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THE FIXED POINT PROPERTY AND NORMAL STRUCTURE
FOR SOME B-CONVEX BANACH SPACES

JESUS GARCIA-FALSET, ENRIQUE LLORENS-FUSTER

AND EVA M. MAZCUNAN-NAVARRO

We give a sufficient condition for normal structure more general than the well known
£o{X) < 1. Moreover we obtain sufficient conditions for the fixed point property for
some B-convex Banach spaces.

l . INTRODUCTION

Let (X, || • ||) be a real Banach space, and let C be a nonempty subset of X. A
mapping T : C -¥ X is said to be nonexpansive if \\T(x) — T(y)\\ ^ ||a; — y|| for all
x,y e C. We say that (X, || • ||) has the weak fixed point property, if every nonexpansive
selfmapping T on any weakly compact convex subset C of X has a fixed point.

It is well known that the weak fixed point property holds for Banach spaces with
certain geometrical properties. Among such properties, weak normal structure is maybe
the most widely studied (see [7]). Sufficient conditions for the weak fixed point property
or weak normal structure have been given in terms of the characteristic of convexity
eo(X).

For example, it is well known that Banach spaces with £o(X) < 1 enjoy both normal
structure and superreflexivity [7]. However, it remains unknown whether the weak fixed
point property holds for every uniformly nonsquare Banach space X (that is, EQ(X) < 2).
Some partial affirmative answers to this question have been established in [3, 12].

In a recent paper [8] Jimenez-Melado introduced a geometrical coefficient e~o(X)
which is a natural generalisation of the classical characteristic of convexity £o(X). He
improved the result of [3], proving that a Banach space X with e~o(X) < 2 has the weak
fixed point property whenever X has the (WORTH) property defined by Sims in [11]. If
io(X) < 2 then X is uniformly nonoctahedral.

In this paper we generalise the classical sufficient condition for normal structure
Eo(X) < 1, to e~ok(X) < 1 where £ok(X) is an extension to higher finite dimensions of the
coefficient e~o(X) = £o2(X), which has a three dimensional character. Moreover we obtain
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sufficient conditions for the weak fixed point property for spaces X with iok(X) < 2. Such
conditions are different to the (WORTH) property.

2. DEFINITIONS AND PRELIMINARIES

Let (X, || • ||) be a Banach space. Let Bx and Sx denote the closed unit ball and
the unit sphere respectively.

The following definitions and results will be used throughout this paper. The func-
tion 6X •• [0,2] -)• [0,1] given by

6x(e) := i n f | l - : x,y G Bx, \\x - y\\ ^ e\,

is Clarkson's modulus of convexity of (X, || • ||) . The characteristic of convexity of X is
denned by eo(X) := sup{e € [0,2]: 6x(e) = 0}.

A convex set C C X is said to have normal structure if, for each nonempty closed
convex bounded subset K of C, which is not a singleton, there exists at least one non-
diametral point x e K, that is, with r(x,K) := sup{||i - y\\ : y € K) < diam(iif).
Similarly, the convex set C has weak normal structure provided that each weakly com-
pact convex nontrivial subset K of C contains a nondiametral point.

Following Sims, [10], we shall say that (X, || • ||) has the weak uniform Kadec-Klee
property whenever there exist e € (0,1) and 5 G (0,1), such that dist(0,C) ^ 1 - 6
for every weakly compact convex subset C of Bx with j(C) > e, where j(C) is the
separation measure of noncompactness defined by

7(C) := supj inf ||xm - xn\\ : (xn) a sequence inCj.

If moreover X is reflexive, then we say that X is weakly nearly uniformly convex.

Following [4], given a measure of noncompactness n, we define the modulus of con-
vexity of X with respect to p. to be the function AM : [0, ti{Bx)) -> [0,1] given by

AM(e) := inf{l - dist(0, A) : AcBx, A is convex and n{A) ^ e),

and we define the coefficient of convexity ofX with respect to (j, to be the number E\(n) :=
sup{e > 0 : AM(e) = 0}. Moreover it is shown in [4] that the Banach space (X, \\ • ||)
has weak normal structure if AM(1) ^ 0. (In particular this happen if £i(/z) < 1.)

The Banach space {X, || • ||) has the WORTH property if

n l i inJ | | x n - : c | | - | | x n

for all x € X and for all weakly null sequences (xn) in X.
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A sequence (xn) in a Banach space X is called a Schaxtder basis of X if for evety
00

x € X there exists a unique sequence of scalars (dn) such that x = $2 ̂ Zn- A Schauder

basis is called an unconditional basis if and only if the constant

A = = lf £< = ±X f

is finite. When (xn) is an unconditional basis, we define the following constant:

| : F C N }

where PF(^, OnXn) = H Qn̂ n- We say that (xn) is a suppression unconditional when

c = l.
We say that (xn) is a strongly bimonotone Schauder basis if ||Pp|| = ||7 — Pp\\ = 1

for every segment F = [a, b] := {n G N : o ̂  n < 6}.
A Banach space X has the weak Banach-Saks property if every weak null sequence

(xn) contains a subsequence (xn j such that I (1/n) £ x^ > is norm-convergent.
In [2] the author proved the following result:

LEMMA 1. Suppose X has a strongly bimonotone basis (xn). Then X has the
weak Sxed point property whenever X has the weak Banach-Saks property.

Following Giesy and James [6], for n ^ 2, a Banach space is called uniformly non-^f
if there exists e > 0 such that there does not exist a subset {xi, . . . ,xn} of the unit ball
Bx with

| | x 1 ± x 2 ± - - - ± x n | | > n ( l - e )

for all choices of signs. We say that X is B-convex if it is uniformly non-£? for some
n$; 2.

3. SUFFICIENT CONDITIONS FOR NORMAL STRUCTURE

Let (X, || • ||) be a Banach space and let keN.

Denote by $k{X) the supremum of the set of numbers e € [0,2] for which there exist
points xi,... ,xk+1 in Bx with min{||xj - Xj|| : i ̂  j} ^ e.

Define the function Sk : [0, sk(X)) —>• [0,1] by

5k(e):= i n f | l - | | I l +
f c " + ^ I t + 1 | : x,- € Bx, i = 1,... ,* + 1, min^ - Xj\

and let eo
k{X) be the number eo

k{X) := supje € [0,sk(X)) : 6k(e) = o}.
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REMARK 1. Notice that ^(X) = £o{X), the usual characteristic of convexity, and
ii)2(X) = io{X) where io(X) is the characteristic of convexity introduced by Jimenez
Melado in [8].

The following proposition relates the characteristics of convexity defined above for differ-
ent dimensions.

P R O P O S I T I O N 1. For any k € N,

Moreover,
ei>(X) < eo(X) < 2eo(X).

PROOF: Fix k €N. Let e € [0, sjb+i(A")). For any x i , . . . ,x t + 2 in Bx with min |

x,|| 5= e

k + 1

and consequently,

1 + • • • + Xfc+2 I _ 1 ^-^ X\ + 1- Xj_i + Xj+i + V Zjfc+2 I

ife+1 ||~ /fc + 2 ^ kTi I

^ 1 - Sk(e).

So we have that for any e e [O^jt+iCA")), 8k+1(e) ^ Sk(e), and therefore ê *"
eo

k{X).
On the other hand, given e > 0 consider x,y G B^, with ||x — iy|| ^ e. Let z =

(x + y)/2. We have that ||x - z\\ = \\y - z|| = ||x - y||/2 > e/2.
Consequently, 1 - ||(x + y)/2|| = 1 - ||(x + y + z)/Z\\ ^ 5 (e/2). Therefore, 5{e) ^

J(e/2) for all e > 0, and then e 0 W ^ 2eo(X). D

R E M A R K 2. In [8] the author asks whether a Banach space X with eb(-X') < 2 is reflex-
ive. From the above Proposition it is clear that if io(X) < 1 then X is superreflexive.

In some cases, the inequality is strict. To see this we consider the following example.

E X A M P L E 1. Let £^ be the Banach space R2 endowed with the supremum norm. It is
not difficult to see that for each A: 6 N,
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The following result shows the relation between iok(X) and the coefficient of con-

vexity of X with respect to the measure of noncompactness 7.

PROPOSITION 2 . Let X a Banach space with eo
k{X) < 1 for some kefi. Then

also £1(7) < 1.

PROOF: Since e~o
k(X) < 1 there exists e e (0,1) such that J*(l - e) > 0. Suppose,

seeking a contradiction, that £1(7) > 1. Then A^(l — e/2) = 0, and consequently there
exists C C Bx convex with *f{C) ̂  1 - e/2 and 1 - dist(0, C) < J*(1 - e). Now, since
j(C) > 1 — e there exists a sequence (xn) in C with the property inf ||xn — xTO|| > 1 — e.

In particular x i , . . . ,ifc+i € Bx and min ||x, — Xj|| > 1 — e, from which we obtain

the following contradiction which completes the proof:

II A: + 1
^l-dist(O,C)

<3*( l -£) . Q

It is clear from Proposition 2 and the above mentioned results of [4] that we have
the following.

THEOREM 1 . If X is a Banach space such that e~o
k(X) < 1 for some keN, then

(a) X is weakly nearly uniformly convex.

(b) X is reflexive and has normal structure.

The well known result that eo(X) < 1 implies X has normal structure is a strictly
particular case of Theorem 1.

EXAMPLE 2. In the classical real sequence space (£2, || -1|) we can consider the equivalent
norm | • \p, given by \x\p := maxdlxlfej^llxlloo}. Let Ep := (£2,1 • I0). Suppose that
Eo(E$) ^ 1- Then <5(l — (1/n)) = 0 for all n € N, and consequently there exist sequences
(xl

n)n in BEB, (i = 1,2,3), such that for all n e N, min{|xj, -x£ |^ : i ^ j} ^ 1 — 1/n and

1 -
n

Since the norm || • || is the Euclidean one and for all v G £2, ||v|| ̂  \v\p ^ 0\\v\\, we have
that

t = l
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for all n € N. So we have

for all n € N, that is, 0 ^ y/±/Z- Thus, i"0(Eff) < 1 for 0 < y/4/l. Nevertheless, it is well

known (see [7, p.58]) that, for 0 ^ y/2, eo(E0) = ly/W17^- So, if 0 € [{y/E/2), y/^j

we have that eo(Ep) < 1 < e^Ep).

REMARK 3. The Bynum space £piO0, 1 < p < oo, (see [7]) fails to have normal struc-
ture, so by Theorem 1 we see that £ok(X) ^ 1 for all k. But, by Proposition 1 we have
£ofc(£p,oo) ^ £o(4>,oo) = 1 for all k. So ei>fc(£p,oo) = 1 for all A; € N. This shows that the
assumption iok(£p,oo) < 1 in Theorem 1 is sharp.

4. T H E FIXED POINT PROPERTY FOR SOME UNIFORMLY NON-£? SPACES

THEOREM 2 . If X is a Banach space with a strongly bimonotone basis and
iok(X) < 2 for some k € N then X has the weak Sxed point property.

P R O O F : By means of Lemma 1 it suffices to prove X has the weak Banach-Saks
property provided £o*(-^) < 2 for some AeN.

Suppose X is a Banach space with iok{X) < 2, but X fails to be uniformly non-
£1

fc+1. Then for all e > 0 there exist x\(e),... ,Xk+i(e) in Bx such that for any choice of
the "+" and " - " signs

(1) \\xi(e) ± • • • ± xk+1(e)\\ >(k +1)(1 - e).

Now, for fixed i, j € { 1 , . . . , k + 1}, we have from (1) that for all e > 0

f
= 2 - (jfc + l)e

Therefore, using (1) once more, for all e > 0

(2) xWo . o - . i ^ ^ i xi(e) + • • • + xk+1(e) 1 - (1 - e) = e.

Since eo
k{X) < 2 we can choose T) e (0,2 - eo

k(X)).

Consider p := min{<Jfc(2 — T;)/2, rj/(k+ 1)} > 0. Since the function £*(•) is non-
decreasing

which contradicts (2). Thus, if e~ok(X) < 2, X is uniformly non-£1
fc+1. Now, from [9] (see

also [1]), X has the weak Banach-Saks property. D
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R E M A R K 4. It is well known (see [5]) that a B-convex Banach space is reflexive provided

that either it has an unconditional basis or it is a Banach lattice. Thus, if £o(X) < 2

and X has an unconditional basis then X is reflexive. This is a partial answer to the

question raised by Jimenez-Melado in [8]. Consequently, if X is a Banach space with a

suppression unconditional basis such that iok(X) < 2 for some k € N, then X has the

fixed point property.

R E M A R K 5. It is easy to see that the space iptOO (1 < p < oo) has a suppression

unconditional basis but it fails to have the (WORTH) property. Therefore, it is an

example for which Theorem 2 applies, but it is out of the scope of the result of [8].

On the other hand, since any nonseparable Hilbert space has the (WORTH) property,

Theorem 2 and the result of [8] are different.

R E F E R E N C E S

[1] B. Beauzamy, 'Banach-Saks properties and spreading models', Math. Scand. 44 (1979),
357-384.

[2] J. Garcia Falset, 'Basis and fixed points for nonexpansive mappings', Rod. Mat. 8 (1992),
67-75.

[3] J. Garcia Falset, 'Fixed point property in Banach spaces whose characteristic of convexity
is less than 2', J. Austral^ Math. Soc 54 (1993), 169-173.

[4] J. Garcia-Falset, A. Jimenez-Melado and E. Llorens-Fuster, 'Measures of noncompactness

and normal structure in Banach spaces', Studia Math. 110 (1994), 1-8.

[5] D.P. Giesy, 'B-convexity and reflexivity', Israel J. Math. 15 (1973), 430-436.

[6] D.P. Giesy and R.C. James, 'Uniformly non-£W and B-convex Banach spaces', Studia

Math. 48 (1973), 61-69.

[7] K. Goebel and W.A. Kirk, Topics in metric fixed point theory, Cambridge Stud. Adv.

Math. 28 (Cambridge, 1990).

[8] A. Jimenez Melado, 'The fixed point property for some uniformly nonoctahedral Banach
spaces', Bull. Austral. Math. Soc. 59 (1999), 361-367.

[9] H.P. Rosenthal, 'Weakly independent sequences and the Banach-Saks property', (Pro-
ceedings of the Durham Symposium on the relations between infinite-dimensional and
finite-dimensional convexity. Durham-July, 1975, p.26).

[10] B. Sims, 'Fixed points of nonexpansive maps on weak and weak'-compact sets', (Queen's
Univ. of Kingston Lecture notes, 1982).

[11] B. Sims, 'Orthogonality and fixed points of nonexpansive maps', Proc. Centre Math.
Anal. Austral. Nat. Univ. 20 (1988), 178-186.

[12] B. Sims, 'A class of spaces with weak normal structure', Bull. Austral. Math. Soc. 49
(1994), 523-528.

Departamento de Analisis Matematico
Facultad de Matematicas
Doctor Moliner 50
46100 Burjasot, Valencia
Spain

https://doi.org/10.1017/S0004972700019122 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700019122

