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The time evolution of Beltrami fields in the presence of a time-dependent background flow
with spatially homogeneous velocity gradient is analysed using the barotropic vorticity
equation. For backgrounds comprising a time-dependent isotropic expansion/contraction
and a time-dependent solid-body rotation, we show that every scalar Laplacian
eigenfunction generates an unsteady solution of the nonlinear vorticity equation in
which the non-background component remains a time-dependent Beltrami field. We
derive the evolution law for the background angular velocity in the presence of time-
dependent deviatoric strain and velocity divergence, and we generalise the Chandrasekhar—
Kendall construction to obtain unsteady Beltrami velocity fields. When the background
deformation is a similarity (vanishing deviatoric strain), the Beltrami field is frozen into
an advecting flow that differs from the background only by a spatially homogeneous, time-
dependent drift. In general, deviatoric strain breaks the Beltrami property, but in regimes
where departures are small, we introduce a ‘Beltrami field approximation’. Because the
background velocity gradient has nine time-dependent degrees of freedom, three of which
are constrained by the vorticity equation, six remaining functions may be prescribed to
drive the Beltrami field. We illustrate the approach by describing elastic scattering of
Beltrami fields by a background-flow pulse.
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1. Introduction

The dynamical behaviour of vortices and waves in background flows is central to
classical fluid mechanics, including geophysical fluid dynamics. A particularly relevant
example is in the ocean, where small-scale vortices and waves coexist with large-scale
currents. Mesoscale eddies, with typical radii of 50-150km and lifetimes of weeks
to months, are ubiquitous; submesoscale fronts and vortices, with horizontal scales of
0.1-10 km, Rossby number Ro = O(1), and lifetimes of hours to days, are also common
in the upper ocean (Klein & Lapeyre 2009; McWilliams 2016). At even smaller scales,
1-100 m, turbulence cascades energy forward to dissipation and the motions possess
a strongly three-dimensional, ageostrophic character (Vallis 2017). However, the large-
scale circulation comprises basin gyres that span 10°~10* km horizontally and includes
intense western boundary currents such as the Gulf Stream and the Kuroshio, narrow
(~50-200 km), deep jets that extend hundreds to a thousand km along the boundary, with
typical depths of 500-1500 m (Stommel 1948; Munk 1950; Vallis 2017). The Antarctic
Circumpolar Current forms a circumpolar band roughly 1000-2000 km wide that encircles
the Southern Ocean along a path of order 2 x 10*km, with strong regional variability
(Rintoul et al. 2001). Small-scale vortices and waves embedded within these background
flows are advected, rotated, stretched and strained by the mean currents; many preserve a
coherent identity while undergoing filamentation and vortex stretching, before their energy
is ultimately dissipated by eddy or molecular viscosity (Chelton, Schlax & Samelson 2011;
McWilliams 2016; Vallis 2017).

The main purpose of this paper is to show that, in the presence of a background
current u,(x, t), a particular class of vortices and waves, namely Beltrami fields, which
otherwise would be steady solutions, become unsteady and evolve, in a manner fully
consistent with the governing dynamical equations, in the presence of a linear background
current. The background current, having a time-dependent yet spatially uniform velocity
gradient, defines a linear flow. Consequently, the background motion may include a time-
dependent translation, isotropic expansion/contraction, pure strain and solid-body rotation.
This formulation makes the resulting solutions applicable well beyond geophysical scales.
Beltrami velocity fields, or force-free flows, U (x, t) that satisfy V xU = —koU are
eigenfunctions of the curl operator (Woltjer 1958b; Dombre et al. 1986; Arnold & Khesin
1998; Enciso & Peralta-Salas 2012). In this setting, the Beltrami field is materially ‘frozen
in’ to the background velocity. Its structure is advected, rotated and strained by the imposed
linear flow. At laboratory scales, background strain and rotation reshape vortex kinematics
and stability, as described by Kida’s exact solution (Kida 1981; Robinson & Saffman 1984;
Dritschel & Legras 1991; Legras & Dritschel 1991) that shows how an initially elliptic,
uniform-vorticity patch embedded in steady planar strain preserves its ellipticity while its
aspect ratio and orientation evolve, exhibiting regimes of rotation, nutation and extreme
elongation. Subsequent work generalised this framework to rotating strain and analysed
stability (Dritschel 1990).

The divergent component of the background flow is a time-dependent, spatially uniform
isotropic expansion, mathematically identical to the ‘Hubble flow’ used to model cosmic
expansion, so the time-dependent Beltrami solutions U (x, t) are compatible (Viidez
2025b) with an arbitrary scale-factor history (Peacock 1999; Ryden 2017). The rotational
component of the background motion is a time-dependent solid-body rotation. This
component causes the Beltrami wavevector ko to precess about the axis set by the
background vorticity (Viddez 2025¢), in direct analogy with Larmor precession of a
magnetic moment in a uniform external magnetic field (Jackson 1999). Finally, a time-
dependent but spatially uniform strain tensor stretches and tilts the Beltrami field.
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This stretching usually breaks the Beltrami property, except in some particular stretch
orientations in the case of Beltrami plane waves, and the advected Beltrami fields become
solutions only in the particular approximation of linear dynamics, referred here to as the
Beltrami field approximation, in which it is assumed that the nonlinear term in the vorticity
equation, (V(V x U))U — (VU)V x U, which represents the nonlinear departure from
a Beltrami field in the vorticity equation, can be neglected in relation to the Beltrami
advection terms due to the background velocity.

The formulation of the problem and the general solution are presented first in § 2.
Given an initial steady Beltrami field Ly(x) and a background flow uy (x, t), the vorticity
equation reduces to the freezing condition of Upy(xp) in the flow v, (x, t), which differs
from the background flow u;(x, t) only by a time-dependent drift velocity c¢(¢). The
freezing condition of the Beltrami field is preserved at all times if the background flow has
a homogeneous but time-dependent velocity gradient that induces a similarity map, which
includes time-dependent rotations and expansion/contraction. The background flow must
satisfy the vorticity equation, which leads to a compatibility condition (§ 3) expressing
how the rate of change of the background angular velocity v(¢), or vorticity wp () = 2v(¢),
depends on the background deviatoric rate-of-deformation (strain) tensor Do (#) and the
background divergence 6(¢) =V - up. Once this equation is solved, we obtain the flow
map ry(xo, t) of the advecting velocity vp(x,t) and then the inverse map R,(x,?),
which is required to express explicitly the time-dependent Beltrami field U (x, 7). The
Beltrami flows are analysed next (§ 4). The solutions U (x, t) encompass a wide variety
of Beltrami fields since, using the Chandrasekhar—Kendall procedure, they can be put into
correspondence with any scalar Laplacian eigenfunction no(x() and a steady Beltrami
flow Uo(xp). This procedure is time-independent and, in § 4, it is explained how it may be
applied to time-dependent fields frozen in the background flow vy (x, ¢). Thus, Beltrami
fields may be specified in many different geometries: Cartesian plane waves (leading
to the Arnold-Beltrami—Childress, ABC flows), cylindrical vortices (yielding cylindrical
Kelvin solutions), spherical geometry (leading to spherical vortices and, in particular, to
the Hicks—Moffatt spherical vortex), ellipsoidal geometry and so on — corresponding to
any coordinate system in which the scalar Helmholtz equation V2n0 (x)= —k%no (x) is
separable. The time evolution of the Beltrami field U (x, ¢) is prescribed by the background
flow up(x, t), whose deviatoric strain tensor Dy (#) and divergence §(¢) are arbitrary time-
dependent functions. The prescription of the time evolution of Dy(¢) and §(¢), together
with the initial Beltrami field Uy(x¢), fully determines the solution for the total flow
u(x,t)=U(x,t)+ up(x, t). These solutions are described (§5) in the case of plane
Beltrami fields. In § 6, two examples are analysed. The first considers background rotation
and expansion, with Dy(¢) = 0. In this case, only the magnitude ||v(¢)|| of the background
angular velocity may change; the direction ¥ = v(¢)/|/v(¢)|| remains constant. The second
example considers an isochoric background flow, §(#) = 0, in which both the magnitude
and the direction of the background angular velocity v(¢) vary. As a third application
example, § 7 addresses, using the Beltrami field approximation, the scattering of a Beltrami
field by a time-dependent pulse of background flow. Finally, concluding remarks are given
in § 8.

2. Formulation of the problem and general solution

We seek exact time-dependent velocity field solutions u(x, t) to the nonlinear barotropic
vorticity equation for a perfect fluid,
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9
a—‘;’+un—Vuw+wV-u:0, 2.1

where w(x,t) =V x u is the total vorticity field. We use Va to denote the (covariant)
gradient of vector a(x), i.e. the (1, 1) tensor defined by its action on any vector b
as Vab= (Va) -b=Vya= (b-V)a. In Cartesian coordinates, Va = (da;/dx;)e; @ ¢e;.
It is convenient to express (2.1) using the Cauchy vorticity formula in the spatial
description as

w(x, )= Fr(x, Hoo(R(x, 1)), wo(x)=w(x,0). 2.2)

Jr(x,t)
In(2.2), Fr(x,1)=0(r/dxo)(R(x, t)) is the deformation gradient of the total flow in the
spatial description, r(xq, ) is the flow map of the total flow, R(x, t) is the inverse flow
map and Jr = det(Fr).
The total velocity field u(x, t) is decomposed into the sum of a time-dependent Beltrami
flow U(x, t) and a time-dependent, non-Beltrami background velocity u,(x, t), that is,

ux,t)y=Ux,t)+up(x, t). (2.3)

The time-dependent oscillating flow U (x, ¢), which is derived from steady Beltrami
solutions Up(x) in the reference initial configuration in § 4, must remain a Beltrami flow
at all times, that is,

VxUx,t)=—k(t)U(x,t), Vi, (2.4)

with a time-dependent eigenvalue —k(¢), where k(¢) is a time-dependent wavenumber.
In the absence of background flow, u; = 0, the vorticity equation requires 9,4 = 0 and,
therefore, the time-dependence of the Beltrami flow U (x, ¢) is completely prescribed from
the background velocity u,(x, t).

The background velocity up(x,t) must satisfy the vorticity equation, that is, the
vorticity equation for the total flow (2.1) in the case U =0, which, assuming k(¢) # 0,
reduces to

0
5 (kU) + kVU vy, — kVop, U + kU 'V - v, =0, (2.5)

where the advecting velocity v, (x, t) is defined from the background velocity up(x, t)
and the Beltrami wavenumber k(¢) as

V xuy
k()

Equation (2.5) follows by substituting u = u;, + U (2.3) into the vorticity equation and
subtracting the (generally nonlinear) vorticity equation satisfied by the background flow
uy (see §3), so that no background self-advection term is neglected, while the spatial
homogeneity Vu, = L(z) is used only to simplify the remaining coupling terms and yield
a closed transport law for kU.

Since the Beltrami fields are isochoric V - U =0, the divergence of the total flow u in
(2.3) is due to the divergence of the background flow u;, which equals the divergence of
the advecting flow vy,

vy =up + (2.6)

Veu=V.-u,=V-v,. 2.7

Equation (2.5) means that the vorticity —k(#)U (x, t) of the Beltrami flow U(x, t) is
frozen in the advecting flow v, (x, ). Assuming that u; (x, ¢) is a flow solution, the motion
problem reduces therefore to find the fields {{£, v;} that satisfy the frozen condition (2.5),
while U remains a Beltrami flow (2.4) at all times.
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We obtain the time-dependent Beltrami flow U (x, ¢) from a Beltrami flow in the initial
reference configuration Uo(x) that is frozen in v (x, t) in the following way. Let the flow
map of the advecting velocity vy (x, 1) be ry(xg, t) and its inverse be R, (x, t). Then, the
velocity in the material and spatial descriptions are respectively
ar
—7 (0,0 and vp(x, 1) =Bp(Ry(x, 1), ). (2.8a,b)
Introducing the deformation gradient of the advecting flow in the material and spatial
descriptions as

vp(x0, 1) =

- P -
Fu(xo,0) = #(XO, t) and Fy(x, 1) =F,(Ry(x,1),1), (2.9a,b)
X0
the solution to (2.5) is the Cauchy formula

k(U (x, 1) =

Fu(x, 1) (koo (Ry(x, 1)), (2.10)
Jy(x, 1)

where the subscript v in U, is introduced to remind of its dependence with the advecting
velocity vp(x, t). The vector Up(R,(x, t)) in (2.10) is the value of Uy of the material
particle, or spatial point in the reference configuration, which has been (parallel) advected
to the point (x, ¢) by the advecting velocity v, (x, t). The term F, / J, rotates, stretches and
compresses the vector koldo(R,(x, t)) in such a way that the final result k(#)U, (x, t) in
(2.10) represents the (frozen) advection of koldo by the advecting flow vy (x, t).

Since U, (x, t) in (2.10) must remain a Beltrami flow at all times while it is (frozen)
advected by vy (x, 1), the motion problem is to find the properties of the advecting velocity
vp(x, t) which transform a Beltrami flow into a Beltrami flow, that is, that leaves the
Beltrami condition invariant.

To find these conditions, let ¢g(xg) be a Beltrami flow and consider the kinematic
identity applied to (2.10) for the transformation of the curl,

1
Ju(1)

If the homogeneous time-dependent deformation gradient is an isotropic stretch plus a
rotation F, = A(1)Q(¢), Q(r) € SO(3), thus J(r) = A(¢)3, and the requirement that V x
U = —k(t)U forces k(t) = ko/A(t), and therefore,

Ve x (Fy(OUo(Ry(x, 1)) = Fu(r) (Vxy x Uo(x0))(Ry(x, 1)) . (2.11)

—_— ko 3 3 j—
Jy(t) = (m) ,  with J,(0) =1, (2.12)
and the curl of (2.10), divided by k(¢), becomes
VxUyx,t)=—k(®)F,(0O)Uo(Ry(x, 1)) = —k(t)U,(x, 1). (2.13)

In other words, since under a Piola transformation the velocity U transforms as
U=F Uy and the vorticity W as W= J~'FW, the Beltrami condition W =
—k(1)U is preserved if F(r) TF(r) = J (1) (k(t) / ko). Using the polar decomposition F(z) =
R()U(r) of the deformation gradient F(¢) into a rotation R(z) and a positive-definite
symmetric right stretch tensor U(¢), the right Cauchy—Green deformation tensor is C(¢) =
F'(t)F(r) = U(¢)2. Therefore, the right stretch tensor

k(1)

2 — —_—
U®)=J@) ko l,

(2.14)
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and since U is symmetric positive-definite, we have U(t) = A(t)| for some scalar
function A(f) > 0. Since J = detF = detU = A3, the deformation gradient must be F(z) =
(ko/k(1))R(z), that is, the deformation gradient is an isotropic stretch and a rotation.

Therefore, U (x, t) remains a Beltrami flow if is initially a Beltrami flow U (x, 0) =
Uo(x), with initial wavenumber ko=k(0), and the deformation gradient of the
background flow is an isotropic stretch and a rotation. This result is independent of the
particular geometry of the Beltrami flow Uy (x). In the more general case in which the
deformation gradient F, is required only to be only time-dependent F,, = F(¢), so it may
include a time-dependent deviatoric strain Dg(#), the Beltrami property (2.13) does not
follow from (2.10) for every steady Beltrami flow Uy (x). Plane Beltrami flows, however,
may satisfy (2.13), as is explained in more detail in § 5. We henceforth assume the more
general condition for F, () and consider an advecting velocity field v (x, #) having a linear
dependence on x such that its deformation gradient is only time-dependent F,, = F, (7).

To obtain the permissible initial Beltrami flows in many different geometries, say
Cartesian plane waves, spherical, cylindrical, ellipsoidal, etc., we follow the steady
Chandrasekhar—Kendall approach (Morse & Feshbach 1953; Chandrasekhar & Kendall
1957; Chandrasekhar & Woltjer 1958; Woltjer 1958a,b) which, from a scalar Laplacian
eigenfunction no(x),

V00 = —kgno, (2.15)
and a constant unit vector 719, obtains a Beltrami flow, say U, (x), as
U, (x) =V x (noio — kg 'V x (nofg)), suchthat V x U, =—koU,.  (2.16a,b)

Using this Beltrami flow U, (x), associated with the scalar Laplacian eigenfunction 7o (x)
we may write, in the case of background isotropic stretch and rotation, as it is shown in
§ 4, the Beltrami solution as

Ux,t)=Up(x, 1) =F,(OU,(Ry(x, 1)), 2.17)

where the notation U, (x, t) makes explicit that the particular Beltrami solution U (x, t)
depends on the Laplacian eigenfunction ng(x) and on the advecting flow v, (x, t) or,
alternatively, on the background flow u,(x, t)). Equation (2.17) states that the Beltrami
field is advected isochorically by the non-isochoric flow v (x, ?).

In addition to the Beltrami condition for U (x, t), the background flow u;(x, t) must
satisfy the vorticity equation and this requirement imposes a constraint to the time-
dependent background velocity gradient tensor L(#) = Vu, (¢), which is considered in the
next section. Independently of this constraint, the background flow has uniform vorticity
wp(t) = (V X up)(t) and, therefore, we may introduce a vector drift velocity ¢(¢) given by

V xup(x,t) . wp (1) _ 2v(t)

k() k@) k@)
where v(t) =wp(t)/2 is the angular velocity of the background flow uj,. Thus, the
advecting velocity

c(t)= (2.18)

vp(x, 1) =up(x,t)+c(t) (2.19)

differs from the background velocity uj(x, t) by the time-dependent drift ¢(z).

The subtle difference between the background velocity u; and the advecting velocity
v, has far-reaching physical consequences. For example, if the background flow u,
is reduced to a steady solid body rotation with constant angular velocity vg, that is,
up(x) =vg x x, then the background deformation gradient F, () = R; (vot) is a constant-
rate rotation around the angle defined by the unit vector bg=wo/||vo||. If this external
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flow uy, is interpreted as generated by an external measuring device acting on a Beltrami
field Up(x), the presence of this external flow u; not only causes the Beltrami field
U(x,t) to precess, due to the u, component on the advecting velocity v, in (2.19),
but also to displace with the drift velocity 2vy/kg present in R,(x, t) in (2.17). This
displacement velocity ¢g = 2vq/ kg, which depends on the amplitude and direction of
the background field vy and on the Beltrami wavenumber kg, is an interaction term
between the Beltrami field and the measuring field, and therefore, can be used as a
measure of the Beltrami field wavenumber kg. In this case, correlations between measures
i in an ensemble (i =1, ---, N) using different apparatus configurations v[i], of two
Beltrami fields, say U, (x, t; k;) and U (x, t; kp), must depend on the correlation between
cqlil=2v,lil/ kali] and cpli] =2vp[i]/kpli]. This property, which is independent of
the particular geometry of the Beltrami field, has been used, with spherical Beltrami
fields (Vitdez 2025), to suggest a classical fluid mechanics explanation of the correlation
experimentally found in quantum particle entanglement experiments. We see here that
this drift velocity is a general property of Beltrami fields independent of their particular
geometry.

Once a permissible time-dependent, with homogeneous velocity gradient L(z),
background flow wup(x,t), or equivalently wvp(x,?), and a particular Laplacian
eigenfunction no(x) which specifies the Beltrami flow, are chosen, the resulting oscillatory
motion is given by (2.17). An economical way of visualising the time evolution of the
Beltrami motion is from the time-dependent scalar density function n(x, ¢),

k(1)

3
n(x, 1) = (k_o) no(Ry(x, 1) —0(0)), (2.20)

where 0(0) is the value at the initial time ¢ = O of an arbitrary time-dependent vector o(¢).
The scalar function n(x, t) (2.20) is, by construction, frozen in the advecting flow v (x, 7),

an
ot
The Beltrami field U (x, t) can be obtained at any time ¢ from n(x, t) given by (2.20).

+vp-Vn4+nV.v,=0. (2.21)

3. Time-dependent background velocity field u;(x, ¢)

The purpose of this section is to obtain the conditions that must satisfy the background
flow u,(x, t) to be a solution to the vorticity equation, as well as to obtain the inverse
map R, (x, t). The inverse map R, (x, ) is required to prescribe the time evolution of the
Beltrami field U (x, t) described in the previous section.
The background velocity field uj(x, t), with vorticity @, =V X up, must satisfy the

vorticity equation, that is,

owp

W#—Vwbub—Vubwb—i—V-ubwb:O. (3.1)
As explained in § 2, the background flow up(x, ) must have a homogeneous velocity
gradient L(r) and, consequently, we set

up(x, 1) =0(t) + L(1)(x —o(1)), (3.2)

where o(t) is an arbitrary time-dependent vector, interpreted as the origin of the spatial
frame, and is included in the term L(¢) (x — 0(2)) to simplify the mathematical expressions.
The origin of the spatial frame o(¢) as a free parameter allows us to assign the drift velocity
¢(t) entirely to the advecting flow vy (x, ) setting o(¢) — 0, or entirely to the background

1034 A32-7


https://doi.org/10.1017/jfm.2026.11537

https://doi.org/10.1017/jfm.2026.11537 Published online by Cambridge University Press

A. Viiidez

flow up(x, t) setting o(¢) — —c(¢). In the advecting flow, the origin o0, (¢) of the frame
respect to which fluid particle positions are referenced is given by

t
0,()=0(t) + F@) / F-l(v)e(r)dr, 0,(0) = 0(0). (3.3)
0

Thus, we may write
Ry(x, 1) —0(0)=F'(t) (x — 0, () = 20 (x, 1), (3.4)

which serves as a definition of the material variable z,(x, 7). Thus, the time-dependence
of the Beltrami field U, (x, t) is fully described by the scalar field

1 1
x,t)=——no(Ry(x,t) —0(0)) = ——no(zy(x, 1)), 3.5
n(x, 1) J(t)no( v(x, 1) —0(0)) J(t)no( v(¥x, 1)) (3.5
through the advection as a density of the Laplacian eigenfunction no(x¢) by the advecting
velocity vy (x, 1).
Since the drift velocity ¢(¢) only depends on time, the background velocity gradient L(z)
is the same for both background u;, and advecting v, velocity fields,

L(t) =L, (r) = Vu, =L, (1) = Vup,. (3.6)

To facilitate the analysis, it is useful to separate the background velocity gradient L(¢) into
its symmetric strain tensor D(¢) and skew-symmetric spin tensor W(¢) components, and
then express the strain D(¢) as the sum of the deviatoric traceless strain tensor Dg(z) and
the volumetric strain (1/3)tr(D(¢))]. That is, when acting on an arbitrary vector e,

L(t)e=(D(t) + W(t)) e = (Do(t) + %8(t)|> e+v()xe, 3.7
where the divergence §(¢), deviatoric strain Dy (r) and angular velocity v(¢) are
@)=V up=tr(D®)), Do(t)=D@) — %tr(D(t))I, v(t) = %a)b(t), (3.8a,b,c)

where the angular velocity v(¢) is the axial vector of the spin tensor W(z),
W(t)e=[v(t)x]e=v(t) x e. 3.9)

Since the relation between the background velocity u,(x, t) and the advecting velocity
vp(x, t) is a time-dependent drift,
V xu 2v(t
P —up(x, ) + ©
k(t) k(t)
if up(x, t) is a flow solution to the vorticity equation, then v, (x, t) is also a flow solution.
From the vorticity equation for the background flow (3.1), the background velocity (3.2)
and the background velocity gradient (3.7), we obtain the compatibility condition for the
background flow,

vp(x, 1) =up + (3.10)

v(t) = (Do(t) - %8([)|) v(t), (3.11)

which prescribes a constraint between the time rate of change of the angular velocity v(#)
and the actual values of deviatoric and volumetric strains acting on the angular velocity
v(t). Clearly, fluid expansion/contraction described by the background divergence §() is
associated with changes in the magnitude v(¢) of the angular velocity v(z) = v(¢)¥(¢), and
not with changes in its direction »(z).
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It is necessary to time-integrate (3.11) to find v(¢) and hence obtain the permissible
advecting velocity vp(x, t) from which to derive the inverse map R, (x, ). With this
objective, it is useful to factorise the right-hand side of the compatibility condition (3.11)
introducing the time integral A(#) of the divergence,

t
A(t) z/ 3(r)dr, (3.12)
0

in such a way that the compressibility effects on the time-rate of change of v(¢) are solved
explicitly,

v(t) = e_%A(’)vD(t), (3.13)
where
pp(t) =Do(t)vp(t), with vp(0)=v(0). (3.14a,b)

The vector vp(¢) is the background angular velocity that is related to the background
deviatoric strain tensor and is not affected by the fluid expansion/compression. It remains
to solve the more complicated (3.14), which explains how time changes on both amplitude
and direction of the angular velocity v p(¢) are related to the actual values of the deviatoric
strain tensor Dg(¢). The general solution to (3.14) is

t
vp () = OE[Dol(t)vg = Texp (/ Do(7) dr) Vo, (3.15)
0

where 7T is the time-ordered exponential OE[a](7), which is the unique solution of the
differential equation of initial value

j—tOE[a](t) =a(t)OE[a](t), with OE[a](0)=1. (3.16a,b)

For non-commuting Dg(¢), the fundamental matrix Ug(z, fp) in vp(r) = Ug(z, to)vo
is given by the time-ordered exponential (equivalently its Dyson-series expansion)
in (3.15). The close analogy with the quantum evolution operator in time-dependent
Schrodinger/quantum field theory dynamics is described in Appendix B.

The factorisation (3.13) suggests that it is convenient to factorise the background
deformation gradient F(¢) as

F(t) = eAOBF @), (3.17)

where the gradient deformation tensor F (¢) carries the isochoric deformation and rotation.
Defining the isochoric velocity gradient L(t) as

L) =Dot) +W()=L) — %S(I)I, (3.18)

we see that JF(¢) satisfies an equation analogous to the kinematic identity, F= LF, that is,
F(t)=LAOF®). (3.19)

The solution to (3.19) is again the time-ordered exponential

1
F(@)=0E[L](t) =Texp (/ L(1) dr) ,  with F() =, (3.20a,b)
0
which provides the flow map r,(x¢, #) of the advecting flow, v, (x, 1),
ro(x0, 1) = 0y (t) + 2 OBF (1) (xg — 0(0)), (3.21)
1034 A32-9
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and hence, the inverse map
R,(x,1)=0(0) +e 2B F (1) (x —0,(1)). (3.22)

The Jacobian J (¢) of the advecting flow map r,(x, t), which is equal to the Jacobian of
the background flow map r,(x, 1), is

J (1) = Jy (1) = Ju (1) = det(F(1)) = e ®, (3.23)
and its rate of change,
io
M_A(t)_(S(t)_V-u, (3.24)

expresses the rate of change of volume in the background flow. The advecting velocity vy
in the material description is

- ar,
vp(x0, 1) = a7 (x0, 1) = vp(ry(xp, 1), 1)

= 0y(1) + L(OF (1) (x0 — 0(0)) =0, (1) + L) (rv(x0, 1) — 04(1))
1
= 0y(t) + 380 (ry(x0. 1) — 04 (1))
+ Do) (ry(x0, 1) — 04 (1)) +v(1) X (ry(xo,1) — 0y(1)), (3.25)

which shows in the material description four contributing terms: homogeneous
displacement, isotropic expansion/contraction, isochoric stretching and rotation. The
background velocity u; in the material description becomes identical to v; once the origin
0,(2) is replaced with o(t),

or,
8f (x07 t) = ub(ru(xO» t)7 t)
2v(t)
ko

up(xo, t) =

= vb(rv(x(): t)v t) -

1
=o(1) + gé(t)(l‘u(xo, 1) —o(t))
+ Do(1) (o (x0, 1) — 0(1)) + v(1) X (Fy(x0, 1) — 0(1)) . (3.26)

Since the background vorticity is spatially uniform, the background vorticity in the
spatial and material descriptions coincide @p(xg, ) = wp(t) =2v(¢), and the Cauchy
vorticity formula for the background flow uy, is

t ! F(t 3.27

v(1) 70 (1)vo, (3.27)

whose time derivative leads, using F=LF, to the compatibility condition for the
background flow (3.11).

In summary, since there are six time-dependent degrees of freedom in the way the
velocity field, the velocity gradient of the background flow L(¢) is defined, one needs
to specify six time-dependent functions to obtain a compatible velocity gradient L(¢). For
example, one may specify five components of Dy(¢) and §(¢), and then solving for vp ()
using (3.15). With Dg(z), 8(¢) and vp () available, one may obtain £(¢) using (3.18) and
then solve (3.20a) to obtain F(¢), and finally the inverse map R, (x, t) using (3.22).

1034 A32-10
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4. Beltrami field U(x, ¢)

So far, we have been concerned with the background flow u;(x, ) with a homogeneous
velocity gradient L(¢). In laboratory and field practice, flow diagnostics such as particle
image velocimetry (PVI)/laser light sheets, dye or seeded Lagrangian tracers are typically
designed to be weakly intrusive, so that at continuum scales the measured velocity may be
regarded as unaffected to leading order; nevertheless, any observation ultimately relies
on a physical coupling (illumination/scattering, tracer inertia and diffusion, finite-size
effects) and it is useful in some contexts to represent such a coupling explicitly as an
‘environment’ acting on a coherent structure. This viewpoint is particularly natural in a
broader programme of modelling spin-like degrees of freedom with coherent spherical
vortical excitations, where the ‘state’ is defined relative to a chosen axis/observer and
external couplings can induce precession or drift, as explored, for example, in the
precession of spherical spin-1 vortices (Viddez 2025¢), in the fluid-mechanical spin-
up/spin-down construction associated with Clauser—Horne—Shimony—Holt inequality tests
(Viddez 2025), and in Euler solutions reproducing Dirac-type dynamics using multipolar
oscillations in spherical geometry (Viudez 2025a). Accordingly, we use the background-
flow superposition framework here as a controlled model of environmental coupling
that yields observable drift/deflection of coherent modes, without implying that practical
macroscopic measurements generally require, or are well approximated by, a dynamically
significant interaction flow.

Thus, some practical applications, in particular, those at quantum scales, require
including a second flow entity in such a way that the interaction between both
flows becomes relevant. For example, at these very small spatial scales, a steady
Beltrami flow Uo(x) in a three-dimensional space cannot be observed in isolation; it
becomes measurable only through interaction with another flow. Conversely, a large-scale
background flow can be detected through the advection of an extensive structure, such as a
Beltrami field. In any case, whether the background flow is used to measure the properties
of the vortex, or the vortex is used to measure the properties of the background flow, two
flow entities are required and what is measured is the interaction between them.

In the set-up explained in the previous sections, the time evolution of the Beltrami flow
U(x, t) is completely described by (2.17) once an initial Beltrami flow Up(x) is given.
This initial Beltrami flow can be prescribed by a Chandrasekhar—Kendall (CK) procedure,
which provides a Beltrami vector field from a scalar Laplacian eigenfunction 7ng(x). The
Laplacian eigenvalue of ng(x) is —k%. Such a procedure is independent of time, but it
can be used to provide a time-dependent Beltrami field U (x, ¢) from a time-dependent
function ng(x, t) as long as the procedure is generalised to time-dependent flows. The
purpose of this section is to explain that generalisation.

Let us assume that g (x¢) is a Laplacian eigenfunction with eigenvalue —kg. The frozen-
in condition of the density ng(x) in the advecting flow v, (x, ¢) is

1
n(x,n= mno(zv(x, 1), where zy(x,1)=Ry(x,1)—0(0). (4.1a,b)
These relations immediately imply, in the spatial description, that
a
8—?+vb-Vn+nV-vb=0. 4.2)

The transformation (4.1a) does not preserve the Laplacian eigenfunction property,
unless z,(x,t) (4.1b) is a similarity, that is, a rigid body rotation and an isotropic
expansion (case Dg(¢) = 0). A direct application of the CK procedure to time-dependent
flows requires n(x, t) be a Laplacian eigenfunction at every time ¢ and that Do (z) = O for
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general Beltrami flows. We assume therefore implicitly that the deviatoric stretch tensor
Do(¢) = 0. In this case, we have

1 k@)?

—__n 4.
OR: @3

and k(¢z) decays or grows as the inverse cubic root of the volume change induced
by the background flow, as expected for a wavenumber carried by an isotropically
expanding/compressing medium. The time-independent CK procedure can be recovered
by setting F(z) =1, so that J(#) =1 and z,(x, t) = x. In any case, this time-dependent
procedure can be omitted since U (x, t) can be always obtained more directly from ng(x),
in a first step computing U, (x) using the standard CK procedure (2.16a) and in a second
step using (2.17) to obtain U (x, t).

There are several, but equivalent, ways to define the time-dependent fields, analogous to
those in the CK procedure, x (x, ), t(x, t), p(x, t), streamfunction ¥ (x, t) and U (x, 1).
In the following procedure, we define them from their reference initial counterparts x o(x),
to(x), po(x), ¥o(x) and Up(x), and hence show their relations. The starting point in the
CK procedure is to assume that 1o (x) is a scalar Laplacian eigenfunction,

VZ0(x) = —kZno(x). (4.4)

The steady vector function yy(x) is defined from the scalar Laplacian eigenfunction ng(x)
as

Xo(x) =no(x) no, 4.5)

where ¢ is a constant unit vector that defines the direction of the Beltrami field, and from
(4.5), or (4.1a), we define its generalisation by a Piola push-forward transformation

k(1) 1 N
k—X(x, 1) = J—F(I)Xo(zu(x, 1) =n(x, )F®)no=n(x, H)n(1), (4.6)
0 (t)
where the time-dependent vector n(¢) satisfies
n()=F@®nyg and @) =L@OnG). (4.7a,b)

The next step in the Chandrasekhar—Kendall procedure is to define from (4.5) the velocity
potential ¥y (x) as

V X xo(x)
Yo(6) = Xo(x) — — =, (4.8)
0
or, alternatively, the divergence-free functions #o(x) and p,(x) as
1
to(x) =V x xo(x) and pyx)= k—V X to(x), (4.9a,b)
0

which are commonly referred to as the toroidal (f¢) and poloidal (p,) components.
The relation between the poloidal component and the Gauss potential is described in
Appendix C. By construction, the fields ¢o and p are vector Laplacian eigenfunctions,

VZtog=—kito and V?p,=—k3p,, (4.10a,b)
and satisfy
V xty=kopy and V x p,=koto. (4.11a,b)

Thus, to(x) and py(x) are not Beltrami functions, but their helical combinations
Ui (x)=to(x) £ po(x) are the positive-helicity and negative-helicity Beltrami modes.

1034 A32-12
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We therefore define the Beltrami velocity U as
Upx)=U_(x) =V x Py(x) =to(x) — po(x), (4.12)

where the minus sign option is used to be consistent with the minus sign in the
definition of ¥ (x) (4.8). We therefore consider kg as a signed wavenumber, the Beltrami
eigenvalue being —kg, and the wavenumber magnitude |kg|. The positive sign solution
may be recovered from the negative sign solution through the transformation kg — —ky.
Otherwise, one may define ko = |ko| > 0 and work with both polarised solutions explicitly
U (x) which satisfy V x U = Fkold 1. The velocity U is therefore a Beltrami flow
satisfying

V x Uy = —kolh. (4.13)
We recall the curl identity applied to a vector function w(z) and a vector mapping

z(x, 1),

Ve x (FTT(w(z(x, 1)) = %F(l) (Vz xw) (z(x, 1)). (4.14)

In the time-dependent procedure, we define the vector potential ¥ (x, 7) from ¥ as a
pseudovector

k(t) 1
— ) =—F(@ , 1), 4.15
ko Y(x, 1) 70 (DY o(zy(x, 1)) (4.15)
and the time-dependent #(x, t) and p(x, t) counterparts to £o(¢) and p(¢) as
k(1) F(1) k(1) F()
—t(x,t)=——t , 1), — )= — 1), 4.16a,b
ko (x,1) 70 0(zv(x, 1)) ko p(x,1) J(t)po(zv(x ) (4.16a,b)
which satisfy similar relations to (4.9),
1 1
tx,t)= %V x x(x,t) and p(x,t)= %V X t(x,1). 4.17a,b)
Therefore, ¢(x, t) and p(x, t) are time-dependent Laplacian eigenfunctions,
V2t =—k()’t and V’p=—k(t)’p. (4.18a,b)
Finally, the time-dependent Beltrami field U (x, t) is defined from Uy (x) as
ko F(t) ko F(1)
Ux,t)y=——-—=U , ) =————(V , 1
(x,1) O T 0(zv(x, 1)) RO T (V2 x¥0) zo(x, 1))
=V XY, 1) =t(x, 1) — p(x, 1), 4.19)
from which the Beltrami property follows,
VxU=—k(t)U, (4.20)
and therefore,
F()
k(U (x, 1) = 70 (koUo(zv(x, 1)) . (4.21)
Similarly, the vorticity of the Beltrami field,
F(z
Wk, t) =V xUx,t)=—k(OU(x,t) = %Wo(z(x, 1)), 4.22)
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is just the Piola pushforward operation on the material vorticity WWo = —kolfp. Therefore,
the total velocity

ulx,H=Ux,t)+up(x,t), (4.23)
with vorticity
X, D)=V xulx,t)=W(kx,t)+2v(t) =—k(@®)U(x,t)+2v(t), 4.24)

satisfies the time-dependent vorticity (2.1).

The key result of this section is that from a scalar Laplacian eigenfunction 7ng(x) and a
background flow uj (x, t) with time-dependent homogeneous velocity gradient L(z), with
vanishing deviatoric strain tensor Dg(¢) =0, it is possible to obtain a time-dependent
Beltrami flow U (x, t) that is materially advected by the background flow v;(x, ¢) and,
therefore, becomes a solution to the time-dependent vorticity equation. Since there are 11
coordinate systems in which the Helmholtz equation is separable, we have Uy(x) modes
in 11 different geometries. For example, in Cartesian geometry, with coordinates {x, y, z},
the plane wave seed function

no(x) = e’ Tyt with kG = k7 + kS + k2, (4.25a,b)

leads to the family of Arnold-Beltrami—Childress (ABC) flows (Arnold 1965; Childress
1970; Dombre et al. 1986; Galloway & Frisch 1986; Soward 1987). In cylindrical
coordinates {p, ¢, z}, the seed function

n0(x) = o R (kp)e ™™ Ryy() € { (), Yu (), HIP ()}, kG =k +k2,
(4.26)

where {J,;, Y, H,,(11’2)} are the cylindrical Bessel and Hankel functions, leads to the
cylindrical Kelvin modes (Kelvin 1880; Dritschel 1991). In spherical geometry, with
coordinates {r, 6, ¢}, the function

no(x) = floWe(kor)Y;" (0, ),  where W () € {je(), ye() , he(+)}, (4.27)

where {j¢, y¢, he} are the spherical Bessel and Hankel functions, leads to the spherical
vortices, including the Hicks—Moffatt vortex (Hicks 1899; Moffatt 1969, 2017; Viddez
2022). An application of these spherical modes to physical oceanography is described
in Appendix A. In parabolic cylindrical geometry, with coordinates {u, v, z}, the seed
function is

10(x) = Ao Dy (Vku) Dy (Vicv)els, ki =i? + k2, (4.28)

where D, are parabolic-cylinder functions. In confocal ellipsoidal geometry, with
coordinates {4, u, v}, the seed function

no(x) = LM (u)N (v) (4.29)

is defined as the product of Lamé wave functions in ellipsoidal coordinates. And so on,
in parabolic three-dimensional geometry, elliptic cylindrical geometry, prolate and oblate
spheroidal geometries, and conical geometry. Using a different procedure, namely the
Bragg—Hawthorne equation, steady-state solutions in the case of axisymmetric flows were
given by Bélik et al. (2020) in cylindrical, spherical, paraboloidal, and prolate and oblate
spheroidal geometries. The generalised CK procedure described in this section helps to
classify all time-dependent Beltrami flows in different geometries within the same family
of flow solutions.
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5. Plane Beltrami fields

In this section, we consider the particular case in which the Beltrami fields have a plane
wave geometry. In the general case considered in the previous section, the background
deviatoric tensor Dg(#) must vanish to allow the advected Beltrami field to preserve its
Beltrami property. In the particular case of a plane Beltrami field, it is shown in the
following that it is possible to have Do (7) # O as long as Dy(z) is in the direction of the
plane wavevector k(¢).

5.1. Plane Beltrami flows
The Laplacian eigenfunction for a plane wave is
no(xo) =0, with V50 = —|ko[*no. (5.1a.b)
For a linear invertible transformation A(z), it follows that
nGx, ) =noA@x) =e/BORx 2 = A0 Tkoln(x, 0, (5.2)

that is, n(x, ) is a Laplacian eigenfunction with eigenvalue —|A(r) " ko|?. This property
allows us to use the CK procedure at all times. In the CK procedure, the steady material
vector plane waves are

R R 1 N ik
{X0(x0), to(x0), po(x0)} = {no, ko x ng, —k—oko x (ko x no)} e'ko-xo, (5.3)

The case kgl|fiig produces a zero Beltrami field. In the equivalent time-dependent vector
plane waves procedure, the initial seed function is a plane wave
no(xo) = e/ X000 w2y = ko 2o, (5.4a,b)
whose phase evolves, under the transformation (3.4), as
ko (F7' () (x — 0,(1)) = k(1) - (x —0,(1)), wherek(t)=F T(t)ko.  (5.5a,b)

The corresponding scalar density function evolves as

1. . 1.
n(x, )= Tt)elkm'(x—%(”) =A@)e*D* A = me—l’“ﬂ"’v(’), (5.6a,b)

where A(¢) is a time-dependent complex-valued amplitude. The rate of change of the
time-dependent wavevector is

k(t)=—-LT()k(@), (5.7)

and we may check that the rate of change of the phase in the material space is

a
3 (ry(x0, 1) — 0,(1)) - k(1)) = L(2) [F(1)(x0 — 0(0) — (ry(x0, 1) — 0,(1)))] k(1) =0,

(5.8)
so that the phase in the material space,
ry(xo, 1) — 0y (1)) - k() = (xo — 0(0)) - ko, (5.9
is stationary. Since n(x, t) is a Laplacian eigenfunction at all times ¢,
Vin(x, 1) = —k()*n(x, 1), (5.10)
1034 A32-15
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we carry on with the time-dependent CK procedure and define the corresponding fields

XD 0R0, 16D =Y xxn, prn= D
(5.11a,b,c)
which become
t=inkxn, and p=n (kﬁ — kk—ﬁk> . (5.12a,b)
Next, we obtain, from (5.12a,b), the Beltrami velocity field
Ux,t)=t(x,t)— p(x,t), (5.13)
and hence, the Beltrami vorticity field W(x, t) as
Wix, 1) = W(r)e k=, (5.14)

where the polarisation vector W(¢) of the Beltrami vorticity field is a function of

{k(n), n(1), A()},

W) =W(k(t), i(1), A1), (5.15)
and is given by
W(t) = A@t) (k(0)*A(t) — (k(t) - A)k(t) — ik(Ok(t) x A (1)). (5.16)
Clearly,
W) - k(1) =0, (5.17)

so that the polarisation vector W (¢) is tangent to the wavefronts and there is no vorticity
component along the propagation direction k(z). This is equivalent to the property
V - W(x, t) =0 in terms of the polarisation vector W(¢). The vorticity mode W(x, t),
as well as the velocity mode U(x, t), are transverse waves. This is analogous to the
electromagnetic monochromatic plane waves with wavevector k, where the electric
E (x, t) and magnetic B (x, t) fields,

E(x,t)=R{Eoe!®*~D}  B(x, 1) =R{Boe'**"}, (5.18a.,b)

satisfy the Maxwell equations for the propagation of electromagnetic waves in vacuum,
which imply

1)
k-E():O, k-B():O, ik x E():a)Bo, ik x B():——on. (5.19a,b,c,d)
C
0
So, in vacuum, the time dependence of the electromagnetic plane waves is purely
oscillatory via the phase exp(—iwt), and the polarisations Eqy and B are constant. This
analogy is pursued in § 5.2. The fluid mechanics analogues to the electromagnetic relations
(5.19) are

k@®)-U@®)=0, k()- % =0, ik(@)xU@)=W(@),
| WO\ _
ik(t) x (m) =—k@U(1). (5.20)

Given the relation between k(¢) and L(¢) (5.7), the problem is to find the relations between
the parameters of the advecting flow and the parameters of the Beltrami flow such that the
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vorticity polarisation is frozen in the advecting flow, that is,

. 2
W)= (Do(t) - 55(t)| + W(t)) W), (5.21)
or, in an equivalent way using the Piola transformation, that
1
W(t)=—=F@)W(0). 5.22
(0 70 (W () (5.22)

Time differentiation of (5.22) leads to (5.21). Thus, the polarisation vector W (¢) obeys the
same time evolution equation as the background vorticity 2v(¢) and W (¢) is frozen in the
flow vy (x, ).

Using (5.16), we may express the rate of change of W () as

W) =0k Wk + 0, Wn + 0, WA. (5.23)

At every time ¢, relations (5.7) and (5.21) imply six real linear constraints on the nine real
components of L(z), so that in the generic case, for non-degenerate {k(¢), W (¢)}, there is
a three-parameter family of homogeneous flows with velocity gradient L(¢) in which the
vorticity W(x, t) is frozen for any given choice of k(¢), n(¢) and A(z). The deviatoric
strain tensor Dg(#) causes the anisotropic stretching and tilting of the polarisation, the
divergence 4(¢) is responsible for the isotropic amplification/decay of the magnitude of
W (¢), while the background spin causes a rigid body rotation, or precession, of W () via
W)W () =v(t) x W(t). A Beltrami plane wave W(x, t) (5.14)

VxW=—kW <<= CiW=—kW, whereCy=ik x. (5.24)

Thus, the Beltrami condition implies that the polarisation vector W (¢) is an eigenvector of
the operator Cy with eigenvalue —k(¢). This means that in the complex representation

W) =RW() +iTW(1), (5.25)
the real vectors RW (¢) and TW (¢) are orthogonal SRW - W = 0, and have the same norm
[IRW|| = ||IW]|, which means that W (z) must have circular polarisation in the plane

perpendicular to k(¢).

To find the background velocity gradient L(z) that preserves the Beltrami condition of
the plane wave, we assume that the deviatoric tensor Dg(¢) is axisymmetric about the
direction of k(z) and that the spin tensor W(z) generates a rotation about the same axis.
We define orthonormal basis vectors {é1, €>, €3} such that

N k(t)
=k(t)=—. 5.26
e3=k() K0 (5.26)
In that orthogonal basis, the deviatoric Dg(¢) and spin W(z) tensors are
o) O 0 0 —v@ O
Do(t) = 0 o) 0 , WH=| v@® 0 0], (5.27)
0 0 —20(1) 0 0 0
and therefore, the velocity gradient is
o(t)+5(t)/3 —2v(1) 0
L@) = 2v(t) o()+48(1)/3 0 . (5.28)
0 0 —20(t)+6(1)/3
1034 A32-17
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Since L(t) is block-diagonal with respect to the split R3 = span{é;, &} @ span{es}, the
solution F(¢) to F = LF has the same block-diagonal form

_(Fi 0
F(t)—( 0 F|(t))’ (5.29)

where F | (¢) is a 2 x 2 matrix acting on the transverse plane and F (¢) is a scalar function
acting on e3. )

We first solve the transverse block with evolution equation F (¢) =L (1)F (¢), with
F 1 (0) = I, in which the transverse velocity gradient is

t)+8()/3 —2v(t
L ()= o(r)+4(@)/ (1) ' (5.30)
2v(t) o(t)+8(1)/3
The transverse deformation gradient F (#) can be explicitly integrated and the solution is
FiL()=A1(ORO®)), (5.31)
where
! 1
Al (t)=exp (/ (a(r) + 58(1)> d‘[) , (5.32)
0

and the rotation matrix R(#) and rotation angle 6 (¢) are

cosf —sinf [
R©) = ( sind  cosd ) , 0@ :/0 v(t)dr. (5.33a,b)

Thus, in the transverse plane, the deformation is a uniform stretch A (¢) plus a rotation
by an angle 6(t). )

The axial component of the deformation Fj(¢) satisfies F)(z) =L (#)F(z), with
F|| (0) = 1, and

Lj(t)=—20(t)+6(1)/3. (5.34)
Therefore, the axial component of the deformation gradient F(¢) is
d 1
Fi(t) = Ay (1) =exp (/ (—20(1) + 55(1’)) d‘L’) . (5.35)
0
The determinant of the transformation is simply
t
J(t) =detF(r) = Aﬁ(t)Al(t) =exp (/ 8(7) d‘L’) . (5.36)
0
The time evolution of the wavenumber k(¢) is
k() ko k (/t (2 () 15( )) d ) (5.37)
= —— = kpex o(t) —=é(t T, .
AH (l‘) 0EXp 0 3
unit vector 7(¢),
n(t) =R@@)no, no L eés, (5.38)
and the time evolution of the amplitude A () is
A1) = Ao 410 _ Aoexp (/t —30 (1) dr) . (5.39)
A1) 0
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We may summarise the results as follows. An initial helical vector W (0) in k(0)_ | must
evolve as W(r) = (1/J(¢))F(t) W(0) and must remain a helical eigenvector of ik(¢)x at
all times 7, that is, it must conserve its circular polarisation. If the transverse part of
F(¢) is a similarity, consisting of a uniform stretch plus a rotation, the Piola evolution
keeps W (¢) inside the helical subspace in the plane perpendicular to k(¢); therefore, the
Beltrami property survives and the CK representation is possible at all times. In this
particular solution, the free parameters of the background flow are the main parameter,
namely, the principal deviatoric strain rate o (¢) in the two transverse directions, the
velocity divergence §(¢), and the angular velocity v(¢). The anisotropic strain rate o (t)
stretches/compresses the wavelength along k(#) and exponentially amplifies or damps
the plane-wave amplitude A(#). The isotropic expansion/compression §(¢) modifies the
growth/decay of the wavenumber k(¢) via volume change through J(#), but cancels out
A(t) in this CK—frozen solution. The background rotation rate v(¢) rigidly rotates the
polarisation direction 72(¢) in the plane orthogonal to k(z) without changing |k(¢)| or
lA@)].

From (5.36), (5.37) and (5.39), we obtain a time invariant

J()A@)*k(t)> = const. (5.40)

For the CK Beltrami plane-wave, the vorticity amplitude, up to a fixed numerical factor
coming from the precise CK normalisation that the vorticity amplitude |[W| ~ Ak?, the
velocity [|U|| ~ Ak implies that the helicity density H =U - W ~ A%k> and, therefore,
Ho=J()A@®)*k(t)3 represents the helicity content of the mode per material volume
element.

5.2. Electromagnetic wave analogy: Jones vector and matrix representation

For a monochromatic plane wave propagating along the z-axis, we only need the transverse
electric field components, say E, and E,. Their complex amplitudes are collected into a
column vector called the Jones vector (Jones 1941; Collett 2005),

_(Ex
E = <Ey) . (5.41)
For example,

() () () meg() e

represent linear polarisation along x and along y, and right and left circular polarizations,
respectively. The relative phase between Ey and Ey is encoded in the complex entries
of the Jones vector. The polarisation changes caused by a linear optical element can be
represented by a 2 x 2 complex matrix J, called the the Jones matrix, acting on the Jones
vector,

E,..=JE;,. (5.43)

1 0 1 0 1 0
J= (O 1) 5 Jpol,x = (O O) s Jret(¢) = <0 ei(j)) P (5-44)

represent free space (no change), ideal linear polariser transmitting only the x-component,
phase retarder, waveplate that introduces a phase shift ¢ in the y-component. Thus, a Jones
matrix is simply the linear operator in the two-dimensional polarisation space that maps
an input Jones vector to an output Jones vector.

For example,
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In the fluid mechanics solution, the polarisation vector W (¢), or the velocity polarisation
U (¢), in the plane orthogonal to k(¢) plays the role of a Jones vector

W) ekt = C?, (5.45)

that is, the plane k(¢)* is isomorphic to C?. The restriction of the time-dependent
deformation gradient F(¢) of the background flow to the transverse plane,

Fi) k() — k@)*, (5.46)
acts on W (¢) exactly like a Jones matrix J (5.43) acts on a Jones vector,
W(t) o Fi(r) Wo. (5.47)
If F | (¢) is of the form
FL(@®)=A40RO®)), (5.48)

that is, a scalar stretch A(z) times a rotation R(6(¢)) in the transverse plane, that is,
transverse isotropy about k(t), then it preserves circular polarisation, and a Beltrami
(helical) polarisation remains Beltrami, exactly as an isotropic optical medium preserves
circular polarisation. If, instead, F (¢) contains anisotropic shear (is not a pure stretch plus
rotation), then it acts like a birefringent Jones matrix: a circular (Beltrami) polarisation is
mapped into an elliptical polarisation in k(r)*, and the mode ceases to be Beltrami, even
though the vorticity remains frozen-in. We notice that the Jones matrix transformation
is an instantaneous transformation, while its fluid mechanics counterpart (5.47) is a
continuous deformation. In practice, the scattering of Beltrami fields may be described,
under the Beltrami field approximation, by finite-time, or pulses, of a background velocity
gradient L(¢), and consequently, pulses of the background deformation gradient F(¢) acting
on the Beltrami field. An example of a scattering process is given in § 7.

6. Two examples using particular forms of the velocity gradient L(r)

The time-dependent Beltrami flow U (x,t) is completely determined by the initial
Beltrami flow U(x) and the background flow uy(x, 7). The temporal changes in U (x, ?),
apart from those derived from the arbitrary rigid translation o(z), are due to the time
evolution of the background flow u;(x,t), which are themselves prescribed by the
time evolution of the background velocity gradient tensor L(r). The nine independent
components of L(¢) correspond to the expansion/contraction term §(¢) (one component),
vorticity tensor W(¢) (three components) and deviatoric tensor Dy(¢) (five components,
namely two normal/extensional components and three shear-rate components). However,
the three components of the angular velocity v (#) must satisfy the vorticity equation, which
implies that there are six degrees of freedom in the way the time evolution of L(¢) can be
arbitrarily prescribed. These degrees of freedom allow us to prescribe the time-evolution
of the Beltrami field. This freedom can be viewed as the possibilities to prescribe external
time-dependent potential, i.e. conservative, forces in the Euler momentum equation. The
introduction of forces, however, is not required in this vorticity equation approach, which
only assumes that the flow acceleration a(x, t) is irrotational, V x a =0. This section
provides two examples of how particular solutions of L(z) prescribe the time evolution of
a Beltrami field.

6.1. Case Do(t) = 0: background rigid-body rotation with isotropic dilatation

In the case where the deviatoric tensor of the background flow vanishes Do(7) =0, the
background flow uy(x, t) is a rigid-body rotation with isotropic expansion/contraction
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and there is only one degree of freedom available. In this case, the compatibility condition
(4.2) reduces to

v(t) = —gé(t)v(t) 6.1)

and therefore, only changes in magnitude, and not in orientation, of the background
angular velocity v(t) are possible, and hence, only changes in the speed of the
displacement velocity c(¢) =2v(¢)/k(¢) of the Beltrami field. These changes are related
to the isotropic expansion/contraction caused by the divergence §(¢),

2
v(t) = —§S(t)v(t). (6.2)
In terms of the time-integrated divergence A(t), relation (6.2) is
v(t) 2. .
——=——A(), where A(t)=45(t), (6.3a,b)
v(t) 3

whose time-integration leads to the solution

2 2
v(t) =voe 320, v(t)=1vpe 327, vy =(0), (6.4a,b,c)

which provides the time-evolution of the background angular velocity v(¢) as a function
of the time-integral of the background divergence 6(¢). Using Euler’s identity

J(t)=J(1)8(r), where J(r)=det(F), (6.5a,b)
the relation between v(¢) and J (1) 1s
D (t 20t
o _ 200 66
V(1) 3J()
whose time integration yields the relation between the time-dependent volume and angular
velocity,
t J)\
v - SO ) 6.7)
v(0) J(0)

Relation (6.3a) implies that the background velocity u(x, #) may be written in terms of
the time-integrated divergence A(z), or in terms of the angular velocity v(z), as

wp(x, 1) =o(t) + %A’(r)(x o) + ¢ 3401050 x (x — 0(1)) (6.8)
: 1 v(t) .
=0(t)—=———=(x —o0(t)) +v(t)vg X (x —0(2)). (6.8b)
2v(t)

In the case of vanishing background divergence, §(¢) = 0, the background flow reduces to
a constant rotation and arbitrary time-dependent translation given by o(¢).
The advecting velocity vy (x, t) is

—gA(t) ~
. 1) .0+ 2e 3 VoV .0+ 2v(t)
vp(x, t) =up(x, ——— =up(x,
’ ’ k(1) ’ k()
In this case, the deformation gradient reduces to the isotropic expansion/contraction and
rotation,

vo. (6.9)

F(t) :eA(T)/3R(t)’ (6.10)
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where the rotation tensor
R(t) =R (9 (1)) =l 1P0), 6.11)

expresses the rotation around the constant axis defined by » by an angle ¥ (¢) given by
t
(1) = / v(r)dr, with 9@)=v(@). (6.12a,b)
0

These relations imply that any spatial dependence in the Beltrami field given by a
dimensionless scalar term in the form kg - z,(x, t), where kg is a constant wavevector,
or co-vector, transform as

ko z(x, ) =ko - (e72DPR@O T (x — 0(0))) =e 2O (R(1)ko) - (x — 0(0))
=k() - (x —0(0)). (6.13)

That is, if x —0(0) transforms contravariantly z,(x, )= (9r,/dxg)(x —0(0)) =
F(t)(x — 0(0)), then the covector ko transforms covariantly into the time-dependent
covector k(t) defined as

k(t)=e 2OBR(ky, with ko=k(0), (6.14a,b)

which implies that the solid-body rotation plus isotropic expansion/contraction
background flow causes a rotation and an expansion/contraction of the initial wavevector
ko, that is, an expansion/contraction and precession of the Beltrami field with an angular
frequency v () modulated by the background expansion/contraction.

Since R(7) " = R; (=9 (¢)) is a rotation, it preserves norms and, hence, the norm of
Zy(x, t) transforms as

le” PR T (x — o)) =27 l(x — 0(1))]. (6.15)

The flow map R,(x,t) of the advecting velocity v(x,?) is a composition of a
translation, a rotation and a uniform scaling by exp(—A(#)/3). The Laplacian is invariant
under rigid motions and under uniform scaling, it transforms by a constant factor,
consequently,

VZin(x, 1) = —kin(x, 1). (6.16)
We may define a time-dependent radial scalar wavenumber k(¢) as
k(1) = kge A®/3 (6.17)
in such a way that the time evolution of kg||x| is expressed as the transformation
kollx |l = k@)l (x — o). (6.13)
Relations (6.17) and (6.4b) imply that
ko _Aw s _ 1w

= =———Z, (6.19)
k(1) 3 3 2v(t)
and therefore, the relation between angular frequency v(¢) and wavenumber k() is
1 kAt
0} = # (6.20)
Vo kg
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As a consequence, the background velocity uj(x, ¢) (6.8a) can be written in terms of the
radial wavenumber k(¢), or in terms of the angular velocity v(¢), as

k k2
up(x,t)=o0() — %(x —o(t)) + k(;) vovo X (x —o(1)) (6.21a)
0
. 1 (1) .
=0(t)————(x —0() +v(t)vy x (x —o(1)). (6.21b)
2v(t)

The radial velocity fc(t) /k()(x —o(t)) in (6.21a, b) is a Hubble flow. This relation to the
Hubble flow becomes explicit upon defining a dimensionless spatial scale factor a(t) as

k
a(t) = W(;) (6.22)
Using material coordinates (R, t), the flow map r i (R, t) of this radial Hubble flow is
ko . .
rg(R,t)= %Rr = Ra(t)r. (6.23)

The velocity of the fluid particles is therefore
a(t)
a(t)’

which is the Hubble flow (Barnes et al. 2006) in a universe with dimensionless scale factor
a(t). Term D(¢) is called the proper distance between galaxies, and (6.24c¢) is the definition
of the Hubble parameter H (¢). In this fluid mechanics description, the expansion of the
space is interpreted as the expansion of the fluid by the background flow in which the
Beltrami fields are frozen. The time dependence of the wavenumber k(¢) of the Beltrami
field is used to describe this space expansion.

For example, we may consider Beltrami flows with spherical geometry in which the
radial part is given by the spherical Bessel functions j, (kor) and the angular part is given
by the spherical harmonics Y;" (6, ¢). The corresponding function no(x), simplifying
o(t) =0,1s

upg(R,t)=Ra(t)F =D@)H)r, D(@)=Ra(t), H()= (6.24a,b,c)

o)=Y Y femic kor) Y0, 9), (6.25)

£>0 |m|<t
where 7g,, are constants. The simplest mode £ =0 is

no(x) = 1o jo(kor), (6.26)

which, using the CK procedure, leads to a Hicks—Moffatt spherical vortex spatially
oriented along 7g. The next mode £ = 1, in Cartesian coordinates, can be written as

no(x) = ji (kollx|}) ko - ﬁ 6.27)

Here, we have used the unnormalised real spherical harmonics of order £ = 1 and degree
m=1{—1,0, 1}, which are x/r, y/r and z/r, with r = ||x||. The arbitrary constant 7; can
be used to normalise the radial wavevector |i€0| = 1. In this case, the time-dependent seed
function n(x, t) becomes
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(koY k(1) « (x — (1))
n(x, 1= <K) J1 k@ lx —c@)) m
_ (kY L x—c()
= (K) J1 (k@) lx —c@)) k() - m (6.28)

This represents a field no(x) that is displacing with velocity ¢(¢), whose radial part
is expanding/contracting by the presence of the time-dependent wavenumber k() in the
spherical Bessel function j;(-), and whose angular part is rotating by the time-dependent
unit vector lAc(t), which describes the precession of the Beltrami field.

The same interpretation may be applied to the Beltrami fields in different geometries,
and therefore flow expansion/contraction and flow precession are general properties of
the Beltrami fields in the presence of a background velocity field with homogeneous
but time-dependent divergence 6(¢) and vorticity 2v(z). In this background flow, the
angular velocity v(¢) cannot change direction b and, therefore, the displacement velocity
of the Beltrami field c¢(¢) = 2v(¢)/ko cannot change its direction either. Changes in the
direction of the displacement velocity of the Beltrami field ¢(¢) are related to the presence
of a background deviatoric deformation gradient tensor Dg(7) # 0. An example of this
possibility is considered in the next subsection.

6.2. Deviatoric deformation gradient Dy (t) is diagonalisable in the same basis

We consider in this section a deviatoric tensor Dg(¢) # 0 and assume the Beltrami field
approximation. In the case where the deviatoric deformation gradient tensor Dg(z) is
diagonalisable in the same basis at all times,

3 3
Do(t) = Z AL)e; @eé;, with Z (1) =0, (6.29a,b)

i=1 i=1
the deviatoric deformation gradient Dg(¢) commutes with itself at all times,
[Do(#1), Do(#2)] = Do(#1)Do(#2) — Do(#2)Do(#1) =0  for all 7y, 15. (6.30)

This condition implies that we can avoid the time-ordered exponential integral in (3.15)
and obtain that the isochoric dependence of the background angular velocity vp(t) is
given by

t
vp(t) =eDy), where Ao(t) E/ Do(7) dr. (6.31a,b)
0

This relation provides the dynamical dependence that v p(r) and Dg(¢) must satisfy for the
background flow to be a solution to the vorticity equation.

The next step is to obtain the relation between vp(¢) and the principal deviatoric
stretches A; (). To do so, we define the tensor

A(t) =Dy(r) — §S(I)I, (6.32)

in terms of which the vorticity equation for the background flow is expressed as
V() =A@)v (). (6.33)
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Defining the angular velocity components along the direction of the principal stretches
3
vi(t)=v(t)-&, sothat v(t)=) vi()é;, (6.34a,b)
i=1
we obtain the decoupled ordinary differential equations for the angular velocity
components v; () along the deviatoric stretching directions,

2
V(1) = (/l,- (t) — gS(t)) vi(t) fori=1,2,3, (6.35)
which have the solutions
2 t
vi(t) =e 3204y (0),  where A; () E/ Ai(t)dr. (6.36a,b)
0

Thus, the time evolution of the background angular velocity vector is given by

3
b(t) = e 340 > 0V, (6.37)

i=1
which provides the background angular velocity in terms of the time-integrated
principal deviatoric stretches A;(¢) and time-integrated divergence A(#). The background
expansion/contraction §(¢) affects the amplitude of the angular velocity, while the
deviatoric stretches affect the components of v(¢) along the principal deviatoric directions.
The changes of v;(¢) related to the changes of A;(#) are not independent since the
deviatoric stretches must satisfy the condition A1 4+ A + A3 =0. To avoid this lack of

independence, we may include the isotropic expansion in the effective stretches

4@ =20) — ga(z), (6.38)

so that
3 } t
v(t):Zvi(O)eA"(’)é,-, where  A;(t) = / Ai(t) dr, (6.39a,b)
i=1 0

where now the three effective stretches A; (¢) are free parameters. Thus, the components
of v(#) along the principal deviatoric strain directions change exponentially according
to exp(A;(t)). The direction of v(¢) changes, unless the growth rates A;(¢) along each
direction are all equal, which would imply an isotropic expansion, or v(¢) is initially
aligned with a single eigenvector ey, so that v;(0) =0, for i # N. In any other cases,
the background angular velocity vector v(¢), and hence the background vorticity vector
wp (1) =2v(t), align over time with the fastest-growing eigen-direction €, that is, along
the direction having the largest eigenvalue Ay (t) = max{/ll(t) A2(1), A3(t)}. When v(r)
is initially aligned with a single eigenvector ey € {€1, &, &3}, the background angular
velocity v(¢) = vy (¢t)éy preserves its direction along ey and scales exponentially. If the
initial orientation of the background angular velocity does not correspond to the direction
of the largest effective stretching ey # ey, any small perturbation at a given time #;
dvpm (t1) # 0 involving a change in the background angular velocity v(#) in the direction
of ey equal to Svyy(t1)e s, will produce an exponential change of §v,(#1), and therefore
the state v(¢) = vy (¢)éy is unstable.

We consider now a unidirectional velocity of the Beltrami field. In the particular case
of isochoric background motion §(¢) =0, a unidirectional velocity of a Beltrami field

1034 A32-25


https://doi.org/10.1017/jfm.2026.11537

https://doi.org/10.1017/jfm.2026.11537 Published online by Cambridge University Press

A. Viiidez
described by the drift ¢(t) =2v(t)/ ko would imply
5t)=0, A,(t)=—A,(1)—A,(1). (6.40)
Consequently, the time evolution of the components of the angular velocity v(¢) are
e (1) = (0D v (1) =1y (0)eN D) v (1) = v (0)e M OAO - (6.41)

In this case, unidirectional velocity is possible if the angular velocity vector v(0) at ¢ =0 is
aligned with one of the strain directions v = ¢; for some 7 = {1, 2, 3}. To avoid the growth
of the angular velocity components along the normal strain directions the stretches should
be negative, say A, () <0 and say A,(t) <0, but this would imply —A,(#) — A, () >0
and therefore the exponential growth of v,(z). However, for compressible background
flows, 6(¢) # 0, we may set

A () = /ly(t) = %80), A (1) = —ga(t), (6.42)
so that
Dy () = Dy ) =0, v,(t)=-25()v,(2), (6.43)
and therefore,
V() =1, (0),  vy(1) =vy(0), (1) = v, (0)e 24D, (6.44)

In this case, the isotropic expansion/contraction cancels the normal stretches along the x
and y directions, and increases/decreases the stretch along the Z direction, and only the Z
component of the angular background velocity v, (¢) is time-dependent.

7. Elastic scattering of Beltrami fields in the Beltrami field approximation

Scattering usually refers to the process by which particles or waves are deflected from their
straight path due to interactions with other particles or non-uniformities in a medium,
involving a change in the direction, and sometimes energy, of the incoming particle or
wave. Usually, the medium is a steady inhomogeneous field. However, we may investigate
scattering of a Beltrami field U (x, ¢) by an unsteady homogeneous velocity field u,(x, t),
under the Beltrami field approximation, assuming that, if the amplitude of the Beltrami
flow decays to zero at distances far from the Beltrami field centre, as it happens with
spherical Beltrami flows, what the Beltrami vortex experiences along its path is a temporal
change in the background homogeneous flow. The process of elastic scattering of a
Lamb—Chaplygin dipole (Lamb 1895; Chaplygin 1903, 2007), a particular case of finite
size Beltrami flow in two dimensions, by a background potential flow generated by a
central vortex, has been numerically investigated in two-dimensional flows (Zoeller &
Vitdez 2023). These results show that the Lamb—Chaplygin dipole experiences small
deformations during the elastic scattering interaction.

As a particular example of scattering, we consider the case in which the background
angular velocity v () evolves from an initial value, say v; = vj€; at t =11, to a final value
vy =1e) at t = 1. Changes in the background angular velocity require, to be consistent
with the vorticity equation, the presence of a deviatoric tensor Dg(¢) and, hence, we take in
this section the assumption of the Beltrami field approximation. The objective is to define
the background velocity field v, (x, ¢) that, satisfying the vorticity equation, accelerates
the Beltrami field. For simplicity, we assume isochoric background flow 4(¢) = 0. Next,
we may define a scalar function s(¢) such that s(¢1) =0 and s(#2) = 1 to model a smooth
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transition between the scattering angular velocities. For example,
1
s1(t) = 5 (1 + tanh(po1)) € (0, 1),  po >0, (1.1)

so that s(¢) — 0 as t - —oo and s(t) — 1 as t — +oo. Using the functions s, (¢) and
s (1), the angular velocity component v(¢) and phase 6, (¢) evolve as

v() =vi+ (2 —v)su (1),  6() =02+ (02 —01)sp(1). (72)
Next, we define the time-dependent background angular velocity,
v(t) = (1) (sin (6, (1)) X) + (cos (B,(1)) Z) . (7.3)
The rates of change of the frequency and direction are defined as
(7 ‘
a,(t) = 0] and B,(t) =6,(). (7.4a.,b)
V(1)

We seek solutions v(¢) to the vorticity equation such that «,(f) — 0 and 8,(f) — 0 as
t — *00. Defining the orthonormal vectors {$(¢), ¥, (¢)} in the xz-plane as

v () = sin(@y (1)) X + cos(0,(1))z, 1 (t) =cos(0,(1))x — sin(0,(1))Z, (7.5a,b)
the rate of change of v(¢) and v (¢) are
v(@)=v(O)P() and B(1)=6,(1)pL (1), (7.6a,b)
so that the rate of change of v() is
b(1) = D(OD() + (10, (DD L(). (7.7)
Then, a simple deviatoric strain tensor D(¢) satisfying the compatibility condition,
Dov =9 =10+ v6,p, (7.8)
may be written, in tensor form, as
Do=a, (P@V =D, ®@D1)+ B, (P OPL+V1 QD). (7.9)

It may be checked out that trDy =0, Dg = Dy and that Dgv = v. Since, for the example of
smooth function s1(¢) given by (7.1), its time derivative

§1(0) = %sechz(uot) (7.10)

decays at both ends t — +oo, we have «o,(t) -0 and B,(t) - 0 as t - *oo, and
therefore, Do(r) — O as 1 — +oo. Thus, Dy(7) is a localised-in-time strain pulse that
smoothly re-orients the angular velocity v(¢). The velocity gradient L of the background
flow is

L=0a,(p@P -9, ®D1)+ B (PR +D.®P)+v(§J@®DL—D1®F). (711)

In the »—¥ plane, the deviatoric strain tensor Do(z) (7.9) is

DOlplune = ( G IBV ) s (7.12)

By —ay

whose eigenvalues A4 (¢) are

AL () =+o,(t), where o,(1)=,/aZ(t)+ B2(t). (7.13a,b)
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The eigenvector ey, for the largest eigenvalue 1y = +o,, is
eM X ByY + (0, —ay)V . (7.14)

The objective now is to find the inverse map R,(x,t) of the background advecting
velocity

vp(x, ) =Do(®)x +v(@) x x =A(t)x, where A()=Do(t) +[v(t)x], (715a,b)
or in material variables,
F=A@)r. (7.16)

To find the deformation gradient F(z), we work in the time-dependent frame with unit
vectors {¥(2), ¥, v (¢)} that co-rotates around the y-axis. To do this, we define the rotation
tensor Q(¢) about the y-axis, normal to b and v , by an angle 0, (¢),

cos(B,(t)) 0 sin(0,())
Q1) =R, 0,(1) = 0 1 0 , (7.17)
—sin(6,(t)) 0 cos(6,(1))

whose value at r = f1 is Q(#1) = Ry (61). We introduce the vector £ in the rotated frame
£=Q'r, r=Q¢ , (7.18a,b)
and therefore,
E=At, A=Q'AQ-Q'Q, (7.19a,b)
expresses the rate of change of & in terms of the tensor A(t). In this tilted reference frame,

we introduce an orthogonal basis vector {é, €y, €.} such that the vectors (¢) — &, and
b (t) — ey, and the different terms in (7.19) are

QTDOQ = oy (1) (éz ®e;, —ex® éx) + Bu (1) (éz ®ey+ex® éz) ) (7.20a)
Q' rx1Q=[vé,x]=v (&, ® &, — &, ®&y), (7.200)
QTQ=[Bueyx]1=By (éx D&, — &, D éy). (7.20¢)

Therefore, in the {é,, &,, €.} basis, the tensor A(t) is
—a,(t) —v(t) 0
Ab=| v 0 0 . (7.21)
2p8,(t) 0 @)

Let
§=Xe,+Ye,+ Ze,. (7.22)
Equations (7.19) and (7.21) imply that the equations we need to solve are
X=—-a,X—vY, Y=vX, Z=2B,X+aZ. (7.23a,b,c)

From (7.23a,b), we obtain a separated relation for Y (¢),

P v(t) - ) .
O+ —Y@®)+v(@)°Y()=0. (7.24)
V(1)
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This is the equation for a parametric oscillator, where the time-dependent damping term is
o, = 1/v. After the usual change of variable Y (r) = v(r)!/?Y (r), (7.24) transforms into

4 \ v 2v’

The solution to (7.25a) depends on the particular form of v(¢). In the simple case of a
linear time dependence,

iy 5 NI A A B
V) + 220OY() =0, where 27=v2+- (-] —=- (7.25a,b)

V) — 1y
V() =vi +po(t —1), po= , (7.26a,b)
hh—1
and the damping term is
(¢
oy (1) = 2D _ Ho (7.27)
v(t) v(t)
In the case vy # v1, the oscillator equation (7.24) simplifies to
Y(t) + — Y(6) 4+ ud(t —1)°Y (1) =0, with t,=1 —vi/no, (7.28)
— bk
and
(¢ 1
& = . (7.29)
v(t) t—t,
Defining z = (o/2)(t — 1+)2, (7.28) transforms into
,d?Y dy |,
Zd—Z2+ZE+Z Y =0, (7.30)
which is the Bessel equation of order zero, and therefore the fundamental solutions are
Y(6) =1 do (%(r - r*)z) + Yy (%(r - t*)2) . (7.31)

The simplest case, however, is that in which the amplitude of the background angular
velocity v(¢) is constant, that is, v; = v; = vp, and the damping term vanishes «,, (#) = 0.
In this case, the parametric oscillator (7.24) simplifies to the undamped oscillator,

Y () +v3Y (1) =0. (7.32)

For undamped oscillations, the deformation gradient Fr(¢; #1) in the rotated reference
frame is

cos®() —sin®(@) 0

Fr(t; 1) =| sin®() cos®() 0 |, O@)=v(@—1), detFp=1, (7.33)
A(t) B(1) 1
where the terms depending on the rate of change of the scattering angle B, (1) = 6, (¢) are
t
Al = 2/ By (t) cos(vg(t — t1)) dr, (7.34a)
15
t
B(t) = —2/ By (7) sin(vy(t — 1)) dr. (7.34b)
3
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Then, the solution to (7.19) is
§(1) = X(1; ) =Fg(t; 11) Xo. (7.35)
In the co-rotating reference frame the effect of the deformation gradient Fg(z; ¢1) on the
XY-plane is a planar rotation with constant angular rate vy,
X(t)=Xpcos®(t) — Yy sin O(t), (7.36a)
Y(t) =Xosin ©(t) + Yo cos O(t), (7.36b)

where {Xo, Yo, Zo} = &(0) :QT(O)xO. The coordinate Z(¢) of the particle along the
instantaneous rotation axis v(¢) is

t
Z({t)y=2Zp+2 / Buv(t) (Xpcos O(t) — Ypsin ©(7)) dr. (7.37)

In fact, Z(t) =&(@)-&,=v(r) - r(¢). The temporal change of Z(¢) is due to temporal
change of angular velocity direction, 8,(t) =6, (¢). Term B,(¢) is associated with a tilt-
induced shear. The term 23, X transforms transverse offset X, the coordinate along e, +—
v, into axial motion. When the axis tilts (8, # 0), points off the axis are pumped along
v. Thus, Z(¢), is the projection of r(¢) on the instantaneous angular-velocity direction.

We need the inverse deformation gradient Fg (¢; tl)_1 in the rotated frame, which, from
(7.33), is

Frt; 1)~
cos O(r) sin @ (t) 0
= —sin © (1) cos O (1) 0 |. (7.38)
—A(t)cosO(t)+ B(t)sin®(t) —A(t)sin®(t) — B(t)cos@(t) 1

Finally, the solutions, in the laboratory reference frame, for the deformation gradient and
the flow map are

F()=QFr(t: 1)Q" (1), ru(xo, 1) =F(t)xo, (7.39a,b)
and the inverse deformation gradient and the inverse flow map are
F')=Qu)Fr(; m)7'QT (1), Ry(x,1)=F@®)'x. (ab) (7.40a,b)
The inverse map R, (x, t) in (7.40b) is
Ry(x, 1) =Ry (6, (1)Fr(t: 1) Ry (=6, (1)x, (7.41)

which is the desired inverse flow map of the advecting flow vy (x, ) as a function of the
initial 01 and final 8; scattering angles.

We provide next a graphical example of elastic scattering produced by a background
velocity pulse with parameters 61 = /2 and 6, = /4. The scattering angle difference
A0 = |0, — 01| = /4 has been taken excessively large to visualise the deformation from
the Beltrami initial flow. The initial time is #; = 0 and the final time is #, = 1. The angular
frequency is vo = 27, so that the pulse lasts an interval time of one cycle. The wavenumber
ko = 1. The background angular velocity is

v(1) =27 (cos (%z) % +sin (%z) z) ., tClo,1]. (7.42)

v(t)=vox and v(B)=——v(x+y). Pa)l=@)=[wl.  T43abc)
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The scattering angle 6 (¢) and its rate of change é(t) are

. 6, — 604 T
0 =01+ Bt —1n), O=p= =——. (7.44)
h—nh 4
The rotation tensors are
sin(wt/4) 0 cos(wt/4) 0 0 1
Q@) = 0 1 0 , Q)= 0O 1 01, (7.45)
—cos(rt/4) 0 sin(rt/4) -1.00
and the Z-stretchings in the tilted reference frame are
1 1
A(t; 1) = ~7 sin(2wt) and B(t;t) = 3 (sin(m‘))2 . (7.46a,b)
The deformation gradient F g (¢) in the tilted reference frame is
cos(2mt) —sin(2wt) O
Fr(t) = sin(2mt) cos(2mt) O ’ (7.47)

—

1
~7 sin(27t) 3 sinz(nt))

and its inverse Fg(t) ™! is

cos(2mt) sin(2rt) 0

S

FR(t)_1= —sin(2wt)  cos(2mt) ’ (7.48)

1'<2 1) 1'2< 1)
4sm7t 2SlnT[

[u——

and, finally, the inverse map of the advecting flow v, (x, 1) is
R,(x,H)=QO)Fr()~'Q)Tx, rc[0,1]. (7.49)

In the following figures, we represent contours or isosurfaces of n(x, t) = ns1 (Ry(x, 1))
where the seed function,

7510 = Jithole Do - (7.50)
is representative of the spherical Beltrami vortex of order £ = 1 (Viddez 2025¢). The order
£ =0 function ngo(x) = jo(kollx||) is also representative of the spherical Beltrami vortex
of order £ = 1, but the precession of the vortex, that is, the rotation of the wavevector k(¢),
and its initial orientation is better described by ng;(x).

We visualise two examples of scattering. In the first example (figures 1, 3(a) and 4), the
vortex is initially aligned along the z-axis, that is, ko = z and therefore ko L v(0), and the
vortex precesses around the axis defined by v(¢), which is its instantaneous direction of
propagation. In the second example (figures 2, 3(b) and 5), the vortex is initially aligned
along the x-axis, that is, kg = X, and therefore kg || v(0), and the vortex does not precess
around its direction of propagation.

The initial (t = 0), middle (t = 1/2) and final (+ = 1) distributions of n(x, t) on different
planes (figures 1 and 2) display the distortion of the spherical vortex at = 1/2, which
implies its departure from a Beltrami field, and its recovery at the end of the background
pulse. The final state is the same spherical Beltrami field, but whose wavevector has
rotated /4 in the x—z plane. The vortex precession is visualised as a double spiral
isosurfaces of n(x, t) ==£no in the space (y, z, t) in figure 3(a), The vortex departure

1034 A32-31


https://doi.org/10.1017/jfm.2026.11537

https://doi.org/10.1017/jfm.2026.11537 Published online by Cambridge University Press

A. Viidez

Figure 1. Time evolution of the distributions of 1(0, y, z, t) (left column), n(x, 0, z, t) (central column) and
n(x,y,0,1) (right column), in the case the spherical spin £ =1 vortex dipole is initially aligned along the
z-axis, that is, l::o =Z, at the initial time # =0 (top row), t = 1/2 (middle row) and ¢ = 1 (bottom row). The
initial distribution of n(x, y, 0, 0) =0 is not included. We notice the evolution of n(x, 0, z, ) in the x—z plane
(mid column) is just a rotation of the field. The vortex recovers its spherical geometry at ¢+ =1 (bottom row).
These distributions are plotted in the frame in which ¢(¢) = 0.

from its initial spherical Beltrami configuration is visualised better in the non-precessing
case from isosurfaces of n(x, r) ==£no in the space (y, z, t) in figure 3(b). The vortex
scattering, in both examples, can be visualised from the superposition of isosurfaces
of n(x, t;) = £no at different times #; in figures 4 and 5. The large deformation of the
isosurfaces at t = 1/2, relative to those at t =0 and ¢ = 1, is due to the large differential
scattering angle A6 = /2 prescribed. Smaller values of A6, typical of forward scattering,
would provide much smaller deformations.

8. Concluding remarks

We have provided in this work exact and approximate solutions to the barotropic vorticity
equation in which the time evolution of a Beltrami field U (x, ¢), independently of
its particular geometry, is completely determined by the presence of a time-dependent
linear background flow. In particular, the Beltrami field may precess, expand/contract
and displace, due to the presence of a background velocity field up(x,t) whose
velocity gradient consists of an isotropic time-dependent expansion/contraction and a
homogeneous time-dependent rotation. In this case, the dynamical constraint for the
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Figure 2. Same as figure 1, but in the case the spherical spin £ = 1 vortex dipole is initially aligned along the
x-axis, that is, ko = X. The initial distribution of n(0, y, z, 0) = 0 is not included.

(@)

105

Figure 3. Isosurfaces of (a) n(xo, y, z, 1) = £0.2 for xo = 0 in the (y, z, 1) space in the case the spherical spin
£ =1 vortex dipole is initially aligned along the z-axis (ko = 2), and (b) n(x, yo, 2, t) = +0.2 for yp =0 in the
case the vortex dipole is initially aligned along the x-axis (ko = X).
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Figure 4. (a) Front and () top views of the superposition of isosurfaces of n(x, y, z, t) = £0.3 in the (x, y, z)
space at three different times ¢ € {0, 1/2, 1} for the case where the spherical spin £ = 1 vortex dipole is initially
aligned along the z-axis.

(a) (b)

-5 0 5 10 15 75 X
y

Figure 5. (@) Front and () top views as in figure 4, but for the case where the spherical spin £ = 1 vortex
dipole is initially aligned along the x-axis.

background flow does not allow direction changes in the background angular velocity
v(t), and hence the Beltrami field cannot change its direction of propagation. The most
interesting cases, however, are those in which the background velocity includes a time-
dependent deviatoric tensor Dg(#). In this case, changes in the direction of the background
angular velocity vector v(t) are allowed and, hence, directional changes in the Beltrami
field displacement velocity. The presence of anisotropic strain caused by Dg(¢), however,
breaks in the general case the Beltrami property of the initial Beltrami field, and this fact
complicates the existence of exact time-dependent solutions in the theoretical approach
presented in this study. Nevertheless, an approximation method, called here the Beltrami
field approximation and which assumes that the oscillating field departs only slightly from
its initial Beltrami property, allows the linearisation of the vorticity equation assuming
that the oscillating field continues to be frozen in the advecting velocity field v, (x, 1), as it
were still a Beltrami field. This approximation allows the investigation of elastic scattering
of vortices by pulses of a background flow with a time-dependent deviatoric strain tensor
Do(?) #0.

The Beltrami field, which using the Chandrasekhar—Kendall approach admits any
geometry in which the scalar Helmholtz equation is separable, is frozen in the background
flow and, hence, the time evolution of the Beltrami field is completely determined by the

1034 A32-34


https://doi.org/10.1017/jfm.2026.11537

https://doi.org/10.1017/jfm.2026.11537 Published online by Cambridge University Press

Journal of Fluid Mechanics

background flow. The velocity gradient Vi, has nine time-dependent components, but the
vorticity equation imposes a condition on the time evolution of its antisymmetric part, the
spin tensor or the vorticity vector 2v(¢), which leads to six, the symmetric components,
the number of independent time-dependent functions. These six degrees of freedom may
be distributed into the six components of the deviatoric strain tensor Dg(¢), subjected to
trDg(¢) = 0, and the background divergence 5(¢).

The main results may be explained in the following way. In the general case, the
barotropic vorticity equation may be expressed as the Cauchy vorticity formula o (x, 1) =
(1/J(x, 1))F(x, H)wo(R(x, 1)), where wq is the vorticity in the reference configuration.
This expression includes the inverse map of the total flow R(x,t). However, the self-
advection of Beltrami fields vanishes, since the vorticity of the Beltrami field is frozen
in its own flow. Since the background flow is spatially homogeneous, Cauchy vorticity
formula reduces to W(x, 1) = (1/J,(t))F,(t)Wo(R,(x, t)), that is, the Beltrami field is
frozen in the advecting velocity. The advecting velocity v, (x, t) is spatially homogeneous
and its inverse map R,(x,¢) may be obtained in a closed form. Hence, those initial
Beltrami fields, which remain Beltrami after being advected by wv,(x,t), are exact
solutions to the barotropic vorticity equation. The Beltrami property is preserved when
the advecting flow induces a similarity, that is, an isotropic expansion/contraction and a
solid body rotation. In this case, exact solutions are possible, which describe an arbitrary
time-dependent isotropic expansion/contraction and the precession of the Beltrami field.

Independent of its geometry, a main property of the Beltrami field is its time-dependent
wavevector k(¢). This wavevector expands/contracts, precesses, displaces and changes its
direction guided by the time-dependent background flow. This seems to be conceptually
very relevant since a time-dependent wavevector associated with a displacing Beltrami
field may be interpreted as a particle-like property of a wave field. This description of
motion is therefore consistent with the wave—particle duality as a property of matter. The
wave—particle description depends on our ability to assign time-dependent vector or scalar-
valued functions to a set of oscillating modal fields.
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Appendix A. Oceanographic application

The theory of Beltrami flows in the presence of a background current may be applied to the
ocean, in an inertial frame, where the background flow u;(x) is taken as the steady solid
body rotation up(x) = §25Z X x, where £2;, is the Earth angular frequency. The Beltrami
field consists of a superposition of spherical Beltrami modes

Ux, =D Y Um(x. 1), (Al)
£>1 |m|<t

and the Beltrami modes, in terms of the vector spherical harmonic basis
Ym0, ), (0, ), Pun(0, @)}, are
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Upn (x, 1) = £(L + 1) X‘fr‘” Y im0, 9)
xe(kr)
+(+1) — Xer1Ckr) | Wi (0, @) + xe(kr)P e (0, @), (A2)
where now
Xem (1) = Uom ji(kr) 4+ Vg ye(kr), (A3)

and {figy, D¢y} are arbitrary amplitudes. The modes are applied to a spherical shell with
inner r; and outer r, > r| radii whose mean is equal to the mean radius of the Earth and
a thickness r, — r1 equal to the mean depth of the ocean. Since this shell does not include
r =0, the singularity of the spherical Bessel function of the second kind y,(z) at z=0is
not a problem. Vanishing radial velocity at r =ry, rp, implies that x¢,, (kr1) = xem (krp) =
0 is possible if the determinant of this system of equations vanishes,

Jem (kr1) yem (k) — jom (kr2) yem (kr1) = 0. (A4)

The positive roots k = kg, with n =1, 2, .. ., are the discrete radial wavenumbers. The
radial wavenumber is therefore quantised. For typical ocean values r; &~ 6371 km and
ro & 6375 km, the spherical shell is very thin, then kr; ~ krp >> 1 and (A4) is very well
approximated by

. nmw nmw
sin(k(r —r1)) =0, ky~——= , o on=1,2,... (A5)
rn—r; 4km

or a radial wavelength

[\

b4
ky
The £-dependence in kg, is negligible unless for very large values of £. Once kg, is a root,
the ratio between the coefficients

Uem _ Jekenr1) _ je(kenr2)
Uem ve(kenrt) ve(kenr2)

~
~

S | oo

e km. (A6)

(A7)

is fixed.
Since the L2 (square-integrable) norm on the unit sphere S2 of @y is IPemll2(s2) =

L+ D Yol L2(82)> the root mean square (r.m.s.) radial versus tangent (to Yy, levels)
speed ratio is

s | rms . JEE+ 1)

= . (A8)
e || rms kr

For the first radial wavenumber root, k; ~ /(4 km) =~ 0.785398 km™!, and hence across
the shell, k17 € [k1r1, k1] =[5003.77, 5006.91] so that we can safely take kjr ~ 5005,
and the ratio ||uy ||;ms/||#@ || rms Tanges from = 2.83 x 1074 for £ = 1 to ~2.10 x 1073 for
£ =10, whose orders of magnitude are the common scalings for the vertical to horizontal
ratio of the secondary circulation in ocean vortices.

However if, instead of assuming that vortex flow satisfies the Helmholtz equation
V2U = —k*U, we assume, in the same background velocity field up(x, 1) = 2,7 x x,
a vortex flow u(x, 1) tangent to the spherical surfaces such that its steady streamfunction,
in the absence of background velocity, ¥y (6, ¢) satisfies the Helmholtz equation in the
unit sphere
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Vo = =k, (A9)

where V§ is the surface Laplacian operator on the sphere. Then, (0, ¢) is a single
Laplace—Beltrami eigenmode on the sphere

Vo060, 9) =Ven [ (0. 9), K =LE+]D), (A10)
the vortex velocity is
wo(x, 1) =V x (Yo(8, p)F), o, =0. (A11)
The radial vorticity is
- _ I _,- K2 -
o=r-(V Xu0)=—r—zvsllfo=r—21/fo- (A12)

Since the nonlinear self-advection term vanishes & - V¢ =0, the barotropic vorticity
equation reduces to a linear transport law for the time-dependent radial vorticity ¢ (@, ¢, 1),

a - ) - . - 2
— +9.-V2=0, =0 =21 , Al3
8t+v ¢ v(x) 02X X ¢ b( £(€+1)) (A13)
where
£O, 9, 1) =200, ¢ — 1), VO, 0, 1) =100, ¢ — 20t) = Yem Y (0, ¢ — 21)
=P Y (0, p)e 2 (Al4)
Thus, the radial vorticity satisfies
aC 2 aC
% o, (1- % _o. (A15)
ot e+1)/) ap

Therefore, these eigenmode vortices rotate rigidly with a drift velocity p£2¢@, or a drift
angular velocity relative to the background flow equal to

@ =7Cep, (Al6)

that is, opposite to the background flow, or westward. These are the Rossby—Haurwitz
waves (Rossby er al. 1939; Haurwitz 1940), which are usually defined in the rotating
reference frame as

VO, 9, 1) = Yem YO, p)e ', (A17)

where the Rossby—Haurwitz dispersion relation is expressed in terms of the local (relative
to the rotating frame) frequency

282y
op=-—m , (A18)
L +1)
and the angular phase speed
282
m LE+1)

coincides with ¢, in (A16). Both the Rossby—Haurwitz solutions and the spherical Beltrami
constructions exploit a common eigenmode principle on the sphere: by choosing fields
built from spherical eigenfunctions, the nonlinear advection terms simplify and the
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resulting pattern can persist while being Doppler-shifted/advected by the same solid-
body background rotation up = £25 Z x x. In the Rossby—Haurwitz case, the motion is
purely tangential and non-divergent, u =V x ( 7), with Agyy =—£(£+ 1)¢ so that
the relative vorticity satisfies £ = —(1/r2) Asy o ¥, yielding an exact nonlinear solution
of the barotropic vorticity equation whose frequency is the intrinsic Rossby drift plus
the Doppler shift by £25. In contrast, spherical Beltrami flows are three-dimensional
helical modes satisfying V x U = k U, and hence, U obeys the vector Helmholtz equation
V2U + k*U = 0; their vorticity is proportional to the velocity itself and in the presence
of up, the mode is likewise transported and Doppler-shifted by the background rotation,
but with a three-dimensional (3-D) curl-eigenfield structure rather than a surface vorticity
wave. Both phenomena can be understood as a consequence of the mismatch between the
background velocity and the effective advecting velocity.

Appendix B. Analogy to quantum field theory (QFT) solutions

The analogy of the approach described in § 3 with the approach developed in QFT is based
in that in § 3, we have a linear, time-dependent ordinary differential equation along each
material label x¢ in the form

or
E(xo, 1) =L({t)r(xo, 1). (B1)
Introduce the fundamental matrix U(z, fp), which is the deformation gradient in this
homogeneous case, by
U, 10) =L(OU(t. 10).  Ulto. o) =1, (B2)
then the particle position is
r(xo, 1) =U(, to)r(xo, 1). (B3)

If L(¢) does not commute with L(z’) at different times, the solution is the time-ordered
exponential

t
U(t, 10) = Texp (/ L(z) dr) . (B4)
1

0
Equivalently, we may use the Dyson series (Dyson 1949q, b),

t
U(t,to):H—/

fo

t T]
dr L) + / ar, / dry L(r)) L(z2) + - - (B5)

That is mathematically the same structure as quantum time evolution in 041 dimensions

(time dependence but no space dependence) in which the QFT evolution operator H()
(the Hamiltonian operator) acts on the wavefunction 1 (¢) in the Schrédinger equation

d N A
i WO =HOW@®) = W) =Ue0)Y), (B6)

with the evolution operator
t
Ul(t, tg) =T exp (—i/ H(7) dl’) . B7)

In quantum mechanics the Hamiltonian operator H (t) 1s Hermitian, H ()= H (1), which
implies that the evolution operator (B7) is unitary, UTU =1, and therefore preserves the
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norm (v |¢). With the identification H (t) =1iL(z), this property corresponds to LY (1) =
—L(#), i.e. L(¢) is anti-Hermitian. For real-valued velocity gradients, this reduces to
LT (1) = —L(2), so that L(¢) is skew-symmetric and generates a pure rotation. By contrast,
for a general fluid velocity gradient L(¢) containing strain (symmetric part), the propagator
is not unitary and the particle separation ||r|| can be amplified or attenuated, even though
the evolution retains the same time-ordering (Dyson-series) structure as in Schrodinger
dynamics.

Although this setting is purely classical, it is useful to note a structural analogy with
gauge transport in quantum theory. In the homogeneous background case Vu, =L(2),
the deformation/transport of a vector quantity along a material label is governed by a
linear non-autonomous system whose fundamental matrix is U(z, 7o) with time ordering
required when [L(7), L(z')] # 0. This is mathematically the same propagator structure as
quantum time evolution, U (t, tp), and may be viewed as a classical ‘connection’ generating
parallel transport of the field components. In this sense, the background velocity gradient
L(z) plays the role of an effective gauge potential acting on the transported object (here
the Beltrami excitation), while the resulting drift/deflection can be interpreted as the
analogue of a non-trivial holonomy. A non-trivial holonomy in this homogeneous-flow
analogy corresponds to a situation where, after a cycle of the background (e.g. L(z + T) =
L(¢)), the one-period propagator is not the identity, i.e. U(tg + T, to) # |, implying a net
rotation/stretch (or phase-like change) of transported directions or modes even though the
background has completed a full ‘cycle’. This is a formal analogy (acting in physical-space
frames rather than an internal gauge space), included to clarify the role of the time-ordered
propagator.

Appendix C. On the ‘Gauss potential’ and the role of the seed function n
In the Chandrasekhar—Kendall-type construction, we take n = Z and define

N 1
x=n)z, WEHszx, U=V xy, (ChH
with seed function
n(x) = je(kr) Y;" (0, ¢), (€2)
which satisfies the scalar Helmholtz equation. Since Z is constant,
Vx(nz)=Vnx2Z. (C3)
In cylindrical coordinates (p, ¢, z), using
. L1 R
Vn=p8pn+(o;8¢n+z3zn, (C4)
one obtains
N .
VnXZ=p;8¢n—¢8pn, (C5)

and therefore the vector potential ¥ in (C1) has cylindrical components
1 1
ko k

For the axisymmetric subset m = 0 (hence, d,n = 0), the field is independent of ¢ and
one may introduce the standard axisymmetric flux/stream function, sometimes termed a
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‘Gauss potential’, as
Ly
k

With this definition, the poloidal component of U =V x ¥ can be expressed in the
familiar flux-function form

Y6 (p, ) =p Yp=—7pn. (C7)

1
Uy= -V x p. (C8)
P

so that the level sets ¥ = const define poloidal stream-surfaces.

For generic non-axisymmetric modes m # 0, the field depends on ¢ (equivalently,
d,n # 0), and there is, in general, no global scalar flux/stream function whose level sets
foliate the domain into invariant ‘flux surfaces’ for Y. In this fully three-dimensional
setting, the natural potential object is the vector potential ¥ in (C1).

When we refer to topology preserved under diffeomorphisms, we mean the topology
of level sets of suitably chosen scalar fields. In the axisymmetric case m =0, ¥
in (C7) provides such a scalar label whose level sets coincide with poloidal stream-
surfaces. In the general case (including m # 0), if one nevertheless wishes to track the
deformation/topology of level sets under the diffeomorphisms considered in this work,
one may instead use the seed scalar n(x) (or its real/imaginary part) as a convenient
scalar label: its isosurfaces n = const define a well-posed family of reference surfaces,
even though they are not, in general, stream/flux surfaces of U.

We consider now the diffeomorphic invariance of field-line topology and the scaling
symmetry of k. Let U(x) be a solenoidal field and let @; be the smooth flow map
generated by a smooth advecting velocity (so @; is a diffeomorphism for all ¢ before
any singularity/caustic formation). The advected/push-forward field may be written
schematically as

U; = (P1)«Uo, (C9)

so that field lines are transported by &; as embedded curves. In particular, any
field-line connectivity and knot/link type is preserved under such smooth advection:
a diffeomorphism can deform field lines but cannot cut, reconnect or change their
topological class. In addition, the Beltrami families in this work exhibit a simple scaling
symmetry that changes the curl eigenvalue while preserving field-line topology. Indeed, if
U satisfies

VxU=kU (inR?), (C10)
then for any A > 0, the rescaled field
UWY (x) =U(x) (C11)
satisfies
V xUD = k) UD. (C12)

Since x — Ax is a diffeomorphism of R3, this transformation preserves the topology of
field lines (it amounts to a global change of length scale), while continuously rescaling the
parameter k.

The spectral properties of the curl operator (Yoshida & Giga 1990) depend sensitively
on the domain and boundary conditions. On bounded domains with physically
imposed boundary conditions (e.g. tangential/normal constraints, as in the oceanographic
application considered in Appendix A, the curl spectrum is typically discrete, so changing
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k at fixed domain/BC usually means selecting a different eigenfunction, and it is then
unsurprising that field-line geometry/topology may change across eigenmodes. In contrast,
on unbounded domains (or in settings where scale is not fixed a priori) one naturally
encounters continuous families related by symmetries such as translations, rotations and
the scaling map above, for which & may vary continuously without forcing a jump to a
topologically unrelated eigenfunction. This clarifies why the symmetry-generated families
considered here do not support the heuristic ‘changing the eigenvalue implies a topology
change’: in our case, the change in k is produced by an explicit diffeomorphic (and, in
particular, topology-preserving) transformation, rather than by moving between distinct
eigenfunctions on a fixed bounded domain with fixed boundary conditions.
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