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LIMITS ON PAIRWISE AMICABLE 
ORTHOGONAL DESIGNS 

WARREN WOLFE 

Introduction. An orthogonal design in order n of type (ui, . . . , ut) on 
the commuting variables Xi, . . . , xt is an n X n matrix X with entries 
0, dbxi, . . . , dzxt such that 

XX1 = Oi#i2 + . . . + utxt
2)In. 

In [5] Geramita and Wallis show that if n = 24a+ft- n0, where n0 is odd and 
0 ^ b < 4, then / ^ p(n) = 8a + 2&. The result is essentially Radon's 
limit on the number of anti-commuting, real, anti-symmetric, orthogonal 
matrices in order n. Garamita and Pullman show that this limit is sharp 
for orthogonal designs: i.e., given », there exists an orthogonal design in 
order n with p(n) variables [6]. 

Two orthogonal designs, X and F, are called amicable if XYl = YXl. 
Such pairs of orthogonal designs are especially useful in generating new 
orthogonal designs [5] or [6]. In [9] it is shown that the total number of 
variables which can appear in such a pair is bounded by p(n) = Sa + 
26 + 2 and that this bound is sharp. In [8] Shapiro has found the same 
limiting functions on the dimensions of spaces of similarities of quadratic 
forms. 

The interested reader is referred to [7] for a more complete discourse 
on orthogonal designs. 

In this paper, a set of t pairwise amicable orthogonal designs in order n 
is considered. Such sets would again be productive generators of new 
orthogonal designs. It is shown that the total number of variables which 
can appear in such a set is bounded by 8a + 2b + t. If b = 0, then this 
bound is always sharp. However, if b = 1, 2, or 3, there are cases when 
the limit is actually less than 8a + 2b + t. 

1. A generalized Hurwitz group. Suppose Xh . . . , Xt are orthogonal 
designs in order n such that, if i 9^ j , XtX/ = XjX^. Let 

X i = 2^i AijXfj 

where the x ij s are distinct commuting variables and the A tj are (0, ± 1 ) 
matrices such that A tjA */ = Uijln: i.e., Xt is of type (un, . . . , uis(i)). 
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1044 WARREN WOLFE 

Let 

) _ _ . . . 
VUijUn 

Then an = In and the set of real matrices {a{j, 1 ^ i ^ /, 1 ^ 7 ^ s(i)\ 
satisfy: 

( i ) ^ - 2 = - J n , 2 g j ^ 5 ( 1 ) ; ^ / = / „ , *?* 1, 1 rSj g s(i); 

(ii) otijOLik = —autan, 1 S i S t, j ?± k; 

(iii) enfin* = -attpij, i 5* 1, 2 ^ 7 ^ 5(1), 1 ^ & ̂  s(i)\ 

(iv) a,/**, = «*,«<,, 2^i?*k£t,l£j£ s(i), U / g s(fc). 

Then consider a group which mimics the above structure. 

Definition. If {s(l), . . , s(/)} is an /-tuple of positive integers where 
/ ^ 2 and 5(1) ^ 2, then the generalized Hurwitz group G = G{s(l), . . . 
s(t)} is the group with generators e, ai2, . . . , ais(i), . . . , an, . . , ats{t) 

and defining relations: 
(i) e2 = 1, e 7* 1, ea = ae for every a in G; 

(ii) aii2 = e, 2 £j£ 5(1); a , / = l , ^ l , U j g *(*); 
(iii) atjaik = eaikaij 1 ^ i ^ /, 7 ^ k; 
(iv) a^a t t = e a * ^ i ^ U ^ j ^ 5(1), 1 ^ * ^ s(i); 
(v) a 0 a ^ = aklatj 2 <> i ?± k ^ ty 1 ^ 7 ^ s(i), 1 ^ l S s(k). 

Surely the set of normalized matrices obtained from the set of pairwise 
amicable orthogonal designs in order n is a matrix representation of a 
generalized Hurwitz group. The goal is to find the minimal degree of 
such a real representation, F, where F(e) = —In- The techniques were 
used by Eckmann in his description of the Hurwitz group [2]. The 
reader is referred to [1], [3] or [4] for the salient facts regarding group 
representation theory. 

Note. If A is a set, then \A\ denotes the order of A. 

Let m = ^21 s(i). It is clear that |G| = 2m. Also an easy check will 
show that the commutator subgroup, Gf, is {1, e}. Let c(G) be the number 
of conjugacy classes in G, let J = {i\l ^ i ^ t, s(i) is odd}, and let Z{G) 
denote the centre of the group G. 

LEMMA 1.1. / / s(i) is even for all i then \Z(G)\ = 4. 
Otherwise \Z(G)\ = 2"L 

Proof. Let 

s(D s(i) 

Consider an element œ of Z(G), the centre of G. Then assume without 
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ORTHOGONAL DESIGNS 1045 

loss of generality that 

t (3(i) 

« = n Hjij 

where ytj is in {aik}, y a 9^ yih 0 S P(i) ^ s(i). Note that eco is in Z(G). 
If 0 < 0(1), then 

3/11W = coy u = e S / 3 ( i ) _ 1 ynco 

and hence £ 0 W is odd. If 0(1) < s(l) — 1, then for some alk, 

au Q {yij}, ûuo) = œalk = e^(i)alkœ 

and hence 7£,fi(i) is even. Thus either 0(1) = 0 and £0 ( i ) is even or 
0(1) = 5(1) - 1 and D0(i) is odd. 

For i 5̂  1, a procedure as above yields that either 0(i) = 0 and 0(1) 
is even or 0(i) = s(i) and 0(z) + 0(1) is odd. 

Now assume 0(1) = 0. Then for i ?± 1, 0(i) = 0 or 0(z) = s(z) is odd. 
Thus co = Yliei au 1 & I C. J, \I\ even. 

Finally assume that 0(1) = 5 (1) 9^ 0. Now if 5(1) is even then 0(1) 
is odd and fi(i) = s(i) is even for i ^ 1. Hence co = n*=i a{. 

On the other hand, if s (I) is odd then 0(1) is even and 0(i) = 0 or 
0(i) = s(i) is odd for i ^ 1. Then co = r i i € / a*'» ^ C / , | / | even. 

The result follows by counting the elements in Z(G). 

By the theory of group representations G has 2W_1 irreducible complex 
representations of degree 1. The following lemma will provide a common 
degree for those representations of degree > 1, and appears as problem 
2.13 in [3]. 

LEMMA 1.2. If G is a group such that \G\ = 2m and \Gf\ = 2 then all 
complex irreducible representations of G of degree > 1 have a common 
degree. 

Proof. Let /xi, . . . , nt be the characters of all irreducible complex 
representations of G of degree 1 and let xu 1 ^ i S s be the characters 
of those representations, Fit of degrees d{ > 1. 

By the orthogonality relations, see [1], 

tk(g)i2 + i:Mg)i2 = \ca(g)\ 
1 1 

where CG(g) is the centralizer of g. But, if g $ Z(G), then 

t M g ) | 2 = |G|/|G'| = 2™-1 and \C0(g)\ Ï 2m~\ 
1 

Hence 2m~1 + £ 1 |x*(g)|2 ^ 2m~J so Xi(g) = 0. Now if i is fixed, 

l̂ | = Elx,te)l2= £ lx,te)l2. 
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1046 WARREN WOLFE 

But if g 6 Z(G), Fi(g) must be a scalar matrix agIdi where aQ is a root 
of unity. Thus 

|G| = E i / = \Z(G)\dt
2 

(762(G) 

i.e., di2 = \G\/\Z(G)\ for 1 ^ i ^ s. Thus for all i,j, dt = d;. 

Consider the case when some s(i) is odd. Then c(G) = 2W_1 + 2 | j r | _1
f 

and this is the number of equivalent irreducible complex representations 
of G. Since G has 2m~1 representations of degree 1, there must be 2 | , / | _ 1 

irreducible complex representations of degree n > 1. In fact, the proof 
of the lemma shows that every such representation has degree d where 

\G\ _T_ 
d ~]ZW\ " 2 U I 

i.e., 

d = 2(m-lJl) /2. 

LEMMA 1.3. If s(i) is even for all i, then there exist 2 irreducible complex 
representations of G of degree 2 ( m - 2 ) / 2 . 

Otherwise there exist 21*71-1 irreducible complex representations of G of 
degree 2^m-\J^'2. 

Proof. The second statement is proved above and the first follows 
similarly. 

For the purpose at hand, it is necessary to find the degrees of real 
representations of G. If F is an irreducible complex representation of G 
of degree n, then 4>F is a real representation of G of degree 2n where <t> is 
the usual representation of the complex numbers as 2 X 2 real matrices. 
However, it is often possible to do better. F is called realizable over R 
if the entries in the matrices of F(G) are real complex numbers. The 
Frobenius Schur Lemma [1] states that a complex representation F is 
realizable over R if and only if ^ ^ G x(g2) > 0 where x is the character 
of F. Note also that in the present case it is required that F(e) = —I. 
Then x(e) = —n. 

Suppose g is in G and 

t a(i) 

where ytj £ [aik}, y%i j* yih and 0 ^ a(i) S s(i). Let 

H„ = a ( l ) [a( l ) + 1] + É (2a(l)a(i) + cc(i)[a{i) - 1]). 

Then 

(fo\2 = a2 = S*'2 = i 1 if ^ = 0(mod 4) 
Kg) g U i f /x ,^2 (mod4) 
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ORTHOGONAL DESIGNS 1047 

and x(g2) = =±=w> depending upon iig. Consequently X^ec X(g2) = 2nT 
where 

r = |{g|M, = 0 (mod4)} | - | {gk = 2 (mod4)} | . 

Now T7 is realizable over R if and only if T > 0. 
A suitable counting device for T is suggested in [2]. If p is a positive 

integer, let ^ = (1 + i)p = x^ + iyp. 

• > - ( Î ) - ( Î ) + ( Î ) - * - ( Î ) - ( Î ) + ( Î ) -

^+*-(î)+(î)-fâ-fâ+-
* - * - ( s ) - ( ? ) - ( ? ) + ( * » ) + • • • • 

The following table gives values —, -f, or 0 for these numbers for various 
values of p. 

TABLE 1.1 

£(mod8) 0 1 2 3 4 5 6 7 

0 + 
0 

0 
0 + + 

LEMMA 1.4. 

t t 

T = X8(D n (paw + yS(j)) — y sa) I l (Psu) — y*u))-
j=2 .7=2 

Proof. There are I , , J ways of choosing a word of a ( l ) distinct 

(s(i) \ elements from the set {a^} ; I / . . I ways of choosing a word of a(i) dis-
\a(t)/ 

tinct elements from {atj} Hi ^ 1. 
Let Ti be the contribution to T by elements g, where a (1) = i (mod 4), 

for i — 0, 1, 2, 3. There are 

[("VM'^V)*-] 
such elements, and 

», = (i(i + 1) + É«0')[2* + a(j) - l])(mod 4). 

3-p + + 0 — 
Jp 0 + + + 

^P ~r 3^ + + + 0 
XP ~ yp + 0 - -
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1048 WARREN WOLFE 

Suppose i = 0 ; then 

M, = 2 > ( j ) ( a ( j ) - 1) = 0(mod4) 

if and only if there are an even number of fs such that a(j) = 2 or 3 
(mod 4). Now proceed by induction on /. 

If t = 2, then \xg = 0 (mod 4) if and only if a(2) = 0 or 1 (mod 4). 
Hence 

To (•< v ') + (•< Y ')+ . . . (̂ *(2> + :y*(2))-

Now assume that for t = & 

r . - [( '0>0- ') + ('(Y ')+••• 
Let 

X (xs(2) + 3>s(2)) . . . (xsa ) + ysik)). 

/ k a(i) \ a(fc+l) a(fc+l) 

^ = (niiyij) n û+Di = gu n y(k+l)r 

Then M? = \iÇk + a(fe + 1) (a(k + 1) — 1) and \xg = 0 (mod 4) if and 
only if 

ixgk ss tt(* + l ) (a(* + 1) - 1) (mod 4). 

To = [number of times n0k = 0 (mod 4)] (xs{k+1) + ys(k+») 

- [number of times ngk = 2 (mod 4)] (xs{k+l) + ys(k+i)) 

-[('(1>.-1) + (* (V ,)+-] 
X (xs(2) + 3̂ ,(2)) . . . (xs{k+D + yS(k+i))' 

Similarly 

r , - ( - 1 ) [ (^Y 1 ) + ( I < Y 1 ) + - ] 
X (xs(2) - yS(2)) • . . (xHt) - ysU)) 

r 2 = ( - i ) [ N 

x (xs(2) + ys<2)) • • • (xS(t) + yS(û) 

(«Y'M-'Y1)*-

r3 = [(•(Y1) + (*V ,)+-] 
X (xs{2) - ys(2)) . . . (xsit) - y,( t )). 
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Then 

T — (To + T2) + (7\ + r 3 ) and the lemma follows. 

The lemma shows that T depends upon the values of the s(i) (mod 8). 
Let 

na = \{i\2 ^ i ^ t9Si = «(mod 8)} |, 0 g a g 8. 

Note from Table 1.1 that if for some i, j j* 1, s(i) = 1 (mod 4) and 
s(j) = 3 (mod 4), then T = 0. 

Begin by assuming wi + fts > 0 and n% = n-i = 0. Then 

T = X,(i)_i(xs(2) + y6(2)) • • • (Xs(t) + ys(t))-

Since xsa) + y,(<) > 0 for all i such that s(i) = 0, 1, or 2 (mod 8), and 
#5(0 + ysa) < 0 for all j such that s(j) = 4, 5, or 6 (mod 8), it is 
sufficient to assume that 

T = ( - l r ^ ^ ^ . d ) . ! . 

Thus T > 0 if and only if either 

1) UA + w5 + fiQ is even, s(l) = 0, 1, or 2 (mod 8) ; 

or 

2) W4 + W5 + ^6 is odd, s(l) = 4, 5, or 6 (mod 8). 

Similarly if w3 + n-j > 0 and tii = n5 = 0, then T > 0 if and only if 
either 

1) %2 + w3 + n± is even, s( l) = 0, 6, or 7 (mod 8) ; 
or 

2) w2 + ^3 + w4 is odd, s(l) = 2, 3, or 4 (mod 8). 

Now suppose ni = ns = n5 = n7 = 0. By Table 1.1 we can assume 
that 

T = (-1)»* [x5(i)_i(xs(2) + ys(2)) . . . (xs(Q) + ys(q)) 

-ysœ-i (^5(2) - yS(2)) . . . (xS(Q) — yS(q))] 

where s(i) = 2 or 6 (mod 4) for 2 ^ i S Ç, and q = n2 + w6. 
Note that if n2 + n% = 0 then T = ( — l)W4x(5(i)_i) — y(s(1)^1). 
If 5(i) == 2 or 6 (mod 4) then xs(i) = 0 and 

r = ( - i ) w * [x(S(i)_i)^(2) . . . yx(q) - y(s(D-i)(-yS(2)) . . . ( -^o?) ) ] 

= ( - i ) W 4 ^ ( 2 ) . • • yS(Q) [xu(D-i) + (-i)Q+1y(s(D-i)] 

= ( « i j n ^ . ^ ^ ^ + (-l)»rM..+ ly ( a ( 1 )_1 ) ] . 

Under the assumption that ni = n^ = n5 = HT = 0, then T > 0 if and 
only if one of the following 
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1) n>i = w6 = 0 and either: 

a) n.\ is even, 5(1) == 0, 1, 7 (mod 8) ; 

or 

b) TIA is odd, 5(1) •= 3, 4, 5 (mod 8) ; 

2) wy + w6 > 0 and either: 

a) W4 + n% is even, w2 + w6 is even, 5(1) = 0, 1, 7 (mod 8) 

or 

b) n\ + n% is even, w2 + w6 is odd, 5(1) = 1, 2, 3 (mod 8) 

or 

c) U\ + n% is odd, w2 + We is even, s ( l ) = 3 , 4 , 5 (mod 8) 

or 

d) «4 + w6 is odd, w2 + w6 is odd, 5(1) = 5, 6, 7 (mod 8) . 

Let d be the degree of a real representat ion of G of minimal degree > 1. 
Lemma 1.3 combines with the above calculations as follows: 

Case 1. If 5(1) is odd and s(i) is even for all i, 2 ^ i g /, then 
</ = 2^m-~1)/2 if 

i) ni + We is even, w4 + We is even, 5(1) = 1,7 (mod 8) 

or 

ii) ?h +- n% is even, w4 + w6 is odd, 5(1) ^ 3, 5 (mod 8) 

or 

iii) th + We is odd, wi + w6 is even, 5(1) ^ 1 , 3 (mod 8) 

or 

iv) «2 + ?iis is odd, 7ii + w6 is odd, 5(1) = 5, 7 (mod 8) 

and d = 2 ( m + 1 ) / 2 otherwise. 

Case 2. If 5(1) and s(i) are odd for some i, 2 g i ^ £, then 

,i = 2 <™-*I-*5-D/2 if n i + W 5 > 0 f W 3 = w ? = o 

and either 

i) n\ + «5 + 77-6 is even, 5(1) = 1 (mod 8) 

or 

ii) tu + n$ + w6 is odd, 5(1) = 5 (mod 8) . 

d = 2«m-n^n7~D/2 if fl;i + w ? > 0> Wl = w . == o 
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and either 

i) w2 + n-i + w4 is even, 5(1) ^ 7 (mod 8) 

or 

ii) n>i + w3 + ?*4 is odd, 5(1) = 3 (mod 8) . 

^ = 2(m-n1-n8-n6-»7+i)/2 otherwise. 

Case 3. If s(i) is even for all i, l S i S t, then ri = 2 ( w - 2 ) / 2 if 

i) w-2 + «6 is even, w4 + w6 is even, 5(1) s= 0 (mod 8) 

or 

ii) w2 + n§ is even, w4 + w6 is odd, 5(1) = 4 (mod 8) 

or 

iii) w2 + We is odd, w4 + W6 is even, 5(1) ^E 2 (mod 8) 

or 

iv) w?. + w6 is odd, w4 + We is odd, 5(1) ^ 6 (mod 8) . 

c-Z - 2W/2 otherwise. 

Case 4. If 5(1) is even and s(i) is odd for some t, a :§ i ^ /, then 

J - 2 ^ ^ ) / 2 if m + w5 > 0, w3 = m = 0, 

and either 

i) w4 f th + #6 is even, 5(1) = 0, 2 (mod 8) 

or 

ii) w4 + Wo + We is odd, 5(1) = 4, 6 (mod 8) . 

d - 2(W|-w*-**)/2 if ws + m > 0, wi - WO - 0, 

and either 

i) W2 + W;i + ri\ is even, 5(1) = 6, 0 (mod 8) 

or 

ii) n > ! w„ 4- //1 is odd, s ( l ) T 2, } OTH H I M, 

-\ L i m i t s on t h e \ u r i a b l e s . ,V;n i..r.I.M. a .• r« ;.•!«• j • . . . . -• » 
,i -« U •{* n« .i h;r nuîiiïiijj de^ie* -•? - u n n«.ir ihen t \ •. .« o n 

,MI | u*>r «u'lMahle ortho^njal deMgns VUUMV :\i) i> MH I i!:nu-i 
••. «u* titles j 11 the /tli design tor 1 < / : t A^am let w ^ [ . ; 
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Let St(n) be the maximum number of variables which can appear in t 
pairwise amicable orthogonal designs in order n. Set n = 24a+&-n0 where 
no is odd, 0 S b < 4. Then it has been shown that bi(n) = 8a + 26 and 
that ô2(n) = 8a + 2b + 2 [see Introduction]. Partial bounds for ôt(n) 
can now be found by using Section 1. 

THEOREM 2.1. For t > 1, Ô,(n) g 8a + 2b + t. 

Proof. By the calculations in Section 1, it is clear that the degree of a 
representation of the group G corresponding to a set of pairwise amicable 
orthogonal designs must have degree ;>2 ( m - ' ) / 2 . 

In fact this situation will occur only if all the s(i) are odd and congruent 
(mod 4). Then 

24«+& ^ 2(m-<)/2 and dt(n) = m ^ 8a + 2b + t. 

COROLLARY 2.2. 7/6 = 1 and t j£ 3 (mod 4), then ôt(n) g 8a + t — 1. 

Proof. Assume that dt(n) = m = 8a + t + 2. Then m = t + 2 (mod 
8) and all the s(i) must be odd and congruent (mod 4). 

Assume s(i) = 1 (mod 4) for all i, then let s(i) = 4:pt + 1. Then 

« « / t \ 

w = Z *(i) = E (4£* + 1) = 4l S P<) + ' = /(mod 4;. 

This contradicts the conclusion that m = t + 2 (mod 8). 
Assume s(i) = 3 (mod 4) for all i. Then 

w = 5(1) + 3w3 + 7n7 (mod 8). 

(Recall: wa = \{i\2 ^ i ^ t,sf = a (mod 8)}|). Hence 

s(l) = m — 3w3 + m (mod 8) 

= (t + 2) - 3w3 + (t- m-l) (mod 8) 

= 2/ + 1 - 4w3 (mod8). 

Now, if nz is odd, then by case 2 after Lemma 1.4, 5(1) = 3 (mod 8). By 
the above calculation, s( l ) = 2* + 5 (mod 8), and hence t = 3 (mod 4), 
contrary to hypothesis. If nz is even, the same contradiction is achieved. 

Thus, the conclusion is that bt{n) ^ 8a + t + 1. 

COROLLARY 2.3. Ifb = 2andt^2 (mod 4), then dt(n) g 8a + t + 3. 

COROLLARY 2.4. Ifb = 3 and t == l(mod 4), thenht{n) g 8a + f + 5. 

Both of the above corollaries are proven in a manner similar to that 
used for Corollary 2.2. 
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THEOREM 2.5. If n = 24a-w0, where n0 is odd, then for each t > 1, 
ôt(n) = Sa + t. 

Proof. In [9] it is shown that there exist p(n/2) + 1 = 8a + 1 anti-
commuting, symmetric, orthogonal, disjoint, (0, ±1 ) matrices in order n, 
say ^ i , . . . , A8a+i. 

Let Xi = InXi, . . . , I / _ i = Inxt-i, Xt = YtAiji where the xt and y3-
are distinct commuting variables. Then {Xi, . . . , Xt) is a set of pairwise 
amicable orthogonal designs in order n with 8a + t variables. 

CONSTRUCTION 2.6. If there exists a set of t pairwise amicable orthogonal 
designs in order n with p variables, then there exists a similar set in order 
2A-n with p + 8 variables. 

Proof. Let {Xt = X^?=i A^x^, 1 g i ' g t\ be the given set of designs 
in order n. Let Zu and 23? Wfli be the amicable orthogonal designs in 
order 24 constructed in [9]. Then let 

5(1) 

Xi = (An® Z)zn + Z (Au ® WJzij 

s(2) 9 

X* = E (A 2 j ® WJzij + IL (An® Wk)w2k 
j=l k=2 

s(i) 

Xt = E (Aij <8> Z)ztj for 3£i£t, 

where the ztj, w2k are distinct commuting variables. Then {j?i, . . . , Xt) 
is a set of pairwise amicable orthogonal designs in order 24-n with 
I X i * W + 8 = P + 8 variables. 

THEOREM 2.7. 

/ 4 if a = 0, b = 1 

\ Sa + 3 if b = 0 

<530) = <8a + 5 # & = l, a > 0 

J 8a + 6 if b = 2 

I 8a + 8 if b = 3. 

Proof. If a = 0, ft = 1 then a pair of amicable orthogonal designs 
exists in order n with 4 variables. Hence 4 ^ ô3(w) ^ 5. Careful con­
sideration of all possible values for 5(1), s(2), and 5(3) will show that in 
fact 5z(n) = 5 is impossible. 

If b = 0, then Theorem 2.5 shows that bz(n) = Sa -f 3. 
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If b = 1 , a > 0, then let 

A oo — /32 ^ 1 1 - P ®P®P®P®P 

A2i = Q ® A 

A01 = P <g> 4 0 J8 4̂12 = P®P®P®P®Q 

A 22 = Q ® A 

A 02 = .4 ® 71 6 .413 - P®P®P®Q®h 

^23 = Q ® A 

Au = P ® P ®Q ® I A 

An = P ®Q ® Is 

4 16 = Q ® In 

îere 
4 17 = P ® P ® A ® Q ® A 

A = 
0 1 

. - 1 0. 
, P = 1 

I 
0. 

and Q = 
"l 0 
_0 - 1 

Q® A ® U 

Q® A 

Q ® P ® A 

Then \X t — ^ C i ^ . ^ ^ l , where Xij are distinct commuting variables, is 
a set of 3 pairwise amicable orthogonal designs in order 25 with 18 
variables. Now by induction on a and Construction 2.6, ôz(n) ^ 8a + f). 
By Theorem 2.1, Ô3(w) ^ Sa + 5 so there is equality. 

If /; = 2, (Corollary 2.2 shows that 53(w) S 8a + 6, but, since a pair 
of amicable orthogonal designs exist in order n with 8a + 6 variables 
[91, 63(w) = Ha + 6. 

Similarly Corollary 2.3 and the construction given in [9] show that 
if b = 3, then ô3(») = 8a + 8. 
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