

}Lm0/|U(t)f—f|pdu: 0, for f € L. (5.9)
We write
J10®F - rPau < n (U@ - 512 ) 21 + o

Choosing first € and then ¢ small enough we obtain (5.9). To complete the proof

of the lemma it suffices to prove that (iii) = (iv) = (i). Since fQ fU@t)gdp =

fQ U(—t)fgdu for g € L™, f € L', we see that (iii) = (iv). Using that ||U(t)g —

gll3 = 2|lg||* — 2Re fQ U(t)ggdp for g € L*°, we obtain by a density argument

that (iv) = (i). O
5.1.11 Relative continuity

Let p be a measure on (Q, S).

Proposition 5.34 Let F € M, (Q). Then
63A—v(4) = /llAqu (5.10)
18 @ measure.

Definition 5.35 The measure (5.10) is called the measure with the density F'
w.r.t. the measure p and is denoted v = Fu. We will also write g—; = F.
Proposition 5.36 (1) For F,G measurable functions we have
F =G p-a.e.= Fu=Gpu.

(2) If Fu is o-finite, then the converse implication is also true.
Definition 5.37 Let v be a measure on (Q,S). v is called continuous w.r.t. u
(or p-continuous), if

wW(N)=0=v(N)=0, NekF.

Theorem 5.38 (Radon-Nikodym theorem) Let i be o-finite. Let v be a measure
on (Q,6). Then the following conditions are equivalent:
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(1) there exists a positive measurable function F such that v = Fp.
(2) v is p-continuous. The function F is called the Radon—Nikodym derivative
of v w.r.t. u and denoted by STVL'

Note that, in the notation of Def. 5.35, the map

LWQWBfH(iDZfef@w)

is unitary.

5.1.12 Moments of a measure
Let u be a probability measure on (Q, S).
Proposition 5.39 Let f: Q — R be a measurable function. Let

C(t) = /eitfdu, teR.

(1) fe N LPQ) iff C(t) € C*(R), and then

peN

/ﬂwszgﬁ@.

(2) Assume that C(t) extends holomorphically to {|Imz| < Ry}. Then for all
Im 2| < Ry, e*/ € LY(Q) and

C(z) = /eizvfd/i.

Proof Let us first prove (1). The = part is immediate by differentiating under
the integral sign. It remains to prove <. It suffices to prove that f € L?"(Q)
for all n € N by induction on n. For ® € L?(Q), f® € L*(Q) iff ® € Domm(f),
where m(f) denotes the operator of multiplication by f on L?(Q). This is equiv-
alent to ||(e'f — 1)®||> < Ct? for |t| < 1. If @ = 1, we get

n@”—maﬁzéu—aﬁ_gwmﬂ
=2C(0) = C(t) — C(—t) = O(t*),

since C(t) is C?, and hence f € L*(Q). Assume now that f € L*"(Q). We then
have

d2n 2 2n it
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Applying the above remark to ® = 2", we get
I = = [t - et
=202 (0) — CP(t) — CCM (—t) = O(#?),

since C(t) is C?"*2. Hence f € L*"T2(Q).
To prove (2), it clearly suffices to show that e*#/ € L1(Q) for all 0 < R < Ry.
By Cauchy’s inequalities, we get for all 0 < R < Ry

|C"(0)] < CrR™"nl,

and hence

/ f*dp < CrR™2"(2n)!,

/|f|2"+ldﬂ < (/fZ"du);(/fQ””du)% < CrR™"+1\2nly/(2n + 2)I.

Using Stirling’s formula, we see that v2n!y/(2n + 2)! ~ (2n + 1)!, and hence
/|f|2”“du < CRR™HD (2 4 1)L

From these bounds, by expanding the exponential, we deduce that e*f/ € L1(Q)
for all R < Ry O

5.2 Finite measures on real Hilbert spaces

In this section we describe the basic theory of probability measures on real
Hilbert spaces.

Throughout this section, X will be a real separable Hilbert space. For x1,xs €
X we denote their scalar product by x - .

5.2.1 Cylinder sets and cylinder functions

Let YV be a closed subspace of X'. Recall that Py, denotes the orthogonal projec-
tion on ). Recall also that 2B()) stands for the o-algebra of Borel sets in . We
will write B for B(X).

Definition 5.40 Fin(X) will denote the family of finite-dimensional subspaces
of X. For Y € Fin(X) and A C Y, the set

Pyl (A):={zeX : Pyzec A}

is called the cylinder set of base A. Denote by BY the o-algebra of cylinder sets
of bases in B(Y).

By:= () 27
YeFin(X)

is the algebra of all cylinder sets.

Clearly, B C B2 if Y| C ).
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Proposition 5.41 B is the o-algebra generated by By .

Definition 5.42 We say that F : X — C is based on Y € Fin(X) if it is meas-
urable w.r.t. BY. F is called a cylinder function if it is based on Y for some
Y € Fin(X).

Each cylinder function is of the form F(x) = Fy(Pyz) for some measurable
function Fy on .

5.2.2 Finite-dimensional distributions of a measure

Until the end of this section we fix a probability measure p on (X, B).

Definition 5.43 If Y € Fin(X), we define the probability measure py on
(Y, B(Y)) by

uy(A) = u(Py'(4)), AeBY).

The collection {py : Y € Fin(X)} is called the set of finite-dimensional distri-
butions of the measure p.

Finite-dimensional distributions satisfy the following compatibility condition:
Myl(A):Myz (Pil(A)ﬂy2>7 AE%(J}1>7 Vi C s (5'11)

Proposition 5.44 The set of finite-dimensional distributions uniquely deter-
mines the measure p on the whole B.

Proof Finite-dimensional distributions uniquely determine p on By. But By
generates ‘B. O

5.2.3 Characteristic functional of a measure

Recall that X* denotes the space dual to X'. Even though there exists a canonical
identification of X and X#, it is sometimes convenient to distinguish between X
and X7 .

Definition 5.45 For £ € X* | we set

(€)= [ o).

The function i : X* — C is called the characteristic functional of u, or the
Fourier transform of u.

Proposition 5.46 The characteristic functional of u satisfies the following three

conditions:
(1) 4(0) =1,
N
(2) & —&)ziz; 20, & eXx*, z €C,
ij=1
(3) X* 3 & (&) € C is sequentially continuous for the weak topology of X* .

https://doi.org/10.1017/9781009290876.006 Published online by Cambridge University Press


https://doi.org/10.1017/9781009290876.006

5.2 Finite measures on real Hilbert spaces 123

The condition (2) above is called positive definiteness.

Proposition 5.47 The characteristic functional i uniquely determines the
measure fi.

Proof The restriction of i to Y* for Y € Fin(X) is the Fourier transform of
Wy, so fi determines the finite-dimensional distributions of x. By Prop. 5.44 this
determines pu. 0O

5.2.4 Moment functions

Proposition 5.48 Let py > 0. Assume that for all £ € X* | the function x +—
& -z belongs to LP* (X, du). Then, for 0 < p < pg, there exists C such that

w«waAmemmsmmw (5.12)

Proof For e > 0, set

mA@:LMm%ﬂWww.
For n € N, set
A, ={eX : ,(¢) <n},
Apei={6€ Xt : ~,(6) <n}.

Clearly, v,.c(&) /" (&) when € — 0, hence A, = (.., An.c. Since £ — v, (&)
is norm continuous, 4, . is closed and so is A, as an intersection of closed sets.
Finally X% =, cny An-

Since X* has a non-empty interior, there exists by the Baire property a set
A, with a non-empty interior. Let £ € X#, § > 0 such that B(&,d) C A,,. If
I€Nl < 9, we write £ =& + &1, & =& — & € A,,. Using that

E-alP<C Y J& el €l

p1t+p2=p

and the Holder inequality, we obtain that

which proves (5.12). O

Definition 5.49 Assume that the conditions of Prop. 5.48 are satisfied. The
moment functions of order 1 < p < py of the measure p are the maps

@wWMH%@wﬁH?AﬁﬂW%&@M@-
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Moment functions are well defined by the Holder inequality.
The following proposition follows directly from Props. 5.39 and 5.48:

Proposition 5.50 (1) The moment functions o, are multi-linear symmetric
functionals on X* .

(2)
lop (€15 G < Cl& - 16 l- (5.13)

(3) o admits moments of all orders iff its characteristic functional i is weakly
infinitely differentiable. We then have

. N
op(&,...,8) = (l)pMM(; tifi)

ty=w=t,=0

By Prop. 5.50 and the Riesz theorem, if the assumptions of Prop. 5.48 hold
with n = 1, then there exists ¢ € & such that

£q= [ (€ ahute), ce X,
X
Definition 5.51 The vector q is called the mean of the measure .

Again by Prop. 5.50, if assumptions of Prop. 5.48 hold with n = 2 and ¢ is the
mean of y, there exists a bounded positive A € B(X) such that

fl'A€2Z/X(&'(QS—Q))(@'(J?—Q))dM(z), 1,6 € X,

Definition 5.52 The operator A is called the covariance of the measure p.

Proposition 5.53 Assume that the measure p has mean zero and

/HwHMM<m.
X

Then the covariance A of p is trace-class and

A= [ Jolfdute)
X

Proof 1t suffices to let n — oo in the equality

Zei - Ae; :/ Z(x -e;)?dp(x),
i=1 X =1

where (e;);en is an o.n. basis of X. a
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5.2.5 Density of exponentials
Theorem 5.54 Let D be a dense subspace of X*. Then the space
Span{e*” : ¢ € D}
is dense in L*(X).
Proof Let G € L?(X) such that

/ TG (x)du(z) =0, £€€D. (5.14)

x

Without loss of generality we can assume that G is real-valued. Let
Bi={zeX : Gx) >0}, Bp={zeX : G(z) <0}

We can define the finite measures
()= [ 1o, @6()dua). 1m(4) = = [ 1o, @)6()du(a),

where A € B. From (5.14), we deduce that

[ i@ = [ ), cep (5.15)
X X

D is a dense subspace of X*. Hence it is weakly sequentially dense in X#.
Since the characteristic functional of a measure is sequentially continuous for
the weak topology, (5.15) extends to all £ € X*. So py and ps have the same
characteristic functionals, and hence are identical, i.e. 1 (A) = pa(A) for all A €
B. But p; (A) = i (AN B;),i=1,2, and B; N By = 0. Hence, p; = pp = 0. This
implies that G(x) = 0 p-a.e., and hence G = 0. O

5.2.6 Density of continuous polynomials
Let D be a subspace of X#.

Definition 5.55 Functions on X of the form (§&; - x)--- (&, - x), for&i,...,&, €
D, are called monomials based on D. Finite linear combinations (with complex
coefficients) of monomials based on D are called polynomials based on D.

Note that polynomials based on X'# are continuous functions. Therefore, they
are sometimes called continuous polynomials.

If the measure p admits moments of all orders, then all continuous polyno-
mials belong to L?(X). The following theorem gives a sufficient condition for the
density of continuous polynomials in L?(X).

Theorem 5.56 Let D C X* be a dense subspace of X*. Assume that for all
€ € D there exists R(§) > 0 such that the function

Rotr g(t&) € C
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extends holomorphically to |Imt| < R(§). Then polynomials based on D are dense
in L?(X).

Proof Let G € L?>(X) be a vector orthogonal to all polynomials based on D.
Without loss of generality we can assume that G is real-valued. We then have

/X Gx)(§-x)"du(x) =0, £€€D, neN.

Let us fix £ € D and let 2R < R(£). Then by Prop. 5.39 we know that e?#1¢] ¢
L' (Q) and

" (iR¢ - x)¥
/ G(x)e o du(z) = lim G(x)z%dﬂ(:@).

k=1

We can exchange sum and integral, since the integrand in the r.h.s. is less than
Ga)fele! < §<|G<x>|2 +e*leel) € L1(x).
We obtain hence that
/ G2)e B dpu(a) = 0,
and, by differentiating w.r.t. R,

/ G(2)e € (¢ - gy du(z) =0, n € N.

Arguing as above with G(z) replaced by G(x)e'®¢* we obtain

/G(x)eiRg'zeiRg'l'du(x) =0.
Hence, repeating this argument, we obtain
/G(m)eime'””du(x) =0, meN
If we choose m € N and 2R < R(§) such that mR = 1, we finally obtain
/G(ac)eif"”du(x) =0, £€D.

Applying Thm. 5.54, we obtain that G = 0. O

5.3 Weak distributions and the Minlos—Sazonov theorem

Throughout this section, X" is a separable real Hilbert space.

Suppose that we have a compatible family of measures on finite-dimensional
subspaces of X. We can ask whether this family comes from a measure on a
certain measure space. Often, there is no such a measure on X itself. However,
if we enlarge X', usually in a non-unique way, then such a measure may exist.
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5.3.1 Weak distributions

Definition 5.57 A collection pu, = {py = Y € Fin(X)} is called a weak distri-
bution or a generalized measure if, for each Y € Fin(X), uy is a Borel probability
measure on Y, and these measures satisfy the compatibility condition (5.11).

Note that cylinder functions can be “integrated” w.r.t. a weak distribution pi..
In fact, we can set

/qu* ::/Fyduy, (5.16)
X Y

where F(x) = Fy(Pyz). Because of the compatibility condition (5.11), the r.h.s.
of (5.16) is independent of the choice of Y on which F is based.

For each Y € Fin(&X) and 1 < p < oo, we can define the space L? (), uy). For
Y1 C Ys, we have natural isometric embeddings

LP (D, py, ) € LP (Do, py, )-

Definition 5.58 The generalized L” space associated with a generalized measure
1+ is defined as the inductive limit of the spaces LP (Y, uy), that is,

cpl
Lp(Xv.u*) = ( U Lp(y7uy)> :

YeEFin(X)

5.3.2 Weak distributions generated by a measure

Definition 5.59 Let 1 be a measure on (X,B). A weak distribution p, = {py :
Ye Fin(X)} 1s said to be generated by u if it is the set of finite-dimensional
distributions of p.

The following necessary and sufficient condition for this to happen is given in
Skorokhod (1974):

Theorem 5.60 A weak distribution p. is generated by a probability measure

ilf

Jim (swp [ W (o)) =0, (5.17)
T NYeFin(X) JY

5.3.3 Characteristic functionals of weak distributions

The following proposition coincides with the famous Bochner theorem if X is
finite-dimensional:

Proposition 5.61 Let F : X — C be a function satisfying the following condi-
tions:

https://doi.org/10.1017/9781009290876.006 Published online by Cambridge University Press


https://doi.org/10.1017/9781009290876.006

128 Measures

(1) F(0) =1,
(2) Z F(fl_gj)zlzzoy 517"'7€7l€‘)(7 Zl)"'7Z7Z€(C7

i,j=1

(3) Y 3¢ F(&) € Cis continuous for all Y € Fin(X).

Then there exists a weak distribution {uy : Ye Fin(X)} such that, for any
Y € Fin(X),

F€) = /y e Iduy(y), €€ Y. (5.18)

Note that the functions X 3 x — e'¢'* are cylinder functions, hence the integral
in the r.h.s. of (5.18) is well defined.

Definition 5.62 A function F satisfying (1), (2) and (3) of Prop. 5.61 will be
called a weak characteristic functional.

Proof of Prop. 5.61. For any Y € Fin(X), the restriction of F' to ) satisfies the
hypotheses of Bochner’s theorem (see Reed—Simon (1978b)). Hence there exists
a probability measure puy on ) such that (5.18) holds. It remains to check the
compatibility condition (5.11). To check this, it suffices to show that, if Y1 C Vs,
for each bounded continuous function G' on ), one has

Go Pyl d[},y2 = / de,yl . (519)
Ve Vi

This is clearly satisfied for G(y) = !¢V for ¢ € Y;. Next we can find a bounded
sequence (G),) of finite linear combinations of !¢ for £ € Y, which converges
a.e. to G, from which (5.19) follows. O

5.3.4 Minlos—Sazonov theorem

Theorem 5.63 (Minlos-Sazonov theorem) Let F': X* — C be a weak charac-

teristic functional. Then the following are equivalent:
(1) F is the characteristic functional of a probability measure p on (X,B).

(2) There exists a positive trace-class operator S on X such that X 5 £ — F(§) €
C is continuous if we equip X with the norm ||¢||s = (€]S€)z.

Proof (1)=(2). Assume that F' is the characteristic functional of a measure y.
Note that

[F(&) = F(&)|P =2Re(1 — F(& — &)). (5.20)
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Now, for R > 0,
Re(1 = F(€) = [ (1= cos(é ) dta)
1
<5 @@z )
lzlI<R llzll=r
where we used 1 — cosf < inf(%- 6” 2). Since fHTH<R |z]|?dp(z) < oo, we obtain

from Prop. 5.53 that there ex1sts a trace-class operator Ar such that

/ (€ 2)2du(z) = € - AgE.
lz||<R

Re(1 - F(€)) < & Apé+2u({|lz] > R})-

This yields

Now let € > 0. Fixing R, > 0 such that 2u({||z|| > R.}) < ¢, and then taking
S. = 2¢ L Ag, , we prove that for any € > 0 there exists a trace class Se such that

(€]S:€) <1 implies
Re(1 - F(¢)) <e.

Now let ¢, — 0. Let S; be positive trace-class operators such that Re(l —
F(£)) < e if (£]Sk€&) < 1. We pick a sequence (\) > 0 such that >, A\ Tr Sy <
00. Then S =}, A Sy is trace-class. Moreover, if ({|S€) < A, then (£[Si€) < 1,

and hence Re(1 — F(€)) < &.

(1)<=(2). Since F satisfies the conditions of Prop. 5.61, we can construct from
F a weak distribution { py Y eFin(X )} To construct a measure from the

weak distribution, we will use Thm. 5.60.

Let us fix § > 0. Let € be such that (£]S¢) < e implies Re(1 — F(£)) < 4. Since

Re(1— F(£)) < 2, we clearly have

2
Re(1—F(£)) <6+ Z(¢]S¢).
Let Y € Fin(X), o > 0, dim Y = d. By (4.10), for y € Y we have

—Lallyl? e
e 70lvl® = (27a)~ / iw&emaa €l qe,
and hence

/(1_e_gauyn2)dw(y) _ (gm)—éd/ye R (1~ () de
_ (zm)—%d/ =3I Re (1 — F(£))de
Yy

< (27704)7%‘1 /y e~ 2w liEl? (5 =+ %5 : S§>d§

=5 +22Tr PSPy
€

<s+2%Tr 8,
€
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using (4.15). Next we have
—Lafly|? —LlaR?
1—em20 > (1 —em 2 ® ) g oo (fly),

which yields
—LUt 2\ — —la Y 2
/yﬂlR,oo[(lyH)dMy(y) < (1—emrof) l/y(l—e 2 ) dpy (y)
< _ —LaR*\—1 E .
<(1—e 2% <5+2€TIS>

Fixing first § > 0, then a > 0, and then letting R — oo, we see that condition
(5.17) is satisfied. This completes the proof of the theorem. O

5.3.5 Measures on enlarged spaces

Using the Minlos—Sazonov theorem, it is possible to realize many weak charac-
teristic functionals on X' (and even on a dense subspace of X') as characteristic
functionals of measures on a larger Hilbert space.

In the theorem below the Hilbert space Bz X is defined as in Subsect. 2.3.4.
We follow the usual convention for scales of real Hilbert spaces: X'# is identified
with X, but (B X)* is identified with B2 X using the scalar product on X

Theorem 5.64 Let F: X — C be a weak characteristic functional continuous
for the norm of X. Let B > 0 be a self-adjoint operator on X such that B~' is
trace-class. Then there exists a Borel probability measure up on the Hilbert space
BT X such that

F(¢) = /B%Xeig'””duw), £eBTX.

Proof Since B~! is trace-class, B is bounded away from zero, and hence
B~:X =Dom B C X. Let Fg be the restriction of the functional F' to B I X.

Clearly, Fg is continuous if we equip B~z X with the norm (£|B~'¢) 3=

W e

1
(€€)%. Hence Fp is a weak characteristic functional on B~7 X.
B! can be restricted to B~7 X. Interpreted in this way, it will be denoted
B! ‘B,%X. It is then unitarily equivalent to B~' as an operator on X. Indeed,

B X — B_%X, BT : B T X — X are unitary and

B7Y ., =B BB
B X

Hence, if B~! is trace-class, then so is B! ’B,%X. Therefore, we can apply now
Thm. 5.63, which implies that Fp is the characteristic functional of a Borel
probability measure pp on the dual (B*;’X)#. By Prop. 2.60, (Bfé’X)# can be

identified with B* X. This completes the proof of the theorem. O

Remark 5.65 Sometimes the functional F is not continuous for the topology of
X, but for a certain norm (£|A€)7, where A > 0 is a self-adjoint operator on X.
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This case can be easily reduced to the case A = 1 by replacing X by A=t X. The
condition on B becomes that B~% AB™% is trace-class on X.

Remark 5.66 Note that we still use the notation x for the generic variable in
the enlarged space BT X.

5.3.6 Comparison of enlarged spaces

Proposition 5.67 Let F' be as in Thm. 5.64 and let B; >0, i = 1,2, be two
self-adjoint operators on X. Assume that Bfl 18 trace-class and By < By. Then

1
B{l 1s trace-class. Let 1; be the associated probability measures on B} X. Then
1 L
B} X is a Borel subset of B; X and

L 1
MQ(C):Ml(CﬂBfX), CE%(B;X)
For the proof we will use the following lemmas:
Lemma 5.68 Let X be a real Hilbert space and A € B(X). Then Ran A € B(X).

Proof We use the polar decomposition A = U|A| of A, where U is a partial isom-
etry. It is clear that partial isometries map Borel sets onto Borel sets. Therefore,
it suffices to show that Ran|A| is Borel. By the spectral theorem,

Ran |A| = {x € X, sup, ey H(‘A| +n_1)_19€HX < OO}
—1\—1
U, 0 {re foaren ] <}

meNneEN

This proves that Ran|A| € B(X). ad

Proof of Prop. 5.67. Bl%X equals ABQ%X, where A = B%B;% € B(BQ'%X).
Hence, by Lemma 5.68, Bf X € 9B(B] X).

Recall from Subsect. 2.3.4 that we have a natural embeddmg I: B X — B X.
Its adjoint is an embedding I* : B ¥ X — B, ¥ X. Both B, ¥ X and By ¥ X are
embedded in X. Thus, for £ € B, ? X treated as an element of X , we can write
I#E=¢.

Define a measure fiz on ‘B(Bé X) by

fi2(C) = i (I7'C) = (CN By X), C€B(B;X).
For { € B;%X, we have

/L efifwzd[w(xz) _ . eiig.[zld,ul(l'l) — /L eiil#g'ZIdﬂl(aﬁ)
B

Ix BZX BZX

SFEO=FO) = [, ).

ZQX
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This implies that the characteristic functionals of iy and ps are equal. Hence
o = fio. This completes the proof of the proposition. O

5.4 Gaussian measures on real Hilbert spaces

Let X be a real Hilbert space. We would like to discuss Gaussian measures on
real Hilbert spaces and the corresponding L? spaces. This section has a natural
continuation in Sect. 9.3, where we discuss the real-wave representation of CCR.

5.4.1 Gaussian measures

Proposition 5.69 Let A be a positive self-adjoint operator on X and q be a
bounded linear functional on A T X.

(1) The function
Dom A 3 & s F(§) = ¢ 784¢ (5.21)

is a weak characteristic functional.
(2) It is the characteristic functional of a probability measure p on X iff A is
trace-class.

Proof (1) To prove the conditions of Prop. 5.61 we can assume that X is finite-
dimensional. Setting X7 = Ker A, we decompose X as X1 ® X> and ¢ = (¢1, ¢2).
Let Ag be A restricted to X,. Using (4.10) we see that F' is the Fourier transform
of the probability measure du = dp; ® dus for

dp (1) = 6(21 — qu)day,
dpia (23) = (2m) "5 4mY2 et Ay T e 5 (2 =020 A7 (12 =02) g,
(2) Let us prove <. We have
Re(1 — F(£)) = (1 e 646) e H45(1 — cos(g - )
< 56 AE+ g€

Since ¢ is bounded on A~z X we obtain that |Re(1 — F(£))| < C¢ - A¢. By (5.20)
this proves the continuity of F for the norm given by A, which is trace-class. So
we can apply the Minlos—Sazonov theorem.

Let us now prove =. Let us assume that F' is the characteristic functional of a
measure y. By translating the measure p we can assume that ¢ = 0. Splitting X’
as Ker A @ Ker A+, we may assume that A is non-degenerate. If A is not compact,
we can find a sequence (£, ),en such that w — nh_}ngo &, =0 and n]LII;O & AL, =

A #£ 0. This contradicts the weak continuity of F'. Hence A is a compact operator.
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Now let (€;),en be an o.n. basis of eigenvectors of A for the eigenvalues (\;);en.
Let Y, = Span{ey,...,e,}, P, be the orthogonal projection on ), and A, =
P, AP,. Let p, denote the measure py, on YV,, y, the generic variable on ),
and dy, the Lebesgue measure on ). By (4.10), we know that

n L -
dptn (ya) = (27) 7 det A, Te™ 30 A v dy, .
Hence, for € > 0,
y n
€ p 1
/ e #IPuall () :/ e 501"y () = T[ (1 + edy)
X
n j=1

Now

1=1lim lim [ e #IP 7P apu(z) = lim JT(1 +er,) 7.
eNOn—oo [y 'u AN ];[

This implies that [[;Z, (1 +e);) < oo for small enough e >0, and hence the
series Z?; A; is convergent and A is trace-class. O

Definition 5.70 The measure defined in Prop. 5.69 will be called the Gaussian
measure on X of mean ¢ and covariance A and will be denoted by

Co(xy — al)e*%(z2 —02)4;" (o2 ~92) Az day, (5.22)
or, if Ker A =0, by
Cerlr=a) A" (r=a) qg, (5.23)
Note that C'in (5.22) and (5.23) has the meaning of the “normalizing constant”
that makes (5.22) a probability measure.

Remark 5.71 Prop. 5.69 provides an example of a weak distribution on X which
is not generated by a probability measure on X.

5.4.2 Gaussian measures on enlarged spaces

In this subsection we consider the case of a covariance for which (5.21) is only a
weak characteristic functional.
Let A be a positive self-adjoint operator on X. Consider the function

X3 E e 28AE (5.24)

It is a weak characteristic functional. It is not a characteristic functional of a
measure unless A is trace-class.

Definition 5.72 The generalized measure given by the weak characteristic
functional (5.24) will be called the generalized Gaussian measure on X with
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covariance A. We will denote by
L2(X,e 774 7 dy)
the corresponding L? space. We will call it the Gaussian L2 space over X' with

covariance A.

If B is a positive self-adjoint operator B on X such that B T AB™* is trace-
class, then L2(X,ef*4 "' #dz) is naturally isomorphic to L2(B* X, dug), where

/L T dup(z) =e 24 ce BTN,
BT X
Note that there is no canonical choice of the operator B.

Definition 5.73 Following (5.23), the measure pup will often be denoted
Ce v 4 2y,

(Note that this notation hides the dependence on B, which plays only an
auxiliary technical role.)

Consider in particular the case of covariance 1. L?(X, ez’ dz) can be realized
as an L? space over X iff X is finite-dimensional. L? (X, e’ dz) is then equal
to L*(X, (27) t%¢~2*"dz), where d = dim X and dz is the Lebesgue measure
on X compatible with the Euclidean structure.

Remark 5.74 (5.24) is a weak characteristic functional even if the positive
operator A has a mon-zero kernel. If this is the case, then the corresponding
Gaussian L* space can be identified with L? (Xl,efé’“'Alflxld:cl), where X :=
(Ker A)L, Ay is the restriction of A to X and xy is the generic variable of X, .

5.4.3 Exponential law for Gaussian spaces

In this subsection, for simplicity we restrict ourselves to covariance 1.

Proposition 5.75 Let Xy, X5 be two real Hilbert spaces. Set X := X1 ® Xjs.
Then the map

U : CPol(X)) ® CPol(X;) — CPol(X)
P1 (1’1) X PQ(QEQ) — P(.’El)P(xg)

extends to a unitary map
UL (X, e ™ day) @ L2(Xy, e 2 day) — LA(X, e 2" dx).

Proof Let us choose two operators B;, By such that B; ! is trace-class on
1
X;, and use L*(B? X;,dugp,) as representatives for L2(Xi,e*§’”?da:i). Then the
1 L
map U extends to a unitary map from L?(B{ Xy, dup, ) ® L*(B X»,dug,) into
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L2(B* X,dug) for B = B, & B,. We have

2 1

e _1 _1g2 _ 12
/1 T dpup (w) = e 2T = et
B?X

which shows that L2(B* X, dug) is a representative of L2(X, e~ 2% dz). O

5.4.4 Polynomials in Gaussian spaces
Let A, B be positive operators with B *AB™7 trace-class. We identify
L2(X, e 274 v dy) with L2(B* X, dug).

Proposition 5.76 Polynomials based on B~ X are dense in LQ(X,e_%"’2 dz).

Proof Clearly, for &€ € B 1 X , the function

. 2
Cot— /:I/B(t§> = / ) e—u‘f»z:dMB(x) _ e—fjf.AE
B2 X

is entire. Hence the statement follows from Thm. 5.56. O

Clearly, we have the inclusion B 'X C A" X. If we regard B X as the under-
lying space, then only polynomials based on B~% X are continuous functions.
Those based on A~zX do not have to be continuous. However, they are LP
integrable, as the following proposition shows.

Proposition 5.77 Polynomials based on A2 X belong to (| LP(B*X,dug)

1<p<oo
and, for & € A"T X, we have
[, € ap dunte) <o,
BTX
n Qn' n N
[y (€ aP dun(o) = 2o(e- A (5.25)
BT X n:

Proof Using Prop. 5.50, we obtain (5.25) for £ € Bz X.
Using (5.25), we see that if (&,)nen is a sequence in B~rX converg-
ing to some £ € X, then the sequence of functions (&, -z)™ is Cauchy in
N L’(B*X,dup). Hence we can define the function

1<p<oo

(&-2)™ = lim (&, -2)™,

n—0o0

which belongs to () LP(BzX,dug). O

1<p<oo
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5.4.5 Relative continuity of Gaussian measures

Let A;, i =1,2, be two bounded positive operators on X. For simplicity we

assume that A; >0, i.e. Ker A; = {0}. Let B~! be trace-class. Consider the

Gaussian measures j; with the covariances A;, ¢ = 1,2, on the space B TX.

Theorem 5.78 (Feldmann—Hajek theorem) The measures py and ps are abso-
_r _1

lutely continuous w.r.t. one another iff A; > AsA; * — 1 € B?(X).

Let us now discuss the Radon—Nikodym derivative 3:3 (z) under the hypoth-

eses of Thm. 5.78. For simplicity we assume that A; = 1 and denote Ay by A,
w1 by p and po by fi. It is easy to obtain the corresponding statements in the

general case by replacing X' by A;%X (see Subsect. 11.4.6).
Proposition 5.79 Assume that 1 — A € B?(X). Then the following hold:

(1) Let {m,}nen be an increasing sequence of finite rank orthogonal projections
in X withs — limm, = 1. Set

FE,(z) := (det 7TTLA7T7L)_%Q%T"7T" (1-A"Y)r, ¥ néeN.

Then {F,}nen converges in LI(B%X,du) to a positive function F with
[ Fdp=1.
(2) If 1 — A € BL(X), then

F(z) = (det A)~7er® (=47,

(3) One has 3 (z) = F(x).

du

Remark 5.80 Statement (3) of Prop. 5.79 shows that F is independent
on the choice of {m,}. Note also that x+ x-(1— A=)z is continuous on
B%X, hence x — e (1=A7)% s meqsurable on B%X, although not integrable if
1 - A ¢ BY(X). Therefore, a convenient notation for F is

F(z) = Cepr(1-47)z,

where C' is the “normalizing constant”, as in Def. 5.70.

The proof of this theorem will be given later on; see Subsect. 11.4.6.

5.5 Gaussian measures on complex Hilbert spaces

Let Z be a separable (complex) Hilbert space. We denote by z; - z2 the scalar
product of z1, 29 € Z.

We will discuss Gaussian L? spaces of anti-holomorphic functions on Z. This
section has a natural continuation in Sect. 9.2, where we discuss the complex-
wave representation of CCR.
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5.5 Gaussian measures on complex Hilbert spaces 137

5.5.1 Holomorphic and anti-holomorphic functions

Recall from Subsect. 3.5.6 that inside the space of all complex polynomials
CPol(Zr) we have the subspace Pol(Z ) resp. Pol(Z) of holomorphic, resp. anti-
holomorphic polynomials spanned by H w; - z, resp. H w; - Z, for w; € Z.

The following definition generahzesliche notion of a holomorphlc function to

an arbitrary dimension.

Definition 5.81 A function F : Z — C is holomorphic, resp. anti-holomorphic
if its restriction to any finite-dimensional complex subspace of Z is holomorphic,
resp. anti-holomorphic.

5.5.2 Measures on complex Hilbert spaces

Recall from Subsect. 3.6.9 that, in the context of the integration, a complex space
Z is often identified with Re(Z @ Z) by the map

Z3z2+ (2,Z) €ERe(Z® 2). (5.26)
This suggests adoption of the following convention for characteristic functionals

on complex spaces:

Definition 5.82 If u is a Borel probability measure on Z, its characteristic
functional is defined by

Z 35w ,&(w) = / e—?iReﬁ~zdﬂ(2) :/ e—iﬁ‘z—iw‘zfdu(z).
Z Z

5.5.3 Gaussian measures on complex spaces

Now let A > 0 be a trace-class self-adjoint operator on Z. There exists a unique
measure p on Z such that

f(w) =e AV e Z. (5.27)

This follows from Prop. 5.69, if we consider Z as the real Hilbert space Zgr
equipped with the scalar product Rez; - 22

Definition 5.83 The measure y defined by (5.27) will be denoted Ce==4 ™ *dzdz
and called the Gaussian measure of covariance A.

Let Z be finite-dimensional of complex dimension d with a fixed (complex)
volume form dz. By Subsect. 4.1.9, we then have

Ce ™47 2dzdz = det A1 (27i) %o 74 dzdz. (5.28)

(The notation i~?dzdz is explained in Subsect. 3.6.9.)
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Definition 584 We denote by Li(Z,Ce 4 s dzdz),  resp.
LA(Z,Ce 747" dzdz) the closure in L2(Zg,Ce 74 '2dzdz) of Pol(Z),
resp. Pol(Z).

Theorem 5.85 The space L% (Z, Ce 747" 2dzdz), resp. Li(Z, Ce 747" 2dzdz)
coincides with the space of holomorphic, resp. anti-holomorphic functions in

L2(Zg,Ce 47 2dzdz).

Proof Tt suffices to consider the holomorphic case.

Let Y C Z be a finite-dimensional complex subspace. If GG is a function on
Z, let G|y be its restriction to V. Let F € L%(Z,Ce*Z'A_IZdEdz), and (P,) a
sequence in Pol(Z) converging to F in L2(Zr,Ce =4 #dzdz). If Y is finite-
dimensional then (P,)y converges to Fy in LZ(yR,Ce_?Afldedz), hence in
D'(YVr). By Prop. 4.12 it follows that Fy is holomorphic.

Conversely, let F € L2(Zg,Ce >4 '*dzdz) be a holomorphic function, and
assume that F' is orthogonal to all holomorphic polynomials. Let (e;);en be an
o.n. basis of eigenvectors of A for the eigenvalues (););en. We fix d and restrict
F to Span{ey,...,eq}. If we identify C? with Span{e;,...,e;s} by the map

(Zl,...,

HM&

ej,

we are reduced to considering a holomorphic function G on C?, which is orthog-
onal to all holomorphic polynomials for the measure (27i)~Ye~%*dzdz.

For i = (ni,...,nq) € N* we recall that 7! :=mn!...ngl, 87 =07 ...0".
From Cauchy’s formula, we get

—

"G0) = —— G(rief% ... ryelf in;0;p =46, ... d6,.
=G(0) (2m) /[0 2 (e, mad™) IL &5y by ‘

If C(n) =

+ o0 _p2 .
Jo T r#itlem dr, we obtain

I e

j=1

C(n)" G(0) = 12— / Gla,. .., ﬁl = (9i) ~4dzdz.
Hence, if G € L*(C4, (2ir)~9e~**dzdz) is holomorphic and orthogonal to the
holomorphic polynomials, we have 07 G(0) = 0 for all 7 and hence G(z) = 0.
This implies that the restriction of F' to Span{e,...,es} is equal to 0 for all
d. In particular, F' is orthogonal to all real polynomials generated by Re(g; - 2)
and Im(e; - z). Since these polynomials are dense in LZ(ZR,e*E'A_lZdEdz), we
have F' = 0. a

5.5.4 Generalized Gaussian measures on complex spaces

We now extend Def. 5.84 to generalized Gaussian measures that cannot be real-
ized as measures on Z. For simplicity, we assume that the covariance of the
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5.5 Gaussian measures on complex Hilbert spaces 139

measure is given by the scalar product of the underlying (complex) Hilbert
space.

Definition 5.86 Denote by L2(Z,e **dzdz), resp. LA(Z,e"7*dzdz) the clo-
sure in L2(Zg, e 7*dzdz) of the space of holomorphic, resp. anti-holomorphic
polynomials on Z. The space LZ(Z,e~7*dzdz), resp. L&(Z,e **dzdz) will be
called the holomorphic, resp. anti-holomorphic Gaussian L? space with covari-
ance 1.

Proposition 5.87 Let B >0 be an operator such that B~ is trace-class.
Identify L2 (Zg, e =*dzdz) with L2(B? Zg,Ce~>*dzdz) in the usual way. Then
L%(Z,e_?'zldzdz), resp. LA(Z,e72dzdz) coincide with LZ(B* Z,Ce~*dzdz),
resp. LA(B* Z,Ce™7*dzdz).

5.5.5 Isomorphism with modified Fock spaces
Recall the modified Fock space I'™°4(Z), defined as the completion of I (Z) with
. o 1
the scalar product glven‘lf)y (@) pmod(z) = (@\W\I/)FS(Z);Moreover, we recall
from Subsect. 3.5.1 that ['s(Z) can be identified with Poly(Z), which is dense in
Li(Z,e 7*dzdz). It turns out that this identification extends to a unitary map:
Theorem 5.88 The map

al

I.(2) 5 @ — &() € Pol,(Z)

given by
O(z) =Y (:%"[®)
n=0
extends by continuity to a unitary map
med(2) 5@ () € LA(Z,e 7 *dzdz). (5.29)

The proof of the above theorem for dim Z = 1 follows immediately from the
following simple computation:

Lemma 5.89 Let 2 € C. Then

(2771)_1/e_g'zsz"’dsz:n!(Snvm. (5.30)
o

Proof We identify C with R?. In the polar coordinates z = rel?, the Lh.s. of
(5.30) equals

27 e .
ﬂ/ﬂ dgb/o dreld(m=—n)gmintlo=r? (5.31)
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For n # m the integral w.r.t. ¢ yields zero. For n = m we get

1 > 2m+1_—r? >~ om —r? 2
— T e " dr = r*Me™" dr = ml.
2 /o 0

Alternatively, we can rewrite (5.30) as
. N—1 —Zz —izt—izt — n ) v —|t)?
1n+m8fa%n(2771) /e Tem dZdZ|t:0 = lnﬂnatnatlne i ’t:(]
= nlopm - O

Proof of Thm. 5.88. For notational simplicity assume that dim Z < co. Let
(e1,...,e,) be an o.n. basis of Z. Recall that {e; : k€ N"} is an o.n. basis of
rmed(Z), where

k
ei@l®s...®se®kn7

€ = n

=

k!
ez = and k! = k! k,!. The vector e is mapped onto the polynomial
- 1 n Nk
ep(2) = 11 (e; - 2)".

mizl

Using Lemma 5.89 we see that {e;(-) : keN"} form an on. basis of
Li(Z,Ce **dzdz). 0

The following proposition is an illustration of the formalism of Gaussian com-
plex spaces.

Proposition 5.90 Let F € LL(Z,e **dzdz). Then
F(z) = /F(Z)ez'zU Ce **dzdz, 2z € Z.
Proof The integral on the r.h.s. is well defined, since Z — e“*® belongs to

L%(Z,e **dzdz). By density and linearity it suffices to check the identity for
monomials. We have

P
P — - P
/ II (e; - 2)" e Ce " *dzdz = / 11 9;'" exp (z “Zo + Ztiei E)
z zi=l i=1

X Ce_?'zdzdzhzo

p
. _
= 7:1:'[1 0" exp ( g tie; - z0> |t:0

i=1

p
= fie =),
i=1

This completes the proof of the proposition. O
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5.6 Notes

General measure theory is studied e.g. in the monographs by Halmos (1950) and
Bauer (1968).

Properties of positivity preserving maps are discussed e.g. in Reed—Simon
(1978Db).

The notion of equi-integrability and the Lebesgue—Vitali theorem can be found
in Kallenberg (1997). Measures on Hilbert spaces is the subject of a monograph
by Skorokhod (1974). The proof of Prop. 5.41 can be found e.g. in Chap. 1.1 of
Skorokhod (1974).

The Feldman-Hajek theorem about relative continuity of Gaussian measures
was proved independently by Feldman (1958) and Hajek (1958).
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