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EVALUATION OF TWO CONVOLUTION SUMS
INVOLVING THE SUM OF DIVISORS FUNCTION

MATHIEU LEMIRE AND KENNETH S. WILLIAMS

The convolution sums Y o(m)o(n—~5m)and Y. o(m)o(n— 7Tm) are evaluated

m<n/5 m<n/7
for alln e N.

1. INTRODUCTION.

Let N denote the set of natural numbers. We set
ox(n) = Zd", n,k €N,
dln
where d runs through the positive integers dividing n. If n ¢ N we set ox(n) = 0. We
write o(n) for o1(n). We define the convolution sum Wi(n) by

(1.1) Wi(n) = Y a(m)o(n —km),
m<n/k

where m runs through the positive integers < n/k. The sum W;(n) has been evaluated
fork=1,2,3,4,6,8 9and 16 foralln € N, see [4, 7] (k =1), [7, 8, 9] (k=2, 3, 4),
2] (k=6), [11] (k= 8), [8, 9, 10, 12] (k = 9), [1] (k = 16). For k = 5 Melfi [8, 9] has
shown that for n = 8(mod 16),n # 0(mod 5)

(1.2) Wi(n) = é%ag(n) + (% - ;—On)a(n).

In this paper we make use of some recent results of Berndt, Chan, Sohn and Son {3] to

evaluate Ws(n) and W7(n) for all n € N. We prove

THEOREM 1. ForallneN

Ws(n) = 3—?—2-03(71,) + ;—fg@ (g) + (512 - Elén)a(n) + (% - in)a(g—) - ﬁ%(")’

where the cs(n) (n € N) are integers defined by

(1.3) e[J -1 - =) es(n)g
n=1 n=1
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The first twenty values of c5(n) are c5(1) = 1, ¢5(2) = —4, ¢s5(3) = 2, ¢5(4) = 8,
¢5(5) = =5, c5(6) = =8, ¢5(7) = 6, c5(8) = 0, ¢5(9) = —23, ¢5(10) = 20, c5(11) = 32,
cs(12) = 16, c5(13) = —38, c5(14) = —24, c5(15) = —10, c5(16) = —64, c5(17) = 2,
¢5(18) = 92, ¢5(19) = 100, ¢5(20) = —

THEOREM 2. For aII neN

Wi(n) = 120”3( m + 135 120 (7) (24 ) ( )+(214 _in)"(g) 710°7(")

where the c;(n) (n € N) are integers defined by

(1.4) q(ﬁ(l - )1 - ¢™)® +13¢ H(l —q")'2(1 - g™)12
n=1 .

n=1
. 00 1/3 -]

+aae [Ia-Pa =) =Y ertme”
n=1 n=1

The first twenty values of c7(n) are c7(1) = 1, ¢(2) = —1, ¢;(3) = -2, ¢(4) = —~7,
c2(5) = 16, ¢7(6) = 2, ¢2(7) = —7, c2(8) = 15, ¢2(9) = —23, ¢;(10) = —16, ¢7(11) = —
c7(12) = 14, ¢;(13) = 28, c7(14) = 7, ¢;(15) = —32, ¢;(16) =41, ¢;(17) = 54, c;(18) = 23,
¢2(19) = —110, c7(20) = —112. :

2. NOTATION.

Let z = z+ iy € C be such that y > 0. Set ¢ = €?™'* so that |g| = e~?™¥ < 1. The
Dedekind eta function 7(z) is defined by

(2-1) 77(2) = e2'1n‘z/24 ﬁ(l _.621n'nz).

n=1

Following Ramanujan (see [3, p. 82]) we set
0 o0
(22) f(=q) = ey (z) = [T(1 - &) = [T - 0.
n=1 n=1
It is convenient to set

(2.3) A:= f(~q), B:= f(—¢°), C:= f(-q").

We define cs(n) and cz(n) by (1.3) and (1.4) respectively. It is clear that cs(n) € Z.
We shall show that ¢;(n) € Z in the proof of Theorem 2. From (1.3), (1.4), (2.2) and
(2.3), we obtain

(2.4) gA*B* = ) cs(n)g”.
n._l

3p3f_ 3,3 n

(2.5) qA*B ( = 4 13g4%C° + 49¢° ) Zc,(n .
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The Eisenstein series P(g) and Q(q) (see (3, p. 81]) are defined by

(2.6) . P(g):==1- 24Za(n)q"
n=1

and

(2.7) Q(g) :=1+240) _ a3(n)q"
n=1

3. PROOF OF THEOREM 1.

We begin with a classical result.
LEMMA 3.1.

P(g)*=1+ i(24003(n) — 288no(n))q"

n=1
PROOF: See for example Glaisher {5, 6]. 0
LEMMA 3.2.
o0
52 = mY _ 288 (7))
P = 1+§(24003(5) - na(s))q :
PROOF: Letting ¢ — ¢° in Lemma 3.1 we obtain the result. 0

LEMMA 3.3.

AlO 10
(P(g) - 5P(¢%)% = 65 + 352¢A*B* + 20004¢* 11342

PROOF: This follows from [3, (3.21), (3.34)] and (2.3). 1]
LEMMA 3.4.
AIO - 2Blo
(a) Q(g) = 32 + 250¢A*B* + 3125¢ -
BlO
(b) Q(¢®) = + 10gA*B* + 5¢° -
Proor: This follows from [3, Theorem 3.1, p. 85] and (2.3). 1]
LEMMA 3.5. o
A 3125 (n\ 125 n
(a) B = Z( HRM+ 73 03(‘5) - "1305("))0 ,

o e § (Lo ofd) - o)
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PRroOOF: From Lemma 3.4 we obtain

Alo 5 4 N4
(3.1) 7= 624Q(¢1) + 624Q(q ) - qA B
and
(3:2) 2B L 00) - —=-QUe") - Lqa*B"
. 742 3120 U~ 3190\ T 394 7

Letting ¢ = ¢° in (2.7), we obtain

o <]
5y _ n\ n
(3.3) Q(q)—1+240§as(5)q
Using (2.4), (2.7) and (3.3) in (3.1) and (3.2), we obtain the asserted results.
LEMMA 3.6.
_ 1920 4800 n 576 n
(P( ¢)" =16+ Z( = (5) +_1?C5("))q '

PROOF: This follows from Lemma 3.3, Lemma 3.5 and (2.4).

LEMMA 3.7.

P@PE) = 1+ (ot + 2o(§) - Htnotr) 16t (§) - Bes )

5 65

Proor: This follows from Lemmas 3.1, 3.2, 3.6 and the identity
1 5 1
P(g)P(¢") = 15P(@)* +3P@*) - 5 (P(@) - 5P(¢")’.

PROOF OF THEOREM 1. Letting ¢ — ¢° in (2.6), we obtain

Sy _ = n n
(3.4) Pg>)=1- 24§a(g)q
Next
S Wit =3 (3 atmon-sm) )a"
n=1 1 Ym<n/s

—ia(z)q)( > otm)e™)
-

( P(q))(l - P(q“"))
(

P q) - %P( ¢°) + -5-7—6P(q)P(q5)-
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Appealing to (2.6), (3.1) and Lemma 3.7, and equating coefficients of ¢" (n € N),
we obtain the required result. 0

Since cs(mn) = cs(m)cs(n) for a.ll m,n € N with (m,n) =1 and c5(8) = (sée [9]),
we deduce that c5(n) = 0 for all n € N with n = 8(mod 16). Hence for n = 8 (mod 16)
Theorem 1 gives

5 125 n 1 1 1 1 n
Wa(n) = gi03(n) + g750(5) + (EZ 2577 + (57~ 1)°(5)-
Melfi’s result (1.2) is the special case of this result when n # 0 (mod 5).
We show that the evaluation

(3.5) cs(5%) = (-1)*5*, ke Nu {0},

is a consequence of Theorem 1. Let n € N. The elementary identities

(3.6) o(5n) = 6o(n) — 50(n/5)
and
(3.7 03(5n) = 12603(n) — 1250(n/5)

are easily proved. Thus

Ws(5n) = Z o(m)o(5n — 5m)

—62 o(n—-m)— 52 (n —m)/5).

It is a classical result that

5 1 =n
> o(m)aln —m) = Zo(n) + (35 - 2)o(n),

m<n

see for example [7]. Also

Y a(m)a((n—m)/5) = Y o(n - 5t)a(t) = Ws(n).

m<n t<n/5

Hence 5 1
Ws(5n) + 5Ws(n) = an(n) + (5 - 3n)a(n).

Appealing to Theorem 1, (3.6) and (3.7), we obtain
¢5(5n) = —bes(n), n €N,

from which (3.5) follows.
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4. PROOF OF THEOREM 2.

It is convenient to set

AT 33 ,CT\1/3
(4.1) H = (C+13ch +49q A) ,
where A and C are defined in (2.3).
LEMMA 4.1.

P =1+ 3 (20003 (2) - Bno(2)) o
n=1

PROOF: Letting ¢ — ¢’ in Lemma 3.1, we obtain the result.

LEMMA 4.2,
(P(q) - 7P(¢"))* = 36H".

PROOF: From (3, Lemma 6.2, p. 109] we obtain

P(9) - TP(d") = -6(%

Squaring both sides we obtain

1+ ISqF + 49¢q

AT\4/3 ct
(P(q) - TP(q"))* = 36( E) (1+ 1395 +49¢°

7
= 36(’2 +13gA%C° + 49q20A )

= 36H*.
LEMMA 4.3. , .
(A 3p3 1%
(a) Q) = ( = + U5qAB® + 200182 )H.
N = A3 B3 C7 H
® Q)= (% +s08 )8,

PRrooOF: This follows from {3, Theorem 5.1, p. 100].

LEMMA 4.4. -
gA’B%H = Z cr(n)g®

n=1

Proor: This follows from (2.5) and (4.1).

LEMMA 4.5; -
() %—H =1+ nz=:1( 110"3(") %103 (;) - %m(n)) q".
(b) Q’H Z ( o3(n) — 110 (:) - %607(n))q".
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ProoF: From Lemma 4.3 we obtain

A7 1 2401, -
(4.2) | = —mQ( q)+ 2400Q( q') -~ A C°H
and
(43) ¢S H = 200) - 5QM) - meA’CH
2 7= 2400 2400

Letting ¢ = ¢7 in (2.7) we obtain

(4.4) Q¢) =1+ 240}2;03 (%) T
Using (2.7), (4.4) and Lemma 4.3 in (4.2) and (4.3), we o'btain the asserted resuits. [
LEMMA 4.6.
(P@) - TP(a")) = 36 + Z(% o) + oy () + o) )
ProoF: This follows from Lemmas 4.2, 4.5 and 4.6. ‘ 0

LEMMA 4.7.

P@PE) =1+ 3 (Losto) + 520 (2) - Htnoto
n=1

- 144na(g-) - g§§C7(n))q".

Proor: This follows from Lemmas 3.1, 4.1, 4.7 and the identity

1 49 1 2
N Lpnzye ¥pnz_ 1 _ 7
P(q)P(q") = 1;P(a)* + 77 P(d') - 17(P(9) - 7P(d)))". 0
PRrROOF OF THEOREM 2. Letting ¢ — ¢’ in (2.6), we obtain
o0

N —1_ 2 n
(4.5) Pd)=1 2420(7);
Next

z o(m)o(n — 7m)) q

n
m<z

= (S o0e) (S otma)

=1 m=1
- (57 (=)

=~ = Pl0) ~ 5=P(d) + PP,

fj watma =3 (

n=1
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Appealing to (2.6), (4.5) and Lemma 4.7, and equating coefficients of ¢", we obtain the
formula for W;(n) in Theorem 2. .
We now show that the ¢;(n) are integers. It is easy to check that for all » € N we

have
o3(n) = o(n) (mod 3)
and ’
o3(n) = (2n — 1)o(n) (mod 4).
Hence

703(n) + 34303(n/7) + (35 — 30n)o(n) + (35 — 210n)o(n/7)
' = g3(n) + 03(n/7) — o(n) — a(n/7) = 0 (mod 3)

and

To3(n) + 34303(n/7) + (35 — 30n)a(n) + (35 — 210n)o(n/7)
= —o3(n) — o3(n/7) - (1 + 2n)o(n) — (1 + 2n)o(n/7) = 0 (mod 4)

S0
7o3(n) + 34303(n/7) + (35 — 30n)o(n) + (35 — 210n)o(n/7) = 0 (mod 12).
Thus
e(n) == 7o3(n) + 34303(n/7) + (35 -—1320n)0(n) + (35 — 210n)a(n/7) cz
Hence
cz(n) = e(n) — 70W7(n) € Z. 1}
Similarly to the proof of (3.5) we can use Theorem 2 to show that
(4.6) cr(T%) = (-1)*7%, ke Nu{0}.
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