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Commutators Estimates on
Triebel-Lizorkin Spaces

Liya Jiang, Houyu Jia, and Han Xu

Abstract. In this paper, we consider the behavior of the commutators of convolution operators on the
Triebel-Lizorkin spaces F;’q.

1 Introduction

Let 2 be homogeneous of degree zero, integrable on the sphere S”~! and satisfy the
vanishing condition

(1.1) / Qx)dx’ = 0.
Sn—l

The following is the classical singular integral operator

(12) T = pu | TRy
Let b € BMO(R"), Q2 € L*>°(R"), define the commutators generalized by T and b as
follows,
Q
(13) [b, T f(x) = 20 42) — b)) () dy.

o =yl
The result of L?(R") boundedness of [b, T] can be found in [1,4, 5,10, 11]. We state
the result of [1] which will be used in the following sections.

Theorem A (1] Let T be a linear operator. If for all w € Ap(R"), | Tf|lrw) <
C| fllzo(w)» then for b € BMO(R") we have

116, T1fllzowy < ClIbllBmoll fllLoow)

Youssfl [14] gives the boundedness on Besov space B;"q(R”) for the commutator
[b, R;] using the paraproduct of Bony, where R; is the Riesz transform.

The purpose of this paper is to establish the boundedness on Triebel-Lizorkin
spaces F;1(R") for the commutator [b, T].
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Theorem 1.1 Letb € BMO(R"),s > 0and 1 < p,q < oo. Let [b, T] be defined as
in (1.3). Then the followings are equivalent.

(a) [b, T is bounded on F,"(R");

(b) m 0 T* — T* o m, is bounded on F,;(R");

(© || (3 jer 29 [120), T18,-5(H| D) ]

» S CHfHF;q(R”)7S Z 0.

Here my, is the paraproduct and T* is the dual operator of T. AA; and S;_3 are convo-
lution operators which will be defined in the next section.

Noting that T is bounded on F;;q(R”) foralls € Rand 1 < p,q < oo (see [2]), we
have the following

Theorem 1.2 Let0 < s < S and1 < p,q < oc. Let [b, T] be defined as in (1.3). If
be F;’;ZS(R”), then [b, T is bounded on F,"(R").

Remark 1.3 If b € BMO(R"), we do not know whether 7, is bounded on F;'q(R“).
But, when b € F;’?s(R") C BMO(R") with 0 < s < %, we can show that 7 is

bounded on F,*(R") (see Lemma 3.8).

In the one-dimensional case, as in [14], we replace T by the Hilbert transform. In
this case we obtain

Theorem 1.4 Letb € BMO(R),0 <s < landl < p,q < oco. Then the commuta-
tor [b, H] is bounded on F;'(R) if and only if m, is bounded on F;(R).

The paper is organized as follows. In Section 2 we give some preliminary defini-
tions. The proofs of the theorems will be given in Section 3.

Throughout the paper, the letter C will denote (possibly different) constants that
are independent of the essential variables.

2 Preliminaries

Let us begin with the definitions of Triebel-Lizorkin spaces F;(R") (see [13]) and
the paraproduct of Bony.

Let ¢ € C§°(R") be supported in the unit ball and satisfy ¢ (£) = 1 for [£| < 1.
The function 1 (£) = ap(%) — (&) is in C§°(R"), supported by {% |€] < 2}, and
satisfies the identity

IN

> @i =1, for&#o.
j€Z
We denote by A and S; the convolution operators whose symbols are P(271¢) and

©(277¢€), respectively. Fors € Rand 1 < p < oo, 1 < g < oo, the homogeneous
Triebel-Lizorkin spaces F,*(R") are defined by

@) Pl = || (3o 2991205 510) *
jez

)
p
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with the usual modification if g = oo
Define the Peetre maximal function (see [13])

A flx —
(8,570 = sup 125 )]

——= A>0,j€Z
ver (L4 27y !

If A\ > —2—, then

min pq

(2.2) £l

o~ (S

j€EZ

When p = oo, the homogeneous Triebel-Lizorkin spaces Fsd (R") are defined by
Carleson measures. We shall say that a sequence of positive Borel measures (v/}) jcz is
a Carleson measure in R" x Z if there exists a positive constant C such that
> j>kvj(B) < C|B[ for all k € Z and all Euclidean balls B with radius 27k, where
|B| is the Lebesgue measure of B. The norm of the Carleson measure v = (v;)jecz is
given by

(23) vl = sup{ = i vi(B)},

j>k

where the supremum is taken over all k € Z and all balls B with radius 2.

Fors € R,1 < q < oo, E3J(R") is the space of all distributions b for which the
sequence (21| A ;(b)(x)|%)  is a Carleson measure (see [7]). The norm of b in F3d(R")
is given by

(2.4) I/

! | :
o =sup{ =3 [ 29 A,() ()
> sup{ |B| j>k/B 2B dx} 7

with the usual modification if ¢ = 0o, where the supremum is taken over all k € Z
and all balls B with radius 2.

We can see Fy*(R") = LP(R"), F{*(R") = H'(R"), and F2(R") = BMO(R") C
Fooo(R™).

The paraproduct of Bony between two functions f, g is defined by

(2.5) m(g ) =m(f) =D Dj(g)Sis(f

j€Z

It is a well-known fact that for b € F%>°(R"), 7}, is bounded on L*(R") if and only if
b € F92(R") = BMO(R").

3 Proofs

The following lemma is well known, see [13].
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Lemma3.1 Lety > landl < p < +oo,1 < q < oco. For any sequence {f;}; of
functions such that for each j, f; is supported by {2/ < |€| < 27}, we have

1
; sjq| £,19) ?
sz:f}Hﬁjﬂ(m) SCH(Z]:Z |f]‘ )

)
Lemma3.2 Letg; € S'(R")(j € 2), satisfying supp g; C {|¢| < 2/*'}. Denote

(g))3" (x) = sup,cpn %, A > 0. Then there holds

(05" (x) < C2/°N(g))i" (x).
Proof Choose a function § € S(R") such that §(¢) = 1if |¢| < 2, then it is easy to

see gj(x) = 0; x gj(x), where 0;(x) = 2i"9(2Jx). Thus,

0Wgi(x—y)= [ 090;(x -y —2)gi(2) dz

R"

= ; 00(z — y)gj(x — 2) dz

gilx —2)

= @9z — y)(1 + 2/ |2)* 2" dz.
Rn@ 0i(z— y)(1+2z]) 1 +272) z

Note that 1 +27|z| < 1+ 2|y —z| +2/|y| < (1 + 27|y —2|)(1 + 27|y|). Hence
08 (x = y) < / 10(0;(z — DI+ 2]y — 2DML+ 27y (g1 (x) dz
RVI

= / 2j|a‘\(8(“)9)j(z -1+ 21|y — z|)A(1 + 21|y\)’\(gj)f\*(x) dz.

Thus, ()
|8“ gj(x—y)| il
2o 2 < collel(g) i (x).
(2 =R
The lemma is completely proved. ]

Lemma 3.3 Lethe S(R"),me Ny=NU{0},0<s<m+1. Set

En(N0 ) = f) = 32 iy =00 o).

laf<m

Then there exists a constant C > 0 such that

H (Zzsiq[/” 2" (2 (x — ) | \Fm(ij)(x,y)ldy} q) éHp < Cllfllgsacen-
jEZ
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Proof Ifwesetg = S;(f), then
|Fp(g)(x, x + 2)| <C|z\erl Z / |8a) (x+tz)|dt}
|a|=m+1

Thus,
/ 2"j|h(2jz)| |Epn(Sj ) (x,x +2)| dz

<c/ 2"1h(2I2)] 2] /\aa (S;f)(x + t2)| dtdz

|a|=m+1

\8 (S )(x+tz)]
(14 27|tz)?

= C/ 2" |h(2/z)| |z\erl (1 +27|tz|)* dtdz
Rn

Ial

gc/ 2"1h(2I2)] 2™ Y /(aa (S o)1 +27|2|) dtdz
R |a|=m+1
<C Y @S M2

|a|=m+1

Hence

(2 [/R 21112 (5 = y)I|F(S; N ) dy ] ) | )

jez

<C Z (Z25qj|(a(a)(sjf))§*(x)‘qujq(mﬂ))5

|a|=m+1 j€Z p

sqj—jq(m+ a A ( — )
<C Z (qu] jq(m+1) Z' (1+kéf]|zx|:))\z|)

|a|=m+1 j€Z

p

<C Z (Zzw ja(m+1) {Z(a N } )

|a|=m+1 j€Z k<j

Using the discrete Hardy inequality or discrete Holder inequality, Lemma 3.2 and
(2.2), Lemma 3.3 follows immediately. [ |

Lemma3.4 Letb € F%°(R") andt > 0. Then m, is bounded on F;t’q(R”) for
1<p<oo1<g< o0
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Proof We have

H (Zz—tj‘I|Aj(b)Sj73(f)|q> %

<l || (27 s )

jEZ JjEZ
<ol (Srm(Tiaan)’)’,
jEZ k<j
Sincet > 0,let 0 < s < t, then
H(Zz (S 1A f)) )
k<j
<l (Srmsatmonn(T2) )],
jez k<j
<] (2 anm)|
kez
= CHfHF;““’(Rny
Thus the lemma follows. u

Proposition 3.5 Letb € FO>°(R"),s > 0and 1 < p, q < oo. Let T be a convolution
operator and be bounded from F;q(R”) to itself. Then m, o T is bounded from F;'q(R")
to itself if and only if there exists C > 0 such that

[(S2a08-sar) | <Ml
]

Proof We follow the idea of [14]: First we prove “=”. Note that if F; =
A;(b)S;—5(f), F; is supported by {2/72 < |¢| < 27*?}. Then by Lemma 3.1,

I 0 TH s = | D2 2501871

. F'(R")
j€EZ

<c| (X > 297 (0)S; (TN %

< CHfHF';;q(R")'

To prove “<" let X;(f) = Aj(b)S;—3(Tf), and Y;(f) = Zw—z Ai(Xj(f)), we
only need to show

(01 vm)’

jez

‘p < CHfHF;;q(R”)v
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. 1
since || (e, 2900019 ||, = lims o Tfllgy < Clf s
bounded operator on F,,?(R"), without loss of the generality we set T =1d.
Let m = [s]; first we consider the case m = 0, thatis 0 < s < 1. Write

5 (R Since T is a

Yi(f) = X;(f) = Aj(f) + B;(f),
where

2

A](f) = Z [A (A]+u ]-H/ 3(f) ]+1/(b jtv— 3(f)]

v=-—2

2
Bi(f) = Y DA 0)[Sjw—3(f) = Si—s(f)].

v=-2

Since b € F2°(R") and Y7, [Sj10—3(f) = Si—s(H) = S, [28(f)], it fol-
lows that

| (S 2m1m0np) <CH( Yo Z’SW J(f) = S)- 3(f)||)
i€z v=—2
el (S ) ),
v=—4
< Cll v

We can see this holds for all s € R. To estimate A;(f), weset b; = Ajy,(b), fj =
Sj+v—3(f) and forget about v. Then

AN =2" | @I (x = y)(fi(y) — fi(x))b;(y) dy,
R

so that
|A;(NHx)] < C||bj|\<x>2"j/ P2 (x = y)Fo(fi)(x, y) dy.
RVI

Since [|bjl|oc < C||b]| 0.0 (gn)> by virtue of Lemma 3.3, we obtain
HZstq|Aj(f)|4H < C||f||F;q(Rn).
jez p

Now we have proved that for 0 <s < 1,

H ( %;zsquj(b)Sj—3(Tf)|q) 1 , < C||f||lj';;q(Rn).
J
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Let n(x) € S(R") be a function supported by

(V< <At (v> D,

and let L; be the convolution operator whose symbol is 17(2 /). Then after replacing
1 by 7 in the above proof, it is not hard to show that for 0 < s < 1,

F;[I(R") .

| (S 21,08, srnm) | <cir
jez r

Now suppose that the proposition holds for all m’ < m and the above inequality
holds for any arbitrary function 7. We have Y;(f) — X;(f) = A;(f) + Bj(f) and

| (328,00 °
jEZ

We only need to estimate A;(f). Write A;(f) = C;(f) + D;j(f), where

, < Cllfllgacn-

2

Cith =327 | @/~ A D En(fi)x, y) dy,

P Rn

2 ni
Di(Hi=> > 2—5(8%)(@ /R Bk = DBy = 2)°.

r==20<|a|<m

Since [|bjl[oc < C||b]| 0.0 g)> by Virtue of Lemma 3.3 we have

(2
jEZ

On the other hand, if we forget again the index v, D;(f) takes the form

, < Cllfllgzan-

Di(fix) = Y D),

0<|a|<m

where

onj L
D} (f)(x) = 551—3(8(“)][)(90 (2 (x = y))(x = y)* Aj(0)(y) dy.
. RYI
Following from Lemma 3.4 and the hypothesis of this proposition, using the inter-

polation theorem we can get that 7, is bounded form F;_la"q(R”) to F;_‘a“’q(R”) for
|| < m. Using the induction hypothesis we obtain, for || # 0, that

H ( Z2(5"”‘)”|Rj,a(b)Sj_3(g)|q) o< CHng;ﬂaw
JjER ’
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where )

onj . .

Rja®)(x) = — | $(2(x~ N2 e = ) A j(B)(y) dy.
. RYI
But ‘
D} (f)(x) = 2771°IR; o (0)(%)8;_5(0“ ) (x).
Thus .
H (Z 2jsq|Dj(f)\q) "< Cllfllesrn-

- P

jEZ
So the proposition is now completely proved. ]

Now let us prove Theorem 1.1. First we state the following important result
(see [9]).

Theorem 3.6 Let 1 < q < oo. Let T be a linear operator. If for all w € Ay,
1T llson < Cllfllzson and [ Tfllzar oy < Cllfllzar oy then for all 1 < p < oo,

(S )], =el(S )
jEZ jEZ

,
Proof Ifg < p, choose u(x) € L9 (R satisfying Hu||L(g)/ = 1, such that
q

[(Zimsr)’
JjEZ

T Z/ T ()| u(x) dx.
P ez /R

Pickl <r < (%)’,then fora.e. x € R", we have M(1")(x) < 00, thus (M(u"))+ € A,.
Using the weighted L7 estimate for operator T, there follows

/ | T £;(x)| Tuu(x) dx < / ITf(x)1(M(u"))7 dx < C / |fi GOl (M ()7 dx.
R R Rr

Thus,

> [ rseomuods<c Y [ 1geopauan): ds

jez jez
< 19 Y ,
<c| Y ism| g loawnF
jE€Z
T4
<cl (X5
jez p

Thereforeifq < p, |(3_ ;¢ |Tfj|q)% lp < ClIQC ez \fj|q)% |, holds, then by its dual-
ity, if ¢ > p, the result is also true. So the proof is complete. |
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Remark 3.7 1f we replace the operator T in Theorem 3.6 with a sequence of lin-
ear operators {T;}jcz, we can see that the same result holds for T; provided that
1T fllaon < Clifllaon and [|Tj fl () < ClI fllpar ) forall j € Zand w € A,.

Proof of Theorem 1.1 First we prove (¢) < (b). The part (c) = (b) is similar to
Proposition 3.5.
(b) = (¢): As in the proof of Proposition 3.5, let

X;(f) = [2j(), TIS;—5(f),

and

2
Yi(f) = Z ANi(Xj ().

v=—2

Since [|(3 e, 2M)Y; (A, = [[(moT—To 7r)f||F;q(Rn) < C|\f||;;-q(Rn), we only
need to prove

H (Zstq|Yj(f) - Xj(f)|q) a H < C| fllss -
jez P
We proceed by induction on m = [s]. For m = 0, we have 0 < s < 1. Write

Y;(f) — X;j(x) = Aj(f) + Bj(f), where

2
Ai() =Y AL 1), TISj—3(N]) = [Aj(Aj (b)), TISj4-3()}

v=-—2

2
Bi(f) = Y {[A1(A5(1)), THSjrv—3(f) = Si—s()} -

v=-2

Since T is bounded on L?(w) forall w € A, 1 < p < oo (see [6]), by Theorem A
and Remark 3.7, it follows that

1
|(S2im)’
JjEZ

, < Cllfllgzarey-
Also, using Remark 3.7 and the similar proof in Proposition 3.5, we can get

()’
jEZ

, < Cllfllgzarey-

Thus we complete the proof of (c)< (b).
In fact, from the above proof we can see that if b € F4>°(R") and s > 0,1 <
P, q < 00, we also have (b)< (c).
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Next let us prove (a)<> (b): For f,g € S(R"), we have

(I, T1f,8) = (b, T(f)g — fT"(g))-

Since ||[b, T1f||, < C||f]|, for b € BMO, by the proof of [3, Theorem III.1] we can
see that F = T(f)g — fT*(g) € H'. Thus

(b,F) =D (Dj(b), F).
jEZ
As in the proof of [14, Theorem 7], we can rewrite (b, F) in the form
(bF) =A1 + Ay + A5 + Ay

where

Al - _<[7Tb; T*]f,g>7
AZ = <[7Tb7 T]g> f>>

2
A== Z{ (1), TS —5(f) = Sjsu—s(f)), Djg)

v=—2 jez

= (A1 (b), TI(Sj-3(8) — Sjrv—3(8)), Ajf)},

2 2
Ar== 30 30 S Sk TUA, Ding).

v=—2pu=-2 1€z

To get estimates for |A,|, |A3| and |A4| we use the fact that b € BMO(R"),s > 0
and Remark 3.7. Indeed, for [ € Z we have Sip € BMO(R") and ||S;b||pmorn) <
C||b||smo(rn. Note that T* is bounded on L?(w) for all w € A,. So by Hélder’s
inequality, Theorem A and Remark 3.7, we get

| S U1-vab, 7120, D)
lez

1

<[ (241181 seab T2 p1)
lez

(S 212017)

lez

1
(5410 |
ez P

|

< ClIbllevo gl
P

= C|f]

F;q(R") ”g”F;,”,(R")

This shows that
|A4] < C|If

E1(R) ”gHF;/w’(Rn)'
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To estimate |A;|, by Lemma 3.4 and the duality, we see that 7, o T and T o 7, are
bounded on F;f’q (R") fors > 0 and b € F3>°(R"). The duality between F,(R")

and F " (R") now guarantees that

[Az| < CI| fllpzrn) g”F;f“'(R”)'

To estimates |A3| we only consider the former term since the later is similar, observing
that by Holder’s inequality and Remark 3.7

| 300250 ®. 718,55 = i s, 2581

jez

< Clblgee o | (D2 271815(H = eI *

jez

< (S & Ae)’

jEZ v=—4

p”gHF;S-‘l/(Rn)

pHg”F;,S'q/(R”)

S C”f”F;’q(R”) gHF;/Svlll(Rn)'

Thus under the assumptions of Theorem 1.1, we obtain the equivalence between

6, E) < Ol o
and

{070 T, < Clllam gl g
Thus the proof of Theorem 1.1 is finished. ]

To prove Theorem 1.2, we need the following lemma.

Lemma3.8 Let0 <s< %and1 < p,q<oco. Ifb € Fi(R"), then my is bounded
on F(R™).

Proof Note that HM(f)Hp;‘f(Rn) = ||Z] Aj(b)Sj_3(f)HF;q(R”). Since the Fourier

transform of A;(b)S;_5(f) is supported by {2/72 < [¢| < 2/*?}. Therefore by
Lemma 3.1 and Holder’s inequality,

I (f)

p

B < CH (ZZW\A]‘(ZJ)SJ‘%U)W) é
jez

<l (S| swpisi il

jez

< C||b|

) b e
s
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Since F(R") — E%7, (R") forany 1 < r < co. Thus we get

n—sp

[l (f)

F;{I(Rn) S CHfHF;q(R”) .

Proof of Theorem 1.2 From Lemma 3.8, we know that 7, is bounded on F;;q(R”)
under the assumptions of Theorem 1.2. By Lemma 3.4, we see that 7, is bounded on
E, "(R") forallt > 0,1 < p,q < oo. Using the interpolation theorem we obtain
that 7, is bounded on L2(R"), thus b € BMO(R"). Hence Theorem 1.2 follows
immediately from Theorem 1.1 and the F;;q(R”) boundedness of T*. [ |

Finally, let us prove Theorem 1.4. The “only if part” is a corollary of Theorem 1.1.
To prove the converse we need the following lemma.

Lemma3.9 Letb e F2>°,0<s<landl < p,q < oo. Then H o m, — T is
bounded on F(R).

Proof SetS = H om, — my). It has been shown in [14] that the kernel K(x, y) of
S restricted to the set © = {(x, y) € R X R,x # y} is C* and satisfies

020K (x, )| < Caplx— y|' 17171 fora, 3 € Nandx # y.

On the other hand S satisfies the weak boundedness property [8] and S(1) = 0. Thus
the lemma follows from the boundedness of singular integral operators on Triebel—
Lizorkin spaces (see [8,12]). |

Proof of Theorem 1.4 In fact, the proof is a minor modification of [14, Theorem
3]. Choose the function v in Section 2 to be radial and real-valued such that the
functions A;(f) and S;(f) are real-valued. Thus without loss of generality, we may
assume that b is real-valued by virtue of Proposition 3.5.

By Lemma 3.9, the operator gy — H o 7, is bounded on F;,’q(R). Moreover,

Theorem 1.1 guarantees that [7},, H] = —[m,, H*] is bounded on F;,’q(R). It follows
that 7)) — mp © H is bounded on F,;?(R). Noticing that H* = — Id, we obtain that
Ty + Ty © H is bounded on F;,’q(R).

Write

ANj(b+iHb)S;—3(f — iHH(f))) = Aj(b)Sj—3(f) + L j(H(b)S;—3(H(f))
+i[AHD)S—3(f) — Aj(0)S;—s(H(f))] -

Then the operator 7(,+in()) © (Id —iH) is bounded on F;’q(R). By Proposition 3.5, we
obtain

[ (210 + 0D, 505 = D) | < Clflleone
j€EZ

forall f € S(R).
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Note that

1A 0)Sj—3())] < |Aj(b+iH(b))S;j—3(f — iH(f))].

Thus the proof is finished. ]
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