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1. Introduction

As in [5] a parametric n-surface in R* (where £ = n) will be a pair
(f, M™), consisting of a continuous mapping f of an oriented topological
manifold M™ into the euclidean k-space R*. (f, M™) is said to be closed if M™
is compact. The main purpose of this paper is to use the method of [4] to
prove a general form of Cauchy’s Integral Theorem (Theorem 5.3) for those
closed parametric n-surfaces (f, M"*) in R*+1, which have bounded variation
in the sense of [5] and for which f(M™) has a finite Hausdorff #n-measure.
As in [4], the proof is carried out by approximating the surface with a
simpler type of surface. However, when # > 1, a difficulty arises in that
there are entities, which occur in a natural way, but are not parametric
surfaces. We therefore introduce a concept which we call an S-system and
which forms a generalisation (see 2.2) of the type of closed parametric
n-surface that was studied in [5] II, 3 in connection with a proof of a Gauss-
Green Theorem. The surfaces of [56] II, 3 include those that are studied in
this paper.

Approximation theorems (4.2 and 4.3) are obtained for S-systems and
these are used to prove Cauchy’s Theorem for S-systems. Cauchy’s Theorem
for parametric surfaces is then derived by showing that the relevant closed
parametric n-surface in R"t+! is a particular case of an S-system.

The definitions used for parametric surfaces and their integrals are those
of [6]. It is regretted that on p. 616 of [5] we mentioned the possibility, that
a certain case of the surface integral of [5], might be equivalent to the
integral defined by L. Cesari in [1]. This is incorrect, because equivalence
could occur with at most a particular case of the Cesari surface integral.

The following notational conventions are adopted. The interior, closure
and Frontier (or boundary) of a set 4 are denoted by, Int (4), 4 and Fr(4).
Set complementation is denoted by ~. & denotes the empty set. Distance
is denoted by d. R* denotes the real euclidean k-space. If z ¢ R*, then z,
represents the sth coordinate of z; (x); is thus a mapping from R* to R1.
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The norm +/(2? + - - - 4 22) of the point # of R* is denoted by ||z||.
P, (i=1, -+, k+ 1) denotes the projection from R**! to R* given by

Pyx) = (2, ") Tiqs Tipas " *) Tapa)
The term ‘integrable’ will be used in the sense that a function f is integrable
if it is measurable and |f| has a finite integral. Throughout the entire paper n
will be a fixed positive integer.

2. S-systems

2.1. DEFINITION. We denote by & the Banach space whose points are
those real-valued functions on R"*+! each of which is bounded and continuous
and whose norm is the norm of uniform convergence; i.e.,

IIfll = L.u.b. |f(z)|.
ze R

2.2. DEFINITION. By an S-system we mean a pair consisting of a compact
subset K of R*+! and an integral-valued function » on R**!~ K and with
(K, w) possessing the following properties.

(i) The (» + 1)-dimensional Lebesgue measure of K is zero.

(ii) # is constant on each component of R**!~ K and is zero on the
unbounded component.

(iii) For each ¢ = 1,---,n 4 1, there exists a non-negative, extended
real valued, integrable function, ¢,(y) on R™, such that:

for every y € R* and every finite sequence of points

2@, g ... g0 of Ply) n (R~ K) with
2 <@ << al”,

one always has

r

2, [u(@t=) — u(@)] = ei(y).
i=1

We will say that a function e¢,(y), satisfying 2.2 (iii), bounds the 7th
multiplicity of the S-system.

Whenever a symbol — say E — is used to denote an S-system, then the
compact set and the integral valued function that comprise E will be
denoted by K(E) and ug respectively, or sometimes just by K and w.

If (f, M™) is a closed parametric n-surface in R*+! with bounded variation
and the (n 4+ 1)-dimensional Lebesgue measure of f/(M™) equal to zero, then
it follows from [6] I 2.5 and 2.6 and II 3.5 and 1.10 that

{{(M"), u(f, M", z)}

is an S-system. Thus an S-system forms a generalisation of this closed
parametric n-surface in R™+1.
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2.3. DEFINITION. If E is an S-system and + =1,---,# < 1, then we
denote by Y,(E), the subset of R” consisting of those points y that have the
following property.

(i) For each point z of P;(y), there exists a A > 0 such that z is a point
of accumulation of each of the two sets

[RrI~K(E)] n {5 Ee Pi(y) and @, — A <§ <a,
[R*1 ~K(E)] n {£ £ PH(y) and =, <& <, + A}
and #; has constant values
«(E, z), Bi(E, )

on each of these two sets.
It follows from 2.3 (i), 2.2 (ii) and the compactness of K(E), that

2.3.1. if ye Y (E), then «,(E, ) = B,(E, ) for all points x of P;(y)
except at most a finite number.

2.4. THEOREM. If E 1is an S-system, then for each 1 =1, 2,---, n + 1,
R*"~ Y (E) has zero measure.

Proor. Assume ¢ fixed and let ¢; be an integrable function bounding the
sth multiplicity of E. Denote by Z, the set of all those points y of R* for
which the subset {K(E) n P;(y)}; of R! has zero 1-mesaure. By 2.2 (i) and
Fubini’s theorem, the n-measure of R* ~ Z,iszero. Lety' e Z, ~ (Y;n Z,)
and take an arbitrarily large positive integer . For each point x of P;(y’)
and each 4 > 0, z is a point of accumulation of each of the two sets

N_(g1) = [ ~K(E)] n {EEe PMy) and z — A< & <)
N,(z,2) = [R™ ~ K(E)] n {&; £ P7(y') and =, < &, <z, + A)

Therefore by 2.3, there exists a point «’ of P;*(y’) and a§ = +, — such that
for no 4 > 0 is # constant on N,(z’, 1). Hence one can choose a sequence
g®, 2w ... 0 of points of P;l(y’) n {R*! ~ K(E)} such that
20 < a® < - - < 2" and w(xY L) #£ u(x) for j = 1, - - -, 7. By 2.2. (iii)

ey) = glm(x”—“) — u(z®)|

which is evidently = ». Hence ¢,(y’) = o and the set Z, ~ (Y, n Z,) has
zero measure. Then R" ~ Y, has zero measure.

2.5. DEFINITION. If E is an S-system, then foreachz =1,---,# 4+ 1l and
each y ¢ Y,, we define

a(E,y) = 2 |a(E, 2) — Bi(E, )|.

z€ P 1(y)

2.6. THEOREM. If E is an S-system, 1 <1 < n + 1 and e; bounds the ith
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multiplicity of E, then
| a(E, y) = e.(y)
for all y e Y (FE).
ProOF. Let y be an arbitrary point of Y,(E). Let
zd) ... g
be the finite set of points of P;*(y) at which «,(z) # B,(z). We can assume

that » = 1, because otherwise a,(y) = 0 and is certainly less than or equal
to ¢,(y). We can also assume that

2 < z® < .o < g,
It follows from 2.3 that one can now choose points
o), D) o N gy(n)
of P7'(y) n {R**' ~K(E)} such that
o <z <l < o < 2® <o < - <o < 2D < Wl

and
#(v\W) = o, (zV), u(w) = B,(z)

for y=1,---,7. Then

ay) = 3 |4(o") — u(w)

=1

r
= 3 [u(?) — u(w?)]
§m=1
r~1

4 z [u(w?) — u(vt+D)),
which by 2.2 (i) =
= e(y).
2.7 LEMMA. If E s an S-system and
I={zc, =2, <dy, 2523 <dy, """, Cpp1 = Tpyq <y}
1S a half-open interval of R*+1, then for each 1 = 1,2, - - -, n + 1, the expression

pi(l, y) = 2{a(E, x) — Bi(E, )},
where the summation is taken over all x e I n P7(y), is integrable over Y ,(E)
with respect to y. (Empty sums being regarded as zero).
PRroOOF. Assume 7 fixed. Denote by C the subset of R! consisting of all
those real numbers ¢ for which the set
Pfz;xzeK(E) and z, = ¢}

has its #-dimensional measure equal to zero. By 2.2 (i), R! ~ C has zero
measure.
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Let ¢, be a function, integrable on R" and bounding the sth multiplicity
of E.
(i) Suppose first of all, that ¢,, d, e C.
Put
B = P{Fr(I) nK(E)} v Fr{P(I)}.

Then B has its #-dimensional measure equal to zero. For each point y of R",
let £(y), n(y) be the points of P;*(y) whose sth coordinates are ¢,, d; respec-
tively. Then, for all ye Y, n {P,(I) ~ B},

(1) oI, y) = u{é(y)} — w{n(y)}-

Now P,(I) ~ B is an open set of R®and it follows from 2.2 (ii), that »{é(y)}

and #{n(y)} are both constant on each component of P,(I) ~ B. Then
. #{¢(y)} and u{n(y)} are both measurable on P,(I) ~ B. Therefore by 2.4 and

(1), ¢4(I, y) is measurable on Y, n {P,(I) ~ B} and hence on Y, n P(I).

But ¢,(I,y) = 0 when y¢ P,(I), so that ¢,(I,y) is measurable on Y.

It follows immediately from 2.5 and 2.6, that

(2) lpL, )| < a,(y) =< e.(y)

for all y e Y,. Then ¢,(I, y) is integrable on Y,.
(i) Now suppose that ¢,, d, are arbitrary. Since R! ~ C has zero measure,
one can choose a monotone increasing sequence {c'"} of members of C such

that

lim ¢ = ¢,

£—>00
and a monotone increasing sequence {d"} of members of C such that

¢, < dm

for every r and

lim d" = d,.

r—+00

Define
I, = {z; Py(x) e P(I) and ¢ <z, < dl7}.
By (i), each ¢,(I,, y) is integrable over Y, and we evidently have
lim q)t(Ir' y) = ¢i(I’ y)

r—>00

for all y e Y,. Since by (2),
|¢¢(Ir» y)l é ei(y)
for all y e Y, and all 7, it follows that ¢,(Z, y) is integrable over Y,.

2.8 THEOREM. If E is an S-system, then for each 1 =1,---, n+ 1,
a,(E, y) is integrable over Y (E) with respect to y.
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Proor. Assume ¢ fixed. For each positive integer », denote by &%,, the
(countable) collection of all those half-open cubes of R”+l, that have
the form

{T; 5,277 S 2 < (Sy+ 1)277, ¢+, 8,027 S Xy < (Spur + 1)277)
31,"’,S”+1=0, j: 1::’:2:."-
For each y e Y, and each I ¢ &,, define

(L, y) = X {ai(x) — Bi(@)},
where the summation is taken over allz e I n P}(y). By 2.7, each ¢,(I, y) is
integrable over Y,, hence

v () = 2 lo:(l, 9)l
Ie 7,
is measurable over Y,. But

lim y,(y) = a,(E, y)

r—>00

for all y € Y, hence a,(E, y) is measurable on Y,. By 2.6 and 2.2 (iii), it is
integrable on Y,.

2.9. DEFINITION. If E is an S-system, then foreachz =1,---,n + 1 we
detine

A(E) = [, _ a(E, y)dy.

2.10. DEFINITION. If E is an S-system and f is a real-valued function on
R#+1, then we define for each 7 = 1,---, n 4+ 1 and each y e Y, (E),

H,(E, f,y) = 2 {n(E, x) — Bi(E, )}/ (x),
where the summation is taken over all z ¢ P (y).
2.11. THEOREM. I} E is an S-system and f e &, then foreachi =1, ---, n+1,
H,(E, [, y) is integrable over Y, with respect to y.
PRrROOF. Assume 7 fixed. Since each member of % is bounded, there
exists a positive constant %k such that

(1) f(@) = &

for all z ¢ R*tL. For each positive integer 7, let &%, have the same meaning
as in the proof of Theorem 2.8. For each x ¢ R*+! and each positive integer
7, define

a
Y,(E)

f.(x) = L.u.b. f(¢),
Eel

where I is the member of %, that contains . Then

Hi(E: frs y) = Z z {“i(x) - ﬁc(x)}fr(x)

le P, zeINP(y)

=2 L) Z  {x(z) — Bil=)]]

le s, z€el NP Yy)
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sothat by 2.7, H,(E, {,, y) is measurable on Y,. But for each point x of R+,
lim £ (z) = /(=),

r—>00

hence by 2.10,
lim Hz'(E’ frs y) = Hi(E: /s y)

r—>00

Therefore H,(E, f, y) is measurable on Y, with respect to y. It follows from
2.10 and (1), that

|H(E, ,y)l =k 23 laix) — Bul2)l;

ze P, (y)
1e. by 2.5,
lHi(E» f» y)l g kai(E’ y)
forall y € Y,. Then by 2.8, H,(E, f, y) is integrable on Y, with respect to y.

2.12. THEOREM. I} E is an S-system, if r is an integer and if we define
K(F) = K(E)
and
up(z) =7 - ug(x)
for all x € R*~ K(F), then
F = {K (F )’ uF}
s an S-system.
ProOF. Properties 2.2 (i) and (ii) are evidently satisfied. If ¢, is an inte-
grable function bounding the 7 th multiplicity of E and we define
Liy) =rely),

then f, bounds the ith multiplicity of F.
2.13. THEOREM. If E and F are S-systems and if we define

K(G) = K(E) u K(F)
and |
ug(x) = ug(zr) + up(z)
for x e R*1 ~ K (G), then
G = {K(G), ug}

s an S-system.
ProOF. Properties 2.2 (i) and (ii) are evidently satisfied. Let ¢; and f,
be integrable functions bounding the sth multiplicities of £ and F. Define

ge=¢ + [

Then g, is non-negative and integrable on R". If y ¢ R" and 29, 'V}, - - -, g7
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is a finite sequence of points of P;l(y) n {R"**'~ K(G)} with
¥ <ol <---<al?,

then

r

3 g @41) — ua(a)]
’=

= 3 ug(e9 V) + up(EV) — ugla®) — up)
i=1

= e(y) + fi(y) = g:(y).

Thus, the proof is complete.

2.14. THEOREM. If E and F are S-systems such that ug and ug are bounded
and if we define

K(G) = K(FE) v K(F)
and
ug(e) = ug(x) - up(z)
for all x e R~ K(G), then
G = {K(G), ug}
1s an S-system.

Proor. Properties 2.2 (i) and (ii) are satisfied. Let % be a positive real
number such that

lug(e)| = &
for all x e R*"*!' ~K(E) and
lup()| = &

for all z ¢ R"*! ~ K(F). Suppose that ¢; and f, are integrable functions
bounding the ;th multiplicities of E and F. Foreachi=1, -+, n 4 1,
define

g=Fk(f; +e;).

Then g, is non-negative and integrable on R". If y ¢ R" and z®, ), - - - 2"
is a finite sequence of points of P;l(y) n {R**! ~ K(G)} with

xso) < x‘gl) < s o < x‘l(',')’

then
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3 lug(@ 1) — ugla®)

=1
= i g (21) - up(zV-1) — ug(xh) - up(xh)|
j=1
= 5 ug@-") {ue(e) — uple)}
T {upl@ D) — uge)}up(e)| = k3 lup@i=b) — up(z)

=1

+ES lug@iv) — ugla)| < klf@) + e)}

i=1
= g:(y).
This completes the proof.
2.15. THEOREM. If E s an S-system and fe F, then

| [y o FAE £ 9)dy | < 1111 A(E)

for each 1 =1,---,n+ 1.
Proor. For each ye¢Y, we have

\H(E, [, 9)| =1 Z {,@) — B @ =1l T lele) — Bix)]

ze P, L(y) ze P (y)

= ||flla:(y).
Then

| [ HUE. £, 9)dy | < I [, a,w)dy = A1 As.
2.16. DEFINITION. If E is an S-system, then we define
O(E) = {z; x ¢ R**! ~ K(E) and ug(x) # 0}.

As a consequence of 2.2 (ii) and the fact that K(E) is closed we have
2.16.1. O(E) s open.

2.17. THEOREM. If E is an S-system, then K(E) u O(E) is compact.
Proor. It follows from 2.2, that K(E) v O(FE) is bounded and since it is
the complement of the open set

{z; x e R**' ~ K(E) and ug(x) = 0},

it is closed. Hence it is compact.

3. Continuous linear transformations.

In order to prove our approximation theorems in 4, we need to define
operations of addition and multiplication and thus construct a ring from the
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set & consisting of those S-systems E for which ug is bounded. It is not
possible to make & itself into a ring, but one can construct a ring by
dividing & into equivalence classes.

Instead of defining the operations between the equivalence classes, we
find it more convenient to represent each class by a continuous linear

transformation from &% to R®+i,
3.1. DEeFINITION. We denote by &, the real vector space of continuous
linear transformations from & to R"+l, We define a norm for .Z in the usual

way by putting for each L
IILIl = L.u.b. [IL{H)II,

where the least upper bound is taken over all f e & for which ||f|| = 1.
& thus becomes a Banach space.

If L e.?, then for each ¢ =1,---,n+4 1, we denote by L, the real
continuous linear functional on &, given by
L) = {L(N}-
3.2. DEFINITION. Let E be an S-system. For each fe %, put

L(f) = (= 1) [, o Hd(E. f,y)dy
and ‘
L(f) = {Ll(f)» R Ln+1(f)}-

Then L is a linear transformation from & to R"+! and it follows from 2.15
that for each f

IL(f)] = A,(E) 1Al

hence
_ n+1 P
1) DS [g {A;(E)}’] Al

Thus L is continuous, hence L ¢ Z.
We denote this member of % by E or E”.
It follows immediately from (1), that

n+1 h
3.2.1. 181 = | 3 4dBy]
3.3. THEOREM. If E and F are S-systems such that
E=PF,
then

ug(x) = up(z)
for all x e R~ {K(E) u K(F)}.
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PROOF. Let  be an arbitrary point of R*t' ~ {K(E) u K(F)}. We have
to show that
(1) ug(p) = ur(p).
There exists a point ¢ in the unbounded components of R*+! ~ K(E) and
R~ K(F) such that

P\(q) = P1(p)
and
P < ¢

Since K(E) and K(F) are closed, there exists an ¢ > 0 such that the closed
spheres S, S, with radii ¢ and centres $, ¢ do not intersect K(E) or K(F).

By 2.2 (ii),

(2) ug(®) = ug(p), up(x)=up(p)
for all x e S, and

(3) | ug(x) = up(x) = 0

for all z € S,. Define a function g on R"+! by putting
gx) =¢ — ||[Py{z — )| if ||[Pyfx—p)l|=¢ and P =2, =4¢,
=¢& — |lz — p| if |lz—pll=e and z; = #y,
=& — Iz — gl if |lz—gll<e  and =z =g,

= 0 for all other values of z.

Then ge %, hence by hypothesis,

(4) L,I(E) H,(E, g y)dy = f vy 1 (F 8, Y)Y
But by 2.10
(5) Hy(E, g y) = GPE_I( ){al(E, z) — Bi(E, z)}g(x)

for all ye Y,(E). Let
(6) B={z;xre R, ||Piix—9p)||<e and p, =z < q}

Then

(7) g(x) =0

for all x outside Bu S, U S_, hence by (5)
(8) Hy(E, g, y)=0

for all y e Y,(E) for which ||y — P,(p)|| > e.
By (2) and (3),
o (E, z) — By(E,x) =0
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forallze S, u S,, therefore when [ly — P,(p)|| < ¢, we have by (5) and (7

ME.gy)= 3 ([@mE2)~HAE}— Pk )
hence by (2) and (3)
(9) Hy(E, g y) = ug(p) {& — lly — P,(®)II}

for all y e Y,(E) for which |ly — P,(p)]| = e.
Define a function %2 on R" by putting

hly) =& —|ly — Py(p)ll if |ly— P,(@)l| <e

10
(10) = 0 otherwise.

By (8) and (9),
[2. FA(E: 8 9)dy = ug(p) [, hlw)dy.
Similarly,

[, B1(F. & 9)dy = e (8) [, h(g)dy.
By (10), the integral of 4 is not zero so that by (4),

ug(p) = urp(p).
Thus (1) is true.

3.4. THEOREM. I} E and F are S-systems such thal
ug(x) = up(x)

for almost all x e R*, then E = F.
Proor. Let B be a subset of R"t! with zero measure and such that

K(E)C B, K(F)CB
and
ug(x) = up(z)
for all ze R*"*'~ B. Foreach 7 =1,---, n + 1, let Z, be the subset of
Y,(E) n Y,(F) consisting of all those points y for which {P;(y) n B}, has
its 1-dimensional measure equal to zero. Then R® ~ Z, has zero n-measure.

If i is fixed, y € Z, and z € P;*(y), then z is a point of accumulation of each
of the two sets

C={¢ePy), §&¢B and & <z}
D={&&EePM(y), §¢B and &>z},

hence there exists a point & ¢ C such that
o (E, x) = ug(§’) = up(§’) = oi(F, z)
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and there exists a point &’ ¢ D such that
Bi(E, x) = ug(§’) = up(§”’) = Bi(F, ).
Therefore for each fe & and ye Z,,
H(E,[,y) = 2 {u(E, %) —B(E, 2)}/(x)

ze P, l(y)
= 2. m(F.2) — B(F,x)}f(@) = HAF. f.9)
hence
E(f) = (= 1) [, HUE, [ y)dy = (=) [, H(F, },y)dy = P(/)
Thus

E=F.

3.5. DEFINITION. Let ¥, denote the subset of £ consisting of all L for
which there exists an S-system E with E = L.

The following theorem shows that £, is a module.

3.6. THEOREM. Let L, M ¢ &£, and r be an integer. Then

i) L+MeZ,;

(ii) 7L e Z,;

(i) ¢f E, F and G are S-systems such that

E=L, F:—'M) G=L+M!
then
ug(x) = ug(x) + up(x)

for almost all x ¢ R,

(iv) if E, H are S-systems such that E = L, H = rL, then

ug(x) = rug(x)

for almost all x ¢ R*1,

ProoF. Let E and F be S-systems such that E = L, FF = M. Define

(1) K(T) = K(E) v K(F)

and

(2) up(x) = ug(x) + up(z)

for all z ¢ R**'~ K(T'). By 2.13, T is an S-system. Let
(3) Z,=Y,(E) nY(F) nY,(T)

for each 7. If y € Z, and z € P (y), then by (2)
(4) o, (T, ) = o (E, ) + a,(F, z)
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and

(5) BT, x) = By(E, x) + Bi(F, x).
For each fe % and each ye Z,,

H(T,}y) = 2 {«(T,2) — BT, )} (),

x GP‘_I(’)

which by (4) and (5)
= 2 {a(E, %) —Bi(E 2)}f(z) + 2 {«lF,2) — Bi(F, 2)}f(x),

z€P; 1(y) ze Pl (y)

so that
(6) H{(T:f’y) =H1(E’/:y) +Ht(F!/’y)

Hence, for each ¢ and each fe %,
Tu(f) = (— 1) [, HAT. £, 9)dy
= (= V)1 [, HAE, f, y)dy + (=) [, H(F. f,y)dy
= E.() + Fu{f) = (L + M) ().
Thus
(7) T=L+M

so that L 4+ M ¢ #,. Thus (i) is true.
If G is an S-system such that @ = L 4 M, then by (7), @ = 7. Therefore,
by 3.3,

ug(r) = ur(z)
for almost all x e R**1; ie., by (2)
ug(x) = ug(x) + up()
for almost all z ¢ R*+!. Thus (iii) is proved.
To prove (ii) we define
(8) K({U) = K(FE), and
(9) uy(e) =7 - ug(z)

for all x ¢ R** ~ K(U). By 2.12, U is an S-system. Similarly to the way in
which (8) was derived, we can show that

H(U, 1. y) = rH,(E, |, 9)
for each fe # and each ye Y, (E) n Y, (U); hence

U.(f) = (— 1) rH(E, f, y)dy = rE,(f) = rL,(f).

.[ Y,(E) O Y (U)
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Thus
(10) U=rL

so that 7L ¢ .#,. This completes the proot of (ii).

If H is an S-system such that H = 7L, then by (10), # = U. Hence by

3.3 and (9),

ug () = rug(z)

for almost all ¢ R**!. Thus (iv) is proved.

3.7. DEFINITION. We denote by .Z, the subclass of £, consisting of all L
with the following property:

3.7.1. there exists an S-system E such that ug is bounded and E = L.

It follows from 3.7.1 and 3.3, that:

3.7.2. if L ¢ &, and E is any S-system with E = L, then ug is bounded.
As a consequence of 3.6 (iii) and (iv), £, is a sub-module of Z,.
We define a multiplication for .Z, in the following way. Let L, M ¢ &,

and let E, F be S-systems such that £ = L, F = M. Let G be an S-system

such that

(1) ug(r) = ug(z) - up(z)

for almost all z ¢ R**.. (By 2.14 at least one such G exists.) Put
L-M=4@G

If E', F', G' are further S-systems such that E' = L, F' = M and

(2) U (x) = up(x) - up ()

for almost all ¢ R**+1, then by 3.3

ug'(x) = up(x), up(x) = up(z)
for almost all ¢ R**!, hence by (1) and (2),
uer (&) = wg(x)
for almost all x € R*t1; therefore by 3.4,
G =a

Thus the definition of L - M does not depend on the choice of E, F or G.
The following theorem shows that %, is a commutative ring. Multiplica-
tion in %, is not continuous.

3.8. THEOREM. If L, M, N e Z,, then
L-M=M-:-1L,
L-(M-N)=(L-M)-N,
and
L-(M+N)=L-M+L-N.
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ProOF. Let E, F and G be S-systems such that £ = L, F = M and

G=N.
Let H be an S-system such that
(1) | up(x) = ug(x) - up()
for almost all # € R**1. Then
(2) ug(x) = up(x) - ug(x)

for almost all x ¢ R"*1. By (1) and (2)
L-M=H=M-L.
Let 7 be an S-system such that
(3) Up(z) = ug(z) - up(z) - ug(a)
for almost all x ¢ R”*1. One can easily prove that
L-(M-N)=T=(L-M)-N.
Let U be an S-system such that
uy(x) = ug(e){upr) + uowm}
= ug(x)up(x) + ug(x)ue(x)
for almost all x# € R*+!. Then
L-(M+N)y=U=L-M+L-N.
3.9. THEOREM. If E is an S-system, [ e F and f is constant on K(E), then

E(f) = o.
Proor. By 2.10
(1) H(Efy) = 3 (u@) = Ale)}@)

for i=1,--,n4+1 and yeY,(E). But by 2.3, oz,;(x) = B,(z), when
z ¢ K(E), hence by (1)

Hy(E, f,y) = 2 {o(z) — Bs(2)} (),
where the summation is taken over all z ¢e K(E) n P-1(y). But, if f has
the constant value b on K(E), then

H(E,},y) = b2 {x(z) — Bi(=)}
= 0.

Then
Ef) = (= V) [, o HAE, }y)dy =0,
so that E(f) = 0.

https://doi.org/10.1017/51446788700025544 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700025544

(17] An n-dimensional analogue of Cauchy’s integral theorem 187

3.10. THEOREM. If E is an S-system, f e F and k is a constant such that

/(=) = &
for all x e K(E), then
IENI < 1IE|| - &
ProOOF. As in the proof of 3.9, we have for each y e Y,(E),
(1) (E, 1, y) = 2 {a:(x) — Bi(@)}f ()

where the summation is taken over all z e K (E ) n P7(y). But by Tietze’s
Extension Theorem ([2] p. 80 or [3] p. 28) there exists a g e & such that

(2) g(x) = f(x)
for all # ¢ K(E) and
(3) lg@)| = &

for all 2 ¢ R*+1. By (1) and (2)
Hy(E, [, y) = 2{x(®) — Bi(=)}g(2)

= H,(E, g 9).
Thus
E,(f) = E.g),
hence
E(f)=E(g)
and by 3.1
NEDI < |E]| - &
3.11. DEFINITION. For each closed interval I, there is an S-system given by
K = Fr(I)

u(z) =1 if zelInt(l)
=0 if zeR"™M~1.

We denote this S-system, also by I.
Evidently

3.11.1. Ie2,.

3.12. THEOREM. If IV, - - - I" (y = 1) are closed intervals with mutually
disjoint interiors and if

= | |IW
is also a closed interval, then
=310

=1
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| Proor. We will have

r
(1) ur(x) = ,Zluzw (<)
for almost all z e R**1. Let E be an S-system such that
(2) E=310v
§=1
By 3.6,

r

ug(x) = Elu,m ()

for almost ell z ¢ R*t!, hence by (1)

(3) ur(z) = ug(x)
for almost all z. By (3) and 3.4, I = E, hence by (2)
I=31Io.
j=1

3.13. THEOREM. If E is an S-system such that
lug(x)] = k

for all xe R"1~K(E) and if IV, - - I" (r = 1) are closed cubes with
mutually disjoint interiors, then

;rlllf”’EH g:%:A,.(E) + 2n”'k,é1 (edge of Ih)»,
ProoF. Since IV E ¢ &,, there exists for each j an S-system F¥) such that
(1) Fo —=JOE
Let f be any member of & for which
(2) I = 1.
Then
(3) H(F¥, f,y) #zep‘Z_l(v){ac(F @, x) — B(FP, 2)} (x),
for all y e Y, (F%¥). But by 3.11 and 3.7, we have
(4) Upn(x) = 0
for all z € R*1~~ (I U K(FW)},
() upwn () = ug(z)
for all z e Int(I¥) n [R*+ ~ {K(F¥W) u K(E)}]
and hence

(6) lupw (z)| = &
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for all z e R™! ~ K(F¥). By (3) and (4)
H(FO, f,y) = (21 + 2a) {:(FD, z) — B(F, z)}f (),

where ¥, and Y, denote summation over all z e Int(I*?) n P;'(y) and
Fr (I'") n P;'(y) respectively, hence by (2), (5) and (6)
‘ 2k if yeP,(I¥)
7 6) < (E. ) — B,
( ) |H((F > f’ y)| = Z|a:( > x) ﬂt(E’ x)‘ + { 0 if y{P‘(IU)),

for all yeY,(F) nY,(E), where the summation is taken over all
z e Int(I9) n P7(y).
Since

PPN = [y oy VHAF D, 1, 9)dy,
it follows from (1) and (7), that

(8) {IVE}(f)| < b + 2k(edge of I¥)",
where
) b = [, {2 la(E, 2) — B(E, )]} dy,

the summation being taken over all x e Int (I") n P71(y). Let

r
U = |J Int (I¥).
j=1

Then by (9),
S8 = [, o (Sleu(E.2) — B(E, 2) ),

i=1
where the summation is over x ¢ U n P;l(y),
= fy‘(,,, a,(E, y) dy,
so that
r
(10) b < 4,(E).
i=1

It follows from (8) that

IKIPEYDI < 118 + 2,
where b = (b, - .-, b)) and p = 2k (edge of I . (1, 1, ---, 1),
hence by (2) and 3.1,
n+1
ITDE|| < b1 +- lIpll, = 3 " 4 2n%k (edge of I)~.

. t=l
Then by (10),

r n+1l r
SIIDE|| =3 A(E) + 2n%k 'S (edge of I¥)n,
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3.14. THEOREM. If E is an S-system with E € £, and I is a closed interval
of R™1 that does not intersect K(E), then
I-E=uwug{)-1
Proor. Let F and G be S-systems such that
F=1-F G=ugl) 1
By 3.3 and 3.7,

(1) up(x) = ur(x) - ug(z)
for almost all # € R**! and by 3.6 (iv)

(2) ug(x) = ug(l) - u;(2)
for almost all z ¢ R"*1. By (1) and 3.11,

(3) up(x) = ug(z)
for almost all z e Int(l) and

(4) up(e) =0

for almost all z € R**! ~ 1. It follows from (2) and 3.11 that
(5) (%) = ug(*)

for almost all z € Int(Z) and

(6) ' ug(x) =0

for almost all z ¢ R**1~ I. By (3), (4), (5) and (6)

up(r) = ug(x)
for almost all z e R**1, so that by 34, F = G

3.15. THEOREM If E is an S-system with E € £, and I is a closed inierval
of R*1 containing K(E), then

I-E=FE.
Proor. Let F be an S-system such that
(1) A F=1I-E.

Then by 3.3 and 3.7
up () = ur(x) - ug(x)
for almost all z ¢ R**1. Hence by 3.11,

(2) up(x) = ug(x)
for almost all = € Int(Z) and
(3) up(z)=0

for almost all x ¢ R*1~ 1.
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But since K(E) C1I, it follows from 2.2 (ii) that
(4) ug(x) =0
for all x e R™*1~ I. As a consequence of (2), (3) and (4) we now have

up(x) = ug(x)

for almost all x € R*+!, so that by 3.4, F = E; ie, by (1), E=1:E.

4. Some approximation theorems

In 4 we prove some theorems which enable us to approximate a particular
S-system with a finite number of S-systems, each of which is the product of
an integer and an S-system corresponding to a cube. These theorems will be
used in 5 to prove Cauchy’s theorem.

4.1. THEOREM. If B is a compact non-empty subset of R™ with a finite
Hausdorff n-measure A and if € is an arbitrary positive number, then there
exists a finite set

IV ... [ (r =1)

of closed cubes of R™! with mutually disjoint interiors and such that:

(i) the diameter of each IV) is less than ¢;

,
(ii) BC Int {|J I}
j=1
and each I'9 intersects B;

- (iti) S (edge of Iy < min2m+14 4 1.

i=1
Proor. It follows from the definition of Hausdorff measure that there

exists a partition
B=B,uBgu---

of B into a sequence (possibly infinite) of mutually disjoint subsets such that
(1) diameter of B, < 2—2n~%¢
for each s and
> 2-"a(n) - (diameter of B,)" < A + n~in2-2n-2
where «(n) is the n-measure of the unit n-cell {z; z e R* and ||z|| < 1}.

Since a cube of R* with edge 2n—% can be included in this n-cell, a(n) = 2*n 1"
and therefore

S (diameter of B,)* < nirA 4 2-2n-—2

Each B, can now be covered by an open set U, such that
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(2) diameter of U, < 2 1n—*%¢
for each s and
(diameter of U,)* — (diameter of B,)" < 2—*-2-2

for each s. Then
(3) S (diameter of U,)" < ni"A 4 2-2n-1,

Since B is compact one can choose a finite non-empty collection % from the
U,’s which covers B. For each U € % one can choose an integer #(U) such
that

(4) 2-10-1 < diameter of U < 2-#U),

For each integer s, let &%, denote the collection consisting of all those
closed cubes of R"t! of the form

{x; w2 <2, < (w, +1)27%, -+, 0,42 S 2, = (W,g + 1)27%
wl)...,wn-{-]_:O: j: 1» :t2:".'
For each U € %, let J#(U) be the collection consisting of those cubes of
& wwy that intersect U. By (4) the number of cubes in J(U) is < 2"+,
hence again by (4),
(5) > (edge of I)» < 2"+1(2- diameter of U)",
ITes(U)

for each U ¢ %.
From the collection
U s U)
Ue¥

one can now select a (finite) subcollection S’ of closed cubes with mutually
disjoint interiors and covering

6 U.

(6) UL‘JqI

Let 70 - .. J(" be the members of #’ that intersect B. Since #' covers the
open set (6), which contains B, it follows that

BC Int{|JI¥}
j=1
Thus (ii) is true. '
Now each I belongs to some J(U), hence to &,y so that

diameter of I = n%2-U)

which by (4),
< 2n*% - (diameter of U)

and by (2)
< &
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Thus (i) is true.

Evidently
> (edge of I")» < 3 (edge of I)*
j=1 Ies/
=Y 3 (edge of I),
Uedy Ieyg(U)
which by (5)
< > 22*+l (diameter of U)"
Ued
=< Y 2*tl(diameter of U,)*
and by (3)

| < min2wmilg 4,
This proves (iii) and completes the proof of the theorem.

4.2. THEOREM. If E is an S-system and € is an arbilrary positive number,
then there exists an S-system F such that

(@) K(F) = K(E),

(i) O(F) = O(E),

(iii) up ts bounded, and

(iv) NE — F|| <.

Proor. For each positive integer s, define
(1) K(E,) = K(E)
and, for all ¢ R** ~ K(E,), define

ug(x) = ug(x) f —s=<ug(x)=s,

(2) =—s if wug(z) < —s,

= S if uE(x) g S.

Then E, evidently satisfies 2.2 (i) and (ii). To prove that it satisfies 2.2 (iii),
let ¢, be an integrable function bounding the 7th multiplicity of E, let y be
an arbitrary point of R" and take a finite sequence

2O gl .. gl
of points of P;1(y) .n {R*+ ~ K(E,)} with
xﬁo) < xgl) < e & xsf).
It follows from (2), that

g, (@) — ug (29)] < lug(@V) — ug(x?),
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hence
2 lug,(@9Y) — ug (x'9)] = e,(y).
j=1
Thus 2.2 (iii) is satisfied, hence each E, is an S-system. Evidently
(3) O(E,) = O(E)
for each s.
Define, for each positive integer s,
(4) K(G,) = K(E)
and
(5) Ug,(x) = ug(z) — ug (x)
for all ¢ R"*' ~ K(G,). By 2.12 and 2.13, each G, is an S-system. Let
(6) Z;=Y,E) n ﬂlYi(Gs)-

Then R"~ Z, has zero m-measure. Take an arbitrary point y of Z,. If
z', '’ e P (y) n {R**' ~ K(E)}, then

lug (@) — ug (@) = [{ug(e') — ug (')} — {ug(*") — ug,(z")}i
and by Theorem 2 on page 3 of [4],
= lug(@') — uglz”)|,
hence for each z e P;(y)
l“i(Gu x) — ﬁi(Gs:.x)l g I(Z,-(E, x) - ﬁi(E’ x)l
so that by 2.5
(7) ai(Gn y) _S_ at'(Et y)

for all y € Z; and each s. Now it follows from 2.3.1 that ug(x) is bounded for
z e P/ (y) n {R*' ~ K(E)}, hence by (2) and (5), there exists an s, such

that
uG'(x) = 0
for all ze P'(y) n {R**'~K(E)} and all s =s,. Theretore by 2.5,
ai(Gu Z/) =0
for all s = s;; 1i.e.,
®) lim ,(G,, ) = 0

for all y € Z,. Since by 2.8, a,(E, y) is integrable, it follows from (7), (8) and
dominated convergence that

lim fz‘ a,(G,, y)dy = 0;

$—>00
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ie. by 2.9
lim 4,(G,) = 0,

8—»00

for each 4 =1, -+, n + 1. Hence we can choose an s, such that

n+l b/
[ 4] <
i=1
therefore by 3.2.1,
1G]l <.
But by (5), 3.6 and 3.4,
E=FE, +4,,
hence '
(9) IE ~ E, |l <e

Thus, if we put F = E, , it follows from (1), (3), (2) and (9), that F has
the required properties.

4.3. THEOREM. Let E be an S-system such that O(E) 3 @, K(E) has a finite
Hausdorff n-measure A and

[ug(z)l =

for all x e R"*1 ~ K(E). Let ¢ be an arbitrary positive number.
Then there exists a finite set

IV, @ oo ! (y > 1)
of closed intervals of R™, corresponding integers
1:1; 1"2’.'.: ir;
and a finite set
FW F@ ... F& (s>1)

of S-systems, with the following conditions satisfied.
(i) Each I is contained in O(E).

i) E=3iIv+3 Fo,
p=1

=1
8 n+1 n+41
(iii) 3|F®| <3 A,(E) + 2220 % kA + 2n%k.
p=1 i=]1

(iv) The diameter of each K(F™) is less than e.

Proor. It follows from 2.2 (ii), that O(E) is open, hence there exists a é
such that 0 < 6 < € and no closed interval with diameter less than 4 can
cover the whole of O(E). By 4.1, there exists a finite set

JW, oo @ (s =1)
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of closed cubes with mutually disjoint interiors and such that

(1) diameter of J® < §
for each p=1,---, s,
(2) K(E) C Int {{J J®},
p=1
(3) J® A K(E) # 0
for each p, and
(4) Y (edge of J®)" < nin22n+ig 1,
=1

Let I be a closed interval that contains all the J®s, hence also K(E).
One can choose a finite set

J CURS (U

of closed intervals, whose interiors are disjoint with each other and with the
interiors of the J®’s and for which
t 8
(5) I=JI9u|)J™.
i=1 r=1
We can assume that
W ... I (r=1)

are those of the I)’s that are contained in O(E). By (5) and 3.12,

I = zt]’(i) + i J(p),

i=1 r=1
hence
¢ s
I E=I"-E4+3J®.E,
i=1 p=1
so that by 3.14 and 3.15,
t s
E=Sug(I®") -1 £ S J®. £
j=1 =1
and, since ug(I) = 0 when j > 7, we have

(6) E = é uE(I(”) Ny (. i:'](’) . E.
=1 p=1
Define
(7) iy = ug(lP) G=1---7)

For each p =1, - - -, s, there exists an S-system G such that

(8) Gw» = Jo . E.
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Define

K(F(”)) — ](p) A K(G(”)),

upn () = ugm(x) if zeJ® A {R*1 ~ K(F?)}

=0 if zeRl~ J,
It is not difficult to verify that, for each p, F® is an S-system,
(9) (%) = tgin ()
for almost all z e R**! and
(10) diameter of K(F®) < diameter of J®,
It follows from (9) and 3.4 that F® = @®, hence by (8)
(11) For— Jo . E p=1,---,5s).
By (6), (7) and (11),
E = éi,- Ny i Fo.
i=1 p=1

thus (ii) is true. We have already proved (i).
It follows from 3.13, that

3 n+1l 8
ST - E|l 3 AJ(E) + 2n%k 3 (edge of J®)»
=1 i=1 p=1
hence by (4) and (11),
8 n+1 ﬁl_
SIF®|| < 3 A(E) + 22202 kA + 2n%Ek.
p=1 i=1

Thus (iii) is true. (iv) follows immediately from (1) and (10).

5. Cauchy’s Theorem

We now make use of 4.2 and 4.3 in proving Cauchy’s integral theorem,
first of all for S-systems (5.1 and 5.2) and then for closed parametric
n-surfaces in R*+1 (5.3).

5.1. TaEOREM. I} E is an S-system such that K(E) has a finite Hausdorff
n-measure A and if f,," -, foi1€ F and have the property: for each closed
interval I of R™' that is contained in O(E),

ntl

,2:1]‘ (f:) = 0;

then
n+1

E Et(fi) = 0.

t=1
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ProoF. If O(E) is empty, then ug(x) = 0, hence £ = 0 and the theorem
i1s trivial. Hence we can assume that

(1) O(E) # @.
(a) Assume to begin with that there exists a constant # > 0 such that
(2) lug(z)| = &
for all z ¢ R"*! ~ K(E). Take an arbitrary 5 > 0. Put
n+1 n+1
(3) c =2 A E) + 2220 1T kA + 2n%k.
=1

By 2.17, there exists a p > 0 and such that ||z|| < pforallz ¢ K(E) u O(E).
Define for each 7,

gi(“_f') = fi(x) if |lz|] =p,
_ fi(x) if
1+ {lz|] —p

|zl = p.

Then

@) g, e F z:=l,"',n+l,
gi(x) =filz) i=1--"n+1

for all z ¢ K(E) v O(E) and

(5) gix) >0 t=1---,n4+1

as ¢ — 00. By (5) and continuity, each g, is uniformly continuous on R"+1,
Hence we can choose an & > 0 so that

n .
AN r _h =1 .- 1’
(6) lg:(z') — gi(=")| < T e 1 ) , m+
for all 2/, 2’ ¢ R*t! with
(7) [l — "] < e.
Let I, ¢,, F® be defined as in 4.3. By (4) and 3.9,
E(ft —g) =0,
hence
n+l n+l
E Ei(f{) = Z El(gi)»
fam] =]
which by 4.3 (ii)
r .n+1 ntl s ,
= Z 7] Zlﬁ”(g;) + Z Z Fﬁ’)(gi),
j=l1 i=1 =1 pm=1

so that by 4.3 (i), (4) and hypothesis,
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® RGN =2 3PP,

We will now prove that
=1, n41

9 F@ (o )| < || fi» _n ’ ’ ’
(9) )l < 11l = A
When K(F®) = @, upw» = 0, hence F®» = 0 and (9) is trivial. Suppose
therefore that K(F®) s @. Choose a point b ¢ K(F®) and define

g7 @) = gil) — (™),

mP (@) = g.(b™).
Then

PP (g) = |FP(e®) + PP (B,

hence by 3.9,
(10) PP (g,)| = | PP (g)]1.

But by 4.3 (iv), (6) and (7),

(») -~ M
lg:® (2)] < n + e
for all z e K(F™), so that by 3.10
11 F@ o2y < || F» n .
() PP )] = 1Pl

(10) and (11) evidently imply (9).
It now follows from (3), (9) and 4.3 (iii), that

leFi”(gi)lénj_l i=1,--,n+1,
p-

hence
n+l 8

> ZIFP @) =7

i=]1 p=1

and therefore by (8),

nt+l

| Z Ei(fi)l = .

i=1
Thus

n+1l

Z Ei(fz) = 0.

=1
(b) Suppose now that there is no restriction on u#g. Since each f; e &
there exists a constant I' > 0 such that

@) =T C=1--n+1)
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for all # ¢ R*+1, Take an arbitrary > 0 and put

n
12 _—
(12) T Or
Let F be defined as in Theorem 4.2.
By (a)
n+l
(13) glpi(fi) = 0

But it follows from 4.2 (iv), that

o
lEi(f)) — Fu(f )| < el = T

so that by (13)

n+1

| E Ei(f{)’ <.

i=1
Thus

n+1

Z Ei(fi) = 0.

i=1

5.2. THEOREM. Let E be an S-system such that K(E) has finite Hausdorff
n-measure. Let f,, -+, fo11 € F and have the propertics:
(1) each of the partial derivatives

9/
A =1 . 1
oz, G=1--,n+1)
exists and is continuous on O(E);
n+1 f
(i1) 2 (=1 —
=1 0,
at all points of O(E).
Then
n+1
E Ei(f{) = 0.
i=1
Proor. Let

I= {x: 01 = = dl’ "y Ot é Trt+1 g dn+1}

be an arbitrary closed interval that is contained in O(E). It follows from
2.10, 3.2 and 3.11, that for each fe &%,

(1) L) = (= 0= [, T @)} — FE0 ),

where £%(y), ¥ (y) denote the points of P;*(y) whose sth coordinates are
¢;, 4, respectively. It is well known that (i) and (ii) of the hypothesis imply
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b i~1 @ ) (
3 (=0 [, U9 )} — 1E0 @) dy = o;
i.e., by (1)
n+l
;Ii(fi) = 0.
Hence by 5.1,
n+1
Z]. Ec(f:) =

5.3. THEOREM. Let (f, M™) be a closed parametric n-surface in R"™1 with
bounded variation and such that f(M?*) has a finite Hausdorff n-measure.
Let g;,, -+, 8o be real-valued functions on f(M"™) v O(f, M™) with the
following properties:

(1) each g; is continuous on f(M™) v O(f, M");

(i) each of the partial derivatives

9g;
ox;
exists and is continuous on O(f, M*);
ntl agi
1)i-1-2¢ — ¢
(111) igl( ) axi
at all points of O(f, M").
Then
n+1
S ] e @ 4P) =
Proor. Put
K(E) = {(M")
and

ug(2) = u(f, M", z)

for all z ¢ R** ~ K (E). Then we have shown in 2.2 that E is an S-system.
It follows from 3.4, 3.7 and 3.10 of [5] II, that for each g ¢ &,

(1 Ei(g) = [, um 6@)4P:(c)

By 2.17, K(E) v O(E) is compact, hence each g, is bounded on K(E) U O(E).
By Tietze’s Extension Theorem ([2] p. 80 or [3] p. 28) each g, can be ex-
tended to a bounded continuous function on R*t1. Then each g, ¢ # so that

by (1
y ( ) n+1l n+1
3 [y aun @) 4P (o) = 3 E,(g)

and by 5.2 is equal to zero.
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