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Introduction

A regular co-semigroup S is a regular semigroup whose set of idempotents E(S), or
shortly E, forms an co-chain

under the natural order defined on E by the rule e^.f if and only if ef=f = fe. The
congruences on this interesting class of inverse semigroups have been described (see, e.g.,
[2] and [9]), but this description has been not much used for the investigation of the
congruence lattice L(S).

As regards the modularity of L(S), Munn [8] characterized bisimple co-semigroups
whose lattice of congruences is modular, observing that the congruences on S reduce to
idempotent separating and group congruences. Baird [1] studied simple co-semigroups
and gave a necessary and sufficient condition for the sublattice of L(S) consisting of
those congruences which are either idempotent separating or group congruences to be a
modular lattice.

This paper completes the previous results giving the characterization of regular co-
semigroups whose congruences lattice is modular.

As usual CT denotes the least group congruence, H and D the Green's relations, i the
identity congruence on S and N the set of non-negative integers.

The undefined terminology and notation can be found in [10].

1. Modularity of the lattice of congruences on simple regular co-semigroups

This section deals with the characterization of simple regular co-semigroups whose
•Work supported by M.P.I.
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lattice of congruence is modular. (A lattice L is modular if for every a,h,ceL with
a Sib, a u f = i i u c and anc = bnc imply a = b, or equivalently if we have
(due) n b — a u(cnfc)). Two authors, Kocin [5] and Munn [7], gave structure theorems
for simple regular to-semigroups. The one given by Munn is the following:

Theorem A. Let d be a positive integer and let {G,|i = 0,...,d— 1} be a set of d
pairwise disjoint groups. Let yi_i be a homomorphism of Gd_l into Go and if d>\, let y, be
a homomorphism of G, into G1 + 1 (i=0,...,d — 2). For every neN let yn = yMmoid)

(n(mod d)) denote the integer equivalent to n modulo d, belonging to N and less than d).
For m,neN and m<n write

and for all neM let <*„_„ denote the identity automorphism of Gn{moid).
Let S be the set of the ordered triples (m,a,-, n), where m,neN, 0^i^d—l and ateGi.

Define a multiplication in S by the rule that

(m, ah ri){p, bj, q) = (m-n + t, (a,au, J{b/xv, w),q-p + t)

where £ = max{n,p}, u = nd + i, v = pd+j and w = max{u,v}. (The multiplication in S can
be defined equivalently by the rule (m,ai,n)(p,bj,q) = (m + p — r,(ai<xuw)(b/xvw), n + q — r)
where r = min{n,p}, u = nd + i, v = pd+j and w = max{u,»}). Denote the so formed
groupoid by S(d,Ghy-). Then S(d,Ghyi) is a simple regular co-semigroup with exactly d
D-classes and any simple regular co-semigroup is isomorphic to a semigroup S(d, G,, y,). For
neN and i = 0,...,d~l write e" = («,ehn), where et is the identity of the group G,. The
elements e" are the idempotents of S(d, Gh y,) and we have

In the remainder of the paper the endomorphism <xiJ+d of Gt will be indicated by a,.
Moreover, in view of the above theorem, we will denote a simple regular co-semigroup
by S{d,G,,y,).

Definition 1.1. (see [2, 2 and 3], [1, 2]). Let S = S(d, Gh y,). A congruence \i on the set
E of idempotents is called uniform if (e",ej)en implies that

{e1*p,ef+p)sn for all integers p^~mm{m,n}.

Put G = GoxG1x ••• xGd^u the cartesian product of Gf, i = 0,l,...,d—l. A subset A
of G will be called y-admissible if

(i) A = Aox ••• xAd-i, for some A^Gh i = 0, \,...,d— 1.

(ii) Ai^Gi, for i = 0, \,...,d-\.

("0 ^ d - i y d - i ^ o and A-y^Ai+i, for i = 0, l,...,d-2.
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A subset A of G will be called normal if it satisfies (i) and (ii) above. If A =
Aox ••• xAi_l and B = Box- ••xfld_1 are normal subsets of G we define AB =
A0B0 x • • • x Ad_ jBd_!. A • B is a normal subset and, if -4 and B are y-admissible, A • B is
y-admissible.

Let /i be a uniform congruence on E(S) and ,4 a y-admissible subset of G. Put

4I = {a,eG1|a1an(l+Iimr(+j6/lj for some n,m,j such that(c?,ej)e/i and ej":g

and

/i-rad>l=/i-rady40 x ••• x

If /i-rad A = A,fi and /I are called linked.

Remark 1.2. (see [2], Lemma 3.1 and Lemma 3.2]) Let \i and \i be uniform
congruences of E(S) and let A and /T be y-admissible subsets of G. Then

(i) /i-rad/1 is a y-admissible subset of G and A^fi-r

(ii) A<=,A' implies ^-rad A £ jx-rad /4',

(iii) n^n' implies n-vdLdA^n'-T&AA,

(iv) ^-rad A = ^-rad (/z-rad /I).

Hence, if we denote by 1 the y-admissible subset {e0} x • • • x {ed_ t} of G, it follows that

(v) /i-rad l£/i-rady4,

(vi) A • /i-rad 1 S /x-rad /I.

Theorem B. (See [2], Theorems 4.2, 5.1, 5.2, 5.3). Let S = S{d,Ghyi), let n be a
uniform congruence on E, let A be a y-admissible subset of G, and suppose that n and A
are linked. Then

x = {((TO,ahn), (p,bj,q))eSxS\(a,aH,w){bjl<xv_ J e ^ J m o d d ) ,

where u = nd + i, v = qd+j, w = max{u,y}; m — n = p-q; {e",ep
j)en}

is a congruence on S contained in [i,<7 v f/] such that t n = /i and Ar = A, where
A = A'ox-xAz

d_l and ^ = KGGi|(0,a,-,0)Tef}, i = O,...,d-l.
Conversely, let r be a congruence on S = S(d,Ghyt) contained in [i,a v ff], then T is of

the above form with /x = t r r and A = A'.
Moreover, let p,k be congruences on S = S(d, G,,y,) contained in [i, a v / / ] . Then

(i) p-^X if and only i / t r p ^ t r A and A"^A\

(ii) tr(p v A) = trp v t r i , tr(p A 2) = trp A trA,

(iii) / t p v / l = ( t r p v trA)-rad.4p-/4\ X" A i

Lemma 1.3. Let S = S(d,Ghyi). Let n and v be uniform congruences on E(S) and let A
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be a y-admissible subset of G. If A is linked with both \L and v, then it is also linked with
\i v v.

Proof. W e m u s t p r o v e t h a t (/i v v ) - r a d / l = A Since A = A 0 x ••• x A d - U first we
prove that (n v v)-mdAi = Ai for every i = 0,...,d—l. Let g,e(/i v v)-radAit then
gteGh gtoind+itmd+j€Aj with n,meM, j = O,...,d-l such that ef-^ei, ej (/i v v) e?.
Hence there exist e" = e";,...,e^,...,e^ = e'j'eE ( 0 g i r g d - l , n<^nr^m) such that
^ ^ • • • ^ ^ ^ • • • ^ C ; eft n e^, $1 v <#>•• •>«£:.' v e£. Hence we have gflKi+,.md+j =
{gfl*d+i.n.-,d+ik-l)«».-in-[k-l.mi+jeAj- Since we h a v e g f a + , > k . | i + f t . , e G ( k . , , e£;,' v ej1,
^lu-l=e7> j t follows that £,-«„<(+,•,,,,,_,,!+,,,_.ev-rad^.,. Hence, since A is linked with v,
we have v-xadA = A whence v-radAik_t =Aik_t, thus g.-a,,,,+,,„„_,,,+,-,,_,eX,-,,.,. Repeating
the same argument, since we have also A=n-radA, we obtain g.-e/l;. It follows that
(^ v v)-rad/4I- = i4,-, hence (// v v)-rad/l = /l.

Lemma 1.4. Let S = S(d, Gh yt). If L(S) is modular, then the following condition holds

A • fi-rad 1 = /i-rad A (*)

for every y-admissible subset A of G and for every uniform congruence \i on E(S).

Proof. Let A be a y-admissible subset of G and \i a uniform congruence on E(S). We
remark that every y-admissible subset is linked with the identity on E{S) which is
obviously uniform, moreover /i-rad 1 is a y-admissible subset and it is linked with the
uniform congruence \i.

Hence, by Theorem B, there exist in L(S) three congruence p, I, z such that p, X are
idempotent separating with Ap = A-fi-r&dl, Ax = n-radA, and T has trace fi with
Az = fi-rad 1. Thus, we obtain, by Theorem B (i) and by Remark 1.2 (vi)

(1)

and by Theorem B (ii)

tr(p A r) = tr(A A T) = I, tr(p V r) = tr(A V T). (2)

Moreover by Theorem B (iii), and by Remark 1.2 (ii), (iv), (v), (vi) AAvr =
/i-rad (/z-rad A • /i-rad 1) = /i-rad (fi-rad A) = fi-rad A, Apv' = fi-rad (A • fi-rad 1 • p-rad 1) =
/i-rad (A • fi-rad 1) = pi-rad A, thus

Ap"x = AXvt = n-radA, A»^ = AXA' = n-Tadl. (3)

Since L{S) is modular, (1), (2), (3) imply p = X, whence, by Theorem 2, condition (*)
holds.

Lemma 1.5. Let S = S{d,Gi,yi). If condition (*) holds, then
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/i-rad 1 • v-rad 1 =(/z v v)-rad 1

for every \i, v uniform congruences on E(S).

Proof. Putting A = v-rad 1, from condition (*) it follows that v-rad 1 •/i-rad 1 =
/i-rad(v-rad 1). Hence, by Remark 1.2 (iv), /i-rad(v-rad 1 /i-rad 1) =/i-rad (/i-rad(v-rad 1)) =
^-rad (v-rad 1) = v-rad 1 /i-rad 1, hence the y-admissible subset v-rad 1 •/i-rad 1 is linked
with /i. Analogously we can prove that such a subset is linked with v, hence by Lemma
1.3 it is linked with v v fi. From Remark 1.2 (v) it follows that v-rad • /i-rad l 2 ( v v /i)-rad 1.
Moreover condition (iii) of Remark 1.2 implies v-rad 1 • /i-rad 1 £ (v v /i)-rad 1 hence
v-rad 1 •/i-rad 1 =(v v /i)-rad 1.

Lemma 1.6. Let S = S(d,G,,yt). If condition (*) holds, then \i,a v H] is a modular
sublattice of L(S).

Proof. Let p, X, x be congruences on S contained in [i,a v ff] and such that p^X,
p v x = X v x, p A T = A A T. We must prove that p — X, that is tr p = trX, A" = Ai (see
Theorem B). By Theorem B, in L(E) we have t r p ^ t r l , t rp v t r r = trA v t r r ,
tr p A tr T = tr X A tr x; moreover, since £ is an co-chain, IXE) is a modular lattice (see,
e.g., [4, Theorem 2]) and Xxp = \xX. If we put v = t rp = tr2, /i = trr, then v v /i is a
uniform congruence on E(S) (being the trace of the congruence X v x of S) and Ax • Ax is
a y-admissible subset of G (see [2, p. 164)]. By condition (*), we have

(v v ii)-rdi&{Ax-Ax) = Ak-At-(v v /i)-radl. (4)

Moreover A1 = /i-radAx2/i-rad 1 and /1A = v-rad/1A3v-rad 1 so, by Lemma 1.5, ^ - / T s
/i-rad 1 • v-rad 1 =(/i v v)-rad 1. Hence (4) implies (v v /i)-rad {Ax • Ax) = Ax • AT, whence, by
Theorem B (iii), AXvx = AxAx.

Analogously we prove that Af>vx = Ap-Ax. Since X v x = p v T, we have A p / l r = ^ A - / l T

and also A" A / l t = / C A r = / l A A t = /4
A A 4r. From the modularity of the lattice of normal

subgroups of a group (see also [1, p. 464]), we have A" = AX and the lemma is proved.

Lemma 1.7. Let S = S(d,Ghy,). If\_i,a v H] is a modular sublattice of L(S), then L(S)
is modular.

Proof. Let X, p, x be congruences on S such that p^X, p v r = A v t , P A T = A A T .
We must prove that X = p. By an argument similar to the one used in the proof of the
preceding lemma, we have trp = trA. Let trp = trA = v, t r r = /i. If v, /i are both different
from the universal relation coE(S) of E(S), the congruences p, X, x belong to [i, a v H~\
(see [2, Remark p. 164]) and by the modularity of such sublattice we get X = p. If, v, fi
are both equal to co£(S), we have X = p because the lattice of group congruences on an
inverse semigroup is modular (see [10, Corollary III.2.7]). Hence it remains to examine
the following cases
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(i) v = a)E(S),

(ii) H = coE(S), ( )

We will use an argument analogous to the one used by Munn in the proof of Lemma
10 of [8].

Case (i). Since T is not a group congruence, T belongs to [i, a v H] hence
T = T A (ex v H). So, since A A (<T V H), T, oe[i,o v / / ] and cr^A A (a v H) (A being
a group congruence), it follows from the modularity of [i,o v / / ] that (A A T) V <T =
(/I A (<7 V H) A T) V <7 = (A A (q V / / ) ) A (<T V T) = A A ((ff V H) A (<7 V t)) = A A (<T V t) .

Analogously we can prove that (p A T) V a = p A (a v T). From A A r = p A T and
A v T = p v T, we deduce

A A (CT v r) = p A (a v T) (5)

X v (a v T) = /J v {a v T) (6)

The congruences A, p, T V a are group congruences satisfying (5) and (6). Moreover
p^l and thus, from the modularity of the lattice of the group congruences of S, we
have X = p.

Case (ii). Since T is a group congruence, T^CT and so T V <T = T, moreover T, A v <r,
a v f/ are group congruences, and A is not a group congruence, hence AfSff v H, so
A v (T^CT v // . Since the lattice of the group congruences is modular, we have
(A v T) A (a v H) = ((X v <r) v T) A {a v H) = (x A (<T V //)) v (A v <T)=(T A (<T V H)) V A.

Analogously we can deduce that (p v T) A (CT V H) = (Z A (a v //)) v p. Thus, from
A v r = p v T it follows

(T A (a v tf)) v A = (T A (<T v //)) v p. (7)

Moreover from A A r = p A T it follows

(T A (a v H)) A A = (x A (a v //)) A p. (8)

The congruences A, p, T A (<T V W) belong to the modular sublattice [<, a v / / ] of L{5)
and satisfy (7) and (8), moreover, p^X, hence we have again p = X and the lemma is
proved.

Now we are able to state the following characterization of simple regular co-
semigroups whose lattice of congruences is modular.

Theorem 1.8. Let S = S(d, G,, y,). L(S) is modular is and only if for every y-admissible
subset A —Ao x •• • x Ad- , of G, one of the following conditions holds
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(i) A • /i-rad 1 =/z-rad A for every uniform congruence fi on E(S),

(ii) i40y7-i = 4(1-1 keryd_! and Ak+lyk
i = Ak-keryk for every k with O^k^d—2.

Proof. From previous lemmas we can deduce that the congruences lattice of S is
modular if and only if condition (i) holds.

Now we prove that (i) implies (ii). For O^k^d— 1, let nk the congruence on E
defined by

fik = {(e?,e']')\i=j, n = m ifj/fc; or i=j-l,n = m if j =

or i = d—\, « = m— 1 ifj = k=O},

and let A = A0 x ••• x At_x be a y-admissible subset of G, it immediately follows that
Hk-rad A = A 0 x ••• x A k _ 2 * ^klk-i x A k x ••• x A i _ l for e v e r y 0<k^d— 1 a n d
/io-rad A = Aox ••• x Ad_2 x A^^^. So from (i) we deduce condition (ii).

Now we will prove that (ii) implies (i). From [2, 2], and from definition of /i-rad A it
follows that it is enough to prove that

i =4 j

for every positive integers i, j with i <j. Denote by j and i the integers j (mod d) and i
(mod d) respectively, and distinguish two cases:

Case 1. Let j—i<d. Suppose i<j. The subset

Ao x • • • x ATx Aj<xf+\j x Aj<xf+
l
2 j x ••• x Ajctjl^j x Aj x • • • x Ad_x

is a y-admissible subset of G. hence, by (ii), we have Ajaf+\tjyfi — Af
since obviously Ajuf+\jy[1^Aj kerotf; the statement follows. If j<i, we consider the
y-admissible subset

AOOCQ J x ••• x Ajoijli j x Aj x •• • x Ajx Aj<xf+\j x • • • x Ajaij}^]

and analogously we deduce (9).

Case 2. Let j — i^d, suppose 7<J then aij = <Xij(xj for some positive integer n. We
establish (9) by induction on n, the case n = 0 being proved by Case 1. We consider the
y-admissible subset

A j { a O j < x j - 1 ) - 1 x ••• x A f a p y 1 ) - 1 x A j ( < x T + u < x n j ) - 1 x •••

by (ii) and by the induction hypothesis we have
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Aj(aT+1,j«J)" V ' = ̂ j(*r.J«jl"x)"''ker 7r= -4/ • ker ar> j a j " ' • keryr

= Aj = /lj • ker ocfjaj"' £ /4j • ker ar jaj.

Since >4j-keraJ-ija"£i4j(ar+1jaJ)~1, we have condition (9). Analogously we proceed
when i^j,

Remark 1.9. If S is a bisimple co-semigroup then S is a simple regular co-semigroup
with d=\, hence from Theorem 1.8 we reobtain the Munn's result (see [8, 2]). In fact,
the congruences on a bisimple co-semigroup are either idempotent separating or group
congruences (see [8, 1]), the y-admissible subsets coincide with the a-admissible normal
subgroups of Munn and coE-rad A = rad A.

From Theorem 1.8, we can also deduce Theorem 4.1 of [1],

Remark 1.10. For every positive integer d there exists a simple regular co-semigroup
S = S{d, G,, yt) whose lattice of congruences is modular. In fact if yt is trivial for every
i = 0, \,...,d— 1, then condition (ii) of Theorem 1.8 holds. Furthermore we prove that if
a simple regular co-semigroup S satisfies (ii) of Theorem 1.8 and there exists a k such
that yk is trivial, then y( is trivial for every i. Let us consider the y-admissible subset

from condition (ii) of Theorem 1.8 we deduce keryt_1 = Gfc_1, so, yk-l is trivial.
Repeating this argument, we can prove that y, is trivial for every j = 0, \,...,d— 1 (we
remark that triviality of y0 implies triviality of yd-i).

From the previous remark we deduce that, differently from what happens in the
bisimple co-semigroup (see [8, Corollaries 2 and 5]), the finiteness or the simplicity of G,
do not imply, in general, the modularity of L(S). We also remark that it is possible to
construct S = S(d,Gi,yi) with a modular lattice of congruences and y, non trivial. We can
for example take d = 2, G0 = S3, Gl = {el,g}, y0 such that xyo = ex if x belongs to the
alternating subgroup of Go, otherwise xyo=g, yj such that ei)'1 = i, gy1=(12), where i
denotes the identity of S3.

Finally we remark that the modularity of L(S) does not imply that the congruences of
L(S) are permutable (see [3]).

2. The general case

First we recall that, for a regular co-semigroup, Munn in [7] proved the following
result:
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Theorem C. Let S be a regular co-semigroup.

(i) IfS has no kernel, then it is the union of an co-chain of groups
(ii) / / the kernel of S coincides with S, then S is a simple regular co-semigroup
(iii) / / S has a proper kernel, then S is a (retract) ideal extension of a simple regular co-

semigroup K by a semigroup H°, where H is a finite chain of groups and H° is obtained
from H by adjoining a zero. Moreover this extension is determined by means of a
homomorphism of H into the group of units of K.

The characterization of semigroups of type (i) whose lattice of congruence is modular
can be easily deduced from the following:

Theorem D. (See [4, Theorem 3]). Let S be a semilattice of groups and E its
semilattice of idempotents. Then L(S) is modular if and only if E is a tree and S has trivial
multiplication.

In fact, from Theorem D immediately follows:

Theorem 2.1. Let S = [Cl,Hj,<pj~] be a regular co-semigroup without kernel. Then L(S)
is modular if and only if<f>j are trivial for every j e N . (S = [Cl,Hj,</)j~\ indicates the Clifford
representation of the co-chain Q of the groups Hj (JeN) with connecting homomorphisms

Theorem 1.8 gives the characterization of semigroups of type (ii) whose lattice of
congruences is modular. To achieve the aim of the paper, it remains to examine the
semigroups of type (iii). Such a semigroup S is the disjoint union of a finite chain of
groups H and of a simple regular co-semigroup K which is an ideal of S.

For H we use the short Clifford representation [n, Hj, <j>f\, where n is the length of the
chain, j = 0,...,n — \, (f)j = (l)jj+l for 0^j^n — 2, and use for K the notation K =
K(d,Khipi). Moreover, since the group of units of K is {(0,ko,0)\koeK0}, the
homomorphism <f> which induces the retract extension of K by H° can be constructed
by means of a homomorphism 4>n-%: Hn_l-*K0 in the following way

cMn-i-^OA-i&.-i.O) forevery^n_!

<P: *J-»(O,(((^,)^ + i)-")0.-i,O) for every h,eH,: O g i ^ n - 2 .

So S can be represented by the following diagram of homomorphisms

Ki }

We will denote S by the notation S = S([n,HJ,<pJ~\;K(d,Ki,il/i);4>n-l), or shortly,
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S = S(H;K,(j)n_i). Moreover we will indicate the idempotents of S by: / , is the identity
of Hj (j = 0,...,n-l), e™ = (m,ehm) (meN; i = 0,...,d-l; et the identity of Kt) are the
idempotents of K. Therefore

Lemma 2.2. Let S = S(H;K;(/)n_i) and let L(S) be modular. Then

(a) L{H) is modular

(b) L(K) is modular

(c) <£„_! is trivial.

Proof. First we prove (a). Let pK be the Rees congruence of S modulo K. Since L(S)
is modular, L{S/pK), that is L(H0), is modular whence also L(H) is modular (see, e.g., [4,
Corollary of Theorem 1 and proof of Theorem 4]).

Now we prove (b). For every congruence p' on K, denote by p the congruence defined
by apb if and only if either a,beK and ap'b or a = b. It is immediate that p is a
congruence on S and that the mapping p'-*p is an injective lattice homomorphism from
L(K) into L(S). Consequently, since L(S) is modular, so is L(K).

Finally we prove (c). Let p, X, T, be relations on S respectively defined by a p b if and
only if either a = b or a,beK, or a,beHn_l and a<f>n-l = b4>n-l, a X b if and only if
either a = b, or a, beK, or a,beHn_l, a T b if and only if either a = b, or a,beHn^l and
a(f>n_l =b<f>n-l, or aeK, beHn_1 and b<pn-l=a, or beK, aeHn_l and a<t>n_l = b.

It is straightforward to verify that p,X,i are congruences on S such that p^X,
p v x = X v T, p A z = X A z. Since L(S) is modular, we have p = X, hence a<f>n _ t = b<f>n _ ,
for every a,be//n_i, thus 0n_j is trivial.

Lemma 2.3. Let S = (H; K; 4>n-\)
 w'tn $n-i trivial. Then for all congruences p, r on S

we have

(a) (p v T)|K = P,K v T,K

(b) (p V T)|H = P|W V T)H

(c) (p A T)|X = P , K A T,K

(d) (p A T) , H = P | H A T|W

(e)

Proof. First we prove condition (a). We immediately have that (p v x)\K}tp\K v t|K,
hence we verify that

(P v T ) | X ^ P , K v T,K.
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Let a,beK such that a (p v T) |K b. Then there exist x, , x 2 , . . . , xreS such that a p x,,
x, T x 2 , . . . ,x r T b. Hence a = ae£ P x^, xxe% x x2e%,...,xre% x be% = b. All the elements

° belong to K, thus a (p|X v t|K) b.

Now we prove condition (b). It is enough to prove that (p v T ) | H ^ P | W v T|H. Let
a,beH with a (p v T)|H b. Then there exist x, , x 2 , . . . , x r e S such that

apx1,x1Tx2,...,xrrb. (10)

If all the elements xl,x2,...,xreS belong to H, then (p|H v t|H) b. Suppose, on the
contrary, that there are in (10) some elements of K, i.e. that (10) contains sequences of
the type

ho1kuk1(T2k2,...,ks-1osh', (11)

where h,h'eH, kl,k2,...,ks_leK and, for every i = l , . . . , s , either ff, = p or er( = T.
Suppose, without loss of generality, that heHt and h'eHj, i, je{0, l,...,n— 1}, r ^ ; .

Thus, since 0 n _ t is trivial, we have, using the first pair of (11), h~lh a^ h~lkl hence
/ ai ki and ft ax h, using the last, k^^h')'1 <JS h'(h')~l hence ks_t as f}, ks_Ji as fjfh

ks-i os fi and ft as h, hence we can replace sequence (11) with the sequence h cr, fh

fi os h' whose elements are in H, whence a (p[H v t|H) b.
The proofs of (c) and (d) are trivial and obviously hold if H and K are replaced by an

arbitrary subsemigroup T and S.
Finally we must prove (e). It is obvious that kerp3ker / j | W ukerp | K . Suppose that

u kerp|K. Two cases are possible.

Case 1: there exists xeK such that x p fj for some j = 0, \,...,n— 1 andx£kerp | K .
Case 2: there exists yeH such that y p e" for some i = 0, \,...,d— 1, meN,

In the first case from x p fj it follows x lx p x~lfj and, since fj is the identify of Hj
and x - 1 x is an idempotent ef of K, we get e™ p x~1gQ = x~1; hence x~ 1 ekerp | K and
xekerp|K, a contradiction.

In the second case from y p e" it follows y~ly p y~1ef and, since y~ly is the identity
of the group Hj and <j>n-i is trivial, /} p e% ef, f} p ef, fj p y, hence we obtain the
contradiction yeker P|H. Thus

Lemma 2.4. Let S = S(H; K;<f>n-l) and suppose that the following conditions hold

(a) L(H) is modular

(b) UK) is modular

(c) </>„_, is trivial

Then L(S) is modular.

Proof. Let p,X,x be congruences on S such that p^X, p v t = l v i , P A T = A
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Since the mapping p->tr p is a lattice homomorphism of L(S) into L{E) (see e.g. [10,
Theorem III.2.5]) and L(E) is modular, E being an cu-chain (see e.g. [4, Theorem 2]), we
have tr p = tr A. On the other hand, by Lemma 2.3, we have

(A v T)|K = A|X v T,x

(p v T)|K = P|K v T,K

(A A T)|K = A|X A T|K

(p A T)|K = P|K A %

Since P|K^A|K it follows from the modularity of L(K) that P\K
 = ^\K- Analogously we can

prove P|H = A|H. From condition (e) of Lemma 2.3, we deduce also kerA = kerA|Ku
ker A|H = ke rp | K ukerp | W = kerp. Thus, since tr p = tr A and kerA = kerp, we have p = k
(see, for instance [10, Theorem HI. 1.5]), hence L(S) is modular.

The above lemmas, Theorem D and Theorem 1.8, give us the following theorem
which completely characterizes the regular a>-sernigroups whose lattice of congruences is
modular.

Theorem 2.5. Let S = S([n, H,-, </>j]; K{d,Kh^i^\4>n-\) be a regular ai-semigroup with
proper kernel. Then L(S) is modular if and only if the following hold.

(a) <f>0,<f>u...,(f)n-l are trivial,

(b) AoipjJl=A<j_l-kertl/d_l and Ak+l\p^1 = Ak-kerij/k (0<k^d—l) for every in-

admissible subset A = Ao x • • • x Ad_x of Kox ••• x Kd_t.

Remark 2.6. We remark that Theorems 2.1 and 2.5 could be deduced either from
Theorem 1.21 or from Theorem 5.2 of [6]. Since the proofs of these theorems have not
been published, we have given here a direct proof of our result.

After the authors sent the paper to this journal, they knew that M. Petrick proved in
"Congruences on strong semilattices of regular simple semigroups", Semigroup Forum 37
(1988), 167-199, a theorem from which our Theorem 2.5 can be immediately deduced.
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