ON THE HASSE-MINKOWSKI INVARIANT OF
THE KRONECKER PRODUCT OF MATRICES

MANOHAR N. VARTAK

1. Introduction. Let R = (r;;) be an m X n matrix and let S = (s;) be
a p X ¢ matrix defined over a field F. The Kronecker product R X S of R and
S is defined as follows:

Definition 1.1. The Kronecker product R X S of the matrices R and S is

given by
) 1’115 7’125...7’17,5
11 RXS= 7215 ?‘22S...7’2,LS
Tm1 S Tma S .o Y S
where 7;; S; 1 =1,2,...,m;j=1,2,...,n, is itselfl a p X ¢ matrix (1,
69-70).

We shall always use the symbol ‘X"’ in a product of matrices to denote the
Kronecker product. The ordinary product of R and .S (whenever it exists) will
be denoted by R-S or R S.

The Hasse-Minkowski invariant is a number-theoretic function occurring
in the arithmetical theory of quadratic forms. With respect to the matrix
A = (a;) of a quadratic form

n
Q= iZ]_:lau X1 %

it is defined as follows:

Definition 1.2. Let A be an # X »n non-singular symmetric matrix with
rational elements and let D,(¢ = 1,2,...,n) denote the leading principal
minor determinant of order 7 in the matrix 4. Suppose further that none of the
D, is zero. Then the integer

n—1

1.2 Cp = CII(A) = (_ 1y - Dn)p H (Diy - Di+1)p

i=1

is called the Hasse-Minkowski invariant of 4 where p is a prime and (a, b), is
the Hilbert norm residue symbol (2).

From the properties of the Hilbert norm residue symbol we get the following
expressions for ¢,(4) equivalent to 1.2:

n

1.3 () = (=1, =1, [ Dy —Dsa),

i=1
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where Dy = 1, and

n—1

1.4 &(A) = (=1, — D), [[ (Du1, — D),

i=
The problem considered in this paper is that of obtaining the value of
¢p(4 X B) in terms of ¢,(4), ¢,(B) and the determinants |4| and |B| of 4
and B.
In the next section we prove a theorem giving the exact relation between
¢,(4 X B) on one side and ¢,(4), ¢,(B), |4| and |B| on the other. In §3 are
considered some particular cases of this result.

2. The Hasse-Minkowski invariant c,(A X B): We shall first prove the
following Lemma:

LeMMmA 2.1. If A is a square matrix of order m and B is a square matrix of
order n, then the leading principal minor determinant |D,| of order u in the
Kronecker product A X B s given by

21 lDu[ = IArln—slAT-HISIBIrIBSI

where rn + s = u; 0 <r <m;0 < s < n; |4, denotes the leading principal
minor determinant of order r in A, |By| denotes the leading principal minor
determinant of order s in B, and none of the determinants |A,| is zero.

Proof. In the first place observe that for any given #, 1 < » < mn, there is
one and only one pair of integers 7 and s such thatrz + s = u with0 < r < m
and 0 < s < n. We therefore have:

2.2 (111B amB .o (l],B (11,,+1B(8)
dle a22B e 02,B a2,,+1B<3)

ID.| = . ..
a1 B a,B ...a,B ar r41BY

(s)
Qry1, IB(s) ar+1,ZB(s) . ar+1,rB(s) ar+1,7+1B(s)

where B is the n X s matrix obtained from B by deleting the last ( — s)
columns, B, is the s X# matrix obtained from B by deleting the last (z —s)
rows, and B(3 is the s X s matrix obtained from B by deleting the last (# — s)
columns and (# — s) rows. From (2.2) we have, since |41 = a1 # 0,

B 0 O+« - 0rx¢n Orscn

az (1) (¢ (1) (1) (s)
_ ang ang . ag,»B az,,+1B §
an

az1 1 1 1 1

—B a$y B a$yB . .. as’B a$h B

,-D'ul = a«’lll Q11

ar1 1 1 1 1

-=B VB ad¥B ... a\YB e’y B @

a1

Qri1,1 (1 [¢H) (1 () (D (s)

ar By @:51.2B ari13By ... arp1,B ar+1,r+1B(§>
11
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so that
a$yB as¥B ... a’B ash B
awB 4B ... ai’B ai7uB"
|D,| = a'1|B]| ..
(DB a%B ... o"B af% B
r+1.2B(s) ar+1.3B(S) v a(r}F)I.TB(s) a(r+1,r+lB((;;

where 0,,x, is the zero matrix of order m X =,

(1) az] 11 — Q41 Ay ..
a0 =T ualy i g

and in particular
asy = |As|/|A44] # 0.

Proceeding in this way we finally get, since none of [4,] is zero,

(r=1) B Oncs
ID.| = |4,["|BI"" f:ilr o (s)
T—1) B(s) Qry1,r+1 B(ﬁ)
rr
where
(r—1) (r—1) (r—1) _(r—1)
(n Ary1, 741877 — Qry1,7r Cr,r41 [A 7+1|
a1 = =) = # 0.
Qrr |4,
Hence

\Du| = |4.]"*|4111|*|B]"|Bs,
which proves the Lemma.

It is interesting to note that if we let r =m — 1 and s = %, then 2.1
reduces to a well-known result (3)

2.3 |4 X B| = |4]"|B|".
We are now in a position to prove the following:

THEOREM 2.1. Let A be a symmetric matrix of order m and B be a symmetric
matrix of order n. Let the elements of A and B be rational numbers and assume
that all the leading principal minor determinants of A and B are different from
zero. Then

24 A XB)= (=1 = 1" oD} {6B)" (4], — 1"
X (|B], — D™ (14, 1B
Proof. In the first place observe that 4 X B is symmetric and none of the
leading principal minor determinants of 4 X B is zero since the same pro-
perties hold for 4 and B. Thus ¢,(4 X B) has a meaning. Further from 1.3
and 2.1 we have

m—1 n

2.5 A XB)=(—=1,-1), ,EIU Sr=[1 (|4, |4,1|°|B|"|Bs],
- IATIn_H—llAr+1ISV1|BIT|BS—II)ZI~
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Since the Hilbert norm residue symbol (a, b), satisfies the property
2.6 (al Qg, b)p = (a’ly b)ﬂ (Gz, b)l)

it follows that the factor written after the product signs on the right hand
side of 2.5 breaks into twenty factors which are simplified as follows, where
we have dropped, for convenience, the subscript p:

@) (4. = 1) = (4., = D",

(ii)
(iif)

(A7 ™) = (A, 4,0 < 1,
(47 14l ™) = (4, 14D = (4], |4l

(v) (|4, |B]") = (|4,], B)"™?,
(V) ('Ar'n—sr ,Bs—ll) = (lAr'r IBS-—I')n—sy
(Vi) ([Aal’s = 1) = (|[4,a], = 1)%,
i) ([l [ = (140 A = (4], (40",
i) ([l [4al™) = (4rp], = 177 = 1,
(ix) (|[4m1l’ |B]") = (|4s44l, [BD™.
x) (J4r1l’s [Bsa]) = (|A7+1|, |Bs-1])°,
(i) (IBI', = 1) = (|B], = 1),
(xii) (IBI, |4,["~**") = (|4,], |B|y "=,
(xiii) (IB]", |41 = (|4zpal, 1BD7C7,
(iv) (IB]", [B]") = (|B], — 1),
(xv) (]Blry lBs—ll) = (IBlr ]Bs—ll)ry
(xvi) (|Bs], — 1),
(xvii) (|By], |4, = (|4,], B[y,
(xviii ) (’ley ,Ar+lls_1) = (IA7+1I, 'le)s—ly
(xix) (|Bs], [B]") = (|B], [Bs]),
(xx) (Iley IBS—ID = (|Bs_1|, |Bs[)-

All the well-known properties of the Hilbert norm residue symbol, in addition
to 2.6, have been made use of in the above simplifications.
The factors (i) and (viii) drop out automatically. The factors (iii) and
(vii) give
(lArlr lAr+ll)n(s‘_l)(|Ar[v IAH—II)M = (lArl’ iAH—ll)n-
The factors (iv) and (xii) give
(41, BN ™2 (4,], [B]) ™™ = (|4.], |B]Y.
The factors (ix) and (xiii) give
(14 rsaly IBN* (|4 rgal, 1BDC = (J4114], |B])".
The factors (xi) and (xiv) give

(iBlv - 1)7 (|B|’ - 1)1 = 1.
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Hence the factor on the right hand side of 2.5 reduces to

2.7 f= (lAr[v IAT+1I)" ([Ar]: IBDT ([A,+1[, IB()T (IATI’ - l)n_s (IATHI» - 1)8
X A4, B (A, [Boa)"™ (Al [BoD'™ (14 rsal, [Boaal)'}
X {(IBI! lle)r (IBIv IBs—ll)r} {(ller - 1) (ller lBs—ll)}'

Now

n

IT (40, 1B (4], [Boa)™)
= (4., 1)"“1{@ (14 IB,I)“"‘”} (14,1, 1B])

= (|4,/, |B])
since (|4,[,1) = (|4,],1), = 1 for any prime p.
Similarly
Isll {(|A7+llv IBSI)S—I (,A7+1|r IBS—IDS} = (IA7'+1|1 IB')n_ly
[T (1B, 1.7 (B, 1B.a])'} = (BI, — 1)
and

IT (B = 1) (B, [Beah} = (= 1, = 1) {e(B))

from 1.3 and 2.6.
Hence we get

F =TT 6} = (4. 140D™ (14,1 1B (4ol 1BD™
X (4,1, = " (4], — DR (4], [B])
X (Al [BD™ (Bl = 17 (= 1, = 1) {e(B)}.

But
(4] D™ = (4] 1A a2 = (4l 14"
Hence
28 F=(=1,—1) (cB) (Bl — 1) (|4,], — 1"
X (IATJrlly - 1)%%(”_1) (114,_*_1]Y —_ |Ar|)n
X {4, IBI)MH (|4 3, | B 1.
Now
m—1
I;IO (IB], — 1)" = (|B], — 1)I"m=D,
m—1
H {(IA'[’ - 1)%”(7!—1) (IAH—llv - 1)%71("-—1)} = (lAl’ — l)in(n—l)
r=0
and
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m—1

HO {(IA7+1]) - ]Ar’)n} = {(_ I, - 1) C(A)}n

7=

from 1.3 and 2.6.
Finally

71:2[0 {(|A7|’ IBI)"H-I (iAH—lly lBl)nr+n—l}
= (lal, By

Making use of all these simplifications, we get

m—1

[T (F} = (= 1, = D" (B X (4], = D"
X {(= 1, = e} (1B, = D™ (4], [B)™

This, after a little rearrangement and restoring the prime p, reduces to 2.4.
This completes the proof of the theorem.

3. Some particular cases. We shall show that two well-known formulae
are particular cases of the result 2.4.

Jones (2) has shown that if a is a non-zero rational number and B is an
n X n matrix whose Hasse-Minkowski invariant is defined, then

3.1 ¢»(@a B) = ¢,(B) (a, — 1)I'™ (a, |B)p™"

This can be easily deduced from 2.4 by observing that a B = a X B, a
being a scalar.
MacDuffee (3) has defined the direct sum of matrices 4 and B by the relation

a+s-[3 ]
where 0 is a null matrix of appropriate order. Let B be an # X # matrix whose
Hasse-Minkowski invariant is defined and let

An=B+B+...+B
there being m B’s in the direct sum. Bose and Connor (4) have shown that
3.2 o(An) = (= 1, = 177 {o,(B)}" (IB], — 1),;!"" 7"

This can also be deduced as a particular case of 2.4 by observing that
Am=B+B+B+...+B=1I,XB where I, is the identity matrix of
order m.

Applications of the result 2.4 to some combinatorial problems connected
with statistical designs are being investigated (5).

4. Summary and acknowledgment. In this paper the Hasse-Minkowski
invariant ¢,(4 X B) of the Kronecker product of matrices 4 and B is obtained
in terms of ¢,(4), ¢,(B), |4| and |B|; and two well known results regarding the
Hasse-Minkowski invariant are shown to be particular cases of the result.
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