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ALMOST SPLIT SEQUENCES WHOSE MIDDLE TERM 
HAS AT MOST TWO INDECOMPOSABLE SUMMANDS 

M. AUSLANDER, R. BAUTISTA, M. I. PLATZECK, I. R E I T E N - A N D S. O. SMAL0 

I n t r o d u c t i o n . Let A be an ar t in algebra, and denote by mod A the category 
of finitely generated A-modules. All modules we consider are finitely generated. 

/ • & 

We recall from [6] t ha t a nonsplit exact sequence 0 —•> A —> B —» C —> 0 in 
mod A is said to be almost split if A and C are indecomposable, and given a 
map h: X —> C which is not an isomorphism and with X indecomposable, there 
is some /: X —» B such tha t gt = h. 

Almost split sequences have turned out to be useful in the s tudy of represen
tat ion theory of art in algebras. Given a nonprojective indecomposable A-
module C (or an indecomposable noninjective A-module A), we know tha t 

there exists a unique almost split sequence 0 —» A —> B —> C —•» 0 [6, Proposi
tion 4.3], [5, Section 3]. To an indecomposable nonprojective A-module C there 
is hence associated an invar iant a(C), which denotes the number of summands 
in a direct sum decomposition of B into indecomposable summands . If for 
example A is a N a k a y a m a (i.e. generalized uniserial) algebra, it is not hard to 
see tha t a(C) ^ 2 for each indecomposable nonprojective A-module C (see 
[7, Proposition 4.12]). I t would be interesting to know if there is some integer K 
such tha t if C is an indecomposable non-projective module over an algebra A 
of finite representation type, then a(C) ^ K. Examples show tha t if there is 
some such K, then K ^ 4. I t would also be interesting to know if for a given 
art in algebra A, there is some integer a (A), such tha t a(C) ^ « (A) for each 
indecomposable nonprojective A-module C. 

We recall from [7] t ha t a map g: B —> C in mod A is said to be irreducible 
if g is neither a split monomorphism nor a split epimorphism, and whenever 
there is some commuta t ive diagram 

X 

SX 
B • C , 

then s is a split monomorphism or t is a split epimorphism. I t is not hard to see 
tha t an irreducible map is either a proper epimorphism or a proper mono
morphism (see [7, Proposition 2.6]). If C is an indecomposable nonprojective 
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A-module, then a map gf: B' —> C is irreducible if and only if g' is not zero and 
there is a map g": B" —> C such that we have an almost split sequence 

o->i-+£'ii£" fe',g"))C->o. 
And if A is an indecomposable noninjective A-module, then a m a p / ': .4 —» 13' 
is irreducible if and only if / ' is not zero and there is some m a p / " : A —» £ " 
such tha t we have an almost split sequence 

( f f") 

(see [7, Section 3]). We recall from [2, Section 6] tha t we have an equivalence 
relation ~ on the indecomposable objects in mod A, where A ~ B if and only 
if there is a finite sequence A = A0, A\, . . . , An = B of indecomposable 
modules such tha t there is some irreducible map from A t to A i+i or from 
Ai+i to 4̂ Î, for i = 0, . . . , n — 1. If C is an indecomposable A-module, [C] 
denotes the corresponding equivalence class. If 0—* A —>B—>C—>0 is an 
almost split sequence, it follows from the connection between almost split 
sequences and irreducible maps tha t [A] = [C]. 

The main result in this paper is tha t for a certain class of artin algebras 
containing the algebras stably equivalent to hereditary algebras, in part icular 
the hereditary algebras, we have a(C) ^ 2 for each indecomposable module C 
such tha t [C] contains neither projectives nor injectives. 

The organization of the paper is the following. In Section 1 we introduce a 
condition (^4) on an art in algebra A, and show tha t under this condition 
a(C) ^ 3 when [C] contains neither projectives nor injectives. We also 
investigate the special cases when a(C) ^ 2 and when there is some C such 
tha t a(C) = 3 more closely. 

In Section 2 we consider conditions which imply tha t a (C) ^ 2 when [C] 
contains neither projectives nor injectives. In particular, we introduce a new 
condition (B) on art in algebras, which together with condition (A) will be 
sufficient to get our desired conclusion. 

In Section 3 we show tha t an artin algebra stably equivalent to an hereditary 
algebra satisfies conditions (^4) and (B). We also include a discussion of the 
two questions mentioned in the beginning of this introduction. 

The main result of this paper was to a large extent inspired by a talk given 
by C. M. Ringel in Oberwolfach in June 1977, where he announced tha t 
a(C) ^ 2 if C is an indecomposable A-module such tha t [C] contains neither 
projectives nor injectives, for a large class of hereditary algebras A. Since 
then Ringel has independent of our work extended his work to all heredi tary 
algebras [13]. Whereas the proofs of our preliminary results in Section 1 are 
similar to those of Ringel, the proofs tha t a(C) ^ 2 for C indecomposable such 
tha t [C] contains neither projectives nor injectives are completely different. 
We use for this, as in Section 1, only the theory of almost split sequences and 
irreducible maps, whereas Ringel assumes tha t the algebra is hereditary and 
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uses in addit ion properties of the Coxeter t ransformations and earlier results 
by Dlab and himself on tame heredi tary algebras. 

If A is an art in algebra satisfying our conditions (A) and (B), and C is an 
indecomposable A-module such tha t [C] contains neither projectives nor 
injectives, we have in addit ion toa(C) S 2 t ha t if 0 —> A —> Bi !L 2?2 —» C —» 0 
is an almost split sequence where B\ and B2 are indecomposable and L(B\) 

^ L(C), then L(B2) > L(C). Here L denotes length. Much of the interest in 
our results lies in the fact t ha t Ringel has shown (announced in Oberwolfach, 
see [13]) t ha t if [C] has the above properties, then the objects in [C] behave 
much like uniserial objects. Hence it would be very interesting to find more 
general classes of ar t in algebras satisfying (^4) and (B). Actually, we do not 
know of any ar t in algebra which does not satisfy these conditions. 

§ 1. Let A be an artin algebra and denote by cé the full subcategory of mod 
A whose objects X are such that the indecomposable summands B of X have 
the property that [B] contains no injectives and no projectives. We point out 
that^7 is empty if A is of finite type, and we conjecture tha t^ is not empty 
otherwise. Denote by D the ordinary duality for artin algebras, and by Tr 
the transpose. For this we recall that if C is in mod A and Pi -» P0 —> C -> 0 
is a minimal projective presentation of C in mod A, then the A07)-module 

T r C is given by the exactness of the sequence 

H o m A ( P 0 , A) -> Horn A (Pi , A) -> T r C - » 0. 

T r is not in general a functor from mod A to mod Aop, bu t is a functor, and even 
a duali ty, from mod A to mod Aop, the module categories modulo projectives. 
Consequently D T r is not in general a functor from mod A to mod A, bu t from 
mod A to mod A, and here even an equivalence, where mod A denotes mod A 
modulo injectives (see [6]). F o r / in mod A we denote by f and / the corres
ponding morphisms in mod A and mod A. 

If/: M —> TV is a map in mod A, there is s o m e / ': DTrAf —> DTrTV such tha t 
D T r / = / ' , b u t / ' is not in general uniquely determined. However, whether 
/ ' is a monomorphism is independent of the choice o f / r , as follows from the 
following lemma. 

LEMMA 1.1. Let A be an artin algebra and M and N objects in mod A with no 
nonzero injective summands. If g: M —+ N is a monomorphism and h: M —• TV is 
such that g = h, then h is also a monomorphism. 

Proof. Since g = h, we have a commuta t ive diagram 

/ 

where / is an injective A-module. Since N has no nonzero injective summands , 
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we must have /(soc / ) = 0, and consequently (g — h) (soc M) = 0, where 
soc X denotes the socle of X. If x is a nonzero element in soc AI, then g(x) 7^ 0, 
since g is a monomorphism. Consequently we have h(x) = g(x) ^ 0, which 
shows tha t h\ M —» iV is a monomorphism. 

I t is a consequence of Lemma 1.1 tha t if/: M —> N is a map in mod A, it is 
well defined to say tha t DTr / : DTrilf —> DTriV is a monomorphism. Similarly 
it is well defined to say tha t T r D / : T r D M —» Tr DiV is an epimorphism. 

We shall now introduce the following conditions on an artin algebra A. 

(A) If/: M —> N is an irreducible monomorphism and M or N is indecom
posable and in ^ , then DTr / : DTr M —» TrDiV is a monomorphism. 

04 ' ) I f / : ikf —» N is an irreducible epimorphism and M or iV is indecom
posable and in cé\ then T r D / : T r D ill —> TrDiV is an epimorphism. 

We have the following relationship between these conditions. 

LEMMA 1.2. For an artin algebra A, the conditions (A) and (Af) are equivalent. 

Proof. Assume first tha t (A) holds, and l e t / : AI —» N be an irreducible epi
morphism where M or TV is indecomposable and in c6\ Choose f'\ T r D M —» 
TrDiV such tha t f = T r D / . Assume to the contrary tha t f is not an epi
morphism. Since we know from [8, Proposition 1.2] tha t / ' is irreducible, f 
must then be a monomorphism. We then have DTrf = D T r T r D / = / , so 
tha t we conclude by condition (.4) t h a t / : M —» N is a monomorphism. This is 
a contradiction to the fact tha t / : M —-> iV is an irreducible epimorphism. 
Hence (,4') holds. 

It follows similarly tha t (A') implies (^4). 

We shall in this section show tha t if A satisfies (A) and C is indecomposable 
and in c€, then we have a(C) ^ 3, where a(C) denotes the number of inde
composable summands of B in an almost split sequence 0 —> A —».£>—> C —> 0. 
And we shall further get some more information in the case when a(C) ^ 2 
for all indecomposable C in c€ and in the case when a(C) = 3 for some inde
composable C in c€. 

We star t out with some preliminary results. 

LEMMA 1.3. Let A be an artin algebra, and assume that / : M —> N and g: 
N —-> TrDikf are irreducible maps and that M or N is indecomposable and in *$. 
If A satisfies (A ), we have the following. 

(a) f and g are not both monomorphism s. 
(b) f and g are not both epimorphisms. 

Proof, (a) If / : M —» N and g: N —» TrD M are monomorphisms, then 
DTr / : D T r M —> DTriV and DTrg: DTriV—» M are monomorphisms since A 
satisfies (A). Since M or N is indecomposable and in ^ , we have tha t D T r AT 
or DTriV is indecomposable, and is in &, since we know tha t if 0 —> 4̂ —> B —> 
C —> 0 is an almost split sequence, then A ~ D T r C [6, Proposition 4.3] and 
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consequently [C] = [DTrC] . I t then follows tha t for all r > 0, D T r r / and 
DTrTg are nonzero monomorphisms, so t ha t we get a chain of proper nonzero 
monomorphisms DTrTN —> DTr r - 17V —».. .—» DTrA^ —> N. Since r can be 
chosen arbitrari ly large, this is a contradiction. 

(b) Follows in an analogous way. 

LEMMA 1.4. Let A be an artin algebra satisfying (A), and assume that B is 
indecomposable in ^ . Then we have the following. 

(a) If fi\ B1-^B and f2: B2->B are such that ( / i , / 2 ) : Bx 11 B2 -> B is 
irreducible, then f2 is a monomorphism if fi is an epimorphism. 

(b) If fx: B-^Bl and f2: B-*B2 are such that (fuf2): B - » Bx 11 B2 is 
irreducible, thenf 2 is an epimorphism iff1 is a monomorphism. 

Proof, (a) Assume to the contrary t h a t / i : Bi—>B a n d / 2 : B2—*B are both 
epimorphisms, and let 

0 -> D T r £ -*Bl 11 B2 11 K-+B-+0 

be an almost split sequence. Let t ing L denote length, we have t ha t L(Bi) > 
L(B), and consequently L(DTrB) > L(B2), so t ha t the irreducible map 
DTrB —> B2 is an epimorphism. Since also/2: B2 —-> B is an irreducible epimor
phism and B is in ^ , we have a contradict ion by Lemma 1.3(&). 

(b) is proved in a similar way. 

LEMMA 1.5. Let A be an artin algebra satisfying {A). Let B be indecomposable 
in ^ andfi'. Bt —> B, i = 1, . . . , n nonzero maps such that the induced map 

f: Bi 11 B2 11 . . . 11 Bn-*B 

is irreducible. If f\\ B\ —» Cis an epimorphism, then n S 2. 

Proof. Assume tha t the conclusion is not t rue. We can then clearly assume 
tha t n = 3 and tha t B2 and B3 are indecomposable. Consider the almost split 
sequence 0 —> J31- —> Ct —> T r D i ^ —•» 0 for i = 2, 3. Since /,-: B, —-> B is irre
ducible, we know tha t B is a summand of Ct. Hence 

L(B<) +L(TrDBi) = L(B) + r,, 

where rt g; 0. Consider the almost split sequence 

0 - » D T r £ -> Bx 11 B2 11 Bz 11 K - » B - » 0. 

We know from [8, Section 2] t ha t we then have an almost split sequence 

0 -> B -> T r O B i 11 T r D £ 2 H T r D £ 3 11 T r l ) i £ -> T r l ) £ -> 0. 

Here we use t ha t TrDB is in r ^ , so t ha t the middle term in the above almost 
split sequence has no nonzero projective summands . 
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From these exact sequences we obtain 

L(liUBt) + L(llUTrDBt) + L{K) + LÇTrDK) = 

= L(DTTB) + L ( T r D S ) + 2L(B) = L{BX) + LÇTrDB,) 

+ 2L(B) + r2 + r,+ L(K) + L(TrDK). 

Hence L(BX) + L ( T r D £ i ) S L(DTrB) + L ( T r D £ ) . But since fx: BX^B 
is an epimorphism, it follows by Lemma 1.3 tha t DTrj3 —» B\ is an irreducible 
monomorphism, and consequently L(DTr i^ ) < L{BX). Fur ther it follows by 
condition {A') tha t TrD/ r : TrDi^i —» TrDi^ is an epimorphism, so tha t 
L(TrD.B) ^ L (T rDi^ i ) . We then have a contradiction, and can conclude tha t 
n ^ 2. 

We are now ready to prove the main result in this section. We point out t ha t 
by definition (DTr)°C = C = (TrD)°C, and for r > 0 (DTr )~ r C = ( T r D ) r C . 

T H E O R E M 1.6. Let A be an artin algebra satisfying condition (A), and let B be 
indecomposable in c€. Then we have the following. 

(a) a(B) S 3. 

(b) Ifa(B) = 2, and 0 -> DTrB -> Ex i i E2 ^ h ^2> B-+0 

is an almost split sequence with E\ and E2 indecomposable, then one of the maps 
/ i : JEI —» B and f2: E2 —> B is a monomorphism and the other is an epimorphism. 

(c) If a(B) = 3 and 0 -> DTrB -> £ \ 11 E 2 11 £ 3 -> B -> 0 w arc a / ra^/ 
s£/i7 sequence, then all the induced maps Et —* B,i = 1, 2, 3, ar<? monomorphism s, 
and all induced maps DTrB —» i ^ are epimorphisms. 

Proof. Assume first tha t we have an almost split sequence 

0 -> D T r £ -> 11'U Et -» 5 -> 0, 

where E ; is indecomposable and n ^ 2. If fx: Ex—> B is an epimorphism, we 
have tha t n = 2 by Lemma 1.5 and t h a t / 2 : E2—>B is a monomorphism by 
Lemma 1.3. For if f2: E2 —-» 75 was an epimorphism, DTr£> —> E i would be an 
epimorphism. 

If n = 2, then fi: £ i —> 7i a n d / 2 : £ 2 —•» J5 can not both be monomorphisms, 
since then D T r 5 —•» E i would be a monomorphism and we would get a con
tradiction to Lemma 1.3. 

We can now assume tha t ft: E\ —-> B is a monomorphism for i = 1, . . . , n. 
Assume tha t n ^ 4. By Lemma 1.5 we then have tha t (fi,f2): E\ 11 E2—> B 
is not an epimorphism, and hence a monomorphism since it is irreducible. 
Similarly, 

(/,, . . , / „ ) : £ 3 i i . . . 1±E„->B 

is also a monomorphism, so tha t DTrB —» E i i i £ 2 is a monomorphism. We 
then have a contradiction by Lemma 1.3, so tha t n S 3. We finally point out 
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tha t if n = 3, then the induced maps YYYrB —> Et must be epimorphisms by 
Lemma 1.3. This finishes the proof of the theorem. 

We shall now s tudy more closely what we can say when there is some 
indecomposable B in c€ such tha t a(B) = 3. 

PROPOSITION 1.7. Let A be an artin algebra satisfying condition (A), and 
assume that B is an indecomposable module in rtf and 

0 -> DTrB -> Ex 11 E2 U £ 3 -> B -> 0 

is almost split with the Et indecomposable. Then we have the following. 
(a) There is a sequence of irreducible monomorphisms between indecomposable 

modules Eitki —» . . . —> Eiti = Et-^B, i = 1, 2, 3, such that a(Eiiki) = 1, 
a ( E M ) = 2 /o r j < fe,. 

(b) There is a sequence of irreducible epimorphisms between indecomposable 
modules 

B-+TrDEt -> (T rD) 2 E, , 2 -> . . . -> ( T r l ) ) * ^ - , , , , 

wAfrcaCTrD^-E,-,^.) - 1 and a ( T r l V £ M ) = 2 for j < ki;t = 1 , 2 , 3 . 

(c) All modules in [B] are of the form D T V E ^ - , i = 1, 2, 3, 1 ^ j ^ hu 

t e Z, or of the form DTr75 , / Ç Z. 
(d) i j AT is in [B] and there is some finite chain of irreducible maps between 

indecomposable modules 

E = Eitki —> X i —> X 2 —>• . . . —» X„ = X , 

//^?z X i.v isomorphic to some TrD*E2->;, t ^ 0 or to some T r D 7 i , t ^ 0. 

Proof, (a) Since there is an irreducible monomorphism Et—>B, we know 
by Theorem 1.6 (a) and (c) tha t a(Et) S 2. If a(Ej) = 2, we know by 
Theorem 1.6 (b) tha t there is an irreducible monomorphism X —» £,-. Con
tinuing this way, we get our desired chain. 

(b) We first observe tha t we have an irreducible epimorphism B —> T r D £ ? . 
Analogous to (a) we get a sequence of irreducible epimorphisms 

B -> T r D E , = Kitl - > . . . - • KUni^ -> KUni 

with a{Ki<ni) = 1, a(Kij) = 2 for 7 < w*. So we want to show tha t nt = kt 

and ( T r D ) J £ 7 ; J = -̂ v-,./- Assume tha t for a fixed i we have shown this for 
j = jo < k{. We have an irreducible monomorphism Eij0+i —» £f,/o> hence an 
irreducible epimorphism £/, ; /0 —-> T r l ) £ ? / 0 + i , so tha t we get an irreducible 
epimorphism 

T r l V o E ^ ^ T r D ' o + ' E , , ^ ! . 

Since a (TrD J o £ j > j 0 ) = 2, we can now conclude tha t 

T r D ' « + ' £ U ( + 1 ^ i f 1 , J , + 1 . 

By considering the values of a we now get the desired conclusion. 
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(c) Let M be in [13]. Then M ~ B or there is a chain of irreducible maps 
between indecomposable modules M 0 = M — Mi — . . . — Mn = B, where 
Mi — Mî+i indicates tha t there is an irreducible map Mt —> Mi+ï or an 
irreducible map Mi+\ —> Mt. We shall prove our claim by induction on the 
length of the chain. If we have an irreducible map M —• B = Mi, then 
M = Eu and if we have an irreducible map B —> M, then M = T r D £ ^ . Let 
now w > 1. By induction hypothesis we have tha t Mi •= ( T r D ) 7 - ^ / for some 
i, j , r or Mi = TrDrB for some r. To finish the proof we explain what certain 
almost split sequences look like. 

Since we have an almost split sequence 

0 - * DTrB - » £ i JI £ 2 11 £3 -> £ --> 0, 

wre have almost split sequences 

0 -> TrD'-'B -> T r D r £ i 11 T r D r £ 2 H T r D r £ 3 -+ TrDrB -> 0. 

We have seen tha t a(EitJ) = 2 if j < k{ and tha t if also j > 1 we have irre
ducible maps Eitj —> Eij-i and EtJ —> TrDEiJ+i, so tha t we have an almost 
split sequence 

0 - » EitJ - » £ifJ-_i 11 TrDE? : , : / + i - • T r D £ ( i j - » 0. 

Similarly we have an almost split sequence 

0 - > £ , : - > £ 11 TrDE z V 2 -> TrDEt -+ 0, 

and an almost split sequence 

0 -> EiM -> £,,,,._, -> TrDE, ,* , - * 0. 

Applying ( T r D ) r for r £ Z to the above almost split sequences, we get our 
desired result. 

(d) Assume tha t we have a chain of irreducible maps between indecom
posable modules Eijki = X0 —> X\ —> . . . —> X„ = X. If w = 1, we know by 
the proof of (c) tha t X is of the desired type. It is then easy to see t ha t we get 
our desired result by induction, by using the computat ion of the almost split 
sequences in the proof of (c). 

We shall illustrate the above theorem by drawing a diagram of the irre
ducible maps between the indecomposable modules in [B]. We only draw tha t 
par t of the diagram corresponding to i = 1. £-> indicates monomorphism and 
-» epimorphism. 

In the case when there is no C in [B] with a(C) = 3, we have the following 
result. 

PROPOSITION 1.8. Let A be an artin algebra satisfying condition (A). Assume 
that B is indecomposable in c/f, and that a{C) S 2 for all C in [73]. Then we have 
the following. 
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Elkl Tri )*>-'/< liftl Tri )*•/<;,,,, 

I ) T r £ U l _ , £ ! , , , ! T r l ) ^ " 1 / ^ , , , ^ 

£ n T r l ) 3 / ^ , , 

I)Tr£i,2 £i l 2 T r l ) £ l i 2 TrI)2E,,2 T r l ) 3 £ l i 2 

/ \ / \ / \ / \ / \ 
D T r 2 £ n DTrE, , £ , , T r l ) £ , , TrD 2 £, . i Tri >'£,., 

/ < x <\ / ^ / <\ / ^ / ^ 
DTr3i* I)Tr2£ DTrB B TrDB TrD2B Tri)3 /* 

(a) There is some Bx in [B] such that a(B\) = 1 and an infinite chain of 

irreducible monomorphisms between indecomposable modules Bi—tBo—^Bz 

—*. . .—> Bt-+ . . . , îf/Wcj a{Bi) = 2 /o r i > 1. 

(h) For mc/^ i there is a chain of irreducible epimorphisms 

Bi -» T rD£*_ i - • . . . - > T r D ' " 1 ^ . 

(c) Every C in [B] is of the type DTrrB jfor some i ^ 1, r £ Z. 
(d) 77z<? almost split sequences are of the form 

0 -> D T r r ^ i -> DTrrB2 -> D T r 7 - 1 ^ ! -> 0 and 

0 -> D T r ^ i -> DTrrBi+l 11 D T r r - ^ f _ i - • D T r ^ ^ i - • 0, for i > 1. 

Proof, (a) If C is in [5 ] , then either a (C) = 1, or there is some irreducible 
monomorphism C —> C. This shows the existence of some 731 in [73] with 
a(Bi) = 1. Given C in [13], there is always an irreducible monomorphism 
C —•» C'. Hence we get our desired chain of irreducible monomorphisms 
£ i - > £ 2 - > # 3 - • . . . £ * - > . . . • Clearly a (B t) = 2 for i > 1. 

(b) Since we have an irreducible monomorphism B t-\ —+ /3 ; for i > 1, we 
have an irreducible epimorphism Bt —> T r D l ^ _ i . Our claim is then easily 
proved by induction. 

(c) follows easily by induction. 
(d) is trivial. 

We shall illustrate this result in the diagram below of irreducible maps. 
We point out the following result, which gives some extra information on 

algebras satisfying (A)} and which follows from our discussion so far. 

PROPOSITION 1.9. Let A be an artin algebra satisfying condition {A). If 
f: M —> TV is an irreducible epimorphism where M or N is indecomposable and in 
*&, then DTrf: DTrTlf —> DTrTV is an epimorphism {for any choice of D T r f ) . 
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/ / / : M —* N is an irreducible monomorphism where M or N is indecomposable 

and in *$, then TrDf: TrDM —> TrDiV is a monomorphism (for any choice of 

TrD/). 

DTr5i Bl TrDi^! TrD2£, Trl)3^ 

\ / \ / ^ / \ / 
DTr£ 2 B2 TrDBi TrD2B-

DTr2B, DTrB6 B, T r D £ 3 T r D 2 £ 3 

/ \ / \ / \ / \ / \ 
• • • • • • 

• • • •• •• •• • 
• • • • • • • • • • 

We end this section with the following interesting observation. 
PROPOSITION 1.10. Let A be an artin algebra satisfying condition (A). Assume 

that X is indecomposable in c€, and that a(Y) ^ 2 for all Y in [X]. Iff: A —> B 
is an irreducible monomorphism with A and B indecomposable and in [X], then 
C = C o k e r / is in [X]. 

Proof. Let C be an indecomposable A-module such tha t C= C o k e r / for 
some irreducible monomorph i sm/ : A —» B, where A and B are indecomposable 
and in [X]. Choose / : A —» B such tha t B has as short length as possible. If 

/ 

is an almost split sequence, then C is in [X]. If 

/ 

is not an almost split sequence, we know by our assumption and Lemma 1.4 
t ha t we have an almost split sequence 

0 -• A (J11X B H B' (g' g'\ Tri)A -> 0, 
where / 7 : A —+ Bf is an irreducible epimorphism with B' indecomposable. I t is 
then not hard to see tha t we have an exact sequence 

O^B'l+TrDA - > C - > 0 , 

where g'': B' —-> TrD^4 is an irreducible monomorphism and B' and TrY>A are 
indecomposable and in [X]. Since we have L(TrD^4) < L(B), we then get a 
contradict ion to the minimali ty of the length of B. This finishes the proof. 

§ 2 . Let A be an art in algebra. In this section we shall give sufficient condi
tions for a(C) S 2, for all indecomposable objects C in fé7, by using our results 
from Section 1. 

https://doi.org/10.4153/CJM-1979-089-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1979-089-5


952 M. AUSLANDER, R. lUl 'TISTA, M. I. PLATZECK, I. RE1TEN AND S. O. SMAL0 

We shall s tar t out with some preliminary results. 

LEMMA 2.1. Let A be an artin algebra, and K a positive integer. Then there are 

integers K' and K" such that if g: B —> C and h: C —> A are irreducible maps 

between indecomposable nonprojective noninjective modules, and L{C) < K, then 

L{B) < K' andL(A) < K". 

Proof. Let C be an indecomposable nonprojective A-module such tha t 

L{C) < if, and consider the almost split sequence 0 —•» D T r C —» E —> C —* 0. 

Let P i —» P 0 —> C —> 0 be a minimal projective presentat ion of C in mod A, 

and consider the exact sequence 

Hom A (P 0 , A) -> Hom A (P i , A) - » T r C - • 0. 

Then there is clearly some integer K\ such tha t P ( T r C ) < i f i , and conse

quent ly L ( D T r C ) < K\. Since g: B —•> C is irreducible, we know tha t 73 is a 

summand of £ [7, Theorem 2.4, Proposition 3.1]. Let t ing if' = K + i f i we 

then have that L (5) < Kf. 
The second half of the lemma is proved similarly. 

LEMMA 2.2. Let A be an artin algebra satisfying condition (A). Assume that C 
is an indecomposable A-module in c€ such that there is some integer K such that 

P ( D T r r C ) < K for all r Ç Z. {This is the case for example if C is DTr -

periodic.) Then a{X) ^ 2 for all indecomposable X in [C]. 

Proof. Assume to the contrary tha t there is some B in [C] such tha t a {B) = 3. 
By Proposition 1.7(c) and repeated application of Lemma 2.1 there is then 
some integer K' such tha t L{X) < Kf for all X in [C]. Since we know from 
[2, Section 6] t ha t [B] contains indecomposable modules of arbi trar i ly large 
length, we have a contradiction, and the proof is complete. 

PROPOSITION 2.3. Let A be an artin algebra satisfying condition {A). Assume 
that there is an indecomposable A-module C in c€ such that there is some integer K 
such that L{DTrrC) < K for an infinite number of r Ç Z. Then a{X) ^ 2 for 
all X in [C]. 

Proof. Assume to the contrary tha t there is some indecomposable B in [ r#] 
such tha t a{B) = 3. Choose B such tha t B = C or there is a finite chain of 
irreducible maps between indecomposable modules C —•> C\ —-> . . . —> Cn = B, 
and let 

0 -> DTrB -> Ex 11 E2 11 Ez -> B - » 0 

be an almost split sequence. Since we know by Theorem 1.6 (c) t ha t Et —> B 
is a monomorphism for i = 1, 2, 3, D T n S —> P i 11 P<2 is a monomorphism, and 
the composite map 

D T r P -> P i 11 E2 -> P i l P = P 2 
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is a monomorphism. By considering the almost split sequences 

0 -> T r D ' 5 -> TrD* + 1 £ i 11 T r D i + 1 £ 2 H T r D * + 1 £ 3 -> TrD*+ l F -> 0, 

we get in the same way an induced monomorphism T r D \ B —> (TrDz+1,£>)2. 

Hence we get a sequence of monomorphisms 

5 -> ( T r D £ ) 2 -> . . . -> ( (TrD)*£) 2 i - » . . . , 

and similarly for each i > 0 a sequence of monomorphisms 

D T V £ - » ( D T r * - 1 ^ ) 2 - > . . . - > (DTr£)2*' - » i*2t'+1. 

By Lemma 2.2 we can assume tha t i? is not DTr-periodic. Then for any i > 0 
we have sequences of maps which are not isomorphisms between indecom
posable modules 

( D T i O ^ - ^ D T r ) ' - 1 ^ - » . . . -* B and B -> T r D £ -> . . . -> ( T r D ) % 

such tha t the composite is not zero. 

We now use the following result [11, Lemma 12]. 

LEMMA 2.4. Let R be a ring and {Mi] ^o a family of indecomposable R-modules 
of finite length, f t ; Mt —> Mi+ifor i ^ 0 maps which are not isomorphisms, n an 
integer such that L(Mt) ^ n for all i. Then there is some integer n0 such that the 
composition fn . . . fi is zero. 

Since C c^ B or there is a finite sequence of irreducible maps between 
indecomposable modules C—»...—»i?, we get by Lemma 2.1 tha t there 
exists an integer K' such tha t L(DTrrB) < K' for an infinite number of r Ç Z. 
By considering the two sequences of maps 

(DTr ) lB -* . . . -> B and B -> TrDB -* . . . - * (TrD) *£, 

we then get a contradiction using Lemma 2.4. This finishes the proof of Propo
sition 2.3. 

The following lemma will be useful. 

LEMMA 2.5. Let A be an artin algebra, and assume that C is an indecom
posable module such that [C] contains no infectives. If X is in [C], there is an 
infinite number of Y in [C] such that there is a nonzero map from X to Y. 

Proof. Assume to the contrary tha t there is some X in [C] such tha t there is 
only a finite number of Y in [C] such tha t there is a nonzero map from X to Y. 
We then know from [9, Section 1] tha t if there is some nonzero m a p / : X —> Z 
with Z indecomposable, then X ~ Z or there is a finite chain of irreducible 
maps between indecomposable modules from X to Z, and consequently Z is in 
[X] = [C]. Since there is some nonzero map g: X —» / for an indecompoasble 
injective module / , we then get a contradiction to our hypothesis. This finishes 
the proof of the lemma. 
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To prove our main theorem we need to introduce a new condition on an 
art in algebra A. But first we shall recall some results from [5, Section 3]. 

Consider the category of addit ive covariant functors (mod A, Ah) from mod A 
to abelian groups. For X in mod A, denote by (X, ) the corresponding repre-
sentable functor. A functor F is finitely presented if we have an exact sequence 
(X, ) —-> ( F , ) —> F —> 0 with X and F in mod A. For a finitely presented func
tor F, rF is defined to be the intersection of the maximal subfunctors of F. 
rF is again finitely presented, and we define inductively ri+lF = r(rlF). We 
denote CTi=i Z1 F by rmF. 
We now introduce the following condition on an art in algebra. 

(B) If / : A = A0 —> Ai —>...—> An = B is a composition of irreducible 
maps between indecomposable modules in 9f such tha t / is a monomorphism 
and I m ( / , ) (lrco{A, ), then L ( D T r M ) ^ L(DTr? : i3) for all i > 0. 

Before we go on we point out some conditions which easily imply (B) and 
whose s ta tements do not involve any functor category. 

(Bi) If f: A = AQ —> Ai —> . . . —•» An, = 5 is a composition of irreducible 
maps between indecomposable modules in c£ such t h a t / is a monomorphism, 
then DTrf: DTivl —> D T r ^ is a monomorphism. 

(-62) If 4̂ and B are indecomposable in c1o and there is some monomorphism 
f:A—*B, then there is some monomorph i sm/ 7 : DTivl —•> DTr7i. 

We also have the following dual condition to (£>). 

(B*) If f: A = Ao —* Ai —+...—> An = B is a composition of irreducible 
maps between indecomposable modules in c€ such t h a t / is an epimorphism 
and I m ( / , ) (^ rœ (A, ), t h e n L ( T r D V l ) ^ L ( T r D ^ ) for all i > 0. 

I t is not hard to see t ha t in the following main result (B) can be replaced 

by (B*). 

T H E O R E M 2.6. Let A be an artin algebra satisfying conditions (A) and (B). 
Then a(C) ^ 2 for each indecomposable C in CS'. 

Proof. Assume to the contrary tha t there is some indecomposable B in c6' 
such tha t a(B) = 3, and consider, in the notat ion of Section 1, the sequences 
of irreducible monomorphisms 

Eijk7 —» Eitki-i — > . . . — > Eiti —> B for i = 1,2, 3 . 

By possibly replacing B by some DTrJ.£>, 7 G Z, and possibly changing the 
numbering, we may assume tha t E = E\M has minimal length in [73]. Since 
[E] contains no infectives, we know by Lemma 2.5 t ha t there is an infinite 
number of indecomposable modules F such t ha t there is some nonzero map g: 
E —> F. We then know tha t there is an infinite number of indecomposable 
modules A t together with m a p s / * : E —> A t such t h a t / ^ is a composition of 
irreducible maps between indecomposable modules and Im (/,•, ) (Z^iT,) 
([1], [9, Proposition 1.5]). For each/^ : E —> A u consider the diagram 
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ME) 

Since lm(fil)(^rco(E,)J we have Im {uu ) (J_ rLO(fi(E), ) by elementary 
properties of the radical (see [5, Section 3]). Hence for some indecomposable 
summand X of fi(E) there is some chain of irreducible maps between inde
composable modules X -^ Xi-^ X2-^ . . . —> X?l = A t [9, Proposition 1.5], 
so tha t X t [B]. Since E has minimal length in [13], / y : E —> A 7- must be a 
monomorphism. By Proposition 1.7(d) we have for a B0 which is either one of 
the modules Eitj or B tha t an infinite number of A t is of the form (TrD)TiB0, 
ri ^ 0. Hence we have monomorphisms/,-,-: E —-> (TrD)r*'7:>o such t h a t / r t . is a 
composite of irreducible maps between indecomposable modules and 
Im( / r i - , ) (tl°(E, ). By condition (73) we then have tha t L ( D T r r < £ ) ^ L(B0). 
We are then done by applying Proposition 2.3. 

We end this section with another sufficient condition. 

PROPOSITION 2.7. Let A be an artin algebra satisfying condition {A). Let B 
be indecomposable in (€ and assume that there is some r G Z such that 

L(DTr r73) ^ 2 L ( D T r r ~ 1 ^ ) or L(DTrr~lB) ^ 27.(DTr r73). 

Then we have a(B) :g 2. 

Proof. Assume to the contrary tha t a(B) = 3. Then we have an almost 
split sequence 

0 -> DTrB -+ El 11 E2 11 E, -> B -> 0, 

and consequently an almost split sequence 

0 -» D T r r £ -> D T r ^ ^ i 11 D T r ^ ^ o IL D I V " 1 ^ -> D T r ^ i * - • 0. 

We know by Theorem 1.6(c) tha t the induced maps I)Trr73 —•» DTr r _ 1E 7 : , 
7 = 1, 2, 3 are epimorphisms, so tha t L(DTrrB) > L (DTr r _ 1 7 i 7 ) , and the 
maps I ) T r r _ 1 E ? —> DTr r _ 173 are monomorphisms, so tha t 

L (DTr r - 1 7 i ) > L ( D T r r - 1 £ ï ) . 

We further know tha t 

DTr r73 -> D T r ' - ^ i 11 D T r r " 1 £ 2 

is a monomorphism. It follows tha t 

L(DTrrB) < LiDTr^Ei) + L(DTrr~lE2) < 2L(DTrr~lB) 

and similarly 

L ( D T r r - ^ ) < L (DTr r - 1 (7 i i 11 E2)) < 2L(\)TrrB). 

This contradicts the hypothesis, so we conclude tha t a(B) ^ 2. 
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§ 3. In this section we shall discuss which algebras satisfy conditions (A) 
and (73). If A is an indecomposable algebra of finite representation type, then 
there is only one equivalence class of indecomposable modules, which hence 
must contain projectives [2, Section 6]. We do not know of any art in algebras 
which do not satisfy the conditions, and it would be interesting to know if they 
all do. (J. Alperin has found an algebra which does not satisfy (A ) or (B), and 
C. AI. Ringel has shown tha t a(C) > 2\\\c€ can occur.) 

An impor tan t class of art in algebras which we can show satisfy the condi
tions is the art in algebras stably equivalent to heredi tary algebras, in par
ticular the hereditary algebras. We recall t ha t two art in algebras A and A' 
are stably equivalent if mod A and mod A7 are equivalent categories (see [4]). 
For hereditary algebras this is a direct consequence of the following well 
known result. 

LEMMA 3.1. Let A be an hereditary artin algebra and f: A —+B a rnono-

morphism in mod A, g: E —+ F an epimorphism in mod A. "Then DTr / : DTr/1 —> 
DTrB is a monomorphism and T rDg : T r D E —» TrDF is an epimorphism. 

Proof. Considering the definition of Tr , it is not hard to see t ha t for an 
hereditary algebra A, T r is a functor from mod A to modAo p , which is isomor
phic to Ext x ( , A). T r is hence right exact, so t ha t D T r is left exact and T r D 
is right exact. This gives our desired result. 

T o get the result for algebras stably equivalent to heredi tary algebras we 
shall also need the following. 

LEMMA 3.2. Let A be an artin algebra stably equivalent to an hereditary 
algebra. Iff: A —> B is a monomorphism with A and B in r6\ then there is some 
monomorphism YYYxA —>• DTrB. 

Proof. Let T be an heredi tary algebra such t ha t we have an equivalence of 
categories y: mod A —» modT. We also denote by y the induced correspondence 
between the modules with no nonzero injective summands . L e t / : A —» B be a 
monomorphism, where A and B are in fë. Since A has no nonzero injective 
summands , we know from [4, Chapter IV, Proposition 1.2] t ha t if / '': y (A) —> 
y(B) is such tha t y(f) = ff, t h e n / ' is a monomorphism in m o d r . Since 
r is hereditary, DTr / 7 : Y)Try(A) —> Y)Try{B) is a monomorphism by Lemma 
3.1. Since A and B are in cio , it follows from [9, Theorem 3.1] t ha t \YYry(A) 
= 7(DTr^4) and DTvy(B) = 7 ( D T r £ > ) . Hence we have a monomorphism 
s:y(Y>TrA)-±y(Y>TrB). Let t ing /: D T n 4 - • D T r / i in mod A be such tha t 
y if) = s, we get again by [4, Chapter IV, Proposition 1.2] tha t /: DTr/1 —> 
DTr73 is a monomorphism. 

As a direct consequence of these preliminary results we now get the following, 
using tha t if / : X - » Y with X, Y in c€ is irreducible and L(DTrAT) 
^ L ( D T r F ) , then DTr / : D T r X —» D T r F is a monomorphism. 

https://doi.org/10.4153/CJM-1979-089-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1979-089-5


ALMOST SPLIT SEQUENCES 957 

PROPOSITION 3.3. / / A is an artin algebra stably equivalent to an hereditary 

algebra, then A satisfies conditions (A) and (B). 

Another sufficient condition for an artin algebra to satisfy our conditions 

is given in the following result. 

PROPOSITION 3.4. Let A be an hereditary artin algebra and ?[ a twosided ideal 
in A such that DTr A / aAf = Hom A (A/? l , DTrM) for all k/%-modulcs M in 
^f A/21- Then A/?[ satisfies conditions (A) and (B). 

Proof. L e t / : M —>• N be a monomorphism where M and N are in r^A/?t-
Since A is hereditary, we have by Lemma 3.1 a monomorphism DTrf: 
DTrAM —> DTrAiV. Hence we have a monomorphism HomA(A/J( , DTrM) —> 
HomA(A/?[ , DTrTV). By our assumption it then follows tha t we have a mono
morphism DTrA/?jM —» DTrA/?iiV. It follows from this that A/?[ satisfies (A) 
and (B). 

We point out tha t in [8, Corollary 4.4] are given several s ta tements equiva
lent to the condition 

DTrAmM ^ HomA(A/?I, D T r M ) 

for a A/?I-module M. 
We shall now show tha t we can use our results to get some information on 

the following two questions which we mentioned in the introduction. 

(1) If A is an artin algebra, is there an integer N = a( A) such tha t a(C) ^ TV 
for each indecomposable nonprojective A-module C? 

(2) Is there some integer K such tha t if A is an artin algebra of finite 
representation type, then a (A) ^ K? And if there is such a K, what is the 
least possible value for K? 

Trivially, (1) holds for an artin algebra A of finite representation type. We 
shall now show tha t (1) also holds for an artin algebra stably equivalent to an 
hereditary algebra. For this the following two lemmas will be useful. 

LEMMA 3.5. Let A be an artin algebra and s/ a full subcategory of mod A, such 
that there is a finite number of indecomposable modules Ai, . . . , A„, with the 
property that every indecomposable module in s/ is of the form Trl)lA j for some 
i Ç Z, j = 1, . . . , n. Then the set of a (A) with A indecomposable in se is 
bounded. 

Proof. Since for an indecomposable A-module X there is only a finite 
number of indecomposable A-modules F such tha t there is an irreducible map 
X —•> F, there are only a finite number of almost split sequences in mod A 
whose middle term has a nonzero projective or a nonzero injective summand. 
We further know tha t if 0 —> yl —̂  B -^ C —> 0 is an almost split sequence and 
0 -^ A' —> B' —> D T r C —» 0 is an almost split sequence, the number of non-
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projective indecomposable summands of B is the same as the number of 
noninjective indecomposable summands of Br [8, Section 2]. If 0 —> A" —> B" 
—>TrDC—>0 is an almost split sequence, the number of indecomposable 
noninjective summands of B is the same as the number of indecomposable 
nonprojective summands of B". From these observations our claim follows. 

LEMMA 3.6. Let A and A' be stably equivalent artin algebras. If a (A) exists, 
then a (A') exists. 

Proof. Let fi: mod A —» modA / be an equivalence, and denote also by (3 the 
induced correspondence between the modules with no nonzero projective 
summands . If 0 —> A -+ B —> C —̂  0 is an almost split sequence in mod A and 
0 —» A' —> B' —> ftC —> 0 an almost split sequence in mod A', we know from 
[8, Sections 1 and 2] t ha t the number of indecomposable nonprojective 
summands is the same for B and B'. Since we have already seen t ha t there 
is only a finite number of almost split sequences whose middle term has a 
nonzero projective summand, we are done. 

We can now prove the following result. 

PROPOSITION 3.7. / / A is an artin algebra stably equivalent to an hereditary 
algebra, then a (A) exists. 

Proof. By Lemma 3.6 we can assume tha t A is hereditary. Let C be an 
indecomposable A-module. If C is in cé we know by Theorem 2.6 and Lemma 
3.1 t ha t a(C) ^ 2. If C is not in cio , then [C] contains a projective or an in-
jective module. If [C] contains a projective module, it follows as in [3, Section 
1] t ha t C= T r D ' P for some indecomposable projective A-module P and 
some i ^ 0, and if [C] contains an infective module t ha t C = DTrjI for some 
indecomposable injective A-module / and some j ^ 0. We are then done by 
using Lemma 3.5. 

We remark tha t it is possible to prove tha t if A is an art in algebra s tably 
equivalent to an hereditary algebra A', then a(C) ^ 2 for all indecomposable 
C in &, by using the corresponding result for heredi tary algebras. For denote 
by /3: mod A—^ modA r a stable equivalence and also the induced correspon
dence between the modules with no nonzero projective summands . I t can be 
proved by using [4, Proposition 1.2] and [8] t ha t if for an indecomposable 
nonprojective A-module C, [C] contains no projectives or injectives, then the 
same is the case for [fiC]. As in the proof of Lemma 3.6 we then get 
a(C) = a(pC) è 2. 

Wi th respect to question (2), we list the following information. 

PROPOSITION 3.8. If A is tin hereditary artin algebra of finite representation 
type, then a(A) S 3. 

Proof. Assume t h a t A is an heredi tary algebra of finite type, and let C be an 
indecomposable nonprojective A-module. If P is an indecomposable projective 
noninjective A-module, we know from [8, Proposition 2.4] t ha t we have an 
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almost split sequence 

0 -> P -» TrD(rP) JJL 0 -> TrDP -> 0, 

where Ç is projective, and r denotes the radical of A. By considering the dia
grams associated with the hereditary algebras of finite type listed in [10], it is 
not hard to see tha t a ( T r D P ) ^ 3. Since C must be of the type T r D i P for 

some i ^ 0 and some indecomposable projective A-module P [3, 10], and since 

in an almost split sequence 0—> A —* B —>C—> 0, B has no nonzero projective 

summands unless A is projective, we get tha t a(k) rg 3. 

We point out tha t there are art in algebras A of finite type such tha t 
a (A) = 4, but we do not know if any higher value of a (A) can occur for 
algebras of finite type. 

Example. Let A be a selfinjective algebra with r3 = 0 of finite type such tha t 
A/r2 is hereditary, and such tha t there is an indecomposable projective 
A-module P such tha t rP/socP = Si i l S2 H S3, Si simple. I t is not hard to 
find such an algebra (see [12]). We know from [7, Proposition 4.11] tha t we 
have an almost split sequence 

0 -> rP -> P 11 rP/socP - » P / s o c P -> 0 

in mod A, and consequently a(P/socP) = 4 . If Q is an arbi t rary indecom
posable projective A-module, we have an almost split sequence 

0 -> rQ -+ Q 11 rQ/socQ - » Q/socQ -> 0. 

Since A/r2 is hereditary of finite type, we know from [10] [12] tha t rQ/socQ 
has a t most three indecomposable summands, so tha t a(Q/socQ) S 4. Let 
now C be indecomposable in mod A and not isomorphic to Q/socQ for any 
indecomposable projective A-module Q. Then C is an indecomposable non-
projective A/r2-module, so we have an almost split sequence 0 —» A —» B —> 
C —> 0 in mod A/r2. Since the only indecomposable A-modules which are not 
A/V2-modules are the indecomposable projective A-modules, it follows tha t the 
above sequence is almost split also in mod A. Since A/r2 is hereditary, it follows 
from Proposition 3.8 tha t a(C) ^ 3. We have now shown tha t a(A) = 4. 

We end this section by stat ing without proof two other conditions which 
can replace condition (B) in our main result Theorem 2.6. One condition is 
based upon the following result whose proof we omit. 

PROPOSITION 3.9. Let A be an artin algebra and f: A —> B a map in mod A 

with A and B in *&. Then I m ( / , ) drœ(A, ) if and only if I m ( D T r / , ) C 
r œ ( D T n 4 , ) for all choices of DTr/ . 

On the basis of this result we get tha t the following condition (2?3) can 
replace our condition (B). 

(Bz) If/: A —>B is a monomorphism where A and B are indecomposable and 
in fé7, and I m ( / , ) (Z_r r a( i , ), then DTr / : DTn4 —> DTnB is a monomorphism. 
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Further, we have the following result which we also state without proof. 

THEOREM 3.10. Let A be an at tin algebra satisfying condition (A), and let C 
be indecomposable in c€. Then a(X) ^ 2 for all indecomposable X in [C] if and 
only if some indecomposable 13 of minimal length in [C] has the property that B is 
periodic or 

HomCB,TrD*£) = rœ(B, )(TrDiB) 

for all i > 0. 

In other words, we have the following condition, which together with (A) 
is implied by all our conditions (B), (Bi), (B2) and (53). 

(B±) There is some indecomposable module B in rtf of minimal length in 
[B] such that either 

Horn (B, TvD'B) = rœ(B, )((TrD7i) for all i > 0 

or B is periodic. 
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