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Subconvexity for a double Dirichlet series

Valentin Blomer

ABSTRACT

For two real characters v, 1" of conductor dividing 8 define

La(s, xa¥)¢'(d)
dw

Z(s,w;, ) = Go(25 + 2w — 1) Y

d odd

where xg = (d) and the subscript 2 denotes the fact that the Euler factor at 2 has
been removed. These double Dirichlet series can be extended to C? possessing a group

of functional equations isomorphic to Djs. The convexity bound for Z(s,w; ), ¢') is
|sw(s 4 w)[/4F¢ for Rs = Rw = 1/2. Tt is proved that

Z(s,w; 1, ¥') < |sw(s +w)[YFE, Rs=Rw=1/2.

Moreover, the following mean square Lindel6f-type bound holds:

Y1 Y2

/ / |Z(1/2 4 it, 1/2 + iu; b, ) |* du dt < (Y1) 1e,
-1 /Y2

for any Y1, Yy > 1.

1. Introduction

The study of subconvexity bounds for L-functions is one of the central topics in analytic number
theory with deep and sometimes unexpected applications in almost every branch of
number theory. Weyl, almost a century ago, was the first to prove a subconvex bound for
the Riemann zeta-function: ¢(1/2 + it) < [¢t|'/9*¢. Since then, powerful methods from various
areas have been developed culminating in a complete solution of the subconvexity problem for
L-functions on GL; and GLg due to Michel and Venkatesh [MV10]. One would hope that new
methods emerge that will enable subconvex bounds for more general L-functions. This may
include automorphic L-functions of higher rank groups (some deep, but sporadic results are
already available, e.g. [HMO06, Li, Ven]), L-functions without Euler product (e.g. L-functions
of half-integral weight modular forms) or multiple L-functions, that is, L-functions whose
coefficients are again L-functions. Multiple L-functions have become more and more frequent
in analytic number theory, and have quite recently proved to be a very powerful and elegant
tool that in some cases can prove results that are not (yet) available with other methods, see
e.g. [DGHO03|. A good understanding of the more subtle analytic properties of multiple Dirichlet
series would be very desirable. The question for subconvexity bounds for double Dirichlet series
has been raised explicitly in [HK] in connection with non-vanishing results for quadratic twists.
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V. BLOMER

The aim of this paper is to show the first subconvex bound for a multiple Dirichlet series in
a relatively simple situation. For Rs and Rw sufficiently large and two real characters 1, ¢’ of
conductor dividing 8 we define
La(s, xa)¥'(d
205, w6, 0) = G254 20— 1) Y P2 1)

d odd

where x4 = (4) and here and henceforth the subscripts 2 denote the fact that the Euler factors
at 2 have been removed. This type of series was first considered in [GHS85], although not
from the point of view of double Dirichlet series. It has two more or less obvious functional
equations: the functional equation for L(s, x) yields a functional equation sending s to 1 — s,
and interchanging the order of summation yields a functional equation interchanging s and w.
These two functional equations generate the dihedral group Dis of order 12, and successive
application of the functional equations yields the meromorphic continuation of Z(s, w, v, ') as
a function of two complex variables with polar lines at most at s =1, w=1 and s + w=3/2. It
is a priori not completely obvious what the convexity bound in this situation is, because running
a convexity argument for Z(s, w;,1'’) depends on what we assume on the coefficients L(s, x)
in the region of absolute convergence of Z(s,w;,’). If we assume the convexity bound for
L(s, xq) in s together with the Lindel6f hypothesis on average over d, that is,

D 1L, xa)l < (X]s| VN Rs=1/2,
d<X
(cf. (16) below), then the convexity bound for Z(s, w; v, ') is
Z(s, w; ¥, ¥) < |sw(s + w)|/4Te o)

for s = Rw = 1/2. This is indeed a natural candidate for the convexity bound, since

s s+w—1/2 w ‘ ,
()E(E )t
is roughly invariant under (s, w) — (1 — s, 1 — w), see (36) below; hence it is reasonable to define

the ‘analytic conductor’ of Z(1/2 + it, 1/2 + iu; 1, ¢') by

1 at) |1 4 t 1 1
= [ 2] |1 0

4 2 4 2 3)

We shall prove the following uniform subconvexity bound.

THEOREM 1. One has
Z(s,w, 1, ¢) < |sw(s +w)|/0
for Rs = Rw =1/2 and any & > 0.

This matches the quality of Weyl’s bound for the Riemann zeta-function and the
corresponding estimate for L-functions attached to modular forms on GL3 due to Good [Goo82].
Theorem 1 is the first subconvex bound for a multiple Dirichlet series, and it seems to be the first
subconvex result in the literature for an L-series that is not a (linear combination of) L-series
with Euler product.

The bound of Theorem 1 is non-trivial even in a one-variable situation. Specializing to s = 1/2,
one gets an ordinary Dirichlet series (without an Euler product) with coefficients given by central
L-values. Then T'(w)Z(1/2, w; 1, ¢") is roughly invariant under w — 1 — w; hence the standard
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convexity bound in one variable is |w|'/27¢ on the critical line which coincides with (2) in this
case. Theorem 1 implies the subconvex bound Z(1/2, w; ), ¢') < |w|'/3+e.

Another interesting case comes from the specialization s+ w =1, that is, s=1/2+ it,
w=1/2 — it. Of course, Z(s, 1 — s; 1, ') exists only by analytic continuation. This is a situation
where the analytic conductor (3) is unusually small due to a special configuration. This is a well-
known phenomenon that occurs, for instance, with L-functions of Maafi forms with spectral
parameter ¢ in the neighbourhood of the point 1/2 4 it. Such effects have quite interesting
consequences, see for example [You] or [Blo08]. For GL(2)-Maafl forms, the subconvexity
problem in this situation has been solved only recently in [MV10]. Theorem 1 above yields
Z(1/2 +it, 1/2 —it; 4, ') < (1 + |t|)1/3+ while the convexity bound is (1 + |¢|)1/?Fe.

One may speculate whether a Lindelof-type bound holds for Z(s, w; 1, ¢'). In this direction
we prove the following.

THEOREM 2. For Y1, Ys > 1 one has

/ / Z(1/2 4 it, 1/2 + iu; b, ) |? du dt < (Y1) F°
for any € > 0.

Both Theorems 1 and 2 can be extended to Dirichlet series Z(s, w; 1), 1)) where 1, ¢’ are
allowed to have any (fixed) ramification.

The proofs of Theorems 1 and 2 start by writing down approximate functional equations for
Z (s, w; 1, "), For multiple Dirichlet series we have several choices. Since I'(s/2)I'(w/2)T'((s +
w)/2)Z (s, w; ¥, ') is roughly invariant under (s, w)— (1 —s,1 —w), see (36) below, one has
the simplest approximate functional equation of the type

5 Lo(1/2 + it, xat))¥'(d) (4)

dl/2+iu ’

Z(1/2 +it, 1)2 + iu; , ') ~
d< (u(ut1))1/2

cf. Lemma 3. An average bound for L-values (see (16)) then recovers, as usual, the convexity
bound. We can now insert another approximate functional into the numerator Lo(1/2 + it, x41)
getting something roughly of the form

(n) e
d~P nNQ
This gives good bounds if P happens to be small. For large P we can successfully apply Poisson
summation in the long d-variable (by quadratic reciprocity it is self-dual at about \/Qu) and
find something roughly of the form

(1/2+Zt 1/2+Z’LL Y, w < Z Z 1/2+z(t+(u?2ll/2 ' (6)

Theorem 1 now follows from Heath-Brown’s large sieve estimate (15) which allows one to bound
efficiently bilinear sums in x4(n). Theorem 2 follows from (5) and (6) together with standard
bounds for Dirichlet polynomials. The above approach based on Poisson summation serves as
a good heuristic, but has to be modified. Not all numbers are squarefree and congruent to
1 (mod 4), and a rigorous argument along these lines would face similar substantial difficulties as
in [Hea95]. However, Poisson summation in the d-variable can be mimiced by applying a suitable
functional equation of Z(s, w;,¢’) sending (s, w) to (s +w —1/2,1 — w). Lemmas 4 and 5
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will provide the crucial bounds that correspond roughly to (5) and (6). They could be turned
into equations with small error term (what one might call an approximate functional equation),
but the formulas would become even more cumbersome. We remark that it is important for the
proofs of Theorems 1 and 2 that the variables are cleanly separated which makes the argument
a little more technical than the heuristic approach.

Notation. Most of the notation is standard. We recall that € denotes a sufficiently small positive
constant, not necessarily the same at each occurrence. Similarly, A denotes a sufficiently large
positive constant, not necessarily the same at each occurrence. The notation z ~ X means
X <z <2X. All implied constants may depend on € and/or A even if not explicitly specified.

2. Preparatory material

2.1 Real characters
We follow the notation of [DGHO03]. Let d and n be odd positive integers that we decompose
uniquely as d = dod? with p?(do) =1 and n = non? with p?(ng) = 1. We write
d -
) = (4) =l @

n

The character x4 is the Jacobi-Kronecker symbol of conductor dp if d=1 (mod 4) and 4dy if
d=3 (mod 4). We have
1, d=1(mod 8),
xd(2) =4 -1, d=5(mod 8), (8)
0, d=3(mod 4),

and x4(—1) =1, that is, x4 is even. By quadratic reciprocity we have

. Xn, n=1(mod 4),
Xn =

—n, n=3(mod 4). ©)

Let 91,9 _1, 99, 9¥_o denote the four characters modulo 8, that is, 11 is the trivial character,
¥_1 is induced from the non-trivial character modulo 4, 12(n) =1 if and only if n =3 or 5 (mod
8) and ¥_9(n) =1 if and only if n =5 or 7 (mod 8).

By considering x4, for odd squarefree d and 1 (mod 8) we can construct all real primitive
characters. The L-series satisfies a functional equation

5 1/275F 1—s+k
L) = (%) S B0 - sa) (10
2
where
_ do, Y=vY1,d=1(4)orp=1_1,d=3(4),
N So=1< 4dy, V=1b1,d=1(4) or ¥ =1p_1,d=3 (4), (11)
1, ¢Y=1_qort_g;

8do, Y =1 or Y_a.

This gives an approximate functional equation [IK04, Theorem 5.3]

L1/2-+ it ) = 5 Q6 (o) o0 T M) ()
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where |A(t, dp)| =1 and, for an arbitrary number A > 5,

—4A 1y 1/24it+s+k —A
@ L ms\ LTS ) sds (& 1
Gi(&) =55 /(2) (COS 4,4) p (12, S 1+ (13)

cf. [IK04, Proposition 5.4]. Most of the time we shall deal with non-fundamental discriminants,
so therefore we note that

Lo(1/2 +it, xav) = [ <1 - W)L(w + it Xay?)- (14)

p|2d1

The paper rests crucially on Heath-Brown’s large sieve estimate for quadratic characters. Here
we need the following two corollaries. Firstly, let (a,), (b,) be sequences of complex numbers of
absolute value at most 1; then [Hea95, Corollary 4] states that

ST ambn (Z) &L (MN)F(MNY? + MY2N)

m<M n<N
m odd

for any € > 0. We will use it in the following form: if Gy, b < m~ Y2t then

>N dmbn (Z) <o (M + N)V/2#e, (15)

m<M n<N
m odd

This follows directly from the preceding inequality after cutting the summations into dyadic
pieces. Secondly, [Hea95, Theorem 2] states that

Y Lsoxad)| < (X(s + D), o> 12,

do<X
dop odd,squarefree

from which one obtains, by (14) and Hoélder’s inequality, the bound

3 |La(s, xa¥)| < (X[s|YVH e, o >1/2: (16)

d<X
d odd

recall that the subscript 2 indicates the removal of the Euler factor at 2. Heath-Brown’s original
bound is somewhat stronger, and for the purpose of this paper (16) suffices, which could be
deduced from a second moment (rather than a fourth moment).

2.2 Special functions

We recall Stirling’s formula in the following form: for s, z € C with (s + z) > 1/10 we have the
uniform bound

[(s+ 2) 2%
“\eTe) 2 1
TG o) Lps Rz |5 + 2] (17)
and [IK04, p. 100]
I'(s+z) » T
_ 1 z — . 1
2 e (4 16 e ) (19)
For future reference we remark that
F(252) F(lgz) <7['Z)
= =—~cot| — ), zeC. (19)
reEt)  I(3) 2
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Away from the poles, we have the uniform asymptotic formula

cot(x + iy) = —i sign(y) + O(e2W!), I]?i% |z — wk| > 1/10. (20)
€

2.3 Multiple Dirichlet polynomials
For the proof of Theorem 2 we will need the following lemma.
LEMMA 1. Let D,N >0,Y7,Ys > 1, X :=Y1Y5 DN, and € > 0. Let W1, Wy be two fixed smooth

functions with support in [—2, 2]. For n,d € N let f(d, n) be any complex numbers with absolute
value at most 1. Then

t , M) N D
— d dt < X*DNY 1Yo 14+ — |14+ = 21
//Wl(yl> < )% i | < ! 2( +Y1>( +Y2) 2!
n~N
and
t f(d,n)
Wi — d dt
// 1(}/1> <Y2>’Z nivd— z(u-‘rt u
<<X€(NDY1Y2+ND mln(Yl,YQ) + N2DY; + (ND)?). (22)

Proof. Without loss of generality we can assume that D, N > 1, otherwise the d-sums vanish.
Opening the square, we bound the left-hand side of (21) by

S () Ge) (2) o]

Integrating by parts sufficiently often, we can assume, up to an error O(X ~4), that

no =n1(1+ O(XY 1Y), dy=di(1+ O(XY; ),

dy,da~D
ni ,ngva

and (21) follows immediately. The second part requires a slightly more careful argument. Again
we bound the left-hand side of (22) by

//W W nadi \" (di\"
Ny, )2 Yg nids da ’
and we can restrict the summation to

dq :dg(l—{—O(XEYlil)), nody :nldg(l—}—O(XEYVZil)).
Hence the left-hand side of (22) is at most

dy,do~D
ni,no~N

Y1Yo#A (23)
where A is the set of all 6-tuples (dy, d2, n1, n2, a, b) € Z° satisfying
di,dy~D, mni,na~N, l|a]<DXY ' |b|<NDXY, '

di=ds+a, nodi=mnids+b. (24)
The number of such 6-tuples with nqy =ns is
< X°ND(1 + D max(Yy, Ys) ™). (25)
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Let us now assume n; # ny. We substitute the first equation in (24) into the second and write
n3 =ny — ng # 0. Hence #.A4 is at most the number of 5-tuples (dy, n1, ns, a, b) satisfying

di,dy~D, ni~N, 0<|ng]<N, la]<DXY
b| < NDX°Y, Y, nady =nia+b,

which, by a divisor argument, is at most

D ND
XN 1+ — 2
< < + ¥ >< Y ) (26)
We substitute (25) and (26) into (23) and arrive at the right-hand side of (22). O

3. Functional equation and meromorphic continuation

The aim of this section is establish the meromorphic continuation and the functional equations
of the double Dirichlet series Z(s,w;, ") defined in (1). We will treat these 16 series
simultaneously and introduce the following notation: let

Z((87 w; 1, ¢1)) Z((s, w; 1/11))

oy | Z(sswih | Z(s, w;

Z(Sa w; ¢) - Z(S, w; Qb, w2) 5 Z(S, ’LU) = Z(37 w; ¢2) ,
Z(va; 1/}’ ¢—2) Z(S,’w;’l[)_g)

so Z(s, w) is a column vector with 16 entries. We have the following lemma.

LEMMA 2. The functions (s — 1)(w — 1)(s +w — 3/2)Z(s, w; 1, ¢') can be extended holomor-
phically to all of C?. They are of at most polynomial growth in s and Sw in the sense that
for any Cy > 0 there is a constant Cy > 0 such that (s — 1)(w — 1)(s + w — 3/2) Z(s, w; ¥, ') <
(1 4+ 3s)(1 + Sw))®? whenever |Rs|, | Rw| < Cy. Moreover, there are 16-by-16 matrices A and
B(s) given by (32) and (33) below, such that

Z(s,w)=AZ(w, s) (27)

and
Z(s,w)=B(s)Z(1—s,s+w—1/2). (28)

Proof. This is essentially known and follows the procedure outlined in [DGHO03, §4]. For
convenience, we give the complete argument and provide explicit formulas.

We start with following two expressions for Z (s, w; 1, '), initially valid for Rs, Rw sufficiently
large. On the one hand, we have

La(s, Xy ¥)¥'(do)

Z(s,w; ¥, ¢) = (25 + 2w —1) Y pT
do odd 0
Q(do)_
(Xdo¥)(P)
< ¥ e [I(-fee))
di odd pld1

La(s, xa,¥)¥' (do)G2(2w)
dZ)ULQ(S + 2’(1], Xdow) ‘

= (2(2s + 2w — 1)
do odd
#?(do)=1
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The right-hand side of (29) is, by (16) together with (10) for Rs < 1/2, absolutely and locally
uniformly convergent and hence holomorphic in

Ry :={(s,w) | Rw > 1} n{(s, w) | Rs + Rw > 3/2}

with the exception of a polar line at s =1 if ¢ =11 is trivial, and it is of moderate growth in
Js, Sw in this region.

On the other hand, we have

La(s, xa¥)¢'(d)

Z(s,wih, ) = (25 + 2w —1) >

d odd a
P(n)y'(d)
= (2(2s + 2w — 1) Xd(n)w .
: d,nzodd dn
= (s +2w—1)Y La(w, ’N‘;f/)w(”) (30)

n odd
where we have used (7). The two equalities (29) and (30) together with (8)—(11) now yield readily

the two matrices A and B(s). One way to construct the matrices explicitly is as follows. For a
character 1 mod 8 and a residue class n € {1, 3,5, 7} mod 8 let

La(s, xa¥)¢'(d)

Y(s,w;h,n) = G(2s+2w—1) Y

dw
d=n (8)
1
= 12 V2w, v, v) (31)
w/
and

Y (s, w;1, 1) Y (s, w; 1)

Y (s, w0, 3) | Y(s,wi 1)

Y(S, w; ¢) - Y(S, w; 1, 5) ) Y(Sa ) Y(S, w; w2)

Y(s,w;1,7) Y (s, w; h_2)

Moreover, let Y(s,w) and Z(s,w) be the same 16-by-16 vectors as Y(s,w) and Z(s,w),
respectively, except for the fact that in the numerator of each component of ?(s,w) and
Z(s, w) the character yq in La(s, xqt) is replaced with ¥4. Then (31) gives readily a relation
Z(s,w)=M1Y(s,w) for a 16-by-16 matrix M; consisting of four identical 4-by-4 blocks on
the diagonal. Next, by (9) we find a matrix My such that Y(s, w) = MY (s, w). Now we
use (30) to get a functional equation Z(s,w)= M3zZ(w, s). Finally, applying the functional
equation (10) and (11) together with (8)—(29), we find a diagonal matrix My(s) such
that Y(s,w)=Mu(s)Y(1 —s,s+w —1/2). Note that the map (s, w)— (1 —s,s+w—1/2)
leaves s+ 2w invariant and interchanges 2s+ 2w — 1 and 2w. Putting together these four
matrix equations, we get (27) with A = MzMiMaM; " and (28) with B(s) = MyMy(s)M?,

362

https://doi.org/10.1112/50010437X10004926 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X10004926

SUBCONVEXITY FOR A DOUBLE DIRICHLET SERIES

or explicitly

1 1 0 0 1 -1 0 0 0 0 0 0 0 0 0 0
1 -1 0 0 1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 0 0 1 -1 0 0
0 0 0 0 0 0 0 0 1 -1 0 0 1 1 0 0
1 1 0 0 -1 1 0 0 0 0 0 0 0 0 0 0
-1 1 0 0 1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 0 0 -1 1 0 0
A 1fo o o o o o o o -1 1 0 0 1 1 0 0 c C16%16
2 0 0 1 1 0 0 1 -1 0 0 0 0 0 0 0 0
0 0 1 -1 0 0 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 -1
0 0 0 0 0 0 0 0 0 0 1 -1 0 0 1 1
0 0 1 1 0 0 -1 1 0 0 0 0 0 0 0 0
0 0 -1 1 0 0 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 1 0 0 -1 1
0 0 0 0 0 0 0 0 -1 1 0 0 1 1
(32)
and
Bl(S)
_ Ba(s)
B(S) - 83(8) ’
By(s)
741—5 41—8 _9 21—5 _ 98 21—5 _9s
stl/2r(%) 4l=s _9 —yl-s 9l=s _9s 9l-s _ 9s
Bl (3) = m 21—5 —9s 21—5 _9s _41—5 41—5 —_9 |’
9l=s _9s 9l-s _9s yl-s_ 9 _gl-s (33)
_41—5 92— 41—5 21—5 —_ 95 95 _ 21—5
71-5_1/21"(%) 9 _ ygl-s _4l-s 95 _9l=s 9l-s _9s
B2<3> - m 9l=s _9s 95 _9l-s —4l-s 9 _gl-s |’
925 _ 21—5 21—5 —95 9 _ 41—5 _41—5
5 T sfl/ZF(%)I 3 T 571/2F(%)I
@=(5) T Be=(5) e

The two functional equations (27) and (28) are involutions and generate the dihedral group of
order 12. The exact shape of the matrices A and B(s) is not important, but we note that the
entries of B(s) are

holomorphic and of moderate growth in s if Rs < 1 (34)
and
B1(0) = 0. (35)

We proceed to continue Z(s, w; ), ¢’") meromorphically. Let a(s, w) = (w, s) and 5(s, w) =
(1—s,8+w—1/2). Since a(R;) N Ry is an open set in C2, we can apply (27) to continue
Z (s, w; 1, 1) to the region

Ry :=a(R1)UR; = {(s,w) | Rs + Rw > 3/2, max(Rs, Rw) > 1}
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with moderate growth in Sw and $s and polar lines at most at s =1 and w = 1. Next, since
B(R2) N Ry is open in C2, we can apply (28) and continue Z(s, w; v, ') to

Rs:=[3(R2) URy =Ry U{(s,w) | Rs <0, Rw > 1}.
By (34), Z(s, w; ¥, ¢") is of moderate growth in Rj3, and the only possible singularities in R3\ Ry

can occur at S{(1,w)|w e C}={(0,w)|weC} and B{(s,1)|s € C} ={(s,w)|s+w=23/2}.
By (35), the first case cannot occur. Next we apply (27) again getting a continuation to

Ry :={(s,w) | max(Rs, Rw) > 1, Rs + Rw > 3/2 if Rs, Rw > 0}.

Finally, we apply (28) (getting no new singularities since the line s + w = 3/2 is mapped to w = 1)
and (27) once again. In this way we establish the meromorphic continuation with moderate
growth to all of C? with the exception of the tube

R*:={(s,w) | (Rs, Rw) € Q} C {(s,w) : |Rs|* + |Rw|*> < 3}
where  C R? is the closed 12-gon with vertices

(1,1),(1/2,1),(0,3/2),(0,1), (—1/2,1), (0,1/2), (0,0), (1/2,0), (1, —=1/2), (1, 0), (3/2,0), (1, 1/2).

By what we have already shown, there is a constant C such that Z(s,w):=((s+
10)(w 4 10))"%(s — 1)(w — 1)(s +w — 3/2) Z(s, w; 1p, 1)") is holomorphic and bounded in the
tube {(s,w) |4 < |Rs|> + |Rw|? < 5}. A standard argument in several complex variables (see
Propositions 4.6 and 4.7 and the argument on p. 341 of [DGHO3]) shows that =Z(s,w) is
holomorphic and bounded in the tube {(s,w): |Rs|?> + |Rw| < 5}. This completes the proof of
the lemma. O

Iterating (27) and (28) we find
Z(s,w)=B(s) - A-B(s+w—-1/2)- A-B(w)- AZ(1 —s,1 — w). (36)

A computation shows that the matrix M(s,w):=B(s) - A-B(s+w—1/2)- A-B(w)-A
contains 124 zeros (out of 256 entries), but it is far from being diagonal. It would be nice
to find a more symmetric version of (36).

An inspection of the matrix B in (33) shows the following notationally more cumbersome,

(r.d)

but slightly more practical, form of (36): there are absolute constants « o

" such that

() 2jls+jgwﬂ.2s+2w—2

1 2 s ,
Zswig )= > Y D s fiﬁﬁw—m —4) (4w — 4)

w1,k2:43=0 j1,J2==6 , v (787)*

F( 1—52—&-/'{1 ) F(3/2*S;w+52 ) F( 1—w2+m3 )

F( 5+2l$1 ) 1—‘(5+w—§/2+mg ) F(w—gns)

Z(1—s,1—w;p,p). (37)

4. A first approximate functional equation

We use the functional equation (36) to obtain an explicit description of the function Z(1/2 +
it, 1/2 +iu; 1,9, a so-called approximate functional equation. Although our assumptions are
somewhat different, we follow essentially the argument of [Har02, Theorem 2.5]. For u, ¢t € R we
introduce henceforth the following notation: let

Ui=1+ul, T=1+t, S:=1+|u+t|, X=8TU (38)
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and

4 2

1 i(u+t)'_'1 i
4 2

C=4C(0,u) = ‘—i—

with the notation as in (3).
LEMMA 3. There is a smooth, rapidly decaying function V, and for any u,t € R there are

absolutely bounded constants )\jip Y (u,t) such that, for any € >0 and any C' > C1/2+e,
one has

4
Z(/2+it, 12+, ) =30 SN TAE ()

p.p j=—8 L
Lo(1/2 +it, '(d dm?
X Z Zél/éiiuzllfggft)( )V<2j%)
d,m odd
dm?2<cC’

+O((TC)V4*+ min(S, U) ™).

Remark. The error term can be improved with more careful estimations, but the above result
suffices for our purposes. Note that C’ is bounded below, but is otherwise independent of u and ¢.

Proof. Let t,u € R. Let H be an even, holomorphic function with H(0) = 1 satisfying the growth
estimate

H(z) <son (14 ]2))74 (39)
for any A > 0. Define

F( 1/2;iu )F( 1/27;(u+t) ) I—\( 1/2+2iu+z )F( 1/2+i(;t+t)+z>
F( 1/22+2u )F( 1/2+Z2(u+t) ) I-\( 1/2—27,u—z )F( 1/2—Z(g+t)—Z)

1 1
Fui(z) = 5C*Zﬂ + 502/2.

Clearly F),; is of moderate growth in fixed vertical strips and F3, ;(0) = 1. We consider the integral

1 (21/2+iu+z _ 1)(21/2+i(u+t)+z _ 1) (41/2+iu+z _ 4) (41/2+i(u+t)+z _ 4)
1) (21/2+iu _ 1)(21/2+i(u+t) _ 1) (41/2+iu _ 4)(41/2+z’(u+t) _ 4)

2mi
dz

X Z(1/2 +it, 1/2 +iu + z; 9, ) Fyu i (2)H(2) .

(40)

The first fraction cancels the possible poles at z=—1/2 —iu, z = —1/2 —iu — it of F, ; the
second fraction cancels the possible poles at z=1/2 — iu, 2 =1/2 —iu — it of Z and goes well
with the functional equation (37). This device is not strictly necessary, but it is convenient. We
shift the contour to z = —1. The pole at z = 0 contributes

Z(1/2 + it, 1)2 + dus; 4, o). (41)

In the remaining integral we apply the functional equation (37) together with (19) and make a
change of variables z — —z getting

1 (21/2+iu72 _ 1)(21/2+i(u+t)fz ~1) 1 2 ()
_Qm'/(l) (21/2+iu — 1) (21/2+i(utt) — 1) Z Z Z Yo, 0

K1,k2,k3=0 j1,jo=—6 p,p’e(m*

365

https://doi.org/10.1112/50010437X10004926 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X10004926

V. BLOMER

91 (1/2+it)+ja (1/2+4iu—2) 1. 2i(utt)—22 I( 1/2*2it+m )T( 1/2*i(§+t)+z )T( 1/2*22'u+Z)

X - - - - - -
(41/2+zt _ 4)(41/2+7,u _ 4)(41/2+z(u+t) _ 4) F( 1/2+§t+.‘$1 )F(1/2+z(;¢+t)—z)1—‘(1/2+22u—Z)
1/2 4 )\ 1/2 +iu— 2)\ ™
t<7r(/ +i(u +t) z)) COt(77(/ + iu z)>

X CO

2 2
d
x Z(1/2 —it, 1/2 — iu+ 2 p, p') Fuy(—2)H(2) f (42)

Then (40) equals the sum of (41) and (42). We need to simplify the unduly complicated term
(42). We observe that

PO e e A G s
F(1/2+zufz>r<1/2+z(72¢+t)72) ) F(1/22+zu)r(1/2+12(u+t))

Ffu,ft(z)a

so that (42) simplifies to

(k2,55.9) (4 yg—i27—2% oo [ FL/2Hi(u+1) = 2) )
27”/1) Z Z Z Mp,p’,w,w'(uv )27 cot( :

r2m3=0J==6 , e (Z/82)"

X cot <7T(1/2 4‘2”‘ — Z)>HSZ(1/2 —it, 1/2 —iu+z; p, p) Fy,—4(2) H(2) % (43)

for certain absolutely bounded complex numbers ,u,(m":f 7j}(u t). In (40) and (43) we open
the Dirichlet series using the definition (1). This yields the following preliminary version of the
lemma: for ko, k3 € {0, 1} and u,t € R let

Ko.K3 1 m(1/2 —i(u —2)\*™ w(1/2 —iu — 2) \*
Vu(,f )(f):m/(l)cot< (1/ (2+t) )) cot( (1/ 5 )>

x C™*2F, (2)n 2 H(2)€* dzi. (44)

Then there are absolutely bounded constants u;t’p(,'{i’f;’j )(u, t) € C such that

Z(1/2 +it, 1/2 + iu; ¢, ) ZZ Z ST e (u, 1)

p,p' j=—6 Ko,k3=0 £

. / I dm?*
- L2(1/2j:zt,Xd,0),0(d)V(H2v“3)(2 dm ) (45)

d1/2+Eiuyy 142i(utt) +u, %t C

d,m odd

We analyze the function VLE:ZQ’H:‘) and quote two bounds of [Har02] (see also the erratum):

by [Har02, Lemma 3.1] we have
C12F, () < (1+2))?%, Rz>0 (46)
and by [Har02, Lemma 4.1] we have
C™2F,(iy) — 1 < |y|C° min(S,U) ™, yeR, |y|<C* (47)

for any 0 < e < 1/2. Both (46) and (47) are uniform in u and ¢.

Now we return to (44) and shift the contour to the far right. We pick up possible poles
at z=5/2+2n+iu and z=5/2+2n+i(u+1t), n=0,1,2,... from the cotangent, whose
contribution is, by (39) and (46), at most < log(2 + £)¢~5/2 min(S, U)~4 (we need the logarithm
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if t =0). Hence we find
Vi (€) < log(2 + )¢~/ min(S, U) 4 + ¢,
uniformly in u, t. Combining this with the average bound (16), we conclude that

Z(1/2+it, 1/2 +iu; o) =) Z Z S s (u, b)

p,p) j=—6 K2,k3=0 =+

La(1/2 £ it, xap)p'(d) _ (wa nz) (2 dm?
x Z d1/ 2% 1£2i(u+t) ViUZiE \/a

d,m odd
dm2<01/2+6
+O((TC)V**= min(S, U)~4) (48)
for any € > 0. We can now remove the dependence on u and t of VJ:Q’R3). To this end we consider
1 dz
V() =5=[ 7 *H(z)*—. 49
©= g [, 7 HEE (49)

This is a smooth, rapidly decreasing function. For £ < C® we estimate the difference
VS (€) — (i sign(u+ 1)) (i sign(w)*V (&)
. /2 —i(utt) = 2)\” 1/2 — i — )\
" 2mi <C0t<7r( S Z>> Cot<7r( S Z>> C~*2F, ()
271 ~ 7

2 2
.. K .. K, —2z —z dZ
— (i sign(u +1t))"2 (i sign(u))™ |7~ H(2) % — (50)
z
where v = y1727v3 with v = [—ioco, —i€], 2 a semicircle to the right of the origin joining —ie
and ie, and 73 = [ie, ico]. The portion |3z| > C® contributes by (46) and (39) at most O(C~4).
In the remaining part we insert the formula (20) at the cost of an error O(C® min(S, U)~4).

The integrand is now holomorphic at z = 0, and we replace the semicircle v with a straight line
through the origin. Now we insert (47) and bound the integral (50) by O(C€ min(S, U)™1).

Now we replace in (48) the weight function V(m’ 3) by (i sign(u + t))"2(i sign(u))"V at the

cost of an error

Lo(1/2+£4
Comin(s, vyt S LU EL Xl poyiyate s, )
d'/?m
dm2<Cl/2+E

by (16). The lemma now follows with C’ = C''/?*¢. By the rapid decay of V it remains valid for
any larger C'. O

Lemma 3 reduces the estimation of Z(1/2 + it, 1/2 + iu; ¢, ') to bounding

Ly(1/2 £ it, xap)p'(d) ., (27 dm?
Z 1/ 2%y 1 2i(utt) 4 Jo )

d,m odd
dm?2<C’

Applying a smooth partition of unity, it is therefore enough to bound
Lo(1/2 44t "(d dm?
Dy (t,u, PyW) = > 2(1/2 +it, xat)¢'( )W( m )

1/24iu g, 142i(u+t) P
domodd @ m
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for a smooth function W with support on [1, 2] and
1< P<(US)Y?e, (51)

Henceforth we will always assume that P satisfies (51), and we recall the notation (38). We prove
the following variant of the preceding lemma.

LEMMA 4. Let &y be given by (11) and let T > T X¢. Then the following bound holds:

Xm e+i1X¢ petiX©
Dywlty, P <Y Y |
€

T mgpl/2te emiXe

iX¢€

X

5 3 (xag®) ()¢ ()63

A
nl/2+it— sd1/2+’bu o | ldwl [ds| + P~
2

do<m™2P1*e ng(T' P)Y/
dp odd

Proof. This follows quickly from (12) and (15). More precisely, by (14) and (12) we have

(Xdo®) M)V (do) () (7 dodim®
| Dy (b u, Py W) <Y Z Z 1/2ind1/2+w G e )W TP

+ m,dy dpodd n

where thb) is given by (13). By the rapid decay of W and G; (cf. (13)) we can truncate the sums
at dodim? < P and n < (T'P)'/? at the cost of an error O(P~4). Let W denote the Mellin
transform of . Then W is an entire function with rapid decay in fixed vertical strips. We recast
W and Ggw) by Mellin inversion getting

—4A 1/24+it+s+k
‘Dw’w/ (t, u, P; W)’ < P_A + Z Z 3_6 / / ‘ (COS 71;2) F( /1/2-&—2it+n )
= epraee ™ @ 4 L(Z=55)
(X)) () (do)63* =, [ P \"
x ) > e W) —
dggm_zPH’E TLS(TP)I/2+E nl/Q:t’Lt sdé/2+ m2
dp odd

with & as in (11). By Stirling’s formula (18) and the rapid decay of W we can truncate the s,
w-integration, and the lemma follows. O

5. A second approximate functional equation

In this section we establish a different bound for Dy, (¢, u, P; W). By Mellin inversion we have

1 —
Dy (t, u, P W) = 2,/ Z(1/2 + it, 1/2 + iu + w; v, )W (w) P du. (52)
T (1)

Let H be the same function as in the preceding proof, that is, H is even and holomorphic, rapidly
decaying in fixed vertical strips and H(0) = 1. For z > 3/2 and R > 0 we consider the term

1 / 41/2+it+s —4 ds
(3)

—Z(1/2 +it, z; 4, 9" + JEVE I Z(1)2 +it + s, z; 0, " )R H(s) < (53)

211

We shift the contour to $ts = —3. The possible pole of Z at s =1/2 — it is cancelled by the first
fraction, and the possible pole at s = 1 — it — z contributes at most O(R'~%(1 + |z 4 it|)~4). We
change variables s — —s and apply (one component of) the functional equation (28). Hence the
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preceding expression equals

~ (K.7) —js_—s w(1/2 —it —s)\"
27m/ Z Z Z Qg (02770 cot(2
#=07==3 , ye(Z/82)"
1—\( /Q-E’Lt-‘rS) ds
SN2 ) p-s/2 o L ’ as
11(%)1% Z(1)2—it+s,z+ it —s;p,p ) H(s) ;
+ ORI (L + it +2) 7 (54)
for absolutely bounded constants d';’z/ b (t). We substitute (53) and (54) with R = (PT)/? and
z=1/2+iu+ w into (52) getting

Dwﬂpl(t, u, P, W) =D+ D + O(P3/4S_A)7 (55)
say, where
41/2+2t+s _ =
1/2+14 1/2+44 ;
<2m> /1)/ gL/t oy (/ Fit+ s 1/2 4 dut w; g, Y)W ()
X Hi)Ts/zpwﬁ/2 ds dw (56)
and
1 1/2+zt+s . K
~ ( ) 7T(1/2—2t—8>
D= — Z z;\ ppﬂ/)d) <2m> // 1/2 zt s COt( 2

Xzfjsﬂfsz(l/Q_zt_ks 1/2+i(u+t) +w—s; P,P)W(w)
)
S

T=3/2Ppv=s/2 4s duw. (57)

For the error term in (55) we used the rapid decay of W. Both double integrals are absolutely
convergent. In (56), we shift the w-integration to Rw = —1 and change variables w — —w. There
is a possible pole on the way at w =1/2 — iu whose contribution is, by the rapid decay of W,
bounded by O(U~4). Hence

41/2+1t+s_ . . /
(2m> / /3 Cql/2it oy Z(1/2 + it + s,1/2 + iu — w; ¥, )

x W(—w)Hi)TSﬂP_wJFS/? ds dw + O(U™4). (58)

Here it is important to note that the partition of unity has removed the pole at w = 0 that would
occur if W (w) was replaced by H(w)/w as in Lemma 3.
Now we apply the functional equations (27) and (28) in the form
Z(1/2+it+s,1/24iu—w)=A-B(1/2+iu—w)Z(1/2 —iu+w,1/24+i(u+t) —w+s)
(59)
and
Z(1/2 —it+s,1/24+i(u+t) +w—ys)
=A-B(1/24+i(u+t)+w—s)- AZ(1/24+iu+w,1/2 —i(u+t) —w+s). (60)
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For convenience we write this out explicitly: the (¢, ¥')-component of (59) is

1 1 —JW . —Ww
Z(A/2+it+5,1/2+iu—wip, ) =D > > 30d) 2%

; — p.p’ 7/”/)/( >41/2+iu—w_4
W=0T=73 p e /sy

F(1/2 zu—l—w) 7‘_(1/24_2“_10) K
F(1/2+1u w) C0t< 2 >
(

X Z(1/2 —iu+w,1/2 +i(u+t) —w + s;p, p') (61)
for certain absolutely bounded constants ﬁ M p ¢ W(u), and the (p, p')-component of (60) is
Z(1)2—it+s,1/2+i(u+t)+w—s;p,p)
1 j(w—s) w—s
_ 305:9) 2
- Z Z Z 5ﬁ,ﬁ’7p,p’(u’ t) 41/24i(utt)+w—s
F0I=78 ez 8Ly

r(—l Hutt)—whs) (240t +w—s)\"
F(1/2+l u+t)+w S) 0 2

XZ(1/2+w—|—w 1/2 —i(u+t)—w+s;p,p) (62)

—4

for certain absolutely bounded constants ﬂ H p’] )p (). We substitute (61) into (58) and open

both components of the absolutely convergent double Dirichlet series. In this way we see that

n)p'(d)
D = Z Z 1/2 zudl/Q—H(u—i—t) (27-”) / / CZ 28 + 24t + 1)

0.0 E(Z/SZ)* n,d odd

) 41/2+it+8 4 Qwpw 7(1/2 + iu — w) | "I (A2t
X Z Z ’Bﬂ 'Y, 7/)’ 41/2+it _ 4 41/24iu—w _ ¢4 cot 2 T 1/2+iu—w
k=0 j=-3 (f)

« ("j)w <\/;7P>SW(—w) il 25) ds dw + O(U). (63)

Similarly, we substitute (62) into (57) getting

» ,(d) K1,62,01,
D= Z Z 1/2+’Lud1/2 i(u+t <27TZ> / / Z Z pplﬂidj,/l 32) (U, t)

PP E(Z/SZ)* n,d odd ) K1,m2=0 j1,j2=—3

. 215tz (w=s) pw=2s m(1/2 —it —s)\ "™
X Go(2s + 2t + 1)41/2+i(u+t)+wfs _4 COt<2>

% Cot<77(1/2+i(u+t) +w—s))“2

2
F( 1/2-;it+5) F( l/2—i(u—2|—t)—w+3) . H(S) n —w .
X (UEiis) o B 0 tes W(w) . (dP) (dVTP) *%ds dw (64)
(=) I 5 )

for certain absolutely bounded constants ’yﬁ%’lﬁ}’m( u, t). We can now substitute (63) and (64)

into (55) to obtain an approximate functional equation for the quantity Dy, y(t, u, P; W) that
we want to bound. It remains to analyze the two double integrals in (63) and (64) as functions
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of d,n,t, u, P. To this end we shift contours and use Stirling’s formula (17). Let
T'>TXe, S'>8X°, U >UX¢, X :=8TU. (65)
First we shift in (63) the s-contour to Rs= A, bounding the double integral by <«
(dU/nP)(VTP/d)". Hence we can restrict the d-summation to
d< (T'P)'/?

with an error of at most O(X~4). Next we shift the w-integration to ®Rw = A. The poles
of the cotangent are cancelled by the poles of the Gamma function. On $s = Rw = A we bound
the double integral by < (UT)/(v/Pn)?; hence we can we can truncate the n-sum at

(T/)1/2U/
n< ——pr—
pPl/2
with the same error. Similarly, in (64) we shift the s-contour to Rs = A and restrict the d-sum to
(T/)l/QS/
pl/2
at the cost of an error O(X~4); then we shift the w-contour to Rw = A — 1 and truncate the
n-sum at

d<

again with an error O(X~4). Having truncated the double sums (63) and (64) in this way, we
shift the contours back to Rs = Rw = ¢ and interchange the (now finite) d, n-double sum with
the absolutely convergent s, w-double integral. Finally, by the rapid decay of W and H we can

truncate the s, w-integration. Thus we arrive at the following complement to Lemma 4. We keep
the notation (38) and (65).

LEMMA 5. The following bound holds:
D¢,¢/(t u, P W)

e+i(X e+i(X
< (X")®  max / /
p.0' €(Z/8T)"

3 xa(n)p(n)p'(d)

nl/2+iutw g1 /2—i(u+t)—w+s

xa(n)p(n)p'(d)
nl/2—iutwql/24i(ut+t)—w+s

ndodd
d<(Tl )1/2
ng(T//P)1/2U/

|ds dw| + P¥/*574,

+ ‘
n,d odd
d<(T’/P)1/2S’
n<(17P)1/?

6. Proof of Theorems 1 and 2

We are now prepared to prove our main theorems. In order to prove Theorem 1, we first observe
that, without loss of generality, we can assume

T<U=S. (66)
Indeed, by (27) and (28) we have
Z(1/2 +it, 1/2 +iu; ¢, ") < max | Z(1/2 + iu, 1/2 + it; p, p')],
PP

Z(1/2 +it, 1/2 4+ du; ¢, ¢') < max | Z(1/2 +i(t +u), 1/2 —iu; p, p)|
p:p’
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with absolute implied constants. Hence we can exchange u and ¢, if necessary, to ensure |t| < |u/,
and then we can exchange t and ¢+ u (thereby sending u to —u), if necessary, to ensure
|ul/2 < |u + t] < 2|u|. The desired bound of Theorem 1 is symmetric in these permutations which
justifies our assumption (66).

In Lemmas 4 and 5 we estimate the character sum by (15) and conclude that

1/4
Dy (t, u, P; W) < U° min (P1/2 +(TP)V4, (TP)Y* + <£> U1/2>.

Lemma 3 now implies that

2\1/4+¢ 1/4
To) + U® max <(TP)1/4 + min <P1/2, (T> U1/2>>.
U P<U P

If P < U%3T/3 we take the first term in the parentheses, otherwise we take the second. In either
case,

Z(1/2 +it,1/2 4 iu, ¥, ¢) <

Z(1/2 + it, 1/2 + iu, o, ¢') < U?/3te!/3
as was to be proved.

We proceed to prove Theorem 2. Let W be a non-negative function satisfying W (z) =1 for
€[-1,1] and W(x) =0 for |z| > 2. We need to prove

// < ) <;> |Z(1/2 +it, 1/2 + iu; ¥, ") |> du dt < (Y1Y2)'Fe. (67)
2
The same argument as above shows that, without loss of generality, we can assume
V) < Ya. (68)
Let v be the vertical segment [¢ — Y5, e +iY5]. For P < Y, let

)

s/2
(PYD) (4 e s w) e (o ¥) ()9 (do )
QLj: (t7 u7 Sa w) - Z ’ Z n1/2i1t75d1/2+zu w
D=2v1Lplte do odd 0
N=2v2 S(YIP)1/2+E do~D,n~N

(PY1,Y2) [, . ._ xa(n)p(n)p'(d)
2 (t u; 5, w) = Z Z nl/2—iut+w J1/2+i(u+t)—w+s |’
D=2"1 <(Y1p)1/2+6 n,d odd

N=22<(va/ P2y DN

(P (4 ) 1 3 3 Xd(n)p(n)p'(d)

nl/2+iutwgl/2—i(u+t)—w+s |’
D=2"1<(Y1/P)1 /2y, e

N=2v2<(Y1P)}/2Y5

n,d odd
d~Dn~N

where the D, N-sums run over O(log Y2) powers of 2. Recall that ¢ in Q (t u; s, w) was
defined in (11). We combine Lemmas 3-5 to see that under the assumptlon (68) we have,
uniformly in [t[ <Y7 and |u| < Yz,

Z(1/2 +it,1/2 + iu; 9, ¢)

(TSU)1/4 U3/8 a4
€ €
<LY; <min(S’U)+ o tUT) Y >y

P=2ugY;tE pop!
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/ / min <Z Q1PY1 t,u; s, w), QgP’YI’YQ)(t, w; §, w) + QgP’YI’YQ)(t, u; s, w)> dw ds

<YE(V1Ya) /4834 L Y894 4 1) 4§ > D //leyl (t,u; s, w) dw ds
P=20<Y] p,pl +

+ Yy Z Z//Q;YLYZ (t, u; s, w) + Q3 (PY1,72) (t,u; s, w) dw ds
Yi<P=20<Y, e pop
= QO + Ql + QQ + Q?n (69)
say. Here it is important to note that we may enlarge the summation ranges in the d, n-sums in

Lemmas 4 and 5 slightly to make them independent of ¢ and u. We substitute (69) into (67). By
Cauchy-Schwarz and (21) we have

t U N D
w(— |w(— 2 du dt v v, (1 1 Y Y e.
// <Y1> <Y2>|Ql| u <<pgyff‘§§p+a 1Yy +Y1 +Y2 <«VY;

Ng(Y1P)1/2+5
Similarly, using (22) instead of (21), we find that

t u NDY1Ys + ND?*Y; + N2DY; + (ND)?
W(— W[ )| dudt < Y5 max
// <Y1> <Y2>| 2 2 yiepayie DN

D (Y, P)1/2+e
N<(Y1/P)1/2y,}+e

< Yl Y21+€

and

t u NDY1Ys + ND?Y; + N2DY; + (ND)?
W |W( < )|Qsdudt < Y5 max
[ (@) (s )@rmnsr | u o

D<(Y1/P)1/2Y21+‘S
NL(Y1P)Y/2+e

<L YY)t

Finally we estimate trivially
t
// W (y) W <;> 1Q0[? du dt < Y5 (Y2, + Y'Y + ViYe) < VY te
1 2

using (68) in both steps. The preceding four estimates establish (67) and complete the proof of
Theorem 2.
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