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DETERMINATION OF GRASSMANN MANIFOLDS 
WHICH ARE BOUNDARIES 

PARAMESWARAN SANKARAN 

ABSTRACT. Let FGn^ denote the Grassmann manifold of all &-dimen-
sional (left) F-vector subspace of Fn for F = R, the reals, C, the complex 
numbers, or H the quaternions. The problem of determining which of the 
Grassmannians bound was addressed by the author in [4]. Partial results were 
obtained in [4] for the case F = R, including a sufficient condition, due to 
A. Dold, on n and k for R Gn^ to bound. Here, we show that Dold's condition 
is also necessary, and obtain a new proof of sufficiency using the methods of 
this paper, which cover the complex and quaternionic cases as well. 

1. Introduction. For a positive integer n, let i/(n) be the integer such that 2v{n)\n 
and 2l/(n)+1 )(n. Let 1 < k < n. The purpose of this paper is to prove 

THEOREM 1.1. Let F = R, C, or H. Then FGnk bounds if and only ifi/(n) > i/(k). 

Let [M] denote the unoriented cobordism class of a smooth closed manifold M. From 
[5] we have 

(1.2) [FGnjc] = [RGn*\d... 

for F = R, C, or M, where d = dimR F. We will prove that [C G2n,2k\ = [H Gn,*]2. Using 
these, and the known facts (see [4]) about R Gn>*, we will prove Theorem 1.1. 

We regard the left M -vector space Un as C 2n as follows: the «-tuple (q\,...,qn) G Mn 

of quaternions qp = apo + iap\ +jaP2 + kaP3, 1 < p < n, is identified with the 2rc-tuple 
(aio + ia\\,a\2 + ia\i,..., ano + ian\, an2 + ian^) in C2n. Then multiplication on the left by 
j G D-fl yields the conjugate linear automorphism J: C 2n —> C 2n where 

J(Z\,...,Z2n) = (—Z2,Z\,...,—Z2n,Z2n-\)-

Clearly, J2 — — Id. Also, a C -subspace V of C 2n — M n is a left D-fl -subspace if and only 
if J(V) = V. Further, when J(V) = V, dimim V = \ dimc V. From this identification 
of nn with C2n we obtain an imbedding of HGnJc = { V C IfT | dimM V = Â:} into 
£G2n,2k = { w C C2w | dimc W = 2/:}. We identify H G*,* with its image in CG2n,2k 
under the above imbedding. 

We put the usual R -valued inner product on C 2n — Un so that (7V, jw) = ( v, w) for 
allv,w € Hn. 
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2. Proof of Theorem 1.1. Let 7 ^ denote the canonical F-vector bundle of F-
rank t over FGmt, and let (3££ denote its orthogonal complement bundle, whose fi­
bre over W G FGmi is W1- C Fm. Then the tangent bundle r^t is isomorphic to 
H O I I I F ( 7 ^ , Pmj )• T^t is a complex vector bundle when F — C, and is a real vector 
bundle when F = R or H (see [2]). 

For J C E M , let TXM denote the tangent space at x to the smooth manifold M. 
Because J:C2n —> C2n is a conjugate linear automorphism, it induces a map *¥: 

C G2n,2k - • C G2„,2* where *F( W) = /( W) for all W G C G2n,2*. 

LEMMA 2.1. Lef a : r2^ 2A: —• r 2 ^ 2ik denote the map a (h) = ihfor all h G 7*C G2„i2£ = 
Home (X,Xx),ybr X G C G2„,2£. Then the following diagram anti-commutes for any X G 

C Gin,2k' 

Tx& G2n,2k y TXC G2n,2lc 

I TV I TV 

%)CG2 n^ • Ty(X)CG2n,2k 

That is, VY o a = - a o T¥. 

PROOF. Recall, from [2], that the identification ofr^e with H o m f ( 7 ^ , j3^t ) is ob­
tained as follows. Given an F-linear map h:X —-> XL with X G FGmi, let o(h)(i) — 
"graph of th" = {x + r/z(x) | JC G X} for t G R. Then a(h) is a smooth curve in FGmi 
with or(/z)(0) = X. The /i corresponds to the tangent vector jfa(h)(t) |/=o at X to FGm,£. 

Now letX G CG2n,2h and let A:X —* X 1 be C-linear, that is, h G TxCG2n,2k- Then 

rF(/i):*F(X) = J(X) -+ (^(X))1 = (/(X))^ = 7(XX) is the tangent vector | ( y o 

*(A)(0) |/=o. 
Consider 

Voa(h)(t) = j(a(h)(t)) 

= {/v| vGa(/z)(0} 

= [jx + ///I(JC) I x G X} 

= {jx + tjhj'l(jx) \xex) 

= {y + K-jhj)(y)\yeJ(X)} 

= a(-jhj)(t). 

Therefore | (*F o a(/i)(0)|*=o is the tangent vector -jhj: J(X) —> /(XX). Hence V¥(h) = 
-jhj. Therefore (PF o a )(h) = rF(//i) = -jihj = ijhj = a(T*¥(-hj) = -(aoT¥)(h), 
as required. • 

THEOREM 2.2. For F = R, C or M one has 

[FGnjk] — [FG2n,2k]' 
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PROOF. Note that x¥:CG2n,2k —• CG2„^ is a smooth involution as *F2(W) = 
*F(/(W)) = 72(W) = (-Id)(W) = W, for any W G CG2„,^. Clearly Fix(*F) = { V <E 
C G2„,2* | /(V) = V} = HGnjc. From Lemma 2.1 above and by Theorem 22.4 of [1], we 
see that 

[CG2„,2*] = [FixOF)]2 = [HG,a]
2 

Using (1.2) we get 

[^G2n,2kf = [£G2n,2k] = [HGnJk]2 - [RGBjk]8 

Since the unoriented cobordism ring is a polynomial ring over Z / 2, it follows that the 
theorem holds for F = R. The general case now follows from (1.2). • 

We now turn to the proof of Theorem 1.1. First note that, using (1.2), we need only 
consider the case F — R. Let v — min{ i/(n), v(k)}. Let m — n- 2~v, and t — k- 2~u. 
By repeated use of Theorem 2.2 we get 

[RG,a] = [RGm , , ]4 \ 

If v(ri) > v{k), then m is even and I is odd. In this case R Gmt admits a fixed point free 
involution. To obtain such an involution one uses the R-linear automorphism of Rm 

which is "multiplication by /" when R m is regarded as C ml2. Hence R Gn^ also bounds. 
(See also [4].) 

If i/(n) < v(k), then m is odd. In this case RGm^ does not bound [4]. This completes 
the proof. • 

REMARK. The analogue of Theorem 2.2 for the more general F-flag manifolds is 
true, and can be proved similarly. 

3. Decomposability of Grassmannians. It is a well-known result [3] that the pro­
jective space RPn = RGn+i,i = RGn+i,„ is indecomposable if and only if n is even. 
Thus [KPn] can be chosen as the «-dimensional generator for the cobordism ring for n 
even. From Theorems 1.1 and 2.2 it follows that any RGn>* with n even is decompos­
able. Indeed R Gn^ is either a boundary or is cobordant to a cartesian power of R Gmj 
for suitable integers m, I with m odd. We prove below that 

THEOREM 3.1. For 2 <k <n — 2, R Gn,k is decomposable. 

PROOF. Let p = dim R Gn^ — k(n — k). Denote by Sp = Sp(a\,..., CJP) the power 
sum £i</<4yj expressed as a polynomial in the elementary symmetric polynomials a/s 
in q "unknowns" y\,...,yq,q > p. Let Wj = Wj(Jn^k) e Hj(RGny, 1/2), 1 < j < k. 
Write wClnjc) = 1 + w\ + • • • + wk = Ili</<*(1 + ej). Then 

w(RG„ji)= I l (l+e,- + e;)~2 n 0+*;)*, 
\<i<j<k \<j<k 
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where the £,'s satisfy—among others—the following relation: é\ — 0 (see [6]). 
Choose r such that n < 2r. Then (1 + ex+ ej)r = 1. Therefore 

Hence vv(RG^) = III <;</<*( 1 +£/+e/)2~2. H\<i<k(l +^/)n- Thus we can (and do) regard 
the / h Stiefel-Whitney class w(j) of R Gn^ as / h elementary symmetric polynomial in 
et + ej, 1 < / < j; < k, each with multiplicity 2r — 2, and e£-, 1 < / < k, each with 
multiplicity n. Thus 

Sp(RGnjc): = Sp(w(\),...9w(pj) 

— sum of the pth powers of {et + ^) 's, 1 < / < j < k, 

and of ^/'s counted with appropriate multiplicities. 

- £ (2r-2)(ei + ejy+ £ ncf 
1 <i<j<k 1 < K * 

= E < 
Now 2 < k < n — 2 implies that p = /C(AZ — k) > n. Since e? = 0 for all /, we get 
5P(R Gn,jt) = 0. The theorem now follows from this by a well-known result of R. Thorn. 
See, for example [3]. • 

NOTE. The decomposability of [FG^l for F = C or HI follows from (1.2). 
The author would like to thank Professor K. Varadarajan for encouragement. 
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