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Let f(z) = 2 a z be an entire function, but not a polynomial. As 
o n 

usual let, 

M(r) = m a x | f ( z ) | , M ^ r ) = {—- J | f ( re l G) fâB} l / ô , 0 < ô < oo , 

(1) 

m(r) = 2 I a | r , |i(r) = max a r = a r 
n n y 

0 
n> 1 

v - v(r) , v(r) is a monotonie increasing function of r . By P a r s e v a l ' s 
theorem, we have 

00 

(2) M (r) = {? |a | 2
r

2 n } 1 / 2 

2 0 n 

In this note we prove two theorems, of which Theorem 1 includes a 
resul t of Br inkmier [1, Satz (8)]. The proof of this theorem is not only 
shor ter than the one used by Brinkmier , but also very e lementary. By 
combining Theorems 1 and 2 we can have the well-known resul t of Valiron 
[2, Theorem 12]. In this case too the present proof is more elementary 
than the one used by Valiron. 

THEOREM 1. _If f(z) is an entire function of finite order p then 
the inequality 

T P + E, 
m(r) < M2(r) r l 

is satisfied for r > r , e1 being a rb i t ra r i ly smal l . 
£1 
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Proof. Let us choose 0 < r < R, v - v(R). By definition 

oo v - 1 °° 
m(r) = 2 |a | r " = S |a | r n + 2 |a | r " . 

0 n 0 n v n 

Now by the Cauchy-Schwarz inequality, 

.(r) < vTv( 2 | a J 2 r 2 V / 2 + 2 | a n | r n . 
0 v 

Using here the definitions of M (r) and \i(v) , 

oo I a I r 
m(r) < NTVM (r) + |d(r) 2 

v a r 

oo I a IR n- v 
m(r) < ^ v M ? ( r ) + ^x(r) 2 ^ - — £ ) 

2 v | a | R n R 

v 

m(r) < N/V(R) M2(r) + |i(r) (R/R- r) , 

m(r) < M (r) {\l v(R) + R /R- r} , because |i(r) < M2(r) 

Now by choosing R = 2r , and also by using the fact that 

lim sup lQf V (
r

r ) = p [2, page 30] , 
r-*- oo 8 

we have finally 

m(r) < M2(r) r2 l 

Hence the theorem is proved. 
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T H E O R E M 2 . If f(z) i s an e n t i r e func t ion of f in i te o r d e r 

the i n e q u a l i t y M \r) < fi(r) r 2 2 is s a t i s f i ed for r > r , e 
2 

a r b i t r a r i l y s m a l l . 

P r o o f . Le t us c h o o s e 0 < r < R , y = v(R) . 

Now by def in i t ion 

{M ( r ) } 2 = Z | a | V n = Z | a | 2 r 2 n + 2 | a | V " 
2 0 n 0 n 

2 „ 2 n 
2 , °° ! a J R 

< v { n ( r ) } * + {(.(r)} 2 • 
v la | V V <i> 

2|(n-i 

2 ? °° 
< v{\±(r)} + {^(r)} s Q 

2 n -v 

{ M 2 ( r ) } 2 < v { j l ( r ) } 2 + M r ) } 2 R 2 / R 2 - r 2 

By c h o o s i n g h e r e R = 2r and u s i n g the fac t [2, page 30] tha t 

l i m sup log v( r ) 
log r = P 

we f ina l ly have the r e q u i r e d r e s u l t , i . e . 

M (r) < (Ji(r) { N / V ( R ) + R 2 / R - r } < ^ ( r ) r 2 p + £2 

R e m a r k . By c o m b i n i n g T h e o r e m s 1 and 2 we h a v e 

/ \ / x P + £ 

m ( r ) < [x(r) r 3 . 
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