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EXISTENCE OF EXTREMAL BELTRAMI
COEFFICIENTS WITH NONCONSTANT MODULUS

GUOWU YAO

Abstract. Suppose that [u]r(a) is a point of the universal Teichmiiller space
T(A). In 1998, Bozin, Lakic, Markovié¢, and Mateljevié¢ showed that there exists

o such that p is uniquely extremal in [u]7(a) and has a nonconstant modulus. It
is a natural problem whether there is always an extremal Beltrami coefficient of
constant modulus in [p]r(a) if [4]7(a) admits infinitely many extremal Beltrami
coefficients; the purpose of this paper is to show that the answer is negative.

An infinitesimal version is also obtained. Extremal sets of extremal Beltrami
coefficients are considered, and an open problem is proposed. The key tool of
our argument is Reich’s construction theorem.

81. Introduction

Suppose that ® is a Jordan domain in the complex plane C, and let
w = f(z) be a quasiconformal mapping on ©. The complex dilatation of f
is defined by

n(z) =222,
which is also called the Beltrami coefficient of f.

Let M (®) be the open unit ball of L>(®D). Let 21, 22, 23 be three boundary
points on 0. For a given € M (D), denote by f* the uniquely determined
quasiconformal mapping of © onto itself with complex dilatation p and
normalized to fix z1, 29, 23. The elements of M (D) are also called Beltrami
coefficients. Two elements p and v in M (®) are Teichmiiller-equivalent,
which is denoted by p~ v, if f*|oe = f”|gn. Then T'(D) = M (D)/ ~ is the
Teichmiiller space of ©. The equivalence class of the Beltrami coefficient
zero is the base point of T'(D).

Received February 15, 2008. Revised March 3, 2009. Accepted May 10, 2009.

2000 Mathematics Subject Classification. Primary 30C75; Secondary 30C62.

The author’s research was supported by the Foundation for the Author of National
Excellent Doctoral Dissertation grant no. 200518, and by the National Natural Science
Foundation of China.

© 2010 by The Editorial Board of the Nagoya Mathematical Journal

https://doi.org/10.1215/00277630-2010-001 Published online by Cambridge University Press


http://dx.doi.org/10.1215/00277630-2010-001
http://www.ams.org/msc/
https://doi.org/10.1215/00277630-2010-001

2 GUOWU YAO

Given that p € M(D), we denote by [u]7(p) the set of all elements v €
M(®) equivalent to u, and we set

(1.1) k(p) =mf{ |Vl : v € (@) }-

We say that p is extremal (in [p]7ee)) if [|14]lco = k(1) and uniquely extremal
if ||v|oo > k(p) for any other v € [u]p(p). Accordingly, f# is called an extre-
mal (uniquely extremal) quasiconformal mapping for its boundary corre-

spondence. Let [M]}(@) denote the set of all extremal Beltrami coefficients

in [p]7o)-
Throughout this paper, let A(®) denote the Banach space of all holo-
morphic functions ¢ in the domain ® with L!-norm

lell= [ [ le)ldady < .

Two elements p and v in L*°(®) are infinitesimally equivalent, which is
denoted by p=v, if [[oppdrdy = [[svodrdy for all ¢ € A(D). Denote
by N(®) the set of all the elements in L*(®) which are infinitesimally
equivalent to zero. Then B(D) = L>(®)/N (D) is the tangent space of the
Teichmiiller space T'(®) at the base point.

Given that € L>°(D), we denote by [1]p(p) the set of all elements v €
L*>°(®) infinitesimally equivalent to u, and we set

(1.2) il oy =inf{[[V]loc : v € [l }-

We say that p is extremal (in [u]pep)) if ||plleo = [1]@) and uniquely
extremal if ||v|co > ||p]lo for any other v € [u]p(p). Note that pu is also
called an extremal Beltrami coefficient if it is extremal and |||/ < 1. Sim-
ilarly, let [u]*B(g) denote the set of all extremal elements in [u]p(g)-

A Beltrami coefficient p is said to be of constant modulus if it has the
form

L e(2)
(1.3) w(z) = k|¢<z)‘,

where k € [0,1) is a constant and ¢ is a complex-valued function in ® with
» # 0 almost everywhere. Particularly, if ¢ # 0 is meromorphic in ©, then

w is called a Teichmdiller Beltrami coefficient.

Let A be the unit disk {|z| < 1}. In this paper, unless otherwise specified,
we restrict the considerations to the special case ® = A in order to simplify
exposition.
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For a given point [u]p(a) in the universal Teichmiiller space T'(A), there
are two cases for the extremal Beltrami coefficients among [u]7(a). One is
that there is a unique extremal Beltrami coefficient in [u]7(a) which may
be of constant modulus or not (see [1]). The other is that there is more
than one extremal Beltrami coefficient in [1]pa). In the latter case, in fact
there are infinitely many extremal Beltrami coefficients in [u]7a) (see [9],
[2]). Moreover, in this setting there definitely exists an extremal Beltrami
coefficient of nonconstant modulus in [p]7a) (see [7], [11], [12]).

Is there always an extremal Beltrami coefficient of constant modulus in
[1]7(a) if it contains infinitely many extremal Beltrami coefficients? This is a
natural problem (also posed in [12]). The author in [10] recently constructed
certain [u]p(a) admitting infinitely many extremal Beltrami coefficients such
that it contains no extremal Teichmiiller Beltrami coefficients. Perhaps one
still expects that [u]p(a) contains at least an extremal Beltrami coefficient
of constant modulus. However, the following counterexample theorem gives
the converse answer.

THEOREM 1. There exists a point [M]T(A) i the universal Teichmiiller
space T(A) admitting more than one extremal Beltrami coefficient, such
that [u]pa) contains no extremal Beltrami coefficients of constant modulus.

COROLLARY 1. There exists some [u]pay in T(A) admitting more than
one extremal Beltrami coefficient, such that [,LL]T(A) contains no extremal
Teichmdiller Beltrami coefficients.

We also obtain an infinitesimal version of Theorem 1.

THEOREM 2. There exists a point [u]pa) in B(A) admitting more than
one extremal Beltrami coefficient, such that [u]pay contains no extremal
Beltrami coefficients of constant modulus.

COROLLARY 2. There exists some [p]p(a) in B(A) admitting more than
one extremal Beltrami coefficient, such that [u]pa) contains no extremal
Teichmdiller Beltrami coefficients.

Delta inequalities are introduced in Section 2. Some preparations are done
in Section 3. After giving Reich’s construction theorem and its applications
in Section 4, we present the proofs of our main results in Section 5. At the
end, we consider the extremal sets of extremal Beltrami coefficients and
pose an open problem.

The results as well as the method used here can be extended to more
general hyperbolic Riemann surfaces and their Teichmiiller spaces.
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§2. Delta inequalities
For p e L®(A), ¢ € A(A), let

(2.1) // z)dx dy, and Aulo) =ReA,[d)].
The functional 6 = J,, is defined on A by

3(p) = llullollell = Aulel, € A(A).

We say that p € L>(A) satisfies Reich’s condition on a set E C A if there
exists a sequence @, in A(A) so that d(¢,) — 0 and liminf|y,(2)| > 0 for
almost all z in E. Meanwhile, ¢, (z) is called a Reich’s condition sequence
for p on E.

REMARK 1. A Reich’s condition sequence is also called a delta sequence,
which was first introduced in [5].

As is well known, a necessary and sufficient condition (a Hamilton-
Krushkal-Reich-Strebel condition) that a quasiconformal mapping f is extre-
mal (for its boundary values) is that its Beltrami coefficient p has a so-called
Hamilton sequence (see [8]), namely, a sequence {¢, € A(A) : ||¢n||=1,n €
N} such that

(2.2) lim Ay[én] = hm // wdn(2) dedy = || ] co-

n—oo

Now, we introduce Reich’s delta inequality and the infinitesimal delta
inequality on the unit disk A. Their generalized forms play important roles
in the joint work of [1].

Suppose that p and v are two equivalent Beltrami coefficients in the
universal Teichmiiller space T'(A). Let 1z and v be the Beltrami coefficients

-1

of the quasiconformal mappings f~! and ¢!, respectively, where f = f*

and g = f”.
DELTA INEQUALITY. If p and v are equivalent Beltrami coefficients in
T(A) with
[Vlloo <k =llplloe <1,
then

(23) // ol el <o(ktel e [ o).

for all ¢ in A(A). The constant C' depends only on k = || ]| sc-
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INFINITESIMAL DELTA INEQUALITY. There exists a universal constant C'
such that, for every pair of infinitesimally equivalent Beltrami coefficients p
and v with

[V]loo < [l < 00,

we have

@) [ [ vl < Clullos (Ml =Re [ [ ).

for all ¢ in A(A). The constant C' is independent of p and v.

83. Some preparations

Let 3, G A (i=1,2,...,m) be m (m € N) Jordan domains such that J;
(i=1,2,...,m) are mutually disjoint and such that A\ J"J; is connected.
Let p be a Beltrami coefficient in M (A). Let T'(J;) be the Teichmiiller space
of J;, respectively.

LEMMA 1. Let 3; & A (i =1,2,...,m) be given as above, and let J =

""Ji. Let p and v be two equivalent Beltrami coefficients in T(A). In
addition, suppose that ju(z) = v(z) for almost every z € A\J. Then, f*(z) =
fY(2) for all z in A\J, and hence f*(J) = f¥(J).

Proof. For the sake of convenience, let f = f* and let g = f¥. Let
fgof-1 (w) denote the Beltrami coefficient of g o f~1. By a simple computa-
tion, we have

)= L p) —vz)

(3.1) tgog-1 0 1(2) = A2 G,

where 7= f./f..

Thus, figo-1(w) =0 for almost all w € f(A\J), and hence ¥ =go f!
is conformal on A\J. Since ¥|g1 = go f~!|g1 =id, we conclude that ¥ =id
in f(A\J). Furthermore, we conclude that W53y = id by the continuity of
quasiconformal mappings. Thus, g|a\3 = f|a\3, which evidently gives the
lemma. []

From Lemma 1, we easily obtain the following.
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LEMMA 2. Let J; (i=1,2,...,m), and let J be given as above. Suppose
that p(z) is a Beltrami coefficient in M (A). Let v(z) be another Beltrami
coefficient in M(A) defined as follows:

w(z), ze€A\g,
v(z) =
Bi(z), z€Jini=1,2,...,m,

where B;(z) € M(J;) (i=1,2,...,m). Then the following three conditions
are equivalent:

(a) [plr (A)—[ ]T(A);

(b) [Ty = [Bilre,), where p; is the restriction of u on J; (1 =1,2,.
m);

(c) f*(z) = f¥(2) for all z on |J]" 83;.

Proof. (a)==(c): This is a direct corollary of Lemma 1.
(¢)==(b): This follows from the definition of Teichmiiller equivalence class.
(b):>(a): Let f“|d J — f*(J) be the restriction of f* on J. Since
[1ilr@3,) = [Bilr(3,), by the definition of Teichmiiller equivalence class and
the Rlemann mapplng theorem, there exists a quasiconformal mapping g;
from J; onto f#(J;) such that the Beltrami coefficient pg, of g; is 5;(2) on
Ji (i=1,2,...,m), which implies (a). 0

To obtain Theorem 2, we also need an infinitesimal version of Lemma 2.

LEMMA 3. Let J; (1 =1,2,...,m), and let J be given as above. Suppose
that p(z) is a Beltrami coefficient in M (A). Let v(z) be another Beltrami
coefficient in M(A) defined as follows:

w(z), ze€A\g,
v(z) = .
Bi(2), z€Jii=12,...,m,

where Bi(z) € M(J;) (i=1,2,...,m). Then the following two conditions are

equivalent:
(a) [ ]B(A)_[ 1B(A);
(b) [l By = [BilB(g,), where p; is the restriction of p on J; (1 =1,2,.

Before proving Lemma 3, we introduce Lemma 5 of [1].

LEMMA 4 ([1, Lemma 5]). Let ® C A be a subdomain such that ® C A
and A — D is connected and dense in A —D. Then the restrictions to © of
quadratic differentials in A(A) are dense in A(D).
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Proof of Lemma 3. 1t is evident that (b) implies (a). We need to show
only that (a) implies (b). If (a) holds, then for any ¢ € A(A), we have

[fove= [ [ o

Because pu(z) =v(z) for z € A\J, we have

(3.2) //Tlnjimp://Jlu1<p+§//3iui<ﬂ=//315190-1-;:;//&@@0.

Applying Runge’s theorem to J; (i =1,2,...,m), there exists a polynomial
sequence {1, } such that

lim // |, — | =0, i=2,...,m,
n—oo Ji

and

n—oo

lim |¢n|20, 1=1.
J1

Notice that

/ﬁfuw—wm+§;/[fM¢—m»:/gﬁx@_¢@

+ij@¢ Un)-

Taking the limit on both sides of equality (3.3), we get

(3.4) /Lﬂwz/mm%

Furthermore, by Lemma 4, for any ¢ € A(J;), we have

//Glﬂlqﬁ—/alﬁﬂb-

Namely, [p1]pg,) = [Bi]B,)- Similarly, [wi]pg,) = [Bilpg) (0=2,...,m).
Thus, the proof of Lemma 3 is complete. 0
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84. The construction theorem and its applications

The following construction theorem is essentially the same as Reich’s
construction theorem in [6, page 343].

CONSTRUCTION THEOREM. Let A be a compact subset of A consisting
of m (m € N) connected components and such that A\ A is connected and
each connected component of A contains at least two points. There exists
a function a € L°(A) and a sequence @, € A(A) (n=1,2,...) satisfying
these conditions:

0, z€A,
(4.1) la(z)| =
1, for a.a. z€ A\A;

(4'2) 7}52@{”9%” _)‘a[@n}} =0;

(4.3) lim |pn(2)| =00 a.e. in A\A;
and as n — oo,
(4.4) ©n(2) — 0 uniformly on A.

Proof. Reich’s construction theorem gives the theorem when m = 1. For
simplicity and without loss of generality, we assume that m = 2. Thus, since
A is compact and has two connected components, A\ A is triply connected.
Let X and Y denote two connected components of A.

Let {J,}, {X,}, and {Y},} be closed Jordan domains with the following
properties:

Jn C A, Jn, CInt(Jpg1), X, CA, Xp+1 C Int(X5,), Y, C A,
Y1 CInt(Ys), J.NX,=3, J.NY, =g, X,NnY, =9,

]U? Jo|=|A\Al, NP Xn=X, OY.=Y

The rest of the proof follows word for word from Reich [6, pages 343-346].
In addition, (4.4) is implied in his proof. 0

Combining the construction theorem and Lemma 1, we get the following.
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LEMMA 5. Let 3; & A (i=1,2,...,m) be m Jordan domains such that
Ji (i=1,2,...,m) are mutually disjoint and A\|J]"Ji is connected. Let
A=7"3Ji. Suppose that a(z) and the sequence @, € A(A) are constructed
by the construction theorem, and let p(z) = ka(z), where k <1 is a positive
constant. Set

n(z), z€A\A,
v(z) =
Bi(z), z€Jii=1,2,...,m,

where Bi(z) is in M (J;) with ||Billoc <k (i=1,2,...,m). Then

(1) v(2) is extremal in [V]pa), and for any x(2) in [V]}(A), x(z) =v(z)
for almost all z in A\ A;

(2) v(z) is extremal in [V]pa), and for any x(z) in [I/]E(A), x(z)=v(z)
for almost all z in A\ A.

Proof. Obviously, ||tt|lecc = ||V|lcc = k. Set E = A\ A. Notice that the sequ-
ence ¢, (z) satisfies conditions (4.2)—(4.4). We have

lim // lon(2)| dx dy =0,
n—oo A
lim // B(2)pn(z) dzdy =0.
n—oo A
Furthermore, by

k:// (on(2)] dar dy — R// 2 dedy < [oull - Aalinl,

we achieve

hm // lon(2)| dx dy — Re// dxdy)

hm // |on(2)] da: dy — Re// d;vdy)
+ lim k//A\gon(zﬂdacdy—Re/ Aﬂ(z)g%(z)d:rdy) _

and hence

In short,

(4.5) Tim (Klloull — A leal) =0.
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Thus, by (4.3) and Fatou’s lemma,

k— Re// —0, n— oo,
H%H

which shows that v/(z) is extremal in [v/]7(a) and hence is extremal in [V] g()-

(1) Assume that x(z) is extremal in [v]p(a), that is, that x(z) € [V]*T(A).
Let 7(w), X(w) denote the Beltrami coefficients of (f*)~! and (fX)~!, respec-
tively. We claim that v(f”(z)) = X(f¥(z)) for almost every z € A\A. Sup-
pose the contrary case; then there would exist € > 0 and a compact subset
S of A\ A with positive Lebesgue measure such that |(7(f") — x(f"))/(1 —
7(f)X(f*))] > €>0 on S. Then, by the delta inequality (2.3), there exists
a positive constant C' depending only on k£ such that

X(Y) [
l—y fu;; #7) |#n] <C<kH<PnH —Re// Vi

// oul < C (kllgull = Re [ [ o) = Ctlloull = Mlin)).

By (4.3) and Fatou’s lemma, the left-hand side of the above inequality has
a positive lower bound, while by (4.5), the right-hand side tends to zero as
n — oo. This contradiction induces our claim.

Applying Lemma 1 to 3= fv (U1 Jl) on the target unit disk, we find that
(/") H(w) = (f) "} (w) for all w in f*(E) and that (f*)(3) = (/) (3).
In other words, f¥(z) = fX(z) for all z in E. Therefore, v(z) = x(z) for
almost every z in E.

(2) Applying the infinitesimal delta inequality, one easily shows that v(z)
is extremal in [v]p(a) and that, for any x(z) in [V]E(A), we have x(z) =v(z)
for almost all z in A\ A. We skip the details here.

(4.6)

Therefore,

85. Proof of the main results

To prove our main results, it suffices to construct u € M(A) such that
[,LL]*T( A) OF [V]*B( A) contains more than one extremal Beltrami coefficient and
contains no extremal Beltrami coefficients of constant modulus.

Proof of Theorem 1. Suppose that m > 2. Let J; (i=1,2,...,m) be given
as in Lemma 5. Choose A =J"J;. Let a(z) and the sequence ¢, € A(A)
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be constructed by the construction theorem, and let u(z) = ka(z), where
k <1 is a positive constant.

By the counterexample theorem in [1, Theorem 10], there exists a Bel-
trami coefficient 81(z) in M (J1) with ||f1]lcc = k such that (1 is uniquely
extremal in [81]7(z,) and [B1] is not almost everywhere constant on J1. Now,

set

), zeA-UPa
(5.1) v(z) =1 Ai(z), z€31,

Bi(z), ze€Ji,l<i<m,

where f2(2z) € M(J2) is chosen with ||82]|cc < k, and G;(2) € M (J;) is chosen
with [|Billc <k (i # 1,2). Then v(2) is extremal in [v]pa) in virtue of
Lemma 5 but is not uniquely extremal for ||(2]/cc <k on Jo.

We continue to show that [v]7(a) contains no extremal Beltrami coeffi-
cients of constant modulus. Suppose that v(2) € [V]p(a) is extremal. Then
|7(2)| < k for almost all z in A.

On the other hand, combining Lemma 5 and Lemma 2, we have

[Bilry = adres

where 7|3, is the restriction of v on Jj.

Notice that 3; is uniquely extremal in [31]7(z,) with |[81]|c =k and that
|31] is not almost everywhere constant on J;. We find that v(z) = 81(z) for
almost all z € J1. Thus, we prove that for any y(z) extremal in [V]7(a), V]
is not almost everywhere constant on J.

This completes the proof of Theorem 1. [l

Proof of Theorem 2. For simplicity, we use the same denotations as in
the proof of Theorem 1. We only need to show that [v]ga) satisfies the
requirement of Theorem 2, where v(z) is constructed by (5.1).

It follows that v is extremal in [V]*B( a) from Lemma 5 and is not uniquely
extremal by the equivalence theorem in [1]. Suppose that v(z) € [V]p(a) is
extremal. Then |y(z)| <k for almost all z in A.

Because (31 is uniquely extremal in [31]7(3,) with ||31 e =k, 1 is unique-
ly extremal in [(1]p(3,) again by the equivalence theorem.

On the other hand, combining Lemma 5 and Lemma 3, we have

[B1lB@) = Vsl Ba)

https://doi.org/10.1215/00277630-2010-001 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-2010-001

12 GUOWU YAO

where |3, is the restriction of v on J;. We again find that v(z) = £1(2)
for almost all z € J;. Notice that |31| is not almost everywhere constant
on J;. Thus, we prove, for any v(z) extremal in [v|ga), || is not almost
everywhere constant on J;. Namely, [v]g(a) contains no extremal Beltrami
coefficients of constant modulus. The proof of Theorem 2 is complete.  []

We do not know whether there is some essential relation between [u]7(a)
and [u] ga) if [#]7(a) or [1]B(a) contains an extremal Beltrami coefficient
of constant modulus. The following problem might be interesting.

PROBLEM 1. Suppose that p is an extremal Beltrami coefficient. If [u]T( A)
contains an extremal Beltrami coefficient of constant modulus, does it imply
that [1]g(a) does also? What about the converse?

REMARK 2. If p itself is of constant modulus, the answer is a fortiori.
Recently, Fan and Chen [3] gave a negative answer to the above problem in
virtue of the method used in this paper if © need not be extremal.

§6. On the measure of extremal sets

Suppose that p is an extremal Beltrami coefficient. For any 7 extremal

in [M]T(A) (or [M]B(A))7 let X[n]={z€A:|n(z)|=|plle} We call X[n] the
extremal set of 7.

Suppose that v is constructed as (5.1) in the proof of Theorem 1. Let
I =mes(X|3,[51]) be the Lebesgue measure of the extremal set X|3,[51] =
{z€31:|81(2)| = |IB1llcc = k}. Thus, in virtue of the proof of Theorem 1 (or
Theorem 2), for any extremal Beltrami coefficient 7 in [v]ra) (or [V]pa)),
X [n] satisfies

l+7m— Zmes(ﬁi) <mes(X[n]) <l+m—mes(J1).

i=1
Therefore, we have proved the following.

COROLLARY 3. Suppose that s,t € [0,7] are two arbitrarily given con-
stants with s <t. Then there exists [ulpay € T(A) (or [u]pa)y € B(A))
such that [u]i}(A) (or [M]*B(A)) contains infinitely many elements, and such

that for any n € [M]*T(A) (or [M]E(A))f s <mes(X[n]) <t.

Corollary 3 actually solves two problems about the measure of extremal
sets posed in [12]. Naturally, it is interesting to consider the special case
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*

that the extremal sets of all elements in [,u]}(A) ([“]B(A)) have the same
measure. Precisely, we pose the following,.

PROBLEM 2. Suppose that for any extremal Beltrami coefficient n in
[1lreay (or [p]pea)), mes(X[n]) = s, where s € [0,7] is a constant. Does it
imply that [u]i}( A) (or [,u]*B( A)) contains only one element (i.e., a uniquely
extremal one)?

If [ulray ([MlBea)) contains infinitely many extremal Beltrami coeffi-
cients, then there exists at least an extremal Beltrami coefficient in [M]T( A)
([4]B(ay) with nonconstant modulus. The result is actually implied by
Reich’s proof of his theorem [7, page 34] (also see [12, Theorem 1]). A sim-
ilar discussion related to the result was earlier given by Mateljevi¢ and
Markovié [4]. It was proved for the case of more general hyperbolic Riemann
surfaces in [11]. Thus, we have an affirmative answer to Problem 2 when
s =, the remaining cases of which are open. We further believe that, in
the setting of being nonuniquely extremal, [u]7(a) ([#]B(a)) contains infin-
itely many extremal coefficients with nonconstant modulus; moreover, if
[1l7(a) ([#]B(a)) admits an extremal with constant modulus, then it admits
infinitely many. However, we have no proof of this up to the present.
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