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Abstract. The Kadets path distance between Banach spaces X and Y is defined
to be the infimum of the lengths with respect to the Kadets distance of all curves
joining X and Y. If there is no curve joining X and Y, the Kadets path distance
between X and Y is defined to be oc.

Some approaches to estimates of the Kadets path distance from above and from
below are developed. In particular, the Kadets path distances between the spaces
l;, p €[1,+00], n € N are estimated.

2000 Mathematics Subject Classification. Primary 46B20, 52A21, Secondary
46B07, S4E35.

1. Introduction. Path metrics (or inner metrics, or geodesic distances) are very
important objects in both classical geometry and metric geometry. See the books A.
D. Aleksandrov [1], A. D. Aleksandrov and V. A. Zalgaller [2], L. M. Blumenthal [4],
M. R. Bridson and A. Haefliger [5], H. Busemann [6], M. Gromov [11], W. Rinow
[21], J. J. Schéffer [23], and A. C. Thompson [25], where such metrics are introduced
under different names and in different contexts.

The general construction is as follows. Let M be a metric space with metric u.
Let x,y € M and let f: [0, 1] = M be a continuous mapping satisfying f(0) = x and
f(1) = y. We call such a mapping a curve joining x and y. The length of the curve f'is
defined as

sup Z u(fletior), flai)),
i=1

where the supremum is taken over all finite subsets

O<agy<ar<...<a,=<1.

If M is such that each two points of M are joined by at least one curve of finite
length, we introduce the corresponding path metric on M, defined by up(x,y) =
infimum of the lengths of curves joining x and y.

The main purpose of this paper is to study the distances that we get if we apply
this general construction to distances studied in Geometric Functional Analysis. It is
easy to verify that if we apply this construction to the Banach-Mazur distance we do
not get a new distance (this assertion follows, for example, from Lemma 1 below). In
this paper we are going to consider the Kadets distance. This distance was intro-
duced by M. 1. Kadets in [15] and was studied in several papers; see [16] and [18].
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The Kadets distance may be considered as a Banach-space analogue of the Gromov-
Hausdorff distance, well known in geometry. See [11, Chapter 3], where this distance
is called the Hausdorff distance. See also [5] and [20].

We shall use some standard notation of Banach Space Theory. See for example
[14]. We recall the necessary definitions. Let X be a Banach space and let Y and Z be
closed subspaces of X. The opening (sometimes called also gap) between Y and Z is
defined to be the Hausdorff distance between their unit balls; that is

A(Y, Z) = max{ sup dist(y, B(Z)), sup dist(z, B(Y))},
yeB(Y) zeB(Z)

where by B(Y) and B(Z) we denote the unit balls of Y and Z respectively.
If X and Y are arbitrary Banach spaces we define the Kadets distance

dg(X. Y) = inf A(UX.VY).

where the infimum is taken over all Banach spaces Z and all linear isometric
embeddings U: X — Zand V: Y — Z.
For known properties of Kadets distance we refer to [16] and the references therein.
Adapting the general definition discussed above to the Kadets distance we get the
following definition.

DEerINITION 1. Let X and Y be Banach spaces. Suppose that there exists a map-
ping Z : [0, 1] — {Banach spaces}, continuous with respect to dg, such that Z(0) = X
and Z(1) = Y. We call such a mapping a curve joining X and Y. The Kadets path
distance dgp(X, Y) between X and Y is defined to be the infimum of the lengths with
respect to dg of all curves joining X and Y.

If there is no curve joining X and Y, then dgp(X, Y) is defined to be oo.

In addition to being a special case of a well-known construction, the Kadets
path distance attracted my attention for the following reasons.

(1) The values of the Kadets distance between Banach spaces do not reflect adequately
how different are the spaces. We illustrate this statement with the following example.

In [18] (see, also [19, p. 303]) the author proved that there exist a separable
Banach space X and a non-separable Banach space Y such that dg(X, ¥) < 2+/2 — 2.
On the other hand, it is easy to show that dx(/7,1%) > 1 —ﬁ. Hence, dx(/3*,13%)
exceeds the Kadets distance between the set of separable and nonseparable spaces.

It seems that the values of Kadets path distance reflect the difference between
Banach spaces more properly than the values of Kadets distance itself.

(2) The study of the behavior of Kadets path distance is one of the natural
approaches to the following problem from [16]: whether each separable infinite
dimensional super-reflexive space belongs to the same connected component (with
respect to dy) as b,?

(3) S. Semmes [24] suggested the following problem. What is an optimal way of
connecting two convex bodies in R” by a curve of convex bodies in R"? The study of
the Kadets path distance is one of the approaches to this problem restricted to
symmetric convex bodies.

The main result of this paper is an analogue of the well-known result of V. 1.
Gurarii, M. 1. Kadets and V. 1. Matsaev [13] on Banach-Mazur distances between
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spaces [”, p €[l,+o0], n € N. (See Theorem 1 below.) In Section 5 we use the con-
struction due to A. Douady [8] to show that for any Banach space X and for any
closed subspace Y C X

dgp(Y ©oo X/ Y, X) < 2.

This estimate shows that Banach spaces that can be joined by “‘short” curves can be
quite different in many Banach-space-theoretical senses.

It turns out that results on Kadets path distance can be used in the study of finite-
dimensional versions of super-reflexivity. I am going to present my results in this
direction in a separate paper.

We use the following notation. Let £, g : N — R be defined for all sufficiently
large n € N. We write f~ g if 3¢ > 0, 3C < +o0 such that

< C for all large enough n.
< g g

1-1 q
digp(ly, 1) < Z|In( =) 1.

(b) Let1 <p < o0. Then dkp(l}, [7) =~ Inlnn.
(c) Letl <p <oo. Then dgp(l’),17.) ~ Inlnn.

d) dp(I7, ")~ Inlnn.

1° oo

THEOREM 1. {a) If 2 < p,q < 0o then dgp(ly, I) < %|1n(‘—’>|. If 1 <p,q <2 then

We describe where the proofs of different parts of Theorem 1 can be found.
Part (a) is proved in Remark 2 after Corollary 1.

All other estimates from above are proved at the end of Section 2.

Parts (b) and (c) are equivalent by Corollary 3.

Estimates from below in (b) and (d) are proved in Section 4.

2. Estimates from above. In this section we use some results on the interpolation
spaces. See [7] or Chapter 4 of [3].

We start with a very simple estimate. This is useful mainly for small values of
d(X, Y). Proposition 2 and Theorem 3 below give better asymptotic estimates.

PROPOSITION 1. dgp(X, Y) < Ind(X, Y).
We need the following well-known result.

LEMMA 1. Let X and Y be isomorphic Banach spaces and D > d(X, Y). Then there
exists a collection {X(t)}rep0,17 of Banach spaces such that X(0) = X, X(1) = Y and
d(X(6), X(m)) < D"

Sketch of proof. Let T: X — Y be an isomorphism satisfying ||7]| <1 and
7' < D.

Now, let X and Y be complex Banach spaces. We identify x € X with Tx € Y.
With such identification the pair (X, Y) is a compatible couple (in the sense of [3, p.
24)) or interpolation pair (in the sense of [7, p. 114]). It is well known that the com-
plex interpolation spaces corresponding to this compatible couple (interpolation
pair) (see [7 Paragraph 3] or [3, p. 88]) have the required property.

To consider the real case we need some results on complexifications. See [22,
Section 1.3] for more detailed discussion of complexifications.
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Let X be a real Banach space. By X we denote the complex Banach space that
we obtain if we endow the direct sum X @ X with the multiplication

(¢ +iB)(x,y) =(ax— By, Bx+ay)ce R, BeR, x e X,y e X),
and the norm
eI = max_[I(cos y)x + (sin Yyl

The space X will be identified with the subspace {(x,0): x € X} c X€.
Let T: X — Y be a linear operator between real Banach spaces. The mapping
TC¢:X¢ - Y€ defined by

T(x,y) = (Tx, Ty)

is called a complexification of T.

LEMMA 2. The mapping TC is a linear operator between the complex Banach
spaces X€ and Y€, and || T || = ||T]|.
The proof is straightforward.

REMARK. It is worthwhile to mention that Lemma 2 is not valid for some other
natural norms on complexifications of real normed spaces.

We continue the proof of Lemma 1. If X and Y are real Banach spaces, we
consider the operator T€. We have [|T€|| <1 and [|(T€)7!|| < D. We identify
x € X€ with 7€x. With such identification (X, Y€) becomes a compatible couple
(interpolation pair). Let X(z), t € [0, 1] be the intersections of the complex inter-
polation spaces corresponding to the couple with X (or Y, observe that X and Y
coincide as real linear subspaces of the couple). It is easy to check that the real
Banach spaces X{(t) have the required property. O

Proof of Proposition 1. If d(X, Y) = oo, there is nothing to prove, and so we
suppose that d(X, Y) < oo. Let D > d(X, Y) and {X(7)}¢), 17 satisfy the conditions of
Lemma 1. To get an estimate for dgp(X, Y) it is sufficient to estimate the length of
this curve from above.

We have d(X(6), X(n)) < D"~ Now we apply the estimate dx < d — | obtained
in [18]. (See Proposition 6.2 in [19] for a proof. The argument in [18] contains some
unpleasant misprints.) We get

dg(X(6), X() <= D" — 1.

Recalling the definition of the length of a curve (and using the continuity of our
curve) we get dgp(X, Y) < lim,_, o n(D'/" — 1). However

xlnD __

lim n(D'/" — 1) = lim©*——— = In D. n
x—0 X

n—oo

We shall use the result of [16] on complex interpolation spaces. Working with
complex interpolation spaces we are forced to consider Banach spaces over C only.
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Let Ai’ = (Xy, X1) be a compatible couple of Banach spaces (interpolation pair)
and let {Xjg}oe(,1) be the standard complex interpolation spaces (as they are defined
in [7, Paragraph 3] or [3, p. 88]). For 6, n € (0, 1) we let

sin(ze(n — 6)/2)
sin(r(n +6)/2)”

THEOREM 2. [16, Corollary 4.6]. If 0 < 8 < n < 1 then

h(8,n) =

dx(Xpey, X)) < 2h(6, ).

We immediately get the next result.

COROLLARY 1. If 0 < 6 < 5 < 1 then

dir(Xigy, X, )<n/" dr
KPAZ0 20 =7 | Sin(rr)”

REMARK 1. We can find the integral from Corollary 1 explicitly and get

csc(mtn) — cot(mrn)
csc(mh) — cot(rr@))'

dip(Xie), X)) < ln(

REMARK 2. Part (a) of Theorem 1 for complex spaces can be derived from
Corollary 1 in the following way. We apply Corollary 1 to the standard interpolation
between Xy = /] and X; = /4. Let 6, n € [0, 1] be such that

6 1-6

1 1
—=—-+4+——and -
p 1 o q

1 —
n, 1=
1 00

Hence 8 = 1/p and n = 1/4. First, we consider the case 1/p < 1/¢ < 1/2. Corollary 1
gives us the estimates

Y dr Yadr m  (p
d (l”,l")Sn/ . Sn/ =1n(>.
KPP % 1/p SIn(T) p 2T 2 \q

In the case 1/¢ > 1/p > 1/2 we have

) Ve gr Va  dr n (1-1/p
dirlly. ) = n/l/p Sin(rt) — nv/l/p 2-2t Zln(l - 1/‘1).

The same argument works in the real case also since, as it was observed in [16]
(see Remark after Corollary 4.7), the estimate

dx(l,, 1)) < 2h(1/p, 1/q), p,q € (1, +00)

is valid in the real case also.

PROPOSITION 2. Let X and Y be complex Banach spaces. If nd(X, Y) > n, then
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dxp(X, Y) < mlnlnd(X, Y).

Proof. We may suppose that d(X, Y) <oco. Let D> d(X,Y)and let J: X - Y
be an operator satisfying ||J]|||J"'|| < D. We identify x € X with Jx € Y. With this
identification (X, Y) becomes a compatible couple (interpolation pair). We denote it
by X. Then for arbitrary 0 < 6 < n < 0 we have

dgp(X, Y) < dxp(X, X)) + dxp(Xpg), Xp) + dp(Xp, Y)

dr

sin(7rt)

_ ul _
< Ind(X, Xig) + 7 / + Ind(Xp,, 1),
0

by Proposition 1 and Corollary 1. We choose n=1—6 and suppose 6 < 1/2.
Observe that d(X, Xjg) < D’ and d(Y, X;1_g) < D. Since we may choose D > d
(X, Y) arbitrarily, we get

1-6
dip(X, Y) < 20Ind(X, Y) + n/ L 1)
o sin(mwt)
We have
=0 dr 12 ar 12 dr 1
=2 2 — In(>).
d /9 sin(7rt) g /9 sin(7rt) = /9 2t =7 n(29)
Hence

dxp(X,Y) < 20Ind(X, Y)— 7lnf — wln 2.

The right-hand side attains its minimum when

6—” 1
T 2Ind(X,Y)’

In addition we have to restrict ourselves to the case in which 0 5%. Thus, if

Ind(X, Y) > 7w we get

dxp(X,Y)<m—mlnm+rxlnlnd(X, Y).

(In the case in which Ind(X, Y) <m the argument above doesn’t give a new
estimate.) O

In the present context it is important to find an analogue of Proposition 2 for
real spaces. In the appendix we shall prove such an analogue. Its proof is based on a
modification of the complex interpolation method developed in [7] and on a mod-
ification of the argument of [16]. This is why some of the details of the proof are
omitted; we refer to [7] and [16] instead.

THEOREM 3. Let Xy and X be real Banach spaces. If In d(Xy, X\) > 7, then
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drp(Xo, X1) < winlnd(Xy, X1).
Proof. See Section 6. OJ

COROLLARY 2. The diameter of the nth Minkowski compactum with respect to dgp
is ~ Inlnn.

Proof of estimates from above in Parts (b), (c¢) and (d) of Theorem 1. The
complex case immediately follows from Proposition 2. The real case follows from
Theorem 3. Here is an alternative approach to the proof in the real case.

We use the same construction as in Proposition 2 with X =1/, Y=/ and

J: I" — [I'_ the canonical embedding, so that |[J|| = 1, [|J7!|| = n. Let X = (X, Y).
Consider the curve f:[0, 1] — {Banach spaces} defined by f(6) = I, where
pd) = ﬁ. It is well known that f{6) is isometric to Xig.
By the remark about the real spaces mentioned before Proposition 2 we can use
the formula (1) for real spaces and any 6 < 1/2:

1-6
{ i n d‘[ " n
dip(ll, 1) < nd(ll, Iyy) + 7 /9 S d . 1)

<20lnn—nalnd—nln2 <m—nlnx+xlnlnn (if Inn > 7).

Because the considered curve contains the spaces /; (1 < p < 00), this computation
proves the estimates from above in Parts (b) and (c) of Theorem 1 also. ]

3. Duality. We need the following result from [16, Theorem 4.3].

THEOREM 4. [16]. Suppose that X and Y are Banach spaces. Then

dK(X*’ Y*) = 2dK(X’ Y)

We immediately get the following result.

COROLLARY 3. Suppose that X and Y are Banach spaces. Then

d[(P(X*, Y*) < 2d](p(X, Y)

If X and Y are reflexive, then dgp(X, Y) < 2dgp(X*, Y¥).

4. Estimates from below. Our approach to estimates from below is based on
repeated use of the following results.

Lemma 3. (D. P. Giesy [10, Lemmas 1.4 and 1.6]; see also [17, p. 62].) If a Banach
space X contains an n*>-dimensional subspace X, satisfying d(X, 1’1’2) < B, then X con-
tains an n-dimensional subspace X, satisfying d(X», I') < /B.

The following lemma is well known. To the best of my knowledge the first result
of this type is due to V. I. Gurarii [12].
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LEMMA 4. Let X and Y be finite dimensional Banach spaces such that
dx(X, Y) < @ and X contains a k-dimensional subspace X satisfying d(X), l’f) <y If
a < 1/y, then Y contains a subspace Yy satisfying d(Yo, I¥) < 1/((1/y) — a).

Proof of Lemma 4. (We give it for the convenience of the reader.) Let ¢ > 0. We
may assume that X and Y are subspaces of some Banach space and A(X, Y) < o+ &.
The condition on X imples that there exist xy, ..., x; € X such that

1 k k k
;Z jail <11 axill <Y lail Vl{ai} € R
i=1 i=1 i=1

in particular, x; € B(X). Since A(X,Y) < o+ ¢, there exist yy,..., yr € B(Y) such
that ||x; — yi]| < a + €. Since y; € B(Y),

k k
1D ayill <Y lail Via;) € RE.
i=1

i=1

On the other hand

k k k
1D aill = 1Y axill = Y lailllxi = yil| =
i=1 i=1 i=1

1 k k 1 k
;Z lail — (e + ) Y lail = (-« —&))  lai.
i=1 i=1 i=1

Hence the subspace Y, C Y spanned by yy, ..., y, satisfies d(Ye, ) < 1/(}1/ —a—e).
Since ¢ > 0 is arbitrary and Y is finite dimensional, the lemma follows. O

Proof of estimates from below in Parts (b) and (d) of Theorem 1. To estimate
dgp(f, I}) from below we let m = m(p, n) be the smallest positive integer satisfying the
condition: the space /; does not contain an /m-dimensional subspace Y with d(Y, [') < 4.
It is well known (and it follows, e.g., from the uniform convexity of /, (1 < p < 00)) that
for 1 < p < oo there exists a constant C(p) such that m(p, n) < C(p). It is also known
that m(oo, n) < Clnn for some absolute constant C. (This assertion follows, e.g., from
the estimates on the dimensions of almost euclidean sections in /{" and /2 ; see [9]).

First we shall use Lemmas 3 and 4 to show that

mn U 3 k
dKP(lal)Z4+4 2

where k is the maximal integer satisfying n’ 2 <.

Let f [0,1] = {Banach spaces} be a continuous curve Jomlng I{ and [, Let
p0)=m*, p(1)y =m®* ", ..., p(k)y=m. Let Xo=1I. Since n>m*, the space Xy
contalns a subspace Y satisfying d(# © ,Yo)=1. (The first step of our argument is
somewhat artificial, for the unlformlty of the construction.) Observe that
dx(Xo, [,) > % (otherwise, by Lemma 4 the space /; would contain a subspace W) of
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dimension p(0) > m satisfying d(l’f(o), Wy) < 4, contrary to the definition of m).
Because the curve is continuous, there exists a point X; on the curve corresponding to
0 < 1 < 1 satisfying dx(Xy, X1) = 3. By Lemma 4 (we apply it with y = 1 and o =3)
the space X contains a subspace Y; of dimension p(0) satisfying d(l’l’(o), Y)) <4. By
Lemma 3 (we apply it with 8 =4 and /B = 2) X contains a subspace Z; of dimen-
sion p(1) satisfying d(l’l’(l), Z,) < 2. Observe that dg(X1, [;) > }—‘ (otherwise, by Lemma
4 the space [ would contain a subspace W) of dimension p(l) > m satisfying
d(l’l’“) , W1) < 4, contrary to the definition of m). Because the curve fis continuous
with respect to dk, there exists a point X, on the curve satisfying dg(X>, X1) = % and
corresponding to a t, from the interval (¢;, 1). We continue in an obvious way (all
steps, except the first, are the same). In this way we find a sequence X7, ..., X; of
points on the curve corresponding to 0 < #; < ... < #x < 1 such that

3 1 1
dg(Xo, X1) = 1 dg(X1, X2) = ... = dg(Xj—1, Xi) = T dg(Xk, [)) > 1

Hence the length of the curve is at least% + %. Since the curve was arbitrary, it proves (2).

REMARK. This argument can be generalized in terms of /;-properties discussed
in [19, p. 293]. I am going to present such generalizations in a separate paper.

To finish the proof it remains to show that 3 +%> cInlnn when n is large
enough.
The definition of k implies that m?"" > n. This inequality can be rewritten as

k1> Inlnn —Inlnm
In2
If 1 < p < oo, then the sequence {m(p, n)};-, is bounded by a constant that depends
on p only, and the estimate is immediate.
If p = oo, then m(p, n) < Clnn for some absolute constant C, and we get

Inlnn—InlnC —Inlnlnn
k+1> ,
In2

and the required inequality follows. O

5 One more estimate. The following estimate for dxp is of a quite different
nature from those discussed above.

PROPOSITION 3. Let X be a Banach space and Y be a closed linear subspace of X. Then

dgp(Y @ X/ Y, X) < 2.

Proof. We recall a construction from [8, pp. 15-16]; see also [19, Lemma 5.9].
Let us denote by @ the quotient mapping X — X/Y. In the space X @ (X/Y) we
introduce the subspaces Gy = ¥ @ (X/Y) and G, = {(ax, Px): x € X}, 1 =a > 0.
We need the following variant of Lemma 5.9 of [19].
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LEMMA 5. Vo, B € [0, 1] A(Gq, Gp) < 2|a — Bl.

Proof. We may suppose without loss of generality that o > 0. Let
u = (ax, ®x) € B(G,). Hence, max{«||x]||, ||®x||} < 1. Let § >0 and let y € Y be
such that [|x — y[| < (1 +8)||®x||. Then (Bx + (¢ — B)y, Px) € Gp and

[1(x, ®x) — (Bx + (o — B)y, Px)|| < | — BI(1 + §)I|Px]| < | — BI(1 + ).

Taking the infimum over § > 0 we get dist(u, Gg) < | — B]. It follows that

dist(u, B(Gp)) < 2|a — BI.

If B > 0 the same argument works with the roles of « and g interchanged.
Nowlet 8 = 0. Letu = (y, z) € B(Gy), so that max{||y|l, ||z||} < 1. Letd > 0 and let
x € X be such that ®x = z and ||x|| < (1 4 §)||z||. It is clear that (ex + y, z) € G, and

[lu — (ex + p, 2| < eflx]] < a1l +9).
Taking the infimum over § > 0 we get dist(u, G,) < «. Hence

dist(u, B(Gy)) < 2a.

This lemma has the following immediate consequence.

COROLLARY 4. Yo, B € [0, 1] dgp(Go, Gp) < 2| — B.

To finish the proof of Proposition 3 it remains to observe that G; is isometric
to X. ]

6. Appendix. Real case estimate.

Proof of Theorem 3. We are going to follow the proof of Proposition 2. Let D be
any number satisfying D > d(Xy, X;). It is easy to see that in order to use the same
argument as in Proposition 2 it is enough to find a collection of real Banach spaces
Xy such that

d(Xo, Xo) < D°, 3)
d(Xy, X1) < D79, 4)
dr(Xe, X)) < 2h(0, n). 5

Let J: Xy — X, be a linear operator satisfying ||J]| < 1 and ||J7!|| < D. Let Xg and
X € be the complexifications of Xy and X and J € be the complexification of J (see the
definitions preceding Lemma 2). By Lemma 2 we have ||J€|| < 1 and ||(JC)_1 || < D.

We identify x € X§ with 7€x € X €. With this identification (X §, X ¥) becomes
a compatible couple (interpolation pair) of complex Banach spaces. We denote this
couple by X. Observe that

xe Xy, & TCXGXl.

https://doi.org/10.1017/50017089502020074 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089502020074

PATHS BETWEEN BANACH SPACES 271

Hence X, and X; are identical as real linear subspaces of X. We denote the
corresponding linear subspace of X by X and call it the real part of X.

For couples of the described form we introduce the following modification of
the complex interpolation method. Consider Banach couples 4 = (4, 4,) of com-
plex spaces satisfying the following conditions:

(i) the spaces Ay and A4, are the complexifications of real Banach spaces Py
and P; respectively,

(i) there exists an isomorphism T : Py — P; such that the couple 4 is obtained
by identification of elements of 4y and their images under 7°C.

Hence Ay and A4, are identical as linear spaces. We denote this linear space by A4.
An A-valued function will be called bounded ( continuous) if it is bounded (continuous)
as a function into 4, or 4; (these notions coincide because 7€ is an isomorphism). A
function from an open region in C into 4 will be called analytic, if it is analytic as a
function with values in A (or A;, these notions coincide). The real part of 4 will be
denoted by P.

Let R(A) be the real Banach space consisting of all 4-valued bounded con-
tinuous functions on Q := {z: 0 < Nz < 1} satisfying the conditions:

(a) fisanalyticin {z: 0 <Nz < 1},

(b) f(V) e Pforevery) <6 <1,

© [/ 1lrci) = Max{sup,cg |1/ GOL4,. Suprer 11/ (1 + D)1, ),

() lirnlzlﬁoo, e f(2) = 0.

CoMMENT. The conditions (a), (c¢) and (d) are the same as in Calderon’s con-
struction. The condition (b) is needed in order to prove the inequality (5).

Now we introduce the real Banach space Py, 0 < 6 < 1, as the linear space P
endowed with the norm

l1xllo = inf{l1f gz : A6) = x).

We need the following analogue of a result of A. P. Calderon.
Let A and B be two pairs of the described type with the real parts P and R
respectively. Let 7: P — R be such that

T py—r, = Mo
and
Then NTlp,—r = M.
1711, r, < My "M (6)

To prove (6) we observe that the function Mj ! M7? is real-valued on the real line,
and T¢(P) = R. Hence

g(z) == My ' M7 TC(f(2)) € R(B)

provided that f € R(4). By Lemma 2 ||T|4,_ 5 = [|Tllp,~r, and [|T|4,_5 =
[|T1| p, g, - Therefore the inequality (6) can be proved using the well-known argument.
(See [7, p. 129] and [3, p. 88].)
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The following fact is obvious: if 7: Py — P; is an isometry, then the norms of
all spaces Py are the same.

Using this fact and the estimate (6) we get (3) and (4).

To derive (5) from the argument of [16] (see pp. 35-36) it is enough to observe
that the space R(A) is invariant under multiplication of functions of the form

sin(zz(z — 6)/2)

Yo(2) = m )

and ||¢9f||7z(/i) = ||f||7z(/i)-
This observation immediately follows from the fact that v, is a conformal
mapping of the strip onto the unit disk in C and because y is real on [0, 1]. O
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