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Similarity Classification of Cowen-Douglas
Operators

Chunlan Jiang

Abstract. Let H be a complex separable Hilbert space and L(JH) denote the collection of bounded
linear operators on JH. An operator A in L(J) is said to be strongly irreducible, if A’(T), the com-
mutant of A, has no non-trivial idempotent. An operator A in L(J) is said to be a Cowen-Douglas
operator, if there exists (2, a connected open subset of C, and n, a positive integer, such that

(@) QCo(A) ={z€C|A-—_znotinvertible};

(b) ran(A — z) = H, forzin €);

(©) V,eqker(A —z) = Hand

(d) dimker(A —z) = nforzin .

In the paper, we give a similarity classification of strongly irreducible Cowen-Douglas operators by
using the Ko-group of the commutant algebra as an invariant.

0 Introduction

Let 3 be a complex separable Hilbert space and L(J{) denote the collection of
bounded linear operators on J. A basic problem in operator theory is to determine
when two operators A and B in L(3H) are similar, that is when there exists an invert-
ible operator X on J satisfying A = X! BX. In a real sense the problem has no gen-
eral solution but one restricts attention to special classes of operators. An important
approach to this problem is via spectral theory in which one attempts to synthesize
operators from elementary ‘local operators’, where ‘local’ refers to the spectrum. For
example, an operator on a finite dimensional space can be obtained as the direct sum
of scalar operators plus nilpotent Jordan blocks on generalized eigenspaces, where
the scalars are just the eigenvalues which with their multiplicity determine the op-
erator up to similarity. On infinite dimensional spaces direct sum must be replaced
by a continuous direct sum or direct integral but the result is essentially the same
(¢f. [Na-Fo, Ap-Fi-He-Vo, Da-He, Ka]).

Conventional spectral theory attempts to extend such representations to as large
a class of operators as possible. However, there exist operators which cannot be syn-
thesized in this sense from local operators. One example is the backward shift T, on
I* defined by

T} (v, a1, 2, . ..) = (1, 2,3, . . .)

for (o, a1, a, . ..) in 2. Since
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and (1, A\, \%,...) is in * for |A\| < 1, we see that the open unit disc D consists of
eigenvalues for T,. Such behavior is quite different from that for the finite dimen-
sional case. Moreover, it can easily be shown that one cannot express I* as M & N,
where M and N are invariant for T;. Thus one cannot study T} using conventional
spectral theory.

However, we probably know as much about this operator and its adjoint as we
do about any single operator. In the functional representation, the adjoint T, acts as
multiplication by z on the Hardy space H*(OD) and an enormous literature exists on
it (¢f. [Do, He)).

M. J. Cowen and R. G. Douglas introduced in [Co-Do] a class of operators related
to complex geometry now referred to as Cowen-Douglas operators. The Cowen-
Douglas operators play an important role in studying the structure of non self-
adjoint operators (cf. [He2, Ji-Wa]).

Definition 0.1  For ) a connected open subset of C and n a positive integer, let
B,,(2) denote the operators T in L(JH) which satisfy

(a) QCo(T)={z€C|T-z notinvertible};

(b) ran(T —z):={(T —z)x | x € H} = Hforzin
() V,eqker(T — z) = 3; and

(d) dimker(T —z) = nforzin €.

We call an operator in B,(£2) a Cowen-Douglas operator with index n. The col-
lection B,,(€) is void unless H is infinite dimensional. Condition (a) and (b) ensure
that (2 is contained in the point spectrum of T and that T — z is right invertible for z
in Q. It is easily seen that T} € B, (2).

If )y is an open subset of §2, then B,,(2) C B, (o) because Vzer ker(T — z) =
V,cq ker(T —2z), (cf. [Co-Do, Corollary 1.13]). There would seem to be some advan-
tage in choosing € as large as possible. One kind of hypothesis implying that is the as-

sumption that the closure of € is a spectral set for T. This means that ||r(T)|| = ||7||co
for each rational function with poles outside 2, where ||r||~, denotes the supremum
norm on §2.

Now B,,(2) is an especially rich class of operators containing the adjoint of many
subnormal, hyponormal and weighted unilateral shift operators. D. A. Herrero, C. L.
Jiang and Z. Y. Wang showed that almost all quasitriangular operators with connected
spectrum can be approximated by Cowen-Douglas operator in the norm topology
(¢f. [Hel], [Ji-Wa]).

Let T be in B,(Q). Since T — z is right invertible for z in Q and ran(T — z)¥ = H
for each positive integer k, it follows that dim ker(T — z)¥ = nk, for z in Q.

Now the generalized eigenspace ker(T — z)* is invariant for T and hence Cowen
and Douglas defined an operator

k
Né ) = (T - Z)|ker(T—z)"”1

with N, = NZ(”), the local operator associated to T at z in N,. In [Co-Do], M. J.
Cowen and R. G. Douglas obtained a remarkable result.

https://doi.org/10.4153/CJM-2004-034-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2004-034-8

744 Chunlan Jiang

Theorem CD1  Operators T and T in B, (Q) are unitary equivalent if and only if N,
is unitarily equivalent to N, for each z in Q.

Call operators S and T unitarily equivalent, if there exists a unitary operator U
satisfying S = U*TU.

In the paper, we attempt to determine when two operators A and B in B, () are
similar.

To express our results more carefully we need to introduce the following defini-
tions, notation and theorems.

An operator T in L(H) is called strongly irreducible, if there is no non-trivial
idempotent operator in A’(T), where A’(T) denotes the commutant of T, ie.,
A(T) ={B € L(H), TB = BT} (. [Co], [Gi], [Ji-Wa], [Jil]).

From the definition, strongly irreducibility is invariant under similarity. In what
follows, A € (SI) means A is a strongly irreducible operator.

Definition 0.2 Let T € L(H). T is said to have finite (SI) decomposition if there
exist (Py, Py, ..., P,), a family of idempotents in A’(T), satisfying

0 if]
1. P,P; =6;;P;for1 <i,j<n< +oo,whered;; = 17&]
i j J i 1 i=j;

2. Z?zl P; = Iy, where I3 denotes the identity operator on H;
3. Tlpgc € (SI) fori=1,2,...,n.
We call P = (Py, P, ..., P,) a unit finite (SI) decomposition of T.

It is clear that an operator T in L(JH) has finite (SI) decomposition if and only
if T can be written as the direct sum of finitely many strongly irreducible operators.
C. L. Jiang and Z. Y. Wang showed that every Cowen-Douglas operator can be written
as the direct sum of finitely many strongly irreducible Cowen-Douglas operators (cf.
[Ji-Wa, Chapter 3]).

Hence it is very important that one determine when two operators A and B in
B, () N (SI) are similar.

Definition 0.3 Let T € L(J) have finite (SI) decomposition and P = {P;}?_, and
Q = {Q;}", be two unit finite (SI) decompositions of T. We say T has unique (SI)
decomposition up to similarity if the following conditions are satisfied:

1. m=n.
2. There exists an invertible operator X in A'(T) and a permutation © € S, such
thatXQﬁ(i)X71 =P;for1 <i<n.

For any unital Banach algebra A, its Ky-group Ky(A) is defined through an
Abelian semi-group V (A). Here we briefly recall the definition of V (A). Two idem-
potent elements p and g in M. (A), the collection of all finite matrices with entries
from A, are said to be equivalent if there are u and v in M, (A) such that uv = p and
vu = q. The equivalence class containing p is denoted by [p] and the set of all these
classes is V(A). V(A) is an Abelian semigroup with the addition defined by

[p] + [q] = [diag(p,q)], where
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diag(p, g) is the matrix [f; 2} (f. [Bl]). If two unital Banach algebras A and B are iso-
morphic (in short /), then V(A) ~ V(B), in particular, V (M, (A)) = V(M,(B)).

Theorem CFJ1  ([Ca-Fa-Ji]) Let T € L(H) and H™ denote the orthogonal direct
sum of n copies of H and A" the operator O A acting on H'™. Then the following
statements are equivalent:

1. T is similar to (in short ~) Zle @AE”") with respect to the decomposition H =
Zi;l EBJ{E"") and T™ has a unique (SI) decomposition up to similarity for each
positive integer n, where 1 < k,n; < +00; A; € (SI) and Aj#Aj fori # j.

2. V(A(T)) =~ N® where N = (0,1,2,...).

Theorem CFJ1 gives a method of calculating the Kj-group. In Section 4, we char-
acterize the Ky-group of a class of Banach algebras by using Theorem CFJ1.

For an operator T in L(H), M(A'(T)) denotes the set of maximal ideals of A'(T)
and rad A’(T) the Jacobson radical of A’(T).

The paper is organized as follows. In Section 1, we discuss certain properties of
operators in B;(2) and show that V(A’(A)) =~ N for A in B;(2). In the Section 2,
we show that A’(A)/ rad A’(A) is commutative and V (A'(A)) = N for A in B,(2)N
(SI) by using the result of Section 1. In Section 3, we discuss the structure of the
commutant of Cowen-Douglas operators. Using the results of Section 2 and Section
3, we obtain the main result of the paper.

Theorem 4.4  Two strongly irreducible Cowen-Douglas operators A and B are similar
if and only if there is a group isomorphism «: Ko(A'(A)) — Ko(A'(B)) that satisfies

L a(V(A'(A))) = V(A'(B));
2. allawl = Hamb
3. there exist two non-zero idempotent operators,

P EMo(A'(A) and q€ Mo (A'(B)), satisfying a[p] = [q],

where p and q are equivalent in Mo (A’ (A @ B)).

To show the above results, we need to introduce the notation of Hermitian holo-
morphic vector bundle. Let A be a manifold with a complex structure and 7 be a
positive integer. A rank n holomorphic vector bundle over A consists of a manifold
E with a complex structure together with a holomorphic map 7 from E onto A such
that each fibre E, = 7~ !(z) is isomorphic to C" and such that for each z; in A there

exists a neighborhood A of Ay and holomorphic functions e;(z), . .., e,(z) from A
to E whose values form a basis for E, at each z in A. The functions ey, . .., e, are said
to be frame for E on A. The bundle is said to be trivial if A can be taken to be all
of A.

For T an operator in B,(€2), the mapping z — ker(T — z) defines a rank » holo-
morphic vector. Let (Er, ) denote the sub-bundle of the trivial bundle 2 x H defined
by

Er ={(z,x) € @ x H | x € ker(T — z) and 7(z,x) = z}.
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That E is a complex bundle over {2 is due to Subin (cf. [Sul).

Since all holomorphic bundles over 2 are trivial as holomorphic bundles by
Grauert’s Theorem c¢f. [Gr] and the fact that all such bundles over €2 are topologi-
cally trivial.

A Hermitian holomorphic vector bundle E over A is a holomorphic vector bun-
dle such that each fibre E, is an inner product space. Obviously, Er is a Hermitian
holomorphic vector bundle over €2 for T in B,(£2) ¢f. [Co-Do, Corollary 1.12].

For JH a separable complex Hilbert space and n a positive integer, let G,(n, H)
denote the Grassmann manifold, the set of all n-dimensional subspaces of HH.

For A an open connected subspace of C¥, we shall say that a map f: A—G,(n, H)
is holomorphic at A in A if there exists a neighborhood of Ay and n holomorphic
JH-valued functions e;(z), . . ., e,(z) on A such that f(z) = \/l;zl{ej(z)} for zin A.
If f: A—G,(n,H) is a holomorphic map, then a natural n-dimensional Hermitian
holomorphic vector Ey is induced over A, i.e.,

Ef={(x,2) e H xA|x€ f(2)}

and
®: Ef — A

where
d(x,z) =z € A.

Now, given two holomorphic maps f and g: A — G,(n, H), we have two bundles
Ey and Eg over A. If there exists a unitary U on 3 such that g = U f, then f and g
are said to be congruent. If there exists a holomorphic isometric bundle map from
Ef|a onto Eg|a for some open subset A in A, then Ef and E, are said to be locally
equivalent.

Recalling that a bundle map @ from E to E is a holomorphic map such that &(z) =
®|, is a linear endomorphism on the fibre E, over z in 2 and we shall say that ¢
is bounded if sup,cq||P(2)|| < oco. We denoted the collection of bounded bundle
endomorphisms on E by HZ ) (€2).

Rigidity Theorem [Co-Do, Theorem 2.2] Let A be an open connected subset of
C* and f and g be holomorphic maps from A to G,(n, H) such that \/,c, f(z) =
V.ca 8(2) = H. Then f and g are congruent if and only if E; and E, are locally equiv-
alent Hermitian holomorphic vector bundle over A.

The Rigidity Theorem plays a very important role in this paper.

Important in the study of an operator T is an explicit characterization of its com-
mutant A’(T). Cowen and Douglas showed that the commutant of an operator in
B1(£2) can always be identified with a subalgebra of H*(£2) of bounded holomor-
phic functions on {2 and for T in B, (2) there is a contractive monomorphism I'r
from A’(T) into HZp,)(Q), where I'rX = Xlker(r—z) for X in A’(T) and z in 2, or
(T1X)(2) = X|ker(r—2) := X(2z) for zin Q.

For T in B,(2), let (e1(2),...,e,(z)) be a holomorphic frame of Er. Fix z
in Q. Let H;, = ker(T — z),H, = ker(T — z)*Cker(T — z),...,H,y =
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ker(T — zy)"O ker(T — zy)™ !, . ... Cowen and Douglas obtained the following re-
sults:
Theorem CD2

m k n  m—
1. Zkzl EB{Hk = \/{eg )(ZO)}jzlkzll
2. Z;:il PH, = H;
3. {e&k)(zo)}?zlzglform a base of ker(T — zp)",m =1,2,....

where eEk) (20) denotes the k-th differential quotient of e;(z) at z = z.

Theorem CD2 is used in Section 2.

1 The Cowen-Douglas Operators with Index 1

Main result of the Section is the following:

Theorem 1.1  Let A € B,(Q). Then V(A'(A)) =~ N and Ky(A'(A)) =~ Z, where Z
denotes the group of integers.

By Theorem 1.1 and Theorem CFJ1, we obtain immediately the following:

Corollary 1.2 Let A € B(Q) and n be a positive integer. Then A" has unique
strongly irreducible decomposition up to similarity.

In order to prove Theorem 1.1, we need the following auxiliary results.

Theorem CFJ2  Let P be an idempotent operator in A’ (Téf)). Then the following
holds ( cf. [Ca-Fa-Ji, Theorem 2.1]).
1. Set A = T |pan p and d = dimker A. Then there exists a unitary operator U

such that
Ipapy-o Rz Hz(aD)(”*‘”
0

UPUT = 0 | HXOD)@

2. A is unitarily equivalent to T'? (denoted by A~T'?), where I opyw—a denotes
the identity operator on H*(OD)"~%,

Lemma 1.3  Let e(z) be a holomorphic vector-value function from D to H*(OD) satis-
fring (T« — z)e(z) = 0 for z in D, and let

(k)
e(z) = (0,...,0,e(2),0,...,0) € H*OD)"™, k=1,2,...,n.
If the following system of equations

fi(2) = an(2ei(z) + - + aiu(2)eq(2)

fm(z) = am(2)e1(2) + - + apu(2)e,(2)

satisfy
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(1) foreachzinD,{fi(2),..., fu(2)} is linearly independent;
(2) each a;j(z) is a holomorphic functionon D,i = 1,2,...,m,j=1,2,...,n
(3) for M =\, pihi(@,..., fu(2} Tz(f)|M € B,,(D) and there exists an N, the
invariant subspace of T such that M + N = H*(D)™ and M NN = {0}.

Then there exist {gij(z)}?;’f]-:l, a family of holomorphic functions on D such that
u(2) gu@ - gim(2) fi(2)
um(2) gn(2) - gum(2) fm(2)

is an orthogonal system for z in D.

Proof Since M and N are invariant subspace of T, M+ and N are invariant
subspaces of T{". Hence there exists an idempotent P in A’(T(™) such that ran p =
N+, By Theorem CFJ2, there exists a unitary operator U such that

« _ [ Lizpyo-m Rz | H*(OD)"—™

(1.1) UPU —-[ 0 0 | H*OD)™
So ( )
P IHZ(OD)(nfm) 0 Hz(aD) nem

UruT = [ R, 0| HXoD)™

and

H*(OD)"~™
H*(OD)!™

0 0

(1.2) Ul — PYU* = [ .
_R12 IH2(6D)(m)

Note that (I — P*) € A’(Téf)) and ran(I — P*) = M.
The equality (1.2) shows that ran(U(I — P*)U*) = H2(OD)'™ . Set

uj(z) =U%j(2); j=1,2,...,mandz € D

Then u; (2)31.1:1 are an orthogonal system for each z in D and

V (@), w2), ., un(z) = M.

zeD

Set Tl = Téf)

».- A simple computation shows that
\/(ul(z), u(2),...,uyu(z)) = ker(T) — z) forz € D

Thus we can find {g;;(2) }[";_, satisfying the required properties of Lemma 1.3. ®
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Lemma 1.4 Let T = Téf) € L(H*(OD)™). Then the mapping I'r determines
an isometric isomorphism from A’ (T) onto M,,(H* (D)), where (I'tX)(z) = X(z) =
X|ker(r—z) for X € A'(T) and z in D.

Proof Since T, is a subnormal and o(T,) = D, Dis a spectral set for T,. Hence Disa
spectral set for T,-. By [Co-Do, Proposition 1.27], I'z,. is an isometric isomorphism
from A’(T,+) onto H*(D). So I'r is an isometric isomorphism from A’(T) onto
M, (H>(D)). ]

Lemmal5 LetA € L(H*(OD)) and A € B(Q) and let T = A™ and P be an
idempotent in A'(T). If Ay = T|pp(opym € Ba(§2), then A AW,

Proof Without loss of generality, we may assume that D C (). Let v(z) be a holo-
morphic frame of ker(A — z) and set

(k)
v(z) =(0,...,0,v(2),0,...,0),k=1,2,...,n.
Suppose that {u;(z), ..., u4(z)} is a holomorphic frame of E4, on D. Then

u1(z) = fu@vi(2) +-- - + fin(2)va(2)

uy(2) = fa(2v1(2) + -+ + fan(2)vu(2)
Consider that P(z) = (I'rP)(z) = Plker(t—z)> 2 in D. Then

cai(z) - c(z) | ker(A-—2)
P@) = | : 5
Cnl(z) s Cnn(z) ker(A - Z)

It is easily seen that each c;;(z) is a holomorphic function on D and P*(z) = P(2)
for z in D, furthermore ran p(z) = \/{u(2),...,u4(z)} for z in D. Let X(z) be a
holomorphic invertible operator from ker(T — z) onto ker(Tél') — z) for zin D such
that X(2)v;(z) = ej(2).

Then P(z) := X(z)P(z)X~!(z). Furthermore P(z) is an idempotent element of
M, (H*(D)) and

ran P(z) = \/{ﬁl(z), o tig(2)},

where
i1(z) = fu(@ei(2) +--- + fin(2)en(2)
(1.3)

i4(2) = fa(2)e1(2) + - + fan(2)en(2)
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where (e;(2), .. .,e,(z)) is given in Lemma 1.3.

Obviously, {#;(2), ..., #iz(2)} is linearly independent for each z in D. By Lemma
1.3, there exist {kij(z)}flzl‘f:1 such that

§1(2) = kn (@i (2) + - - - + ka(2)ia(2)

(1.4)
84(2) = ka1 (2)ih1 (2) + - - - + ka(2)a(2)
and
(g(2), g (2)) = 0,k # k' and zin D.
Set
81(2) = kn(@ui(2) + - - + kia(2)ua(z)
(1.5)

84(2) = kai(2)u1(2) + - - - + kaa(2)uq(2)

By (1.3), (1.4) and (1.5), we have

§1(2) = fu@e (@) + - + fin(2en(2)

(1.6)

8a(2) = fa(@er(2) + -+ + fan(2)en(2)
and

§1(2) = fu@vi(2) + - + fin(@)va(2)
(1.7)

21(2) = fui(@vi(@) + -+ + fan(2)vu(2)

Since (gk(z), g (2)) = 0 fork # k', >°"_| fuifiri = O for k # k’. So we can deduce
that (gi(2), gk (2)) = 0 for k # k’. Obviously, (g1(2),...,gi(2)) is a holomorphic
frame of E4, on D.

Set M = V,cp(€1(2), ..., gi(2)). Then by (1.3) and (1.4)

M=\/(@(2),...,a(2)) = ran P(z).

zeD

By Lemma 1.4 and Theorem CFJ2, we find an idempotent operator P in A’ (Tz(f))
and a unitary operator U such that P|ker(T<1>7z) = DP(z) and U(T;(")\M)U* =
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Ti’f). This shows that there exists a holomorphic isometric bundle map U(z) from
\/ZeD(gl (Z); ... agd(z)) to \/ZeD(el(Z)a ceey ed(z)) and

Quz) -+ Qul2)
(1.8)  U@)(&1(2),...,8(2) = (e1(2),...,ei(2)) : :
Qu(z) -+ Qu2)

where each Q;;(z) is holomorphic function on D.
For each Y(z) = a1 (2)§1(2) + - - - + aq(2)ga(z) € M and using (1.7) and (1.8), we
have

n

Y@l = (Y loa@fi@ + - + au@ fudP) "l
k=1
(1.9)

d 1
= ( Z | (2)Qur(2) + -+ - + ad(z)Qdk(z)|2) “lle@)]|.
k=1

Define a map U’ (z) from ker(A; — z) onto ker(A” — z) below.

Quz) - Qul2)
U'(2)(g1(2),...,82) = (n(z),...,va(2)) forz € D.
Qai(z) -+ Qua(z)

Noting that ||v;(z)|| = ||v(z)|| and using (1.9), we can deduce that U’(z) is a holo-
morphic isometric bundle map from ker(A, — z) onto ker(A) — z). By the Rigidity
Theorem we have A; =A@, Now the proof of Lemma 1.5 is completed. ]

Proof of Theorem 1.1 By Theorem CFJ1, we need only to show that if A}, =
A™|pgew is strongly irreducible for each positive integer n and idempotent P in
A’(A™), then A;~A. Tt is a straightforward conclusion of Lemma 1.5. [}

Proposition 1.6  Let A € B1(Q) and T = A™W € L(H™). And let Py,. .., Py be

idempotent operators in A'(T) and dimran p;(z) = ;,i = 1,2,..., k. If P;Pj = 0;;P;

and 25:1 P; = Iy, then there exists an invertible operator X in A’ (T) such that
XPin1 = (09{(1]), e ,Og{(z]-_]),lg{(zj), RN Oi}c(’k))

where 04w denotes 0 operator on H®.

Proof It is easily seen that " = ran p; + ran p, + - - - + ran p;, where + denotes
direct sum. By Lemma 1.5, there exists a unitary operator u; € (p;", ()Y for each
a; (= t| pin) such that

Ll,‘aiUi* = A(li).
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Let X =U, +U, +---4 Ug. Then X € A’(T) is invertible and
XTX ! = A0 @A(lz) P @A(lk) — A
A simple computation shows that
)(Pin1 = (0g¢upy - - - ,ijuj), oo Oge00) j=1,2,...,k

The proof of Proposition 1.6 is complete. ]
Similar to the proof of Lemma 1.3, we have

Proposition 1.7 Let {Pi(2)}]", be a family of holomorphic idempotent elements
in M,,(H*° (D)) such that Z:Ll Pi(z) = I, and Pi(2)P;j(z) = 6;;P;(z) for z in Q.
Then there exists a holomorphic invertible element X(z) in M,(H*°(Q2)) such that
X—l(z)Pj (2)X(2) = I+ @ 04—, and X(2)|ran pi(z) is @ holomorphic isometric bundle

map from ran p(z) onto ker(Tz(fj) —z), for j=1,2,...,m, wherek; = rank P;(z).

Proposition 1.8 (Kato Theorem [Ka])  Let €2 be a bounded connected open subset of
C and inter Q) = inter ). Assume that {P(z)}" are a family of holomorphic idempo-
tents in M,,(H*°(S2)) such that Z'k":l Py(z) = I, and Pi(2)P;(z) = 6;;Pi(2) for z in Q)
and 1 <i,j < m. Then fixing a z, in €, there exists a holomorphic invertible element
X(z) in M,(H*°(2)) such that

X(2)Pr(2)X Y (z) = Pilzp) and X(zp) = I,, k=1,2,...,m.

Proof Let L2(Q2*) denote the subspace of L*(Q2*) consisting of those functions that
are analytic. The Bergman operator for {2* is the operator B,f = zf defined on
L2(Q*), where Q* = {z | z € Q}. It is not difficult to show that B; € B,() f. [Fo-
Ji]. By the Yoshino Theorem [Con], we can show that A'(B,) ~ A'(B}) ~ H>®(Q).
Since B, is subnormal, €2 is a spectral set for B}. Set A = B} and T = A™. Similar
to the proof of Lemma 1.3, we can deduce that I'r is an isometric isomorphism from
A'(T) onto M,,(H*(£2)). So {Pr(2)}}", can be viewed as idempotent elements in
M, (H*>(€)). For fixed z; in €, it is not difficult to see that we can find an invertible
X, matrix in M,(C) such that

(k)
-1
lek(ZO)Xl = (Oker(A—ZU)”l)v ce ’Iker(A—zo)“k)’ ey Oker(A—zo)“W) k= 1, 2, oo, m

where [, = dimran py(zp) andh + L +--- + 1, = n.
Obviously, XIPk(z)Xl_1 € M, (H*>*(2)). By Proposition 1.6, we can find an in-
vertible element X, (z) in M,,(H*(£2)) such that

— (k)
Xz(z)XIPk(z)Xl 1X2 1(Z) = <0ker(Afz)(11>’ ves 7Iker(Afz)(’k)7 ey Oker(Afz)(’m))

k=1,2,....,m

It is easily seen that X5(2zp) = Iker(T—z). This completes the proof of Proposition 1.8.
|
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2 The Cowen-Douglas Operators with Index »

In the following sections we assume always \/,., ker(T — z) = 3 for each T in
B, (£2), where I is a complex separable infinite dimensional Hilbert space.

Definition 2.1 Let A € B,(Q) and B € A’(A). If 0(B(z)) is disconnected at
z = zg € ), then there exists a positive number § such that o(B(z)) is disconnected
forz € {z; |z — 2| < 6} £ D(zp, ). Hence,we can find a positive number € such
that o(B(z)) N D(A(z),€) = Az), z € D(z,), where A(z) is an eigenvalue of
B(zp). Let

P(z) = / (B(z) — A\) "' dA
ID(\(20).¢)

Then P(z) is said to be a holomorphic idempotent element defined on D(A(z), €)
induced by A’(A). If each holomorphic idempotent element defined on connected
open set ® induced by A’(A) with dim ker(A|VZeq) P(z) — 20) < 1, then call n minimal
index of A, or A is said to have minimal index .

Example 2.2 Let T € B;(2). Then 1 is the minimal index of T.

Example 2.3 Let f = z(z— %) and let Ty denote the analytic Teoplitz operator. Then
Ty« € B(2) N (SI), where 0 € Q ¢f. [Ji-Wa, Chapter 3]. But 2 is not the minimal
index of T+, and we can find a connected open set {2, such that Ty~ € B,(£2;).

Example 2.4 Let A, and A, bein B,(2) and T = A; @ A,. If nis the minimal index
of A and A,, then 2n is the minimal index of T.

By the argument of Section 3 in [Co-Do], we have

Proposition 2.5  Let T € B,(Q2) N (SI). Then there exists a positive integer m < n
and a connected open set 2y such that T € B,,(§) and m is the minimal index of T.

Lemma 2.6 Let A € B,(Q) and n be the minimal index of A. And let P(z)
be a holomorphic idempotent element defined on open set ® induced by A’(A)and
ran p(z) =k <n,z € ®. Set Hy = \/ 4 ran p(2). Then Als, € Br().

Proof Let P be an orthogonal projection from 3 onto H; and A; = Ay, A, =
(A*[g¢2)". Then

A— A Ay | H
Tl 0 A | HEC

By [Hel, Corollary 1.2], 0p(A*) = &, where op(A*) denotes the point spectrum
of A*. So dim Hj- = +oc. Since A — z is right invertible for z in {2, we can find an
operator

B— Bi B | H,;
0 B, | Hi
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such that

(A—z)B:{Al_Z A :||:Bl 312]

0 A2 —Z
| I 0
o 0 Iy, |-
Hence (A, —2)B, = Ig.(lJ_. This shows that A, — z is right invertible for z in Q. It is

easily seen that A, € B,,(€2), where m < n. Let w be the canonical map from L (3)
to L(H)/K(H), where L(H)/K(H) denotes the Calkin algebra. Then

T(B)m(A — 2) = { o) 0 ] .

This shows that ran(A; — z) is closed for z in €. Let (e;(2), ..., ex(z)) be a holo-
morphic frame of ran p(z). Then (A, — z)ej(z) = zej(z), for 1 < j < k. Note
that H; = sz‘I’ ran p(z). Thus ran(A; — z) = J, for z € . This shows that
A} € calBi(2) and hence we complete the proof of Lemma 2.6. [ |

Proposition 2.7 Let A € B,(0). Let (e1(2), . . ., e,(2)) be a holomorphic frame of E5
on Q and

M=\/{a@,...,el2)} k<n

zeN

If Aly € Br(Q), then for each z in Q, ei-m) (2)¢M for j > k and positive integer m.

Proof By Lemma 2.6, A; = A|yt € Bi(). So dimker(A; — z)™! = (m + 1)k.
By Theorem CD2, ker(A; — z)"*! = \/{egt)(z)}i-‘:l;”:1 Assume that eEm) (z) € M for
j > k. Since M € Lat A and eg-m) (z) € ker(A—z)™"1, e&m)(z) € ker(A; —z)™", where
Lat A denotes the set of all invariant subspaces of A. Since {e§t) (2)}i_1iL, are linealyr

independent, dimker(A; — z)"*" > (m + 1)k. This contradicts A; in B(£2). The
proof of Proposition 2.7 is complete. ]

Theorem 2.8 Let A € B,(Q)N(SI) and n be the minimal index of A. Then o(B(z)) is
connected for each Bin A’(A) and z in Q. Moreover, A'(T)/ rad A’ (T) is commutative
for each T in B,(2) N (SI).

Proof Without loss of generality, we may assume that D C Q. If Theorem 2.8 is
not true, then we may assume that there exists an operator B in A’(A) such that
o(B(0)) = {A1, A2} and \; # A,. Since B(z) is holomorphic for z in ), we can find
a positive € such that

0(B(z)) = {\i(2), \a(2)} for zin D(0, ¢) := {z, |z| < €}

and A1 (2) # A (2); A1(0) = Ay and A\, (0) = As.
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Since B(z) is holomorphic on €2, we can find a positive ; such that

D(A1,e1) No(B(2)) = D(A1,€1) No(B(2)) = {\i(2)}

and
D(Xy,€1) Na(B(2)) = D(\y,€1) No(B(2)) = {\(2)}
Set
P(z) = / (B(z) — \)"ld\, z € D0, ¢).
AOD(M 1)
Then

I—P(z) = / (B(z) — \)"'d), z € D(0, ¢).
OD(\z,e1)

Obviously, P(z) is holomorphic and idempotent and dim ran p(z) = k < 1, hence
dimran(I — P(z)) = n — k for zin D(0, €). Since n is the minimal index of A, M =
\/ZeD(MZ) ran p(z)lZH. By Lemma 2.6 we may assume that A; = A|y € Br(Q)

and let (e;(z), . .., ex(z)) be a holomorphic frame of Ex, and (ex41(2), ..., e,(2)) be a
holomorphic frame of E, := {(x,z),x € (I — P(z)) ker(A — z), z € D(0,¢)}. Then
(e1(2),...,ex(2), ex+1(2), ..., ey(2)) is a holomorphic frame of E4 on D(0, ¢).

Set

A=Al Ay = (A% )",
B = B|M; B, = (B*|ML)*~
Note that M € Lat A N Lat B and

A= A Ap M _ B, B M
o 0 Az 0 B2

Since AB = BA, BjA; = AB;. By Lemma 2.6, A} € Bi(2) and A, € B, ().
Set 3, = ker A, 3, = kerA*CkerA,..., 3, = kerA"Oker A", .... By Theo-
rem CD2, H; @ H, @ --- & H,, = \/{egj)(O)}" m-!and

i=1j=1

0 Ap Ao - J
A= 0 0 Ay --- I, ,
By By Bz - H

B=| 0 Bxn By - | 3

Set L, = kerA;, L, = kerA?CkerAy,...,L, = kerAl'"Cker AT .... Using

Theorem CD2 again, we can deduce that L, & --- & L, = \/{egj)(O)}f:ﬂ»":_ll and
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B, B, By -] L
B, = 0 B} B - Lz.

Since B € A’(A) and B; € A’(A;), we can show that Bjij~By and
li+1k+1NB]£k’ k = 1,2,.... Since B{I = B‘\/{el(O) ____ &0} U(B{I) — {)\l} and
o(By) ={ M}, k=1,2,.... Set

Bi, -+ Bl | L
0 By | L

Then o((By)m) = {A1}. Since Bj1 = Bliera, o(Bi1) = {A1, A2} and then o(By) =
{Al, )\2} Set

Bii -+ Bim X,

Then U(Bm) = {Al, )\2} Set

b, = / (B, — N) " tdA
BD()\hEl)

P,=P,®0

Chom ©I "

Then P, is an idempotent and P, A, = A, P,,, where

0 Ap o A ] g

Set N =/, ran p,,. Then N € Lat AN Lat Band N # {0}.

Claim1 N=M =\, 1e), ... ea@} =V, Ln
since \/{e/ (0)}_,"5" € V{e O}, L1 @ @ L S I B - @ H

i=1j=1 i=1j=1 D
SinceL;®---®L,, €LatB,L; @ --- P L,, € Lat B,,. Note that

ker(B; — A1)" =ker(B; — A))* = ker Ay = \/{e1(0), ..., ex(0)}.
A simple computation shows that

dimker(B,, — \\)™ = mk.
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ForeachxinL; L, B - B L,,, wehave (B, — \1)™x = ((B))yy — A\1)™x = 0.
This showsthat L, @ L, ® --- @ L,, C ker(B,, — \;)™ = ran P,,. Since dim(L; ®

Lyd - ®Lly)=mk,Li®L,d - DL, =ranP,. SoN = M.
Set K = vZGD(OﬁE){ekﬁ'l(z)’ ...,en(z)}. Then X € Lat A N Lat B.

Set
Q= / (B — N~ dA
OD(\,€)

Qm = Q_m @ 02k>m S

and

Similarly, we can obtain that X = \/,°_ | ran Q.
In order to complete the proof of the lemma, we need to introduce the following
two results.

Lemma CD3 (Lemma 2.4, [C-D]) If f: Q — Gr(n,H) is a holomorphic curve and
V1> V2s - - - » Yn are holomorphic cross-sections of the vector bundle E ¢ defined over (2 such
that v1(20), . . ., Yn(20) is an orthonormal basis for f(z,), then there exist holomorphic
cross-sections Y1, . . ., ¥u of Ef defined on some open set A about zy such that ;(zy) =
vi(zo) fori =1,2,... and

<7i(k)(zo), Ji(20)) =0 for1 <i,j<nandk=1,2,...

LemmaJW (Lemma 5.7,[Ji-Wa)] Let T € B,(Q). Then (T*|xer(p—z)- )" is similar
to B, where z, € €.

Notice that (e;(2), ..., ex(2), .. ., e4(2)) is a holomorphic frame of E4, we may use
Schmidt orthogonalizing procedure to obtain an orthogonal bases of ker A. Without
loss of generality, we may assume that (e;(0), ..., ex(0),...,e,(0)) is an orthonomal
basis for ker(A).

Notice that A\;(z) # A,(2),z € D(0, &), imitating the argument of the Claim 1,
we can obtain the following conclusion by using Lemma CD2 and Lemma JW.

Claim 2 For each 3{;, there exist two subspace E;’ and E,’ of H; satisfying

H; =E'+E'andE,'NE =0,

o(Bii|g,i) = Ai(0), o(Biilg,1) = A2(0),

Vii,Ej € LatB,j=1,2,

Vio,Ei' = M, and /2| E' = K.

Let (¢},...,¢l) and (g/',,...,g,") be orthogonal basis of E} and E respectively.

o0 o

By the Schmidt orthogonalizing procedure we can obtain an orthogonal basis
& 18 &y -8 of Hi,i =1,2,.... Using Properties (a) and (c) and a sim-
ple computation, then we have

0 Ap A - 7 By By - H,
A=1]0 0 Ay .- H, and B = 0 By - I,
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ij ij ij ij
a4 B — by by

0 ij ) 1] — 0 bz] .
az 22

Now, we have the folowing:

where

A,‘j =

Claim3 X+ M = Hand X N M = {0}.
By Claim 2, we may assume that \/?:legm) (0) = H,pyq Set
0 A12 0 j‘Cl B]] 0 9{1
A(d) = 0 0 Ay - H, B(d) = 0 By --- H, )

)

Then A(d) € B,(€) (¢f [Ji-Li, Proposition 2.1]) and 0 € Q; C (). Since AB
BA,A(d)B(d) = B(d)A(d). Since o(By;) = {>\1, )\2} and By k+1~Bik, 0(B(d))
{1, A2} and (B(d) — A\)X(B(d) — \y)" % = 0. Set

pP= / (B(d) — \) "1 dA.
OD(\1,61)

Then P is idempotent. In order to verify Claim 3, we need to verify the following:

Claim 4 ran p = M.

Set
Bll A O i}(;l
0 B, H,,
Po(d) = / (Bu(d) — N~ dX;
BD()\hEl)
and

P,(d) = P, (d) © 0y

k>m S
Then P,,(d);,_, are uniformly bounded. By the Banach-Alaoglu Theorem, we have
P,.(d) WOl b tis easily seen that

ran P;(d) = ran P, = \/{61(0), o e(0)}

Note that from \/{egi)(O_) ’;:12”:0 € Lat B, \/{eg’”)(O)};?:1 = He1 and property (e)
we can deduce that ran P, C ran P,(d). Note that dim ran p, = 2k = dimran p,(d),
so ran P, = ran p,(d). By the inductive method, we can show that ran P,,(d) =
ran P,, and then ran p = M. So Claim 4 is true. Similarly, we can show that ran(I —
P) = X and hence Claim 3 is true. Since n is the minimal index of A, M and X are

non-trivial subspace of J{, but it is a contradiction with strong irreducibility of A.
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Thus o(B(z)) is connected for each Bin A’(A) and z in 2 and we obtain the first part
of the Theorem.

For T in B,,(£2)N(SI) we can find a positive integer m < n and a connected open
set 2, such that T' € B,,(€2;) and m is the minimal index of T following from Propo-
sition 2.5. Let Aand Bin A’(T). Then AB—BA € A’(T). By the first part of Theorem
2.8, we can show that

o((AB— BA)(z)) = o((A(2)B(z) — B(2)A(2))

= {0}7 VA Ql
Hence
((A(2)B(2) — B(2)A(z)) " = 0 and zin Q.
Since \/ZEQI ker(T — z) = H,(AB — BA)™ = 0. So A'(T)/ rad A'(T) is commuta-
tive [Au], completing the proof of Theorem 2.8. ]

By Proposition 3.10 we have the following:

Lemma2.9 LetA e B,(Q) N (S and T =AY andlet (Py,...,P,) be a unit (SI)
decomposition of T. Then m = L and T|pgc) € B,(Q2).

Lemma2.10 LetA € B,(Q) N (SI)and T = AV, Let P be an idempotent operator
in A'(T) satisfying T|pgco € (SI). Then Ay = T|pgcw is similar to A.

Proof Without loss of generality, we may assume that {2 = D and # is the minimal
index of A, we will show Lemma 2.10 only for case of n = 2. Now T = A @ A. Note
that P is an idempotentin A’(T). By Theorem 2.8 and Lemma 3.4 (see Section 3). We
can find an idempotent P; in A’(T) and B in rad A’(T) such that P(z) = P;(z)+B(z),
where
Py(z) = [fu(z) flz(Z)} ker(A — z) B(z) = [Bn(z) 312(2)] ker(A — z)
f1(2) f22(2) | ker(A —z)’ By1(2) By(2) | ker(A —2z)’

where scalar function f;j(z) € H*(D) and B;j(z) € rad(A’(A)). Let G = —I5 +
(2P; + B). Since B € rad A’(T), G is an invertible operator in A’(T) and PG = GP,.
This shows that GT'PG = P, € A’(T). Without loss of generality, we now assume
that P = P;. That is,
Pz) — { fil(@  fa2) ] ker(A —z) -
Fi(2) ful2) | ker(A—2)

Also set

iy | @ faz) | ker(T,- —2)
re= [ fi(@) f22) ] ker(T,- —z)
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By T|pyc» € (SI) and Lemma 2.9, we can show that A; € B,(D) and tr(P'(z)) = 1
for each z in D. By Proposition 1.7, we can find a holomorphic invertible element
X(z) in M,(H* (D)) such that

X(2)P' ()X~ (2) = { Ig g ]

X@)(I — P(2)X "\ (2) = [ . I(; ]

and X(2) |ran p’(z) and X(2)|(7—ran p’(2)) are holomorphic isometric bundle maps from
ran p’(z) and ran(I — P’(z)) onto ker(T,+ — z), respectively. Set

X(z) = [ un(z) un(2) ]

Uy (2)  uxn(2)

and
X(Z) — U (Z)Iker(Afz) ulZ(Z)Iker(Afz) )
Uz (Z)Iker(Afz) Uz (Z)Iker(Afz)

Then

X(2)P(2)X '(2) = { Iker((/)a_z) 8 ] .

Note that X(z) ker(T — z) = ker(T — z). Now we claim that G(z) = X(2)|ran p() is a
holomorphic isometric bundle map from ran p(z) onto ker(A — z).

Note that G(z) = X(2)|ran p'(z) is @ holomorphic isometric bundle map from
ran p’(z) onto ker(T,+ — z). Let e(z) be a holomorphic frame of ker(T,+ — z) and let
t1(z) = e(z) @ 0 and t,(z) = 0 P e(z). Then (#;(z),,(z)) is a holomorphic frame
of ker(TZ(f) —2z). Let A, = Tz(f)| pr(u2(py» and let I(z) be a holomorphic frame of
ker(A; — z). Then

l(z) = a(2)ti(2) + B(2)t2(2),

where a(z) and (3(z) are analytic functions on D.
Since G(z) is a holomorphic isometry, we can find a holomorphic function C(z)
on D such that G(2)l(z) = C(z)e(z) and

[12)])> = (| +1B8=)) |le(2)]

= |C@)|*|le(2)||, z€ D
Let (S1(2), ..., Su(2)) be a holomorphic frame of ker(A — z) and let v;(z) = S;(2) ®0
and uj(z) =0® S;(z), j = 1,2,...,m. Then (vi(2),...,v,(2),u1(2),...,us(2)) isa
holomorphic frame of ker(T — z).
Set fi(z) = al2)vi(z) + B(2)uj(2), j =12,...,n Then (fi(2),..., fu(2)) is a
holomorphic frame of ker(A; — z) and set G(z) f;(z) = C(2)v;(2).
Let k1 (2), . . ., ky(2) be analytic functions on D and let

82 =ki(2)fi(2) +- -+ ku(2) fu(2)
= ki1(2)(a(2)vi(2) + B(2u1(2) + - - + ku(2)(a(2)vn(2) + B(2)uy(2)).
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Then
G(2)g(z) = C(2) (ki (2)1(2) + ka(2)v2(2) + - - - + ky(2) vy (2)) = g'(2).

Note that (vi(2),v;(2)) = (ui(2), uj(2)) = (Si(2),S;(2)),z € D. So

(g(2),g(2) = z:;Iki(Z)\z(Ioz(Z)I2 +18@P)Si 2]
£ k@kD(a@] +8@P)S.S);

also
'@.8'@) =Y E@PIC@OPIS@I*+Y" k@kRICEP(S:S).

This shows that ||G(z)g(2)|| = ||g(2)]|, and then our claim is verified.

Similarly, we can deduce X(z)|ran(1_ P(z)) 15 @ holomorphic isometric bundle map
from ran(I — P(z)) onto ker(A — z). By the Rigidity Theorem, we can find two
isometric operators U, € L(PH?,H @ 0) and U, € L((I — P)H?,0 @ H), such
that X = U, + U, € A’(T) and XPX~! = ["¥ {]. By [Ca-Fo-Ji, Lemma 1.12], we
have A;~A. This completes the proof of the lemma. ]

Using Theorem CFJ1 and Lemma 2.10, we can obtain immediately the following:

Theorem 2.11 Let A € B,(Q) N (SI) and T = AV, Then T has unique (SI)
decomposition up to similarity and

V(A'(4) = N, Ky(A'(4)) = Z.

3 The Commutant of Cowen-Douglas Operators

In this section, we assume always that T = ®}_, Ty, where Ty € B,, (£) N (SI) and

V.cq, ker(Ty — z) = Hi. By basic knowledge of operator theory, we can deduce the

following properties.

(3.1) AY(T) = {(Sij)uxn | Sij € kerTTi_Tj,l < i, j < n} is a unital Banach algebra,
where o, 18 the Rosenblum operator defined by o, (C) = T;C — CT; for
C € L(J(;, H)).

(3.2) ker o, is a linear space and ker 7, , = A'(T;) is a unital Banach algebra.

(3.3) Lete,,,, denote the unit of A’(T). Then €y = Cary D Bl

(3.4) It S;; € ker o, and Sj; € ker T o then §;;Sjx € kerr, , . Particularly, if
Si]‘ S keI‘TTi7Tj and S]‘i S kel‘TT]__Ti, then S,‘iji S .A/(Ti).
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(3.5) IfS = (Sij)uxn € A'(T), then

0 --- 0 --- 0
sGi,H2 | o - S; - 0| eA.
0O --- 0 --- 0

By property 3.5, we can define a canonical map ®;; from A’(T) onto ker o,
bY (I)ij(S) = Si]' for S = (Sij)an in A/(T)

(3.6) ®;jisalinear map and ®;;(S) € A'(T;) for Sin A’(T). Throughout this paper,
an ideal J means a proper two-sided ideal.

(3.7) Let J be an ideal of A’(T). Define

0 0 0
Jij = {Sij Sij € kerTTx_T] and | O --- Sij -+ 0| € 3}
0 0 0

Then

(3.7.1) J;isanideal of A'(T;) or J;; = A'(T;);
(3.7.2) J;jis a subspace of ker oo
(3.7.3) S(i, j) € d for S = (Sij)uxn € 3.

By property (3.7), we can define a canonical map from ker Ty,.r, ONtO ker To, /®ii(d)
by S;; — [Sijlg, where ker o, /®i;(3) is the quotient space of ker o, by subspace
®;;(3). If J is closed, then

AT/ = {Sijlg)nxn | Sij € kefTTl._T].}

is a unital Banach algebra. It is easy to see the canonical map ®4 from A’(T) onto
A'(T)/J is:
Dg((Sijnxn) = [Sijlg)nscn-

Let J be a closed ideal of A"(T). If ([S;j]g)nxn = ®5(S) € A'(T)/J, then

0 --- 0 )
0 o [Syly - 0 | =480, ) € AN(T)/d.
0 0 0
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Lemma 3.1 (Lifting Lemma) Let T = @i;l Ty and 31 be an ideal of A'(T,). Then
there exists an ideal J of A'(T) such that ®,,(J) = J1, and if there exists another ideal
3’ of A (T) such that ®11(J’) = J1, thenJ C J’, where ®1; is defined by property (3.5).

Proof Let

— Rl RQA]Z ‘ ' . )
X= { l: A21R3 By1RyB1» Rl 631,1— 1’27354731],

and A;jin ker7, , ,i,j = 1,2}

7,10

and set
dJ={xi+x+ - +x; 1<n<oo, x; € x}

Claim J is an ideal of A’(T). It is clear that J is an additive group.

Set
Wi Wn /
W= e A(T
[ Wau Wn ] (D
and
R, RyAy,
X = € Y.
[ AnR;  BaR4Bp; } X
Then
WX — WiR: (WiuRy)Ap, + (W12421)Rs  (W12B21R4) By,
WaR;  WyRAjp, (WnA2)R;  (WnBy)R4Bi, |-
Note that

[ WuR;, (WiR)Ap } { (Wi2421)R;  (W13B51Ry) By, }
WyuR,  WyRA, |7 | (WpAyn)Rs  (WyBs)RyB,

Hence WX € §. Similarly, we can deduce that XW & J. Furthermore, we can show
that WX and XW are in J for W in A’(T) and X in J. Since ®,;(X) € J,; for each
Xede,, ¢ J. Thus J is a proper ideal of A’(T) and ®;,(J) = J;. Suppose that
there exists another ideal J’ of A’(T) such that ®;,(J’) = J;. By property (3.4) and
property (3.7), we can deduce that J C J’. |

Corollary 3.2 Let T = ®]_, Ty and J, be an ideal of A'(T). Then there exists an
ideal § of A’(T) such that ®1,(J) = 1, and if there exists another ideal J' of A'(T)
such that ®,,(J") = J1, thenJ C §'.

Corollary 3.3 Let T = @]_ Ty and let J € M(A'(T)). Then ®(d) = A'(Ti) or
D (d) € M(A'(Ty)) fork=1,2,...,n.

Lemma3.4 LetT = ®;_ TiandS = (Sij)uxn € A'(T). If for each Rj; € ker T,
such that R;;Si; = 0, then S(i, j) € rad(A'(T)).
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Proof If
Ry Ry,
R=| : Co
Rnl Rnn
then
0 -+ RyS; -+ 0
RSG,j)=1|0 -~ R;S; --- 0
0 -+ RySj -+ 0
Since R;;S;j = 0, (RS(i, j))" = 0. This shows that S(i, j) € rad A'(T). [ |

Corollary 3.5 Let T = ®]_,Tr. Then ®y(rad A'(T)) = rad(A'(Ty)) for k =
1,2,...,n

Corollary 3.6 Let T = @}_ Ty and J € M(A'(T)) and S;; € kerTT’_Tj/CD,-j(H). If
Sijrii = 0 for eachrj; € kerTTj_Ti /®;i(3), then S;; = 0.

Theorem 3.7  Let T = ®}_, Ty. Then for each J € M(A'(T)), there exists a positive
integer Iy < n such that A'(T)/J ~ M, (C). Furthermore, if Ty ~ T\ for k =
1,2,...,n, then A'(T)/J ~ M,(C) for every J in M(A'(T)).

Proof By Corollary 3.3, ®i(d) € M(A'(Ty)) or Py(d) = A'(Ty) for k =
1,2,...,n. By Theorem 2.8, A’(T})/ rad A’(Ty) is commutative for k = 1,2, ..., n.
So A'(Ty)/ P (d) ~ C or A (Ty) /P (d) = {0} fork = 1,2,...,n. Without loss of
generality, we may assume that there exists an integer /5 < n such that

A'(Ty)/Pw(d) = C, k=1,2,...,14

and
A/(Tk)/fbkk(g) ={0}, k=Il;+1,...,n

Now
.A/(T)/H = {([Sij]ﬂ)nxn;sij S kerTTrTj and [Skk]a =0, for lg <i< 1’1}.

By property (3.4), 0 = [SijRjilg = [Sijlg[Rjilg € A'(T)/®ii(d) for arbitrary
Sij € kerT Rj; € ker lg <i < n. By Corollary 3.6, [S;;]13 = [Rji]g = 0 for

;.1 TjT; )

I3 <i<mn. Hencely > 1and

A(T)/8 = {[ ([Sij]%)zgng g }

Sij € ker T, } .

nxn
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Claim1 For1 <i,j k <ly,ifkerr, . /®;;(J) # {0} and ker7, . /®(J) # {0},
then kerﬂ,,rk/@ik(ﬁ) # {0}.

Note that A'(T;)/®;i(J) ~ C and A'(T})/®;j(d) =~ Cfor1 < i,j < Ig. If
kerr, /®i;(d) # {0}, by Corollary 3.6, there exists S;; € ker TTZ,_T],/@]'(H) and
Sji € ker TTj_Ti/<I>ji(8) such that §;;S;; = [eA/<r,)]3 = 1. Similarly, there exists
Sik € kerTTj_Tk/fbjk(H) and S; € kerTTvaj/q)kj(H) such that S;xS; = [e = 1.
S0 SijSjk # 0,and then ker 7, . /®i(J) # {0}

A’(TJ)]H

Claim2 For1 <i <lj, ®y; # ker7, ,.
Otherwise, we may assume that 1 < jy < I such that
kerTTI,Ti/(bli(H) 7é {0}) 1 S l S jO

and
kerTTl-Tj/q)lj(g) = {0}7 jO < ] S l{;l~

By Claim 1, we can deduce that
kerTTj7Ti/<I>j,-(3) ={0}, 1 <i<jy, jo<j<lIy.
By Corollary 3.6, we can deduce that
kerTTj7Ti/<I>ji(3) ={0}, 1 <i<jo jo<j<ly.
Therefore

waa={[4 3.,

It contradicts § € M(A'(T)).

A = diag(([Sij]g) jox o> ([Sijla)ay—joyxs—jo))s
Sij € kerTT’__TJ_ '

Claim3 A'(T)/d =~ M;,(C).
Forl < i < g lete; = [eﬂ,( ]g = 1. By Claim 1 and Claim 2, there exist

;)
e € kerTleTl/q)li(H) and ¢;; € ker TTX_7T1/(I),‘1(H) such that ejje;; = e1; for 1 <i <lj.
Since A'(T;)/®ii(3) =~ C, eire1; = ejj. Let ejj = ej1eyj, then

€ijeji = €ieijej1eii = €ii,
€ji€ij = €j1€1i€i1€1j = €jj.

For arbitrary S;; € ker T, /®ii(d), (1 < i, j < ly), there exists \;; € C such that
>\ij = Sl-jejl-.
Note that

Sij — Aijeij = (Sij — Aijeijlejj = (Sij — Aijeij)ejiei
= (Sijeji — Aijeii)eij = (Aij — Aij)eiiei
=0

So Sij = Aijeij. Therefore A'(T)/d ~ M;, (C).
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Now we complete the first part of Theorem 3.7.

If Ty~Ty for k = 1,2,...,n. It is not difficult to show that A'(T})/®u(J) = C
for k = 1,2,...,n following from property (3.4) and property (3.5) and Corollary
3.3. Repeating the proof of the first part, we can deduce that A’(T)/d ~ M,(C) for
every J € M(A'(T)). Now we complete the proof of Theorem 3.7. [ |

Theorem 3.7 implies the following properties:

(3.8) IfA'(T;)/®;i(3) # {0} and A'(T;)/®;;(3) # {0} for J € M(A'(T)), then
ker7, , /®;;(d) ~ kerr, . /@;(8) ~ C.
(3.9) IfA'(T;)/®;:(9) = {0} forsome 1 < i < nandJ € M(A'(T)), then

kerTT,uTk/®ik(8) =kert, . /Pri(d) = {0} fork=1,2,...,n.
Theorem 3.8 Let T = @®}_,Tx. Then for each J, € M(A'(T))), there exists a
unique J € M(A'(T)) such that ®1,(J) = J;.

Proof Without loss of generality, we only discuss the case of n = 2. Now T =
Ty @ T,. By Lemma 3.1, there exists an ideal Jy of A'(T) such that ®;(Jy) = 7.
Set ' = Jo + rad A'(T), then J’ is still an ideal of A’(T) and ®,,(J’) = J,. By
the Corollary 3.5, rad A'(T;) € ®,(J’). So we may assume that Jo = J’, hence
A'(T1)/®11(do) =~ C and A'(T,)/P1,(do) are semisimple and commutative since
A'(Ty)/ rad A’(T}) is commutative (see Theorem 2.8).

Note that

S S ..
A(T) /3o = { [ S; SZ ] ‘ Sij € kerTTﬁTj/(I),-j(Ho);l <i,j< 2}.

Let e, = [eﬂqu)]ﬂ for k = 1, 2. Note that A'(T})/®1,(Jo) ~ C and then ¢;; = 1.

Case I: Suppose that there exist e, € ker7, . /®12(Jo) and e51 € ker7, ,, /®21(o)
such that ejye;; = e;; = 1. Set Q) = ez1e52 and Q, = e, — Q. Then Q; and Q, are
idempotents in A'(T3) /P2 (Jo) and Q1Q; = Q,Q; = 0. Set

/ S Si ‘ .
A { [ S Q1Sn ] Sij € kerTT’,_Tj/CD,J(HO),l <i,j< 2}

Al = { [ 8 onszz } ‘ Sn € A/(Tz)/‘bzz(go)}

Claim1 A'(T)/Jp =A@ A’".
It is obvious that for § = (Sij)2x2 € A'(T)/dos

S S 0 0
S= + ,
{521 Q1522} [0 stzz}

https://doi.org/10.4153/CJM-2004-034-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2004-034-8

Similarity Classification of Cowen-Douglas Operators 767

where

Sll 512 / 0 0 11
ceA d c A",

{521 lezz} an {0 stzz}

For
S Si / 0 0 1

t= S d r= eA

[521 lezz] me T {0 stzj

we have

0 0 Q252281 0
To verify Claim 1, we need only to show that S1,Q, = Q,S;; = 0. For arbitrary
S1» € ker TTI‘TZ/(bu(Ho) and S,; € ker Ty 1, /®21(do), we can find a A in C such that
S12Q; = Aey; by property (3.4).
S0 (812Q2 — Xepz)ez; = 0, and 0(ey1(S12Qx — Aey)) = {0}
Noting that A’(T)/®,2(Jo) is semi-simple and commutative,

b {0 Slezszz} Cor= { 0 0] .

e1(512Q2 — Aepz) = 0.

That is (e21512)Q> = AQ;. This implies that A = 0 and $,,Q, = 0.
Similarly, we can prove that Q,S;; = 0. So rt = tr = 0. We verify Claim 1.

Claim2 A’ =~ M,(C).

Set A1 = {Su | Su € A(T1)/®11(do)} and A; = {QiS 5 S» €
A'(T,)/®3(d0)}. Note that A; ~ C. We will show that A, ~ C. Define a map ®
from A, to A; by ®(b) = ejpbey for b € A,. Itis clear that @ is a homomorphism.
Since ®(Q;) = e;; = 1, P is a surjective homomorphism. If ®(b) = ®(b’) for b and
b’ in Az, then 621(I)(b)€12 = 621(1)(17/)612. Thus leQl = le,Ql, SO Az ~ A] ~ C.

Similar to the proof of Theorem 3.7, we can deduce that A’ = M, (C).

Now we define a map 7 from A’(T) onto A’ by

[Sulg,  [Si2lg,
[Sa1lg,  QilS221g,

Then 7 is a homomorphism. Since A’ ~ M,(C), J = kerm € M(A'(T)) and
®,,(J) = J1.

Case 2: If we can not find e;, € ker Trl.rz/q)IZ(HO) and ey; € kerT, . /®21(do) such
that ejpex; = €13 = 1. By A’(T1)/®11(Jo) =~ C, we can deduce that $,,S;; = 0 for
Sz € ker7, . /®12(do) and Syy € ker 7, . /D21(Jo). By Lemma 3.4,

2.1y

ker, . /®12(do) = {0} and ker, , /®2(do) = {0}

T((Sij)ax2) =

112

Thus
A'(T) /3o = A'(T1)/®11(30) ® A'(T2)/P2(do) = C & A'(T2)/P22(J0)-

Similar to the proof of Case 1, there exists a § € M(A'(T)) such that ®;,(J) = J;.
Now we prove the uniqueness. Let J and 3’ be in M(A'(T)) such that ®,(J) =
®,(d)=9,.%tJ=J+3 = {S+S";S€ 3;S" € 3'}. Then J is an ideal of A’(T).
Since ®;1(J) = J1,509 = J' = J. The proof of Theorem 3.8 is complete. |
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Lemma 3.9 LetA € B,,(Q)N(SI)and B € B,(2) N (SI), where m > n. And let
Xi€kerrypandY; € kertpa,i =1,2,...,k Then

k
S XY #£L
i=1

Furthermore, set

k
3 =1 inyi,xi Ekermap | Y €kerrpa,i=12,... . kandk=1,2,...}

i=1
and

k
B ={) ViX;,X; €kerrap | Y €kerrgy,i=1,2,... . kandk=1,2,...}.

i=1
Then J; C rad A’(A) and J, C rad A’(B).

Proof Obviously, the second part of the Lemma implies the first part. Without loss
of generality, we may assume that m is the minimal index of A. Note that X;Y; €
A’(A) and m > n. By Theorem 3.8, we can deduce that

o((TaX;Yi)(2)) = 0(Xi(2)Yi(2))
={0kzeQ,i=1,2,...,k

Since tr ( 1, Xi(2)Y;(2)) = Yb, r(X;(2)Yi(2) = 0, o( TF, Xi(2)Yi(2)) =
{o}.

Set B(z) = ZLI Xi(2)Yi(z). By dimker(A — z) = m,z € Q, we have B(z)" = 0.
Since \/,o ker(A — 2) = 3, (35, X;¥;)” = 0. This shows that §; C rad A’(A).
For X in ker7y p and Y in ker7p4, since o(XY) = {0}, o(YX) = {0}. Hence
o(X5, Yi(2)Xi(2)) = {0} and (3, Yi(2)Xi(2))" = 0. This shows that J, C
rad A’(B), completing the proof of Lemma 3.9. [ |

Proposition 3.10 Let T = AV and A € B,(Q) N (SI). And let {Py,...,P,} bean
(SI) decomposition of T. Then m = nand A; = AD |p,aco € Bu(82).

Proof First we show that m < I. By Theorem 2.8, A’(A)/ rad A’(A) is commuta-
tive. By the Gelfand Theorem, there exists a continuous natural homomorphism ¢

from A’(A) into C(M(A'(A))). So ¢ can induce a continuous homomorphism ¥
from A’(T) into M;(M(A’(A))) defined by

U(S)(d) = (p(Sij)(@))ixi for S = (S;jixi € A'(T) and J € M(A'(A)).
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Set Py = (Pf)ixi fork = 1,2,...,m. Then U(P)(d) = ((P§;)())ix1-
Set

1
tr(U(P(@) ==Y _ p(PH)(@).

i=1

Then tr(-) defines a continuous function on M(A’(A)). Since A’(A)/ rad A’(A)) is
commutative and A € (SI), M(A'(A)) is connected, by Proposition 1.17 of [Ji-Wal].
Since U(Py)(J) is idempotent, tr(¥(Px)(J)) = mx > 1. Note that >_;" | Py = I and
PPy = (‘)Qkk/Pk7 we have qu:l tr(W(Py)(J)) = I. Hence

Do r@PI@) =D m=1
k=1 k=1

Som <.

Now we show that A; € B, (£2). Otherwise, we may assume that A; € By(€2) and
k < n. LetS = A @ A;. By Lemma 3.9 and the proof of Theorem 3.7, we can find
an J; € M(A’(S)) such that A’(S)/d; ~ C. Let T, = A@® T = A"*D. By Theorem
3.7, A (T1)/d ~ My (C) for J € M(A'(T7)). Note that Ti~A & A} & --- D Ay,
and m < . Repeating the proof of Theorem 3.7 and using Lemma 3.9, we can find
J, € M(A'(Ty)) such that A'(T1)/d, ~ My(C) and d < I+ 1 This contradicts
A'(T1)/d =~ M1 (C) for § € M(A’(T})). Similarly, we can show that it is impossible
for k > n. So k = n and m = I. We complete the proof of Proposition 3.10. ]

Summarizing the above argument, we have

Theorem 3.11 Let T € B,(Q). Then for § € M(A'(T)) there exists a natural
number | < n such that

AT/ ~ Mi(C).

4 The Similar Classification of Cowen-Douglas Operators
In order to obtain the main result, we need the following results.
Lemma4.1 LetAc B,,(Q)N(SI)andB € B,(2) N (SI) and A = B. And let
k
Jd= { ZXiYi ‘ X; € 1(61'7',4’37 Y; € keI'TB’A, 1<i<k k= 1,2,...}

i=1

Then J is a proper ideal of A’(A).

Proof We need only to show that Zi;l XiY; #IforX; € kerypandY; € ker 754
and k = 1,2,.... Otherwise, there exists a positive integer k > 1, X; € ker 74  and

Y; € ker 7 4 such that ZLI X;Y; = 1. Set
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Y,
P = [Xl .. Xk]
RE
Y. X, - VX
VX - VX

Then P is an idempotent operator in A’(B®). Let T = A @ B® and let

0 X - Xi
0 0 --- 0

a= .
[0 o0 0

and ~

0 0 0
Y, 0 0

b= )
Yy 0 - 0

Thenaand barein A’(T)andab = [} 3] andba = [{ 3] . By [BI, Proposition 2.21],
there exists an invertible operator X in M,(A'(T)) = A’(T & T) such that

0 0 0 0 1 | I 0 0 0
(Lo p]elo o] )x=[oo]elo ]
By [Ca-Fa-Ji, Lemma 1.9],

0 P

By A € (SI) and Lemma 2.10, B; ~ B ~ A. This contradicts A ~ B. We complete
the proof of Lemma 4.1. ]

ANB(k)|R::BI where R = ran [0 0].

Proposition 4.2 Let A € B,,(2) N (SI) and B € B,(Q2) N (SI) and A ~ B. And let
T = A" @ B™), where ny and n, are two fixed positive integers. Then the following
holds:

1. There exists §, and 3, in M(A'(T)) such that
A'(T)/3, = M,,(C)

and
A'(T)/d, = M,,(C).
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2. min{n;,n,} = min{ly, A'(T)/d = M;,(C),d € M(A'(T))}.
3. Foreach § € M(A'(T)), A (T)/J = Mi(C), wherek € {ni,n,} if m # n and
ke {n,n,n +n}ifm=n.

Proof LetS; =", B;and S, = @!"" B;, where

i=n;+1

s A if1<i<m,
o B ifn+1<i<mn +n,.

Then T = ;"™ B;. Set

k
g1 = { ZXiYiaXi € kerTA’B | Y, € kerTBﬁA,k: 1,2,...}.

i=1

By Lemma 4.1, ¢; is proper ideal of A’(B;). So we can find an &, in M(A'(By))
such that €; C ;. By Theorem 3.8, there exists a unique J; in M(A’(T)) such that
®,1(J1) = €. By By = B, = --- = B, and property (3.7), we have ®;;(J,) =
€2,1 < i, j < ny. Define a new subset in A’(T) by

B & e 155 kerTA_B e ker TA.B_

3/ L 150 155 keI'TA_B kel‘TA_B
Y |kermpa oo kermga A/(B) oo A/(B) |

_kerTB,A R kerTB,A .A/(B) R .A/(B) h

where ¢, appears n; X n; times and A’(B) appears n, X n, times. By ¢; C &,
is a proper ideal in A’(T) and ®1,(J]) = e,. It is easy to see that J; C Ji, so
J1 € M(A(T)) and J; = J{. Repeating the proof of Theorem 3.7, we can de-
duce that A'(T)/J, ~ M,,(C). Similarly, we can find an J, in M(A’(T)) such that
A'(T,)/3, = M,,(C). This complete the proof of the part one.

Now, to show part (ii), we may assume that n; = min{n;, n,}. We need only to
verify that

ny < min{ly; A(T)/d =~ My, (C) for § € M(A'(T))}.

Otherwise, there exists a J in M(A'(T)) such that A(T)/J ~ M;(C) and I < n;.
By Properties (3.8) and (3.9) of Theorem 3.7, there exist i and j (1 < i,j < n; or
m +1 < i,j < m + ny) such that ®;;(J) = A’(B;), but ®;;(J) € M(A’(B;)). By
A = By, k=1,2,...,n,B = By,k = n; + 1,...,n; + ny, and property (3.7), we
have ©1,(J) = -+ = P, (d) and Py 11 041(d) = -+ = Ppjsmy my4n, (J). Thisisa
contradiction.
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Proof of Part Three First, we consider the case of m # n. For J € M(A'(T)). It
follows from the proof of part two, we can deduce that

®1(J) = Pu(d), k=1,2,...,m

and
q)n1+1n]+1(3) = q)kk(g)v k= n; + 1; RN ST O

Then @1(J) € M(A'(A)) or @, 41 4,+1(d) = A’(B). Without loss of generality, we
may assume that ®;;(J) € M(A'(A)). Then we can claim that

(I)nﬁ—l n1+1(3) = -A/(B)-

Otherwise, by Lemma 3.9, XY € rad A’(A) and YX € rad A’(B) for X in ker 74 p
and Y in ker 75 4. Set

_@11(3) e ®(9) kerTA,B s kerTA,B_

g, = on(d) - 2nd) kefTA,B kerTA,B
' lkerrga oo kermpa A/(B) oo AYB) |

| kerrpq - kertgy A'(B) ---  A'(B) ]

where ®1(J) appears n; X n; times and A’(B) appears n, X n, times. Then J; is a
proper ideal of A'(T) and J C (#£)d;. It contradicts § € M(A'(T)). Repeating the
proof of Theorem 3.7, we have A'(T)/d ~ M,, (C).

If D, 11 0,41(d) € M(A'(B)). Similarly we can show that A’(T)/J = M,,(C).

Secondly, we consider the case of m = n. By part one, we can find J; and J, in
M(A'(T)) such that A'(T)/d1 = M,,(C) and A'(T)/J, ~ M,,(C). For arbitrary
J in A'(T), we can not determine whether ®,, 11 ,,41(d) = A’(B) when ®1,(J) €
M(A’(A)). That means that A'(T)/d &~ M,,+n,(C) is possible. This completes the
proof of Proposition 4.2. u

By Theorem 3.8 and Proposition 4.2, we obtain immediately the following con-
clusion.

Theorem 4.3  Let A and B be strongly irreducible Cowen-Douglas operators. Then
A ~ Bifand only if

A'(A® B)/J = My(C)

for each J in M(A'(A & B)).
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Theorem 4.4  Two strongly irreducible Cowen-Douglas operators A and B are similar
if and only if there is a group isomorphism «: Ko(A'(A)) — Ko(A'(B)) that satisfies

L a(V(A'(A))) = V(A'(B));
2. allawl = Hamb
3. there exist two non-zero idempotent operators,

P EMo(A'(A) and q€ Mo (A'(B), satisfying alp] = [ql,
where p and q are equivalent in Mo (A'(A @ B)).

Proof of the “if” part By Theorem 2.11, V(A'(A)) = V(A'(T)) =~ N and
Ko(A'(A)) ~ Ko(A'(B)) ~ Z. Suppose that A ~ B. Then there exists an invert-
ible operator X such that A = X~'BX. Note that for each P in A’(A), (X~'PX)™
is idempotent in A’(B"™). Hence the map a: [p] — [X~'PX] defines a group iso-
morphism from Ky (A’(A)) to Ko(A’(B)) and « is as desired.

Proof of the “only if” part Suppose that « is a group isomorphism with properties
1, 2 and 3 given by Theorem 4.4. Then there exist two positive integers m and n
and two non-zero idempotent operators p in A’(A™) and q in A’(B™) and two
operators X in ker 74 gon and Y in ker 7pm aw such that XY = p and YX = g and
alp] = [q]. Let

0 0 3m "=y o

T:A(n)EBB(m),a:|:O X:| Fn) |:0 0:| P

Then a and b are in A’(T) such that

[p 0] H™ o o] H®
ab[o 0] g{(m)’ba* 0 q | 3

By [BI, Proposition 2.21], there exists an invertible operator G in A’(T @ T) such

that
0 0 0 0 1 _|p O 0 0
s([oalelool)e=18o]=lo o)
By [Ca-Fa-Ji, Lemma 1.9],

A(n) ‘ran pNB(m) ‘ran q-

So rank(I'ym p)(z) = rank(I'gmq)(z) = k for z € ), where we assume that A €
B, (£2) and B € B, ().

By Theorem 2.11 and Theorem CFJ1, we have A™|ran p ~ A® and B" |ran q ~
B®. This implies A® ~ B®,

Let R = A® @ B®, Then R ~ A®Y and \/(A'(R)) ~ N. Using Theorem CFJ1
again, we have A ~ B. This complete the proof of Theorem 4.4. ]
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Similar to the argument of Theorem 4.4, we have the following conclusions:

Theorem 4.5  Two strongly irreducible Cowen-Douglas operators A and B are similar
if and only if there exist two positive integers m and n and two operators X in Ker 74 gon
and Y in ker Ty gw such that XY is an idempotent operator in A’ (A™).

Theorem 4.6 Two strongly irreducible Cowen-Douglas operators A and B are similar
if and only if there exists a positive integer n such that

A o g
We now calculate the Kj-group of a class unital Banach algebras.

Theorem 4.7  Let §) be a bounded connected open subset of C and inter () = inter (2.
Then
\/(H>(©)) ~ N and Ko(H® () ~ Z.

Proof Let B, be the Bergman operator on L2(2*) and let A = B;. Then
Ko(A'(A)) = H>®(Q) (cf. [Co-Do]). By Theorem 2.11, we can complete the proof
of Theorem 4.7. [ |
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