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Abstract

We propose a conjectural framework for computing Gorenstein measures and stringy Hodge numbers in terms of
motivic integration over arcs of smooth Artin stacks, and we verify this framework in the case of fantastacks, which
are certain toric Artin stacks that provide (nonseparated) resolutions of singularities for toric varieties. Specifically,
let X be a smooth Artin stack admitting a good moduli space 7 : X — X, and assume that X is a variety with
log-terminal singularities, 7 induces an isomorphism over a nonempty open subset of X and the exceptional locus
of  has codimension at least 2. We conjecture a change-of-variables formula relating the motivic measure for X’ to
the Gorenstein measure for X and functions measuring the degree to which 7 is nonseparated. We also conjecture
that if the stabilisers of X are special groups in the sense of Serre, then almost all arcs of X lift to arcs of X, and
we explain how in this case (assuming a finiteness hypothesis satisfied by fantastacks) our conjectures imply a
formula for the stringy Hodge numbers of X in terms of a certain motivic integral over the arcs of X. We prove
these conjectures in the case where X' is a fantastack.
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1. Introduction

Let X be a variety with log-terminal singularities. Motivated by mirror symmetry for singular Calabi—
Yau varieties, Batyrev introduced stringy Hodge numbers for X in [Bat98], which are defined in terms
of a resolution of singularities. In particular, if X admits a crepant resolution ¥ — X by a smooth
projective variety Y, then the stringy Hodge numbers of X are equal to the usual Hodge numbers of Y.
In [DL0O2], Denef and Loeser defined the Gorenstein measure ,u§°r on the arc scheme & (X) of X and
used it to prove a McKay correspondence that refines the McKay correspondence conjectured by Reid

in [Rei92] and proved by Batyrev in [Bat99]. The measure /1)6(‘“ takes values in a modified Grothendieck
ring of varieties My [Ll/ m] and is a refinement of the stringy Hodge numbers of X. If X admits a crepant
resolution ¥ — X, then ,ug"r is essentially equivalent to the usual motivic measure uy on £ (Y) as
introduced by Kontsevich in [Kon95].

A major open question asks whether or not the stringy Hodge numbers of projective varieties are
nonnegative, as conjectured by Batyrev in [Bat98, Conjecture 3.10]. A stronger conjecture predicts that
stringy Hodge numbers of projective varieties are equal to the dimensions of some kind of cohomology
groups. In [Yas04], these conjectures were proved in the case where X has quotient singularites. Yasuda
showed that in that case, if X is the canonical smooth Deligne—-Mumford stack over X, then the stringy
Hodge numbers of X are equal to the orbifold Hodge numbers of X in the sense of Chen and Ruan
[CRO4]. To prove this result, Yasuda introduced a notion of motivic integration (further developed in
[Yas06, Yas19]) for Deligne-Mumford stacks and proved a formula expressing ,u)G(Or in terms of certain
motivic integrals over arcs of X. When X is projective, those integrals over arcs of X compute the
orbifold Hodge numbers of X.

In this paper, we initiate a similar program for varieties with singularities that are worse than quotient
singularities. Such varieties never arise as the coarse space of a smooth Deligne—Mumford stack, so one
is instead forced to consider Artin stacks. A major technicality is that such stacks are not separated. This
leads us to define new functions S€P > discussed later, which measure the degree to which an Artin
stack is not separated. These functions play a key role in our theory.

The class of varieties we consider are those X occurring as the good moduli space (in the sense of
[Alp13]) of a smooth Artin stack &’ varieties of this form arise naturally in the context of geometric
invariant theory. We require that the map 7: X — X induce an isomorphism over a nonempty open
subset of X and that the exceptional locus of 7 have codimension at least 2. In other words, we want X’
to be a ‘small’ resolution of X. We conjecture a relationship between /,tgor and a motivic measure py
on the arc stack £ (&) of X. This relationship involves integrating sep, - : &£ (X) — N against pg‘”.
This function sep,  counts the number of arcs of &’ (in some auxiliary measurable subset C), up to
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isomorphism, above each arc of X, and can therefore be thought of as an invariant which measures the
nonseparatedness of 7. We emphasise that this conjectural relationship is not ‘built into’ our definition
of px. In fact, our notion of uy is straightforward: it is more or less Kontsevich’s original motivic
measure, except that various notions for schemes are replaced with the obvious analogues for Artin
stacks. When the stabilisers of X are special groups in the sense of Serre! and & (n) : ZL(X) —» ZL(X)
has finite fibres outside a set of measure 0, our conjectures imply a formula expressing the stringy Hodge
numbers of X in terms of a certain motivic integral over Z (X).

We prove that our conjectures hold when X is a toric variety and &X’is a fantastack — that is, a type of
smooth toric Artin stack in the sense of [GS15a, GS15b]. Fantastacks are a broad class of toric stacks
that allow one to simultaneously have any specified toric variety X as a good moduli space while also
obtaining stabilisers with arbitrarily large dimension. An important special case of fantastacks (and
their products with algebraic tori) is the so-called canonical stack X over a toric variety X. When X has
quotient singularities, & is the canonical smooth Deligne-Mumford stack over X; when X has worse
singularities, the good moduli space of X’is still X, but X'is an Artin stack that is not Deligne-Mumford.

1.1. Conventions

Throughout this paper, k will be an algebraically closed field with characteristic 0. All Artin stacks will
be assumed to have affine (geometric) stabilisers, and all toric varieties will be assumed to be normal.
For any stack X over k, we will let |-X] denote the topological space associated to &, and for any k-algebra
R, we will let X(R) denote the set of isomorphism classes of the category X(R).

1.2. Conjectures

Our first conjecture predicts a relationship between y)c‘(‘“ and py. As already mentioned, our formula

involves integrals weighted by functions sep, . that measure the degree to which 7 is not separated. We
refer the reader to section 3 for precise definitions of the arc stack & (.X) and its motivic measure yu y,
and to subsection 3.4 for the definition of sep, . and its integral /C S€P,.c d,ug"r.
Conjecture 1.1. Let X be a smooth irreducible Artin stack over k admitting a good moduli space
. X — X, where X is a separated k-scheme and has log-terminal singularities. Assume that © induces
an isomorphism over a nonempty open subset of X, and that the exceptional locus of m has codimension
at least 2.

If C c |ZL(X)| is a measurable subset such that sep, o : Z(X) — N U {co} is finite outside a set
of measure 0, then sep, o : Z(X) — N U {co} has measurable fibres, and for any measurable subset

C c Z(X), the set CN ZL (1)~ (C) c |Z(X)| is measurable and satisfies

pr(Cn 2 (0) = [ sepy caur e @[],

where m € Zs is such that mKx is Cartier.

This conjecture predicts that for the purpose of computing ,ug"r, the stack X behaves like a crepant

resolution of X, except we need to correct by sep, - to account for the fact that A’ is not separated over
X. Set

Sep,r = Sepﬂ’ly(/v)l .
Notice that Conjecture 1.1 implies, in particular, that the motivic measure yy ‘does not see’ how /,tgor
behaves on the set sep,! (0) ¢ Z(X). This set can have nonzero measure because 7 : X — X does not
necessarily satisfy the ‘strict valuative criterion’ — that is, there may exist arcs of X (even outside a set

1G is special if every G-torsor is Zariski locally trivial.
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of measure 0) that do not lift to arcs of X. Thus in general we cannot use this conjecture to compute the
total Gorenstein measure ug"r(i” (X)), which specialises to the stringy Hodge numbers of X. This issue
already occurs in the case where X’ is a Deligne—Mumford stack. For this reason, Yasuda uses a notion
of ‘twisted arcs’ of X instead of usual arcs of X, and this is why the inertia of X and orbifold Hodge
numbers appear in Yasuda’s setting. We take a different approach, emphasising a setting in which the

next conjecture predicts that almost all arcs of X lift to arcs of X.

Conjecture 1.2. Let X be a finite-type Artin stack over k admitting a good moduli space © : X — X.
Assume that X is an irreducible k-scheme and that m induces an isomorphism over a nonempty open
subset of X. If the stabilisers of X are all special groups, then sep' (0) ¢ Z(X) is measurable and

pux (sepz'(0)) =0,

where we note that uy is the usual (non-Gorenstein) motivic measure on £ (X).

Remark 1.3. All special groups are connected, so if X is a Deligne-Mumford stack whose stabilisers
are special groups, then its stabilisers are all trivial. Thus Conjecture 1.2 highlights a setting that is
‘orthogonal’ to the setting considered by Yasuda.

Our next question is motivated by the fact that if sep, is finite outside a set of measure 0, we may
then consider the special case of Conjecture 1.1 where C = |Z(X)]|.

Question 1.4. Let X be a finite-type Artin stack over k£ admitting a good moduli space 7 : X — X.
Assume that X is an irreducible k-scheme and that 7 induces an isomorphism over a nonempty open
subset of X. When is

px (sepz () =0
satisfied?

We now give an application of this framework to computing stringy Hodge numbers. In subsection
3.4, we introduce the function sep , = 1/(sep,, oZ (7)) : | Z(X)| = Qs0U{co}. We think of its integral

/3 (x) SePx dux as a kind of motivic class of Z (&) corrected by sep  to account for the fact that & is

not separated. We refer the reader to subsection 3.4 for the precise definitions of fg (x) SePx duy and

the ring M Q. The next proposition is then immediate:

Proposition 1.5. With hypotheses as in Conjecture 1.1, if the stablisers of X are special groups and
Ux (sep;{l(m)) =0, then Conjecture 1.1 and Conjecture 1.2 imply that the fibres of sepy : |Z(X)| —
Qs are measurable and

W@ = [ sepyduve oz
Z(X)

Since the stringy Hodge—Deligne invariant of X is a specialisation of the image of ,ug"r(g (X)) in

(m Q) [Ll/ m] > My &7 Q, Proposition 1.5 provides a conjectural formula for the stringy Hodge
numbers of X (when the stringy Hodge numbers exist — that is, when the stringy Hodge—Deligne invariant
is a polynomial).

We envision a few potential applications of this framework. Noting that the good moduli space map
m: X — X is intrinsic to the stack X" and therefore so is the integral fy (x) SePx dux, we hope that a
cohomological interpretation of fg (1) SePx du will lead to progress on Batyrev’s conjecture on the
nonnegativity of stringy Hodge numbers. We also hope that by considering Proposition 1.5 as a kind
of McKay correspondence, our conjectures will lead to new representation-theoretic statements for
positive-dimensional algebraic groups.
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Remark 1.6. The hypothesis ux (sep;r1 (c0)) = 0in Proposition 1.5 allows us to make a canonical choice
for C in Conjecture 1.1, specifically the choice C = |Z(X)|. We hope that even when this hypothesis
does not hold, one can still (after an appropriate generalisation of the notion of an arc) make a canonical
choice for C. This is a subject of our ongoing research.

1.3. Main results

Our first main result is that Conjecture 1.1 holds, and ux (sep;l (0)) = 0, when X'is a fantastack and
C = |Z(X)|. In particular, our framework applies to the Gorenstein measure of any toric variety X with
log-terminal singularities.

Theorem 1.7. Conjecture 1.1 holds and ux (sep,‘,] (c0)) = 0 when X'is a fantastack and C = | £ (X)|.

Remark 1.8. In fact, our techniques prove a more general result: the conclusions of Conjecture 1.1
hold when C = | &£ (X)| and Xis a fantastack satisfying a certain combinatorial condition analogous to
X — X being ‘crepant’ (see Remark 2.20 for more details). It is important to note here that unlike the
case of Deligne-Mumford stacks, defining Ky for Artin stacks is a subtle issue, so there is no a priori
obvious definition one can take for X — X to be crepant.

Remark 1.9. We note that the stacks X in Theorem 1.7 all have commutative stabilisers. In order to
provide evidence that Conjecture 1.1 should not be limited to the setting of commutative stabilisers, we
also verify that it holds in examples that involve SL; as a stabiliser (see section 10). These examples
also demonstrate the flexibility in choosing the auxiliary set C c |Z(X)|.

Remark 1.10. Theorem 1.7 can be thought of as a motivic change-of-variables formula. We note that
Balwe introduced versions of motivic integration for Artin n-stacks [BalO8, Bal15] and proved a change-
of-variables formula [BalO8, Theorem 7.2.5]. However, Theorem 1.7 cannot be obtained from Balwe’s
result, as the map 7 : X — X does not satisfy Balwe’s hypotheses: specifically, r is not ‘O-truncated’.

The three main steps of proving Theorem 1.7 are as follows. First, we give a combinatorial description
of the fibres of the map & () : £ (X) — Z(X). Second, we show that for sufficiently large n, the map
of jets &, (n) : £, (X) — £, (X) has constant fibres (after taking the fibres’ reduced structure) over
certain combinatorially defined pieces of &, (X). These two steps allow us to reduce Theorem 1.7 to the
final step: verifying the case where the measurable sets C are certain combinatorially defined subsets of
Z(X). A key ingredient in this final step is Theorem 3.9 and its corollary, Corollary 3.16, which show
how to compute the motivic measure of the stack quotient of a variety by the action of a special group.

Our second main result is that Conjecture 1.2 holds for fantastacks.

Theorem 1.11. Conjecture 1.2 holds when X is a fantastack.

An essential ingredient in proving Theorem 1.11 is Theorem 9.1, which may be of independent
interest, as it provides a combinatorial criterion to check whether or not the stabilisers of a fantastack
are special groups.

2. Preliminaries

In this section, we introduce notation and recall some facts about motivic integration for schemes and
the Gorenstein measure, the Grothendieck ring of stacks and constructible subsets and toric Artin stacks.

2.1. Motivic integration for schemes

If X is a k-scheme, for each n € N we will let &, (X) denote the nth jet scheme of X; for each n > m

we will let 67, : £,(X) — Z,(X) denote the truncation morphism; we will let Z(X) = ££n Zn(X)
n

denote the arc scheme of X; and for each n € N we will let 8,, : Z(X) — Z,,(X) denote the canonical
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morphism, which is also referred to as a truncation morphism. For any k-algebra R and k-scheme X, the
map X(R[[t]) — ZL(X)(R) is bijective by [Bhal6, Theorem 1.1], and we will often implicitly make
this identification.

We will let Ko(Vary) denote the Grothendieck ring of finite type k-schemes; for each finite-type
k-scheme X we will let e(X) € Ky(Vary) denote its class; we will let L = e (A}() € Ko(Vary) denote
the class of the affine line; and for each constructible subset C of a finite-type k-scheme we will let
e(C) € Ky(Vary) denote its class.

We will let . denote the ring obtained by inverting L in Ky(Vary). For each ® € ./, let
dim(®) € Z U {—oco} denote the infimum over all d € Z such that © is in the subgroup of .#
generated by elements of the form e(X)L™ with dim(X) —n < d, and let [|®] = exp(dim(®)). We
will let ) denote the separated completion of .# with respect to the non-Archimedean seminorm
[|1l, and we will also let ||-|| denote the non-Archimedean norm on My. For any m € Z., we will let
,/%k [Ll/”’] My, [1]/ (™ —1L), we will let L'/ denote the image of 7 in My, [Ll/’"] and we will endow

My, k [Ll/ m] with the topology induced by the equality

m— ¢
l/m] — . I/m ,
My [L L M (L )

where each summand %{ . (]Ll/ m)[ has the topology induced by the bijection
—_— —_— t 14
My~ Ty - (L") @ s @ (L)

We note that in the foregoing and throughout this paper, if © is an element of Ko(Vary), .y or
My, we slightly abuse notation by also using © to refer to its image under any of the ring maps
Ko(VaI‘k) — %k — ‘%k — %k [L]/m]

If X is an equidimensional finite-type k-scheme and C ¢ £ (X) is acylinder —thatis, C = (6,)~ L(Cp)
for some n € N and some constructible subset C,, ¢ Z,,(X) — we will let ux(C) € /%k denote the
motivic measure of C, so by definition

pix (C) = lim e(6,(C))L~ (D dmX ¢ 77,

where we note that each 6,,(C) is constructible (for example, by [CLNS 18, Chapter 5, Corollary 1.5.7(b)])
and this limit exists (for example, by [CLNS18, Chapter 6, Theorem 2.5.1]). The motivic measure ux
can be extended to the class of so-called measurable subsets of Z(X), whose definition we now recall.

Definition 2.1. Let X be an equidimensional finite-type scheme over &, set C ¢ £ (X) and € € R, let
I'be aset, let C() ¢ Z(X) be a cylinder and let {C}, _, be a collection of cylinders in Z(X).

The data (C'?), (C"),,) is called a cylindrical e-approximation of C if
(cuc®) (enc®) c| Joo
iel

and, foralli € I,

s ()] <

Definition 2.2. Let X be an equidimensional finite-type scheme over k, and set C ¢ £ (X). The
set C is called measurable if for any & € R, there exists a cylindrical g-approximation of C.
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The motivic measure of a measurable subset C ¢ Z(X) is defined to be the unique element ux (C) € %{
such that for any & € R and any cylindrical e-approximation (C?, (C?)._,) of C, we have

J1x (©) - px (c©) | < &

Such an element ux (C) exists by [CLNS18, Chapter 6, Theorem 3.3.2].

For the remainder of this subsection, let X be an integral finite-type separated k-scheme with log-
terminal singularities. We will set notation relevant for the Gorenstein measure associated to X. We
will let Kx denote the canonical divisor on X. If m € Z. is such that mKy is Cartier, we will let

. m
WX m = L ((Q‘;;Srfnx) ) where ¢ : Xgy, < X is the inclusion of the smooth locus of X, and we will

let #x ., denote the unique ideal sheaf on X such that the image of (Q;'(imx )®m — wx,m is equal to
Ix .mwx.m- If C € £(X) is measurable, we will let ,uG"r(C) denote the Gorenstein measure of C, so

by definition,
ord
Gor(C) / ( /m) IXm dux
c

= i (Ll/m)nux (ord};m (n)n C) € My [Ll/m] )
n=0

where m € Z is such that mKx is Cartier and ord g, ,, : Z(X) — NU {co} is the order function of the
ideal sheaf 7x ,,. The following proposition is easy to check using the definition of pG"r and standard
properties of px given in [CLNS18, Chapter 6, Proposition 3.4.3]:

Proposition 2.3. Let {C @ } be a sequence of pairwise disjoint measurable subsets of £ (X) such
that C = J2, C @ g measumble. Then

lim ,uGOr (C(’)) 0,

i—00

and
Gor(C) ZluGor( (z))

2.2. The Grothendieck ring of stacks and constructible subsets

We will let Ky(Stacky) denote the Grothendieck ring of stacks in the sense of [Eke09], and for
each finite-type Artin stack X over k, we will let e(X) € Ky(Stacky) denote the class of X. If

Ko(Vary) [L_l, {(L” - 1)‘1}’1GZ 0] is the ring obtained from Ky(Vary) by inverting L and (L" — 1)
for all n € Z, then the obvious ring map Ky (Var;) — Ky(Stacky ) induces an isomorphism

Ko(Vary) [L—l, {L - 1)-'}nez>0] ~ Ko (Stacky),
by [Eke09, Theorem 1.2]. Therefore there exists a unique ring map
Ko(Stacky) — %,

whose composition with Ko(Vary) — Ko(Stacky) is the usual map Ko(Vary) — /’%—; If ® € Ko
(Stacky ), we will slightly abuse notation by also using © to refer to its image under Ko (Stacky) — k.
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By [Eke09, Propositions 1.1(iii) and 1.4(i)], if G is a special group over k, then e(G) € Ky (Stacky) is
a unit, and for any finite-type k-scheme X with G-action, the class of the stack quotient is

e([X/G]) = e(X)e(G)™' € Ko(Stacky).

Remark 2.4. Let G be an algebraic group over k. For each n € N, we give &,,(G) the group structure
induced by applying the functor &, to the group law G X G — G. It is easy to verify that for each
n € N, we have a short exact sequence

9n+l
1 =g > Z(G) = Zu(G) > 1,

where g is the Lie algebra of G. Thus by induction on n, the fact that G, is special, the fact that extensions
of special groups are special and the fact that #,(G) = G, we see that if G is a special group, then each
jet scheme &, (G) is a special group.

To state the next result, we recall that if X is a finite-type Artin stack over k, then the topological
space |A] is Noetherian, so its constructible subsets are precisely those subsets that can be written as a
finite union of locally closed subsets.

Proposition 2.5. Let X be a finite-type Artin stack over k and let C C |X| be a constructible subset.
Then there exists a unique e(C) € Ko(Stacky) that satisfies the following property. If {X;}icy is a finite
collection of locally closed substacks X; of X such that C is equal to the disjoint union of the |X;|, then

e(C) = Z e(X;) € Ko(Stacky).
iel

Proof. The proposition holds by the exact same proof used for the analogous statement for schemes in
[CLNS18, Chapter 2, Corollary 1.3.5]. m]

If Xis a finite-type Artin stack and C C |A] is a constructible subset, we will let e(C) denote the class
of C — that is, e(C) is as in the statement of Proposition 2.5.
We end this subsection with a useful tool to compute the class of a stack.

Definition 2.6. Let S be a scheme, let Z be scheme over S, let ) and F be Artin stacks over S and let
¢ 1Y — Z be a morphism over S. We say £ is a piecewise trivial fibration with fibre F if there exists a
finite cover {Z; };c; of Z consisting of pairwise disjoint locally closed subschemes Z; C Z such that for
alli eI,

(y Xz Zi)red = (]:XS Zi)red
as stacks over (Z;)red.

Remark 2.7. Let Z be a finite-type scheme over k, let J and F be finite-type Artin stacks over k and let
¢ 1Y — Z be a piecewise trivial fibration with fibre . Then by Proposition 2.5,

e()) =e(Fe(Z) € Ko(Stacky).

The next proposition is well known in the case where ) is a scheme.

Proposition 2.8. Let S be a Noetherian scheme, let Z be a finite-type scheme over S, let Y and F be
finite-type Artin stacks over S and let & : Y — Z be a morphism over S. Then & is a piecewise trivial
fibration with fibre F if and only if for all z € Z, there exists an isomorphism

(¥ xz Spec(k(z)))ked = (F X5 Spec(k(2)))red
of stacks over k(z), where k(z) denotes the residue field of z.
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Proof. If £ is a piecewise trivial fibration with fibre F, then for every z € Z, there is a locally closed
subset Z” C Z containing z for which (V' Xz Z")req = (F X5 Z)red as Z;, ;-stacks. Then

(V%2 Spec k(D)ea = (V%2 Z')ea X7, Speck(2)|

= ((Fxs Z')ea Xz, Speck(2)) = (Fxs Spec k(2))ea:

red

red

We now show that the converse holds. Since

(Vred Xz Spec k(z))red = (Y Xz Spec k(z))red

for every z € Z, we can assume ) is reduced. By Noetherian induction on Z, we need only find a
nonempty open subset U C Z for which (Y Xz U)eq = (F Xs U)ed- Let z € Z be the generic point
of an irreducible component of Z; replacing Z by an open affine neighbourhood of z, we may further
assume Z is affine. Since Oz ; is a field, Y Xz Spec k(z) is reduced and we hence have a surjective
closed immersion

t: Y Xz Spec k(z) = (F xs Spec k(z))rea — F Xs Spec k(z).

Now, Spec Oz , = lim, U, is the inverse limit of open affine neighbourhoods U, C Z of z. Since Z is
affine, each map U, — Z is affine. Note also that ) is Noetherian, hence quasicompact and quasisepa-
rated, and that F X Spec k(z) — Spec k(z) is locally of finite presentation. [Ryd15, Proposition B.2]
then shows there is some index A and a morphism ¢;: Y Xz Uy — F Xs U, whose base change to
Spec Oz, is «. Furthermore, since F Xs Spec k(z) — Spec k(z) and & are both of finite presentation,
[Ryd15, Proposition B.3] shows that after replacing A by a larger index if necessary, we can assume ¢,
is a surjective closed immersion, and hence defines an isomorphism (Y Xz Up)wed = (F Xs Up)red. O

2.3. Toric Artin stacks

In this subsection, we briefly review the theory of toric stacks introduced in [GS 152a], as well as establish
some notation. Since the focus in our paper is on the toric variety X, and the toric stack X’is viewed as
a stacky resolution of X, we introduce some notational changes to emphasise this focus.

Definition 2.9. A stacky fan is a pair (i v), where ¥ is a fan on a lattice N and v: N — N is a
homomorphism to a lattice N so that the cokernel cok v is finite.

A stacky fan (E, v) gives rise to a toric stack as follows. Let X5 be the toric variety associated to T
Since cok v is finite, v* is injective, so we obtain a surjective homomorphism of tori
T := Speck [ﬁx] —> Speck[N*] =:T.
Let G, denote the kernel of this map. Since T is the torus of X5, we obtain a G -action on X5 via the
inclusion G, Cc T.

Definition 2.10. With notation as in the previous paragraph, if (E, v) is a stacky fan, the associated
toric stack is defined to be

Xi,v = [XE/GV] .

When ¥ is the fan generated by the faces of a single cone o, we denote A5 |, by X5 .

Example 2.11. If X is a fan on a lattice N and we let v be the identity map, then A ,, = Xx. Thus, every
toric variety is an example of a toric stack.
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In this paper, we concentrate in particular on fantastacks introduced in [GS15a, Section 4]. These
play a particularly important role for us because they allow us to start with a toric variety Xy and produce
a smooth stack X with arbitrary degree of stackyness while maintaining the property that X is the good
moduli space of X. In the following, we let ey, .. ., e, be the standard basis for Z".

Definition 2.12. Let X be a fan on a lattice N, and let v: Z" — N be a homomorphism with finite
cokernel so that every ray of X contains some v; := v(e;) and every v; lies in the support of . For a
cone o € 3, let & = cone({e; | v; € o}). We define the fan = on Z" as the fan generated by all the 0.
We define

fz,v = XE,V'

Any toric stack isomorphic to some Fs. ,, is called a fantastack. When X is the fan generated by the faces
of a cone o, we denote Fx ,, by Fo .

Remark 2.13. By [GS15a, Example 6.24] (compare [Satl3, Theorem 5.5]), the natural map
Fsy — Xz

is a good moduli space morphism. Furthermore, fantastacks have moduli interpretations in terms of line
bundles and sections, analogous to the moduli interpretation for P" [GS15a, Section 7].

The next two results will be useful later on.

Proposition 2.14. Let o be a pointed full-dimensional cone and suppose that the good moduli space
map w: Fo.y — X is an isomorphism over the torus T of X-. Then for any f € F := 0¥ N N*, there
exists some f' € F such that

f+f eP:=c’nNN"
In particular, if : F — N U {oo} is a morphism of monoids and s (P) C N, then y(F) C N.

Proof. Letv; = B(e;) for 1 <i < r. Since 7 is an isomorphism over T, each v; # 0. As o is pointed,
there exists some p € P such that (v;, p) > 0 for all i. Viewing p as an element of F via the inclusion
P c F, we have (e;, p) > 0.

Let fi,..., f, be the basis of M dual to e1,...,er. Since the f; are generators of F, it suffices to
prove the proposition for each f;. Note that

(e,p)fi+---+{e,,p)fr =p€EP.

Since (e;, p) > 0, we see that

f=Weip) =1 fi+ ) {ejp) i€ F

j#i
and that f; + f/ € P. O

Proposition 2.15. Keep the notation and hypotheses of Proposition 2.14 and let 8: o N N = 0NN be
the induced map. If w € o N N, then B~'(w) is a finite set.

Proof. Let fi,..., f, be the minimal generators of the monoid F. By Proposition 2.14, there exist
fi..., f/ such that f; + f/ € Pforalli € {1,...,r}.Forany w € B~ (w),

w, iy < (W, fi+ f) = (w, fi + f1)
so there are only finitely many possible values for each (w, f;). Thus 87! (w) is a finite set. ]
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We end this section by discussing canonical stacks as defined in [GS15a, Section 5].

Definition 2.16. If X is a fan on a lattice N, let Vis.oosVp € N be the first lattice points on the rays of X,
let v: Z" — N be the map v(e;) := v; and let X be as in Definition 2.12. If N’ is a direct complement
of the support of X and v': Z" @ N’ — N is given by v/(v,n’) = v(v) + n’, then A5, is the canonical
stack of Xx.

Remark 2.17. With notation as in Definition 2.16, if the support of X is N, the canonical stack of Xy is
the fantastack f5 .

The next proposition, which is straightforward from the definition, says that canonical stacks are
compatible with open immersions. This will be useful for us, as this proposition will allow us to reduce
most of our work to the case of affine toric varieties defined by a d-dimensional cone in Ng.

Proposition 2.18. Let X be a fan consisting of pointed rational cones in Ny, let o be a cone in %, let
X(X) and X (o) be the T-toric varieties associated to . and o, respectively, and let 1 : X (0) — X(Z)
be the open inclusion. If X(X) and X(0) are the canonical stacks over X(X) and X (o), respectively,
and n(X) : X(£) » X(X) and n(0) : X(o) — X (o) are the canonical maps, then there exists a map
X(o) — X(X) such that

(o)

X(o) — X(o0)

| L

Xz 2E x(z)

is a fibre product diagram.

For the remainder of this subsection, let o be a d-dimensional pointed rational cone in Ng, let X be
the affine T-toric variety associated to o, let X be the canonical stack over X and let 7 : X — X be
the canonical map. At points later in this paper, we will refer to the following list of notations when we
want to set it, and we also set it for the remainder of this subsection:

Notation 2.19.

Let M = N*.

Let N be the free abelian group with generators indexed by the rays of o.
Let M = N*. _ _

Let (-, -) denote both pairings N @z M — Zand N @z M — Z.

Let T = Spec (k [IVI ]) be the algebraic torus with cocharacter lattice N.

O O O o

[¢]

o Let o be the positive orthant of Ng — that is, & is the positive span of those generators of N that are
indexed by the rays of 0.

o Let X be the affine T-toric variety associated to o

o LetB: 0NN — o NN be the monoid map taking the generator of N indexed by aray of o to the

first lattice point of that ray.

Let 7 : X — X be the toric map associated to 3 : N — N.

Let P = 0¥ N M. Note that X = Spec(k[P]).

Let F = &V N M. Note that X = Spec(k[F]).

Identify P with its image under the injection P < F given by dualising 8. Note that P — F is

injective because o is full-dimensional.

o Let A= F&/P® = M/M.

o Let G = Spec(k[A]) be the kernel of the algebraic group homomorphism T — T obtained by
restricting 7, and let G act on X by restricting the toric action of T on X.

O O O O

By definition, the canonical stack X'is equal to the stack quotient [)? /G ] and the morphism 7 : XX

is the composition X - [f/G] x5 x.
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We note that because our focus is on singular varieties instead of on stacks, we simplify our exposition
by focusing on canonical stacks over toric varieties instead of all fantastacks. The expositional advantage
is that canonical stacks depend only on the toric variety and not on additional data, as is the case for other
fantastacks. We end this section with two remarks which explain why we have not lost any generality
by making this expositional simplification and discuss a generalisation of Theorem 1.7.

Remark 2.20. For Theorem 1.7, it is sufficient to consider canonical stacks, as these are precisely the
fantastacks satisfying the hypotheses of Conjecture 1.1. Nonetheless, we note that with only superficial
modifications to our techniques, one can actually prove a more general statement than Theorem 1.7,
which we explain here.

With notation as in Definition 2.16, let X = Fy , be a fantastack. Assume that X = Xy is Q-
Gorenstein, so for each maximal cone o € X, there exist g, € N* and m € Zs( such that the set

Ho :={V€0-mN|<q0'aV>:m0'}

contains the first lattice point of every ray of . We say the good moduli space map 7: X — X is
combinatorially crepant if v(e;) € U, Ho foreveryi € {1,...,r}.

For example, the canonical stack is combinatorially crepant over X. Since Lemma 7.9 holds for
all fantastacks that are combinatorially crepant over their good moduli space, the conclusions of
Conjecture 1.1 hold for any fantastack that is combinatorially crepant over its good moduli space.

Remark 2.21. If Fx , is a fantastack over X, then Fx ,, — X is an isomorphism over a nonempty open
subset of X if and only if v does not send any standard basis vector to 0. Since Proposition 2.14 holds for
every fantastack satisfying the hypotheses of Conjecture 1.2, our proofs show that Theorem 1.11 holds
for any fantastack as well.

3. Motivic integration for stacks

For the remainder of this paper, by a quotient stack over k we will mean an Artin stack over k that is
isomorphic to the stack quotient of a k-scheme by the action of a linear algebraic group over k.

Remark 3.1. Let G be a linear algebraic group over k acting on a k-scheme X, and let G < G’ be an
inclusion of G as a closed subgroup of a linear algebraic group G’ over k. Then we have an isomorphism

|Xi6| = |(¥x¢ ") /0.

where X xC G’ is the k-scheme with G’-action obtained from X by pushout along G — G’. Thus
any quotient stack is isomorphic to a stack quotient of a scheme by a general linear group, which in
particular is a special group.

In this section we define a notion of motivic integration for quotient stacks. On the one hand, our
definition is straightforward: it is more or less identical to motivic integration for schemes, but in various
places we need to replace notions for schemes with the obvious analogues for Artin stacks; in particular,
our motivic integration for quotient stacks does not depend on a choice of presentation for the stack as
a quotient. On the other hand, our notion allows explicit computations in terms of motivic integration
for schemes, as long as one first writes the stack as a stack quotient of a scheme by a special group.

Definition 3.2. Let X' be an Artin stack over k, and set n € N. The nth jet stack of X, denoted &, (X), is
the Weil restriction of X' ®; k[¢]/(t"*!) with respect to the morphism Spec (k[¢]/(¢"*')) — Spec(k).

Remark 3.3. Each jet stack Z,, (&) is an Artin stack by [Ryd11, Theorem 3.7(iii)].

Remark 3.4. Each jet stack £, (X) has affine (geometric) stabilisers by the following argument. Let
y : Spec(k’) — Z,(X) be a geometric point corresponding to ¥, : Spec (k’'[t]/("*)) — X.
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Because X 'has affine (geometric) stabilisers, the reduction of the stabiliser of i, is affine, so the stabiliser
of Y, is affine. Thus the stabiliser of y, which is the Weil restriction of the stabiliser of i,,, is affine.

The morphisms k[t]/(f"*') — k[t]/(t™*'), when n > m, induce truncation morphisms 07, :
Z(X) — Z, (X) for any Artin stack X over k. Like in the case of schemes, we use these truncation
morphisms to define arcs of A and a stack parametrising them.

Definition 3.5. Let X be an Artin stack over k. The arc stack of X is the inverse limit & (X) =
lim &, (X&), where the inverse limit is taken with respect to the truncation morphisms 67, : £, (X) —

Znl( ).

Remark 3.6. The name arc stack is justified by the fact that £ (X) is indeed a stack (see, for example,
[Tall4, Proposition 2.1.9]). Since £ (X) is a stack as opposed to an Artin stack, we use the symbol
|Z (X)| to denote equivalence classes of points but do not define a topology on this set.

Remark 3.7. Let X be an Artin stack over k, and let k’ be a field extension of k. The truncation
morphism k'[¢] — k’[#]/(#"*!) induces a functor X(k'[¢]) — X (k’[1]/(t"*")) = Lu(X) (k') for
each n € N, and these functors induce a functor X(k’[7]) —» ZL(X)(k’). Since X is an Artin stack,
the functor X(k’[t])) — Z(X)(k’) is an equivalence of categories, for example by Artin’s criterion for
algebraicity. Throughout this paper, we will often implicitly make this identification.

We will let each 6,, : £ (X) — Z,(X) denote the canonical morphism, and we will also call these
truncation morphisms.

We will eventually define a notion of measurable subsets of | (X)| and a motivic measure y x that
assigns an element of .# to each of these measurable subsets. We begin with an important special case
of measurable subsets. Note that when X'is finite type over &, so is each &, (X), by [Ryd11, Proposition
3.8(xv)].

Definition 3.8. Let X be a finite-type Artin stack over k, and set C C |Z(X)|. We call the subset C a
cylinder if there exist some n € N and a constructible subset C, C |Z,(X)| such that C = (6,,)~"(Cy,).

The next theorem, which we will prove later in this section, allows us to define a motivic integration
for quotient stacks that is closely related to motivic integration for schemes.

Theorem 3.9. Let X be an equidimensional finite-type quotient stack over k, and let C C | L (X)| be a
cylinder. Then the set 0,,(C) C | &, (X)| is constructible for each n € N, and the sequence

{e(@n(C))]L_(”H)dimX} . c -%k
ne

converges.
Furthermore, suppose that G is a special group over k and X is a k-scheme with G-action such

that there exists an isomorphism [)? /G] S X, let p - X — X be the composition of the quotient

map X — [)?/G] with the isomorphism [XV/G] S Xand let C = Z(p)"Y(C). Then Cc Z(X)isa
cylinder, and

—_—

nlglgoe(gn(c))L—(n+l) dim X _ fz (5) e(G)'LIMG ¢ 7.

Remark 3.10. Let G and X be as in the statement of Theorem 3.9. Since [f / G] is equidimensional

and G is geometrically irreducible, X is equidimensional as well, and hence uy is well defined.
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Before we prove Theorem 3.9, we will discuss some useful consequences. First, we can define the
motivic measure uxy on cylinders.

Definition 3.11. Let X" be an equidimensional finite-type quotient stack over k, and let C c | £ (X)| be
a cylinder. The motivic measure of C is

wx(C) = lim e(,(C)L- D dmX ¢ 77

Remark 3.12. Let X be an equidimensional smooth Artin (not necessarily quotient) stack over k£ and
let C c | £ (X)]| be a cylinder. One can verify that 8,,(C) c |Z,(X)| is constructible for each n € N and
that {e(6‘n (€))L~ (n+1) dim & }n o Stabilises for sufficiently large n, so Definition 3.11 also makes sense
here. Although this is not used for the main results of this paper, our main conjectures are stated in the
generality, so we provide the argument for completeness in subsection 3.5.

We now define measurable subsets analogously to the case of schemes.

Definition 3.13. Let X be an equidimensional finite-type quotient stack over k, set C C |[£(X)| and
£ € Ruo, let I be a set, let CV ¢ |£(X)| be a cylinder and let {C(‘)}iel be a collection of cylinders in

|Z(X)].

We say that (C(O), (C(i)) ) is a cylindrical e-approximation of C if

iel
(0) (0) O]
(CUC )\(CﬂC )CQC

and, foralli € I,
[ (e <

Definition 3.14. Let X'be an equidimensional finite-type quotient stack over &, and set C c | £ (X)|. We
say that C is measurable if for any & € R, there exists a cylindrical g-approximation of C.

Remark 3.15. Let X' be an equidimensional finite-type quotient stack over k, and let C C |Z(X)| be a
cylinder. Then for any € € R, we have that (C, 0) is a cylindrical g-approximation of C. In particular,
C is measurable.

We now see that Theorem 3.9 allows us to extend u y to measurable subsets.

Corollary 3.16. Let X be an equidimensional finite-type quotient stack over k, and let C C |Z(X)|
be a measurable subset. Then there exists a unique ux(C) € My such that for any € € R and any

cylindrical e-approximation (C(O), (C(i)) ) of C,

iel
2@ = e () < e

Furthermore, suppose that G, X, p are as in the statement of Theorem 3.9 and C=% (p)~1(C). Then
Cc¥ ()?) is measurable, and

12(0) = g (C)e(G)'LImE € 7.

Proof. Let G, X, P, C be as in the second part of the corollary. For any & € R and any cylindrical
£-approximation (C(O), (C(”) ) of C, Theorem 3.9 implies that (3(,0)‘l (C(O)) , (.,?(p)‘1 (C(")))A 1)
LE

iel
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is a cylindrical & He(G)L_ dimG”-approximation of C. Thus C is measurable, and for any cylindrical
g-approximation (C(O), (C(i)) ) of C,

et
H/Jg (5) e(G)'LImG _ (C(m)”
- H“f (€)e@)"LmE - g (2(p)7" (V) e(G)‘lLdimGH
0l )i )
< &|e(G)'LImG ||e(G)L- ™|,

where the first equality follows from Theorem 3.9. Once u x(C) is shown to exist, this chain of inequalities
proves ux(C) = pg (5) e(G)~'LYmEG To show the existence of ux(C), it suffices by Remark 3.1 to
assume G is a general linear group, so this chain of inequalities and Lemma 3.17 finish the proof. O

Lemma 3.17. Let G be a general linear group over k. Then

Proof. Using Euler—Poincaré polynomials, it is straightforward to check (see, for example, the proof of
[CLNS18, Chapter 2, Lemma 4.1.3]) that if ng € Z and {c,, },, >, is @ sequence of integers with ¢,,, # 0,
then

Z c, L™

nzngp

= exp(-np).

The lemma then follows from the fact that e(G) is a polynomial in L (see, for example, the proof of
[JoyO7, Lemma 4.6]). O

Definition 3.18. Let X' be an equidimensional finite-type quotient stack over k, and let C C [£(X)| be
a measurable subset. The motivic measure of C is defined to be ux(C) € My, as in the statement of
Corollary 3.16.

Remark 3.19. Remark 3.15 implies that Definition 3.18 generalises Definition 3.11.

In the next two subsections, we will prove Theorem 3.9.

3.1. Jet schemes of quotient stacks

In this subsection, we describe the jet schemes of a stack quotient as stack quotients themselves. This is
the first step in providing the relationship between motivic integration for quotient stacks and motivic
integration for schemes. This description, Corollary 3.22, is a special case of the next proposition, which
describes the Weil restriction of a stack quotient.

If " and S are schemes and §” — S is a finite flat morphism of finite presentation, we will let g /g
denote the functor taking each stack over S’ to its Weil restriction with respect to S — S, and we note
that if X'is an Artin stack over §’, then %5 (X) is an Artin stack over S [Ryd11, Theorem 3.7(iii)].

Proposition 3.20. Let S’ and S be schemes and S" — S be a finite flat morphism of finite presentation.
If X' is an S’-scheme with an action by a linear algebraic group G’ over S’, then there exists an
isomorphism

Rs'/s ([Y'/G']) - [9?5'/5 (i/) /@s'/s(G')]
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such that
s () D g (7))
\ ll
| R (X) 151567
commutes.

Remark 3.21. In the statement of Proposition 3.20, the action of %g//5(G’) on Rg/g ( ) is obtained
by applying %g//s to the map G’ Xg X - X defining the action of G’ on X'

Proof. We let X' = [f’/G’], p’ 1 X’ — X be the quotient map, X = Rs1s(X), X = Rs)s (f’)

and G = Rg5(G’). Since p’: X’ — X is a smooth cover, Rss(p’): X — Xis as well, by
[Ryd11, Proposition 3.5(v)]. Since p’ is a G'-torsor, the natural map G’ Xg X - X Xy X’ induced
by the G’-action G’ Xg X' — X’ is an isomorphism, and applying Weil restriction, we see that the
map G xs X — X xx X induced by the G-action G xg X — X is an 1somorph1sm as well. Thus,

Rss(p’): X — Xis a G-torsor, thereby inducing an isomorphism X > [X / G] which makes the
diagram in the statement of the proposition commute. O

By the definition of jet stacks, the following is a special case of Proposition 3.20:

Corollary 3.22. Let G be a linear algebraic group over k acting on a k-scheme X, and set n € N. There
exists an isomorphism

o [f16]) = [ (3) 00

such that
7 (7) s 2 ([%d])
\ lz
54 (8) 506
commutes.

Remark 3.23. In the statement of Corollary 3.22, the action of Z,(G) on &, ()? ) is obtained by
applying £, to the map G Xy X—X defining the G-action on X.

3.2. Truncation morphisms and quotient stacks

Lemma 3.24. Let X be an Artin stack over k, let X be a scheme over k and let p: X — X be a smooth
covering. Set C C | L (X)| and C= Zp) ) cz ()?) Then for all n € N,

Z(p)™ (6a(C) = 6, ().

Proof. Set n € N. Clearly, 6, (5) C Za(p) 1 (6,(C)).
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To prove the opposite inclusion, let k&’ be a field extension of k, and let ¢, € %, (}? ) (k") and
Y € Z(X)(k’) be such that the class of  in | £ (X)] is contained in C and %, (p) (Jn) = 6,()). We

must show ,, € 6, (6 ) Since p is smooth, by the infinitesimal lifting criterion, we have a dotted arrow
filling in the following diagram:

n

Spec k’[1]/ (") ——

X
_ 7
|
- P
X.

Spec k[ [1] —~—

Then ¢ € C, so Yn €0, (5) O

‘We may now prove the next proposition, which by Remark 3.1 and Remark 3.10 implies Theorem 3.9.

Proposition 3.25. Let G be a special group over k, let X be an equidimensional finite-type scheme over
k with G-action, let X = [Y/G], let p : X — Xbe the quotient map, let C C | £ (X)| be a cylinder and

let C = Z(p)~1(C). Then Cc L(X) is a cylinder, the set 6,(C) C |Z,(X)| is constructible for each
n € N, and the sequence

{e(gn(c))L—(nH) dimX} . c %
ne

converges to
iz (5) e(G)'LYMG ¢ 7.

Reglark 3.26. In the statement of Proposition 3.25, because G is irreducible, the irreducible components
of X are G-invariant, so X’ is equidimensional.

Proof. We first show that Cc¥ (f ) is a cylinder. Because C is a cylinder, there exist some n € N and

some constructible subset C,, C |Z, ()| such that C = (6,,)"'(C,). Then C = (6,)~" (Zu(p) ™' (C)) is
a cylinder.

Now we will show that for all n € N, the set 8,,(C) is a constructible subset of Z,,(X). Each 6, (5 )

is a constructible subset of &, (Y ) Therefore each 6,,(C) C | <, (X)]| is constructible, by Chevalley’s

theorem for Artin stacks [HR 17, Theorem 5.2], Corollary 3.22 and Lemma 3.24.
Then since G is a special group, &, (G) is as well, by Remark 2.4. Then Corollary 3.22 and Lemma
3.24 imply that for each n € N,

e(9n (C)) =¢ (Gn (5)) e(gn(G))71 =e (9}1 (5)) e(G)*lL*n dimG’
where the second equality holds because G is smooth. Therefore,

ﬂ}?(g)e(G)—l]LdimG = lim e (en (5)) e(G)—lLdimG—(nH) dim X

= lim e(6,(C))L- D dimX
n—oo
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3.3. Properties of motivic integration for quotient stacks

We now state some basic properties of motivic integration for quotient stacks. We will use these
properties later in this paper.

Proposition 3.27. Let X be an equidimensional finite-type quotient stack over k, let {C(i)} oy be a se-

quence of pairwise disjoint measurable subsets of | Z (X)| and letC = |72, CO . Iflim; 0 pxe (C(i)) =0,
then C is measurable and

ua(© = Y [09).
i=0

Proof. The set C is measurable by the exact same proof used for the analogous statement for schemes
in [CLNS18, Chapter 6, Proposition 3.4.2]. The remainder of the proposition follows from Corollary
3.16 and the analogous statement for schemes [CLNS18, Chapter 6, Proposition 3.4.3] applied to the
scheme X in the statement of Corollary 3.16. O

Proposition 3.28. Let X be an equidimensional finite-type quotient stack over k, and set C C D C
|Z (X)|. If D is measurable and p (D) = 0, then C is measurable and ux(C) = 0.

Proof. The proposition holds by the exact same proof used for the analogous statement for schemes in

[CLNS18, Chapter 6, Corollary 3.5.5(a)]. m]

Proposition 3.29. Let X be an equidimensional finite-type quotient stack over k, and let C, D be mea-
surable subsets of | £ (X)|. If C C D, then

lux (Ol < lux (D).

Proof. By Remark 3.1, there exist G, )z, p as in the statement of Theorem 3.9 such that G is a general
linear group. Let C = Z(p)~'(C) and D = Z(p)~' (D). Then

lia @l = lus (€) e(@) 'L
< [le(G)~'LAm | ”“f (’C‘)H
< e(G)™'L5m | |lug (D)
= (@) L™ Jur(D)e(GIL ™
< (G L (L= ux(D

= lux(D)Il,

where the first and fourth lines follow from Corollary 3.16, the third line follows from the analogous
statement [CLNS 18, Chapter 6, Corollary 3.3.5] for schemes applied to X and the last line follows from
Lemma 3.17. O

Proposition 3.30. Let X be an equidimensional finite-type quotient stack over k, let Y be a closed
substack of X with dim) < dim X and let C C |ZL(X)| be the image of | £ ()| in | L (X)|. Then C is
measurable and ux(C) = 0.

Proof. Foreachn € N, letC, C |Z,(X)|be the image of | Z, (V)| in | Z,(X)|,andlet C™ = (6,)"1(C,).
By [Ryd11, Proposition 3.5(vi)], each C,, is a closed subset of Z,, (X), so each c™isa cylinder in Z (X).
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By Remark 3.1, there exist G, X , o as in the statement of Theorem 3.9. Let Y = X x x Y. Then
Z.(p)~'(Cp) is the underlying set of Z, (?) Thus by Theorem 3.9,

ux (€)= g (207" (¢)) () LomE

sz ((en)-l (52,1 (?))) e(G)~'LImG

By [CLNS18, Chapter 6, Proposition 2.3.1],

e (™ 7)) <0
SO

lim px (C(”)) =0.

n—0oo

Therefore for any £ € R, we get that (Q), (C("))) is a cylindrical e-approximation of C for sufficiently
large n, and we are done, by the definition of u x. o

Proposition 3.31. Let X be an equidimensional finite-type quotient stack over k, and let C and D be
measurable subsets of | £ (X)|. Then the intersection C N\ D, the union C U D and the complement C \ D
are all measurable subsets of | £ (X)|.

Proof. The proposition holds by the exact same proof used for the analogous statement for schemes in
[CLNS18, Chapter 6, Proposition 3.2.8]. ]

Proposition 3.32. Let X be an equidimensional finite-type quotient stack over k, let t : U — X be the
inclusion of an open substack and set C C (09)"'(|U|) c |Z(X)|. Then C is a measurable subset of
|Z(X)| if and only if Z(1)~"(C) is a measurable subset of | £ (U)|, and in that case,

120 = put (£ (071(0).

Proof. As in the case of schemes, this is an easy consequence of the definitions and the fact that for
all n € N, the morphism £, (¢) : &£, (U) — Z,(X) is an open immersion by [Ryd]1, Proposition
3.5(vii)]. O

3.4. Nonseparatedness functions

We now introduce notation for the nonseparatedness functions sep,, ¢, sep,, and sep , that were used in
the statements of the main conjectures and theorems of this paper. Throughout this subsection, let X be
an Artin stack over k, set C C | £ (&X)], let X be a scheme over k and let 7 : X — X be a map. For any
field extension k” of k, we will let C(k”) denote the subset of £ (X) (k) consisting of arcs whose classes
in the set | £ (X)| are contained in C.

If k’ is a field extension of k and ¢ € £ (X)(k”), we set

ePr.c(9) = # (CK) N (Z (1) (9) (k) € N U {eol,

which induces a map sep, o : Z(X) — N U {co} by considering each ¢ € Z(X) as a point valued
in its residue field. If, furthermore, we assume that X is integral, finite type and separated and has
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log-terminal singularities, that sep, - : Z(X) — N U {co} has measurable fibres and that C ¢ £ (X)
is a measurable subset, then we can consider the motivic integral

/C SeP.c d,ug"r = Z n,ugor (sep;fc(n) N C) € My [Ll/m] ,
neN

where m € Z is such that mKx is Cartier. Note that with these assumptions, the series defining

fc sep .c du$r converges because

lim nu§or (sep;rlc(n) N C) =0,
n—oo ’
which follows from
li Gor -1 _
Jim oy (sepn’c(n) N C) =0,

which itself, for example, is a consequence of Proposition 2.3.
Set

S€Pr = S€P, |2 (x)|

and

sepy = 1/(sep, oZ () : [ Z(X)]| = Qzo U {oo}.

If, furthermore, we assume that X’ is an equidimensional and finite-type quotient stack over k and that
sepy : | L (X)] = Qxp U {oo} has measurable fibres, we can consider the motivic integral

/ Pl = 3 (1 (sepit (1) € 5 2.

neZs

where the ring m Q is defined like ,/%7{ in subsection 2.1 by replacing any mention of Ky(Vary)
with Ko(Vary) ®z Q and any mention of ‘subgroup’ with ‘Q-subspace’. With these assumptions, the
series defining fg (x) SePx du x converges because

lim (1/m)pa¢ (sep3! (1/m) =0,
which by the definition of the norm on m Q follows from
lim px (sep;(l(l/n)) =0,
n—oo

which itself follows from Corollary 3.16 and properties of motivic measures for schemes.

3.5. Motivic integration for smooth stacks via the cotangent complex

In this subsection, we prove that the motivic measure u y is also well defined when &X’is an equidimen-
sional smooth Artin (not necessarily quotient) stack over k. We only explicitly verify this for cylinders,
but by a standard argument (identical to the one for schemes in [CLNS18]), it leads to well-defined no-
tions (that coincide with our definitions in the case where X'is a quotient stack) of measurable subsets of
| £ (X)| and their motivic measures. The main result of this subsection is the following theorem, which
immediately implies that Definition 3.11 makes sense in this setting:
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Theorem 3.33. Let X be an equidimensional smooth Artin stack over k, and let C C |ZL(X)| be a
cylinder. Then the set 0,,(C) C | %, (X)| is constructible for each n € N, and the sequence

{e(en(C))L-<"+U dim"} , © Ko(Stack)
ne

stabilises for sufficiently large n.
We first prove two lemmas, after which we prove this theorem.

Lemma 3.34. Let X be an equidimensional smooth Artin stack over k, and set n € N. There exist
some { € Zsg, a partition |Z,(X)| = f—l C; of |Zu(X)| into constructible subsets C; and some

Flyevos¥ey J1s-- -, J¢ € Nsuch that

o foranyi € {1,...,£}, we have r; — j; = dim X, and
o foranyi € {l,...,€}, any field extension k' of k and any yr,, € L, (X) (k") whose class in | L, (X)|
is contained in C;, we have

-1 .
(92”) () = Ali x;0 BGY.

Proof. Fix &,: Speck’ — Z,(X) and let )¢, denote the fibre of the truncation map %41 (X) —
Zn(X) over &,. For any @: Spec A — Spec k’, the A-valued points V¢, (A) are the category of lifts
of &, ® A t0 L1 (X). Forallm > 0, let Xy, = X ® k[t]/(t"*!) and let @y, : Spec A[#]/(+™) —
Spec k’[#]/(#™*!) be the map induced by a; for m < n, let ¢,,: Speck’[t]/ (™) — X, denote the
map induced by &,. We then obtain a cartesian diagram

Spec A — Spec A []/(¢"*') —— Spec A”[¢]/(¢"*?)

o ¥o l @n Pn l

|

|

Y
X Xn Xn+l

Spec k — Spec k[t]/(t"*') —— Spec k[t]/(t"*?),

where the curved arrow is the structure map. Let 7,, denote the ideal sheaf of Spec k’[f]/ (t"“) —
Spec k’[t]/(t"+2) considered as a k’-module. By [Ols06, Theorem 1.5] and the fact that A},;; and
Alt]/ (t”+2) are flat over k[t]/(#**?), the obstruction to the existence of a dotted arrow in this diagram
lives in

Eth (L(CK()(,D())*L/\(/](, aéjn) = Eth (LQDSLX/k: Ok/) ®r Jn Qi A.
We will show that this group vanishes, and so by [Ols06, Theorem 1.5], the objects (resp., automor-
phisms) of V¢, (A) are parametrised by Ext" (L(p(’;LX/k, Okf) ®r Jn Ok A where n = 0 (resp., n = —1).
In particular, if V (resp., G) denotes the affine space (resp., algebraic vector group) over k’ associated
to the vector space Ext" (Lgo(’;LX/k, Okz) ®» Jn with n = 0 (resp., n = —1), then we have
Ve, =V xp G = A7) 5 BGLE,
where 7(&,) = dimExt® (Lgj Lk, Ox) and j(&,) = dimExt' (Lg} Lk, Ox’). Note that this implies

e (yfn) — Lr(fn)_](fn)
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Therefore, to finish the proof of the theorem, it suffices to show that
Ext' (LgjLaji.O) =0, (&) = j(£,) = dim X, €y

and that the locus of ¢y € |X] where r(&,) is constant is given by a constructible set. Since these
remaining statements depend only on the dimension of the Ext-groups over k’, it suffices to replace k’
with an extension field, and hence we can assume k’ is algebraically closed.

Letp: X — Xbe asmooth cover. Since k’ is algebraically closed, we may fix a lift ¢9: Spec k' — X
of ¢g. Since X and p are smooth, we have an exact triangle

® 1 1
P Lk —>Q§/k — Q)?/X’

from which we obtain an exact triangle
r (¢6T§/2«) — T (63Tg1) = RHom (LgjLaze. On)
In particular, Ext” (L(,p(’;L x/k» Ox’) = 0 for n # 0,—1, and there is an exact sequence
0 Ext™" (LojLa: Ok) = T (¢ 2) = T (675 1) = Ex® (LgjLaye, Ow) 5 0. @)
Thus,
F(€n) = (&) = dimT (§Tg ;) - dimT (9T, ) = dim X,

thereby establishing equation (1). Finally, note from formula (2) that the cokernel of I (‘pBT)? / X) -
r (qﬁ(’;T); / k) depends only on ¢ and not on the choice of lift ¢¢. So the locus of ¢y € |X] where r(&,,) is

constant is the image under p of the locus of ¢ € ‘)? ) where the dimension is constant. By Chevalley’s

theorem for Artin stacks [HR 17, Theorem 5.2], it is therefore enough to show that the locus of such ¢
is constructible. This follows by applying [Sta21, Lemma OBDI] to the 2-term complex T x> Tz

and using the fact that ‘Y | is Noetherian, so that all locally constructible sets are constructible. O

Lemma 3.35. Let Y, Z and F be finite-type Artin stacks over k, let Y — Z be a k-morphism and assume
that for any field extensions k’ of k and any k-morphism Spec(k’) — Z, there exists a k’-isomorphism

(y Xz Spec(k/))red = (‘Fxspec(k) Spec(k’))red :

Then

e()) =e(Fe(2) € Ko(Stacky).

Proof. Because Z can be stratified by quotient stacks [Kre99, Proposition 3.5.9], we may assume that
Z = [Z/G] for some finite-type scheme Z over k with an action by a general linear group G over k. Let
YV =YXz Z. Because Z —» Zand )’ — Yare G-torsors and G is a special group, [Eke(09, Proposition
1.1(i)] gives

e(Z) = e(G)e(2),
e(V) =e(G)e(d).
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By the hypotheses on )V — Z, Proposition 2.8 implies that )’ — Z is a piecewise trivial fibration with
fibre F, so in particular,

e(V) =e(He(2).
Thus,
e(G)e()) =e(G)e(Fe(2).
Because G is a special group, e(G)~! € Ky(Stacky), so we are done. O
We may now prove Theorem 3.33.

Proof of Theorem 3.33. By definition, there exist some ng € N and some constructible subset C,, C

| %o (X)| such that C = (64y)”" (Cny)- Because X is smooth, infinitesimal lifting implies that the
truncation maps 0,, : | Z(X)| — |Z,(X)| are all surjective, so

n -1
0,(C) = (9"0) (C'lo) , h=ng,
0’ (Cno) » n < ny.

Thus all 6,,(C) are constructible — immediately for n > ng, and by Chevalley’s theorem for Artin stacks
[HR17, Theorem 5.2] for n < ny.

The remainder of the theorem then follows from the fact that Lemma 3.34 and Lemma 3.35 imply
that for any n > no,

60 = (82,) " (Co) = ¢ (Cog) LU 50, ]

4. Fibres of the map of arcs

Our goal in this section is to give a combinatorial characterisation of the fibres of £ (r): £ (X) —
Z(X), where X is a fantastack and 7: X — X is its good moduli space map (see Theorem 4.9). We
accomplish this goal by first defining the tropicalisation of arcs both for toric varieties and for toric
stacks.

4.1. Tropicalising arcs of toric stacks

Given a toric variety X = Spec(k[P]), a k-algebra R and an arc ¢ € & (f) (R), we denote by ¢*(p)
the image of p under P — k[P] — R[[¢], where the latter map is the pullback corresponding to ¢.

Definition 4.1. If ¢ is a pointed rational cone on a finite-rank lattice N and k' is a field extension of k,
we define the tropicalisation map

trop : Z(Xo) (k") — Hom(c" N N*,N U {co})

by trop(¢)(p) := ord, ¢*(p), where ord; denotes the order of vanishing at ¢.
More generally, if (o-, v:N — N) is a stacky fan with o a pointed cone and X' := X, = [X+/G ]
is the corresponding toric stack, then we define the tropicalisation map on isomorphism classes of arcs

trop : Z(X)(k’) — Hom (O'V NN*,NU {oo})
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as follows. If € Z(X)(k’), then fix a finite field extension k” of k’ and a lift ¢ € ZL (X ) (k") of .
We define trop(y) := trop (1;) We show in Lemma 4.4 that this is well defined.

Remark 4.2. Note that we have a natural inclusion
o NN =Hom(c¥ N N*,N) c Hom(c" N N*, N U {e0}).

Lemma 4.3. Let Q be any field of characteristic 0 and let G = GJ, X Hi]\i | Mn;. Then every G-torsor
over Spec(Q[[t]]) is isomorphic to the pullback of a G-torsor over Spec(Q).

Proof. Let q: Spec([[z]]) — Spec(£2) denote the structure map. Since G is an étale group scheme,
G-torsors on any Q-scheme Y are classified up to isomorphism by H! (Y,G) = H. (Y,G,)®" &
@f\il H!, (Y, ttn;). In particular, it suffices to show that the pullback map ¢*: H.,(Spec(Q),G) —
H! (Spec(Q[[]]), G) is an isomorphism when G is either G,, or u,,.

We first handle the case G = G,,. Since H!,(Y,G,,) = Pic(Y) and since both Pic(Spec(€)) and
Pic(Spec(Q[[z]])) are trivial, we see that ¢* is an isomorphism.

We next handle the case G = u,,. From the Kummer sequence

l—>ﬂn—>Gmﬁ>Gm—>l,
we see that if Y is any Q-scheme with trivial Picard group, we have
H, (Y, ptn) = Oy (V) (Oy (V))"

(see, for example, [Mil80, p. 125]). So it remains to show that k*/(k*)" — k[[£]]*/(k[[¢]]*)" is an
isomorphism. Since every element f(¢) € k[[¢]]* can be written uniquely as ag(¢) with a € k* and
g(t) € k[[t]]* with g(t) — 1 € tk[[¢]], it is enough to prove that such g(¢) are in (k[[¢]]*)". This
follows immediately from Hensel’s lemma: the polynomial P(x) = x" — g(¢) € k[[¢]][x] has a root,
since P(1) = 0 mod ¢ and P’(1) # 0 mod r. m|

Lemma 4.4. With notation as in Definition 4.1, such a lift JZ exists, and trop(y) is independent of both
k" and .

Proof. For ease of notation, write F := ¥ N N* and G := G,, = Spec(k[A]), where A is a finitely
generated abelian group. Note that the G-action on X corresponds to a monoid map 1: F — A. The
arc y corresponds to a G-torsor Q — Spec(k’[7]]) and G-equivariant map Q — X, . By Lemma 4.3,
Q is isomorphic to the pullback of a G-torsor over Spec(k’), which can be itself be trivialised after a
finite field extension k”’. Thus, after base change to k"’ ® k’[[¢]] =~ k”’[[¢], we obtain a trivialisation of
0 and hence a lift l;

Next, it is clear that if ¢ € L (X, ) (k") is a lift of ¢ and k’” is a finite field extension of k”, then

trop (J) = trop (lZ ®pr k”’). So it suffices to show that if ¥, y» € Z(Xs)(k”) are both lifts of y,
then trop (17;1) = trop (1;2) In this case, there exists g € G(k”’[[7])) such that g - W1 = ¥o. Letting g*(a)
denote the pullback of @ € A under the map g*: k”’[A] — k”'[¢]*, we therefore have

g (M) = v5(f).
Since g*(n(f)) is a unit, the power series ¢} (f) and ¢ ( f) have the same z-order of vanishing — that is,
trop (Jl) = trop (JQ) ]
We record some basic properties of trop that will be useful later on.
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Definition 4.5. Let (o-, v:N — N) be a stacky fan with o a pointed cone. For any w € o N N c

Hom (a'v NN*NU {00}), let
trop”!(w) = {zﬂ € & (Xo,v) (k') | k'is a field extension of k and trop(y) = w} c|Z (Xon)|,

where the arcs are taken up to equivalence.

Remark 4.6. Let o be a pointed rational cone on a finite-rank lattice N and let P = o N N* so that
Xo = Spec(k[P]). For any p € P, let yP € k[P] be the corresponding monomial. If py,..., ps are
generators for P, then for every w € o N N, we see

N

trop_1 (w) = ﬂ ord)_(}),» ((w, pi))s
i=1

and hence trop™! (w) ¢ Z (X, ) is a cylinder.

Lemma 4.7. Let o (resp., o) be a pointed rational cone on a finite-rank lattice N (resp., N). If
p: X5 — X is a toric morphism and : c NN — o N N is the induced map, then

1. for every field extension k’ of k and every arc y € & (Xgz) (k’), if trop(y) € ¥ N N*, then
trop(Z(p) () = B(trop(¥));
2. ifforall f € ¥ N N* there exists f’ € & N N* such that f + f lies in the image of ¥ N N*, then
Z(p) (wop™ ) = | wop™! ().
wepH(w)

Proof. Letp*: cVNN* -7V N N* denote the pullback map on monoids. First note that if £’ is a field
extension of k, y € & (X5) (k’) and p € ¥ N N*, then

trop(Z(p) (%)) (p) = ord; (" p*(p)) = (trop(¥)) (0" (p))-

To prove part (1), let trop() = w € & N N*. Then by these equalities, we see

trop(Z () (¥))(p) = (w. p"(p)) = (B(W). p).

so trop(Z (p)(¥)) = B(w).
Part (2) follows immediately from part (1), provided we can show that trop(Z(p)(¢)) € o N N

implies trop(y) € o N N. Set f € 0¥ N N*. By hypothesis, there exists f/ € o N N* such that
f+f = p*(p) for some po¥ N N*. Then

(trop(¥)) (f) + (trop(y)) () = (trop(¥)) (p* (p)) = trop(Z (p) (¥)) (p) # oo.

So (trop(¥))(f) # oo for all f, and hence trop(y) € o N N. O

Corollary 4.8. Let X = F ;- ,, be a fantastack and suppose the good moduli space mapn: X — X = X
is an isomorphism over the torus T C X. Let k' be a field extension of k and ¢ € ZL(X)(k’) with

trop(¢) =w € o NN. Ify € L(X) (k') and £ (n) (W) = @, then trop(y) € B~ (w).
Proof. We keep the notation listed in Notation 2.19 and let X = [)? / GV]. We know there exist a finite

field extension k” of k” and a lift € & ()? ) (k") of Y. By construction, trop(y) = trop ({[7) From

Proposition 2.14, we know the hypotheses of Lemma 4.7(2) are satisfied, so trop (J) e B (w). m
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4.2. Lifting arcs to a fantastack

We can now state the main result of this section, which shows that for the good moduli space map
m: X — X of a fantastack, isomorphism classes of arcs in the fibres of £ () are completely determined
by their tropicalisations.

Theorem 4.9. Let X = F , be a fantastack and assume the good moduli space mapn: X — X = X,
is an isomorphism over the torus T C X. With the notation listed in Notation 2.19, let k' be a field
extension of k and ¢ € £ (X)(k’) with trop(¢) =w € o N N. Then

trop : Z(X)(k’) —» Hom(F,N U {oco})

induces, by restriction, a bijection
(Z(m) () (k') = B~ (w).

In particular, (£ ()~ (¢)) (k') is a finite set.

For the rest of this section, we fix the notation as in the statement of Theorem Theorem 4.9. By
Corollary 4.8, we know that any y € Z(X)(k’) with (Z(7))(¥) = ¢ must satisfy trop(y) € S~ (w).

We therefore have an induced map (& (7)1 (¢)) (k") — B~1(w). We show injectivity and surjectivity
in Proposition 4.10 and Proposition 4.1 1, respectively. Note that the finiteness of (£ (7)~!(¢))(k’) then
follows from Proposition 2.15.

Proposition 4.10. The restriction of the map

trop : Z(X) (k") —» Hom(F,N U {co})

1o (Z(n)~1()) (k') is injective.

Proof. Let y1,¥n € Z(X)(k’) correspond to G-torsors Q1,Q> — Spec(k’[¢]]) and G-equivariant
maps y; : Q1 — X and V2 0r — X, respectively, and assume that &£ () (¢ 1) = £ (7)(¥2) = ¢ and
trop(¥1) = trop(1). We need to prove that ¢ and i, are isomorphic — that is, that there exists an
isomorphism of G-torsors @ : O — Q> such that y; = y; o . In fact, we prove the stronger statement
that there exists a unique such a.

To prove this stronger statement, by descent, it is enough to show the existence of a unique such @
étale locally on k'[[1]. By Lemma 4.3, the Q; are isomorphic to pullbacks of torsors over k’, which can
themselves be trivialised after base change to a finite field extension k” of k’. Since k” @ k'[t] =
k”’[[]], after replacing k' by k", we may therefore assume that the Q; are trivial G-torsors. Since trop(/;)
depends only on the isomorphism class of ¢;, we may further assume Q| = Q> = G ®; k’[].

Next, the identity section of the G-torsor Q; then yields a lift ; € & (f ) (k") of ;. Then the map
yi: Spec(k’[¢][A]) = Q; — X = Spec(k[F]) satisfies

Yi(f) = gi(Hul e K[1][A],

where u/ € k [A] is the monomial indexed by the image f of f in A. Since trop (J,) = trop(y¥;), we see

trop ({/71) = trop ({/72) € &N N. Thus, for all f € F, the power series {pvf( f) and {/7;( f) are nonzero and

have the same -order of vanishing. It follows that there is a unique unit g/) € k’[[¢] such that
i) =g w3 ().

Since & (7) ({/71) =Z(n) (lZg) we see that z;’l‘(p) = {[;(p), and so g(P) = 1forall p € P.
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Thus the semigroup homomorphism F — k’[¢]* : f +— g\ ) induces a group homomorphism
A — k'[t]*, which corresponds to an element g € G(k’[¢]]) and hence an automorphism « of the
G-torsor G ®y, k’[[]. By construction, f/;f = % o a, and so y; = y» o a. Moreover, the uniqueness of @
follows from the uniqueness of each g(/). O

We now complete the proof of Theorem 4.9 by showing the surjectivity of the map

(Z(@1 (@) (k') = B~ (w).

Proposition 4.11. The image of (£ (n)~'(¢)) (k) under the map
trop : Z(X)(k’) — Hom(F,N U {co})

is equal to B~ (w).

Proof. Recall thatin Corollary 4.8, we proved that the image of (£ (7)~!(¢)) (k’) under trop is contained
in B~ (w).

Setw € B~ (w). We will construct an arc ¢ € L (X)(k’) satisfying trop(y) = w and Z(7)(¢) = ¢.
Let  : Spec(k’(t)) — X be the generic point of ¢ — that is,  is the composition Spec(k’(#)) —
Spec(k’[]) %, X.Sincew € o N N, we see that 5 factors through T < X. Thus 7 is given by a group
homomorphism M = P& — k’ ().

Given our inclusion M < M, we can choose a Z-basis floeeos fr for M = F& andmy, ...,my € Zo
such that m, fi, . .., mg fy is a Z-basis for M. Since trop(y) = w, the image of m; f; under M — k’(#)*
has r-order of vanishing (w, m; f;), so it can be written as 1$¥-"i /) g, with g; € K[]*.

Now set R to be the k’[¢]]-algebra

R=k'[t] [xl,...,xd,xzi],...,x;—'l] /()ci'11 —gl,...,x;"" —gd),

and give Spec(R) the G-action obtained by letting x; have grading ?i, where ?i is the image of f; in A.
Since each g; is a unit in k’[[¢]], we see that Spec(R) — Spec(k’[[7])) is a G-torsor.

Let ¢ € ZL(X)(k’) be the arc corresponding to the G-torsor Spec(R) and the G-equivariant map
Spec(R) — X = Spec(k[F]) defined by

.
F—R:fs W) ]_[xj",
i=1

for f =27 cifiandcy,...,c, € Z. Note that this map is well defined, since (w, f) > 0 when f € F,
and each x; is a unit in R as a consequence of the fact that each g; is a unit in k’[#]. Note further that
since the x; are units, the map sends f to an element whose #-order of vanishing is (w, f). As a result,

any lifty € & ()? ) (k") obtained from a trivialisation of the G-torsor after base change to k"', satisfies
trop(y) = trop (z;) =Ww.

To finish the proof, we must show & (7)(¢) = ¢ — that is, m o ¢y = ¢. Since X is separated, it is
enough to prove equality after precomposing by the generic point £: Spec(k’(t)) — Spec(k’[[¢]). But
this follows from the facts that 7 = ¢ o ¢ and that for any i € {1,...,d}, the image of m; f; under the

pullback of Spec(R) — X5 Xxis equal to
t<wsmiﬁ>x:"i - t<W,miﬁ>gi.
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5. Fibres of the maps of jets

Throughout this section set d € N, let N = Z¢ be a lattice, let T = Spec(k[N*]) be the algebraic torus
with cocharacter lattice N, let o be a pointed rational cone in Ng, let X be the affine T-toric variety
associated to o, let X be the canonical stack over X and let 7 : X — X be the canonical map.

In this section we will control the fibres of the maps

Zn(m) : Lp(X) = Lp(X)

in the case where o is d-dimensional. In particular, we will prove the following:

Theorem 5.1. Suppose that o is d-dimensional, and set w € o N N. Then there exist n,, € N and
0,, € Ko(Stacky) and a sequence of finite-type Artin stacks {Fp}n>n,, over k such that

1. for eachn > n,,,
e(Fn) =0, € Ko(Stacky),

and
2. for each field extension k' of k, each arc ¢ € £ (X) (k") with trop(¢) = w and each n > n,,, we have

gﬂ(”)_l(gn(éa))red = F, e k'

For the remainder of this section, we will assume that o is d-dimensional, and we will use the
notation listed in Notation 2.19.

5.1. Algebraic groups and jets

We begin by introducing some algebraic groups, which in Proposition 5.15 will be used to express the
fibres of each £, ().

Remark 5.2. In what follows, for each k-algebra R, each g, € &, (T“) (R) and each f € M, let gn(f) e
(R[£]/(t"*"))” denote the image of f under the pullback map k []VI ] — R[t]/(t"*") corresponding to

the jet g, : Spec (R[¢]/(t"*!)) — T. We also use the analogous notation when T and M are in place of
T and M.

Foreachw € o NN and n € N, let G}, be the subgroup object of Z, (T) given by
G”(R) = {gn c %, (T) (R) | - (p)t+?) = (wep) ¢ R[t]/(t”“) forall p € P} .
Foreachw € ¢ NN and n € N, let H " be the subgroup object of %, (7) given by
H”(R) = {g,, €%, (T) (R) | g5(f)7F) = () ¢ R[t]/(t"“) forall f € F} .

By definition, Hf is a subgroup object of fo (") We now show that these group objects are in fact
algebraic groups.
Proposition 5.3. The subgroup objects G} and H ,’? are represented by closed subgroups of <, (f)
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Proof. Foreach f € F,let Z,(f) : £ (T) — £,(G,,) be the map induced by the character T — Gy,

corresponding to f. Then
-1
Gy = (N (02 o Za(p)) (D
peEP
and
_ -1
HY = () (00 .py 0 Za(D) (D),
feF

where each 0_, : £,(Gp) — Ly (Gyy) is the truncation morphism, each 1 € £,_,»(Gy,) is the

identity element and, by convention, if n—n’ < 0, we set Z,,_,» (G, ) to be the single point group {1}. O

Remark 5.4. Note that
Zu(G)(R) = {gn € Zu (T) (R) | 81(p) = 1 € RI1/ (") forall p € P},

so for any n € Nand w € o N N, we have that £, (G) is a closed subgroup of G},.
We also prove the following characterisation of the H,Vf :

Proposition 5.5. Ser w € o N N and n € N, and let fi, ..., fr be the minimal generators of F. If
n 2 max,_, (2w, f;) = 1), then
Hrv? ~ GELl("sti)

as algebraic groups.

Proof. Let R be a k-algebra. Then
H” (R) = {gn c % ('f) (R) | g5(/)’™) = (%) ¢ R[t]/(t"“) forall f € F}

- {g,, c % (f) (R) | g5 (f)r{™ ) = (070 ¢ R[t]/(t"”) foralli=1,.. .,r}

= {(g<i))l € ((R[t] (t””))x)r | gD F) = 1 () ¢ R[t]/(t"”) for all i}.

Since n > 0, the hypotheses guarantee that n > (w, f;) foralli € {1,...,r}. Thusifi € {1,...,r} and
gD e (R[1]/(r™"))”, then

g(l')t<V7,ﬁ> — t(W,f[} € R[t]/(tn+1)

if and only if

g(i) =1+ an_<w’f[>+1tn_<w’fi>+l +--+ Clnln € R[l]/(l‘n+1)
for some a,,_ ¢ fy+1»- - -»@n € R. The proposition thus follows from the fact that if a,,_ (% fy415- - - adns
bu—(i,fiy+15 - - -»bn € R, then in R[t]/ (£,

(1 + gy TN +ant”) (1 + byt +bnt")
=1+ (ne@. iyt + Puii gyer) 17Tt (ay + b,
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because for any mi,my > n—{(w, f;) + 1, we have
my+my =2n—=2{w, fi)+2=2n+1-Q2w, fi)—1) 2n+1. m|
We finish this subsection with the next two propositions, which characterise the group quotients
G [ Zn(G).

Proposition 5.6. Serw € oo N N and n € N. Then the group quotient G} | £, (G) has functor of points
given by

R {hn € Zo(T)(R) | I (p)t P = (P) ¢ R[t]/(t"“) forall p € P} .

Proof. First, the subgroup object is represented by a closed subgroup of £, (T') by an identical argument
as in Proposition 5.3. Call this closed subgroup H ¢ Z,(T’). We will show that G}V /%, (G) = H as
schemes.

By the definition of H and G}, the closed subgroup G, c %, (f) is equal to the preimage of H

under the group homomorphism %, (T) — %, (T) obtained by applying the functor £, to the group

homomorphism 7|z : T — T. Thus we obtain a group homomorphism G} — H. Endow H with the
G -action obtained by left multiplication after G, — H.

For any k-algebra R and g, € G/ (R), we have that g, € Z,(G)(R) if and only if g, (p) =1 for
all p € P, which is equivalent to g, being in the kernel of G — H. Therefore the scheme-theoretic
stabiliser of the identity 1 € H(k) is equal to £, (G). Thus by [DG70, Chapter III, Section 3, Proposition
5.2], we have a locally closed embedding

G /%.,(G) — H

whose image, as a set, is equal to the image of the map of underlying sets Gy — H. Since k has
characteristic 0 so that H is reduced, we only need to show that G} — H is surjective on underlying

sets, which will follow if we can show that &), (7~") — %, (T) is surjective on underlying sets. The latter

follows immediately from Corollary 3.22, which implies that &, (T) — Z,(T) is a &, (G)-torsor. O

Proposition 5.7. Set w € o N N. Then there exist nl,, ji, € N such that for all n > nj,, we have an
isomorphism of schemes

Gy [Zn(G) = A}
Proof. Let pq,..., ps be aset of generators of the semigroup P and set

ny, = lnslg;@(w,pi) -1

<i>)
' € Jieqi,. s ee{l,..om}
Let V be the linear subspace of A}™ defined by the vanishing of all xé’) for £ > (w, p;) and the vanishing

ofall 33, m;x\” forall € € {1,...,m} and all m, ..., m, € Z such that

and m = max)<;<s{w, p;). Consider the affine space A}"* with coordinates (x

Zmip,- =0ePP=M.
i=1
Set j), = dim V. It suffices to show that for all n > nJ,,, we have that G} / Z,,(G) = V as schemes.
Let n > n, and let H be the closed subgroup of £, (T) representing the subgroup object in the

- w
statement of Proposition 5.6. By Proposition 5.6, it is sufficient to prove that H = V as schemes.
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Let H — AJ" be the morphism that, for each k-algebra R, takes h, € H(R) to (a(i) ) , € R™ =

n—{+1
A(R), where for all i,£ we have that afli_)“l is the coefficient of #"~*! in p;(h,) € R[t]/(t"*").

This morphism H — A}" factors through an isomorphism H — V by the definition of H, the
construction of V and the fact that n > n/, implies that for any k-algebra R, any m,...,ms € Z and

any (ag“l)i , € R™S we have that

S

. . m;
l_[ (1 +a® g af,‘)t")

i=1
S . S .
=1+ (Z miafll_)mﬂ) omEl g (Z mia,(,l)
i=1 i=1

" e R[r]/(t””) . o

5.2. Components of the fibres

In this subsection, we will control fibres of each Z, (1) : X — X by controlling the connected
components of the fibres of each map &, (7) : &, ()? ) — Z,(X). In particular, we will show that

for n sufficiently large and ¢ € Z(X) with trop(¢) = w € o N N, the connected components of
% (71)_1 (0,,(¢)) are indexed by B~!(w). To do this, we will define analogues of the map trop for the

jet schemes £, ()?)

Foranyn e N, letN,, = {0, 1, ..., n, oo} with the monoid structure making

¢, €<n,

NU{oo}—>Nn:fl—>{
co, {>n

a map of monoids. For any w € Hom(F,N U {c0}), let w, € Hom(F,N,) be the composition of
w:F — NU{co} withNU {0} - N,,.

Remark 5.8. In what follows, for each k-algebra R, each Jn e %, (f) (R) and each f € F, let

Wi (f) € R[t]/(¢"*") denote the image of f under the pullback map k[F] — R[¢]/(¢"*!) corresponding
to the jet ¢, : Spec (R[#]/(t"*')) — X. We use the analogous notation when X and P are in place of X
and F.

For any field extension k’ of k and ¢, € &, (f ) (k”), define
trop,, (Jn) € Hom(F,N,)
to be the map taking each f € F to the t-order of vanishing of z;’,“, (f) e k'[t]/ (t"“). Also define the map
trop,, : Z» ()?) — Hom(F,N,)

by considering each ¢, € & ()7 ) as a point valued in its residue field.

Remark 5.9. As a direct consequence of the definition, trop,, is compatible with field extensions. In
other words, for any field extension k" of k and Jn €% ()? ) (k”), we have that trop,, ({/7,,) is equal to

trop,, applied to the image of zzn in the underlying set of £, ()F(' )
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Remark 5.10. For any ¢ € & ()?) (k"),

o (5), =t (5]

Note that because X is an affine space and thus is smooth, all jets of X are truncations of arcs of X, so
this equality in fact determines trop,,.

We next stratify the fibre of &, (7) according to the value of trop,,. We show that for n sufficiently
large, each stratum is a union of connected components.

Lemma 5.11. For each f € F, the map
Zn (i) - Ny, Jn = (tr(’pn (Jn)) f)
IS upper semicontinuous.

Proof. Since X is affine, &, ()? ) = Spec(R) for some k-algebra R. Let ¥ be the universal family of
% ()?) — that is, let

¥ : Spec (R[t]/(t"“)) - X
be the R-valued jet corresponding to the identity Spec(R) = £, ()? ), and let ¥*(f) € R[]/ (t"*!) be
the result of pulling back f along ¥. Write
P (f) =ao+---+ant",
where aq, . .., a, € R. Then the jets Y, € &, (Y) with (tropn (Jn)) (f) = ¢ are exactly the points of
Spec(R) where ay, . . ., ar—1 vanish. O

Proposition 5.12. Set w € o N N. Then there exists some ng € N such that for any n > ny, any
field extension k' of k and any ¢ € Z(X)(k’) with trop(¢) = w, we have that the restriction of

trop,, : Zn (f) — Hom(F,N,,) to the fibre £, (7! (0,(@)) is locally constant.

Proof. Set f € F. We will show that there exists some ny € N such that for any n > ny, any field
extension k” of k and any ¢ € £ (X) (k") with trop(¢) = w, we have that the restriction of

() 1 : B o (w00, (7)) ()

to the fibre &, (%)~ (6, (p)) is locally constant.
By Proposition 2.14, there exists some f’ € F such that f + f” € P. Set

ng = w, f+f").

Letn > ny, let k’ be a field extension of k and let ¢ € Z(X)(k’) with trop(¢) = w. Since &, (7) :
L (f ) — Z,(X) is finite type, it is sufficient to show that on any irreducible component C of the fibre

Za ()" (6a(¢)), the map
a:C-oN,:y, — (tropn (Jn)) f)
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is constant. By Lemma 5.11, o and the map
¥ C =Ny s Gy > (wop, (7)) ()
are upper semicontinuous. Also, for all lZn €C,
o (#n) +7 () = (twop, (#0)) (£ 1) = G F+ £

where (w, f + f'), is the image of (w, f + f’) in N,,. Thus the sum of a and 7 is a constant function.
Furthermore, because n > (w, f + f’), the sum of @ and vy is not equal to co. Therefore, @ is constant
by upper semicontinuity of @ and y and the fact that C is irreducible.

Now the proposition is obtained by taking ng to be larger than all ny as f vary over the minimal
generators of F. O

Foranyn e N, any WweanN, any field extension k” of k and any ¢ € Z(X)(k’), let C?¥ () denote
the locus in %, (7)™ (6,(¢)) where trop,, is equal to w,,. We will be interested in the case where C)” (¢)
is a union of connected components of £, M7 (0, (¢)). In that case, we will give Cn (¢) its reduced
scheme structure.

Proposition 5.13. Set w € o N N. Then there exists some ny € N such that for any n > ny, any field
extension k' of k, any ¢ € L (X) (k") with trop(¢) = w and any w € ' (w),

1. C¥ () is a union of connected components of %, (7)! (0,,(¢)), and we have an isomorphism of
schemes

L@ O Phea= || OV (p);
wep! (w)

2. CW () is invariant under the action of G)Y Qi k' on &, ( ) ® k';

3. for each field extension k" of k', the action of (G} ® k’) (k”") on CY (o) (k") is transitive; and
4. for each field extension k”" of k', the scheme-theoretic stabiliser of any k”'-point of C,’ (¢) under the
G ® k’-action is equal to H)Y ®y k.

Remark 5.14. In the statement of Proposition 5.13, the action of G}y on &, ( ) is the one induced by
the inclusion G} — T and the functor &%, applied to the toric action Txi X > X.

Proof. Let fi,..., f, be the minimal generators of F, and let p1,..., ps be a set of generators for the
semigroup P. Let ny € N be as in the statement of Proposition 5.12, and let n; > ng be such that
ny > (w,p;)foralli e {1,...,s}andn; > (w, f;) foralli € {1,...,r} and w € 8~!(w). Note that we
can choose such an n; by Proposition 2.15.

Let n > ny, let k’ be a field extension of k and set ¢ € £ (X) (k") with trop(¢) = w. We begin by
proving the first part of the proposition.

1. By our choice of ng and Proposition 5.12, C?(¢p) is a union of connected components of
Lo ()7 (0,(¢)), so it suffices to prove that Z, (7)™ (6,(¢)) and Ll et (w) CY' () are equal as
sets.

Set W € o N N. We first show that if C,’f #0,thenw € B~ (w). If ¥, € & G (0,,(¢)), then
foralli € {1,...,s},

(tropn (l;n)) (pi) =W, pins

where (w, p;), is the image of (w, p;) in N,,. Since n > n; > (w, p;), this implies that if (Zn € Cf,
then (w, p;) = (w, p;) foralli € {1,...,s},andso B (W) =w
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Having shown C¥ (¢) = 0 whenever w ¢ 8~!(w), we need only show that if 1, W, are distinct
elements of 8~ (w); then (w1),, # (W2),,. This follows from the fact that for each i € {1,...,r} and
we B (w),

(W,ﬁ) <n; <n.

For the rest of this proof, set w € 87! (w) and set the following notation: for each field extension k"’
of k', let v, kv € Ln(X) (k') be the composition

On ()

Spec (k”[t] /(r"“)) > Spec (k’[t] /(t"“)) oy,

where the map Spec (k”[¢]/t"*') — Spec (k’[t]/¢"*!) is given by the k’-algebra map k’[]/ (") —
k" [£]/(£"*') : £ + t. Note that the k”’-points of C}¥ (¢) are precisely those ¥, : Spec (k" [¢]/(r"*')) —

X such that trop,, (Jn) = W, and the composition Spec (k" []/(¢"*')) D% S X equal to @, k.
We now prove the remaining parts of the proposition.

2. Since C)¥ () is reduced by definition, it suffices to show that for each field extension k"’ of k’, we
have that C,‘? (¢) (k") is invariant under the action of G}/ (k"") on %, ()? ) (k).

Let k” be a field extension of k/, set ¢,, € Cf(go)(k”) and set g, € G (k”’). Thenforall f € F,
A RGEFAGIA))
has the same ¢-order of vanishing as {[,*l(f), because g, (f) € k”’[t]/(¢"*") is a unit. Thus
trop,, (gn - Jn) = trop,, (Jn) = Wy
We also have that for all p € P,
(gn : ';n)* (P) = &5 (PW(p) = 83 (P)E} 1 (P) = G 1 (D),

where the last equality follows from the definition of G} and the fact that trop(¢) = w implies that

¢’ .,(p) is divisible by t¢-P). Therefore the composition Spec (k”’[¢]/(t"*!)) B ¥ Xis

equal to ¢, r~. Thus
gn - ¥n € C (@) (K").

3. Let k” be a field extension of k’, and set i/, zz,'l € Cf(tp)(k”). We will first show that there exists
some g, € &, (f) (k”’) such that g, - ¥, = J;L
Let fi,..., f, be the minimal generators of F. For eachi € {1,...,r}, we have that JZ (f;) and
((Z;l)* (fi) have the same r-order of vanishing because trop,, (Jn) = w = trop, ('Z;l) Thus there
exists a unit g € k[]/(¢"*!) such that

g VT = (7).
Letting g, € &, (f) (k’") be such that g% (f;) = g foralli € {1,...,r},

gn'lZnZ‘Z;r
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Now it suffices to show thatif g,, € £, (T) (k") and ¢, gn-thn € CY¥ (¢)(k"),theng, € G (k).
Forall p € P,

8 (P)@s (D) = gn (P (p) = (gn : Jn)* (P) = @} 1 (P)

so because ¢, (p) is a unit multiple of t{wP) we have that g, € G (k") by definition.

4. Let k" be a field extension of k', set Yn € Cf((p)(k”), and for any k’’-algebra R, let Jn,R €
C) (¢)(R) be the composition

Spec (R[t] /(t"“)) _ Spec(k”[1]/(*1)) 25 %

Set g, € Gy (R). Then for each f € F, we have that JZ’R (f) e R[t]/(t"“) is the product of a unit
in k”[¢]/(t"*!) and {71 s0

g (P () =05 g (f) &= gh(HtTF) =071,

Therefore g,, is in the stabiliser of 1;,1 ifand only if g,, € H, ,’? (R). o

In the next proposition, we use Theorem 4.9 and Proposition 5.13 to control the reduced fibres of
each &, (n) : &, (X) - Z,(X).

Proposition 5.15. Set w € o N N. Then there exists some ny € N such that for any n > ny, any field
extension k' of k and any ¢ € £ (X) (k") with trop(¢) = w, we have

Zu@ e = | || [(Gr1206) /1Y || o1k,
wep(w)

where H,”? acts on G | Z,(G) via the group homomorphism H,Vf — G — G /Zu(G) and left
multiplication.

Proof. Let fi,..., f be the minimal generators of F. Let n; be as in the statement of Proposition 5.13,
and let ny > n; be such that n, > max!_, (2(w, fi) - 1) forallw € B~!(w). Note that we can choose
such an n; by Proposition 2.15.

Let n > ny, let k’ be a field extension of k and let ¢ € Z(X)(k’) be such that trop(¢) = w.

By Corollary 3.22, there exists an isomorphism %, (X) — [3,[ ()F(' ) / Sn(G)] such that the following
diagram commutes:

Zn(7)

—— LX) ———— Zu(X)

~,

|2 (%) 12(0) |

( Ln(m)

Therefore
L) (Ou(9)) = [ 20 D7 (0a( ) [(Z(G) 01 K],
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where Z,(G) ® k” acts on Z, (7)™ (6, (¢)) by restriction of its action on &, ()? ) ®x k’, which itself
is the action induced by the inclusion &, (G) — &£, (f) and the functor &, applied to the toric action

T xx X — X. Thus by Remark 5.4 and Remark 5.14, the action of Z,(G) & k’ on Z, (7)™ (6.(¢))
is the restriction of the action on &, (f ) ®x k’ induced by the inclusion Z,(G) ® k' — G} ® k'

and the action of G}) ®; k’ on Z, ()7) ®x k’. Thus Proposition 5.13(2) implies that for all w € 8~!(w),
we have that C” (¢) is invariant under the %, (G) ® k’ action, so by Proposition 5.13(1),

Zu O@ea= || |CT @26 01 k).
wep(w)

Set w € B~!(w). It will be sufficient to prove that

R

|7 @/ Z(0) @i k)| = | (G 12:(0)) [HT | @i k.

We begin by establishing that C,‘? (9)/ (£ (G’) ® k’) is an affine scheme with a k’-point. Since G is a
diagonalisable group scheme, we have G = T’ X, G’, where T is a torus and G is a finite group. This
yields an identification

Zn(G) @k k' = (ZLu(T') Xk Zu(G")) @ k.

Note that Z,,(G’) = G’, since G’ is a finite group. By Proposition 5.5, our choice of n, and the fact that
k has characteristic 0, we then see

{1} = %, (G)nH? cGY.
Thus Proposition 5.13(4) implies that £, (G’) ®; k’ acts freely on Cf (). Note that Cf () is affine

because &£, (f ) and &, (X) are affine, so

CT (O (%G @1 k) — | (9)/(Za(G) &1 K]

is an (Z,(T") ® k’)-torsor and the source is an affine scheme. By Theorem 4.9, there exists some
¥ € (L (m) 1 (p)) (k') with trop(¥) = W, so

0,(0) € | T (D)/(Za(G) &1 k)| (K.

Since Z,(T") is a special group by Remark 2.4, 6,, () lifts to a k’-point of C" (¢)/(Z,(G") & k’).
Next, by Proposition 5.13(2)-(4), the group (G)/Z.(G’)) ® k’ acts transitively on

C,”f(t,o)/(gn(G’) ®r k'), and each k’-point has stabiliser (Hf/(Hf N 3,1(G’))) ®r k', so [DG70,
Chapter 111, Section 3, Proposition 5.2] gives an (£, (T”) ®x k’)-equivariant isomorphism

CHONZa( G &1 k) = (CT (@) (Za(G) @1 k)
(G2 12a(6) (1 1 (1 0 20(6)) ) o1 K

(G 117 ) 12061 @ K,

1R

R
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where the last isomorphism holds because Z,(G’) N H)* = {1}. Taking the quotient by %, (T") ® k’,
we obtain

1

CY @ NZa(G) & k)| = [(Gr /HY ) 12(G) | @1 K = [ (G 10(G)) 1 | @ K.

We may now complete the proof of Theorem 5.1.

Proof of Theorem 5.1. Setw € o N N, let fi,..., f be the minimal generators of F, let n}, and j, be
as in the statement of Proposition 5.7 and let n, be as in the statement of Proposition 5.15. Recalling
that 8! (w) is a finite set by Proposition 2.15, set

ny =max {n},,m,2(w, fiy = L |ie{l,...,r},w e (w)}
and

®w — Z LJ-\/A’_Z{:MW’ﬁ) (S K()(StaCkk),
wep (w)

and for each n > n,,, set

Fo= L [@rizo) my)|.
wepl(w)
We now finish proving each part of Theorem 5.1 separately.

1. Foralln > n,,,

eF)= . e([@r /(@) )

wep!(w)
— Z e (an /gn(G)) L™ Zim v /i) — Z Low=Zia w. i) — 0,,
weB 1 (w) wep(w)

where the second equality follows from Proposition 5.5 and the fact that G, is a special group, and
the third equality follows from Proposition 5.7.
2. This is Proposition 5.15 — that is, it follows from our choice of n, and each F,,.

6. Gorenstein measure and toric varieties

Setd € N, let N = Z¢ be a lattice, let T = Spec(k[N*]) be the algebraic torus with cocharacter lattice
N, let o be a pointed rational cone in Ny and let X be the affine T-toric variety associated to o-. We
assume that X is Q-Gorenstein and let m € Z-y and g € N* be such that if v is the first lattice point of
any ray of o,

(v.q) =m.

Then mKy is Cartier, so we have the ideal sheaf #x ,, on X. Also note that any Q-Gorenstein toric variety
has log-terminal singularities [Bat98, Corollary 4.2], so the Gorenstein measure S is well defined.

X
In this section, we prove Theorem 6.1 about the Gorenstein measure ug"r . In section 8, we will use
this theorem and Theorem 7.1 to compare ,u)G("r with the motivic measure u y of the canonical stack X

over X.
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Although we will only use Theorem 6.1 in the case where o is d-dimensional, there is no need to
make that assumption on ¢ in this section.
Theorem 6.1. Set w € c NN € Hom(c¥ N N*,N U {co}).

(a) The restriction of ord g, ,, to trop~!(w) c¢ Z(X) is constant and not equal to infinity. In particular,
there exists some j,, € Z such that for any measurable subset C C trop~!(w) c L (X),

W (C) = (L) px(C) e 0 L]

(b) The set trop~' (w) ¢ L(X) is measurable and

—(w.q) —
pGor (trop_l(w)) S (Ll/’") e 1 [Ll/'"] .

Remark 6.2. Summing over w € o NN, Theorem 6.1(b) gives Batyrev’s formula [Bat98, Theorem 4.3]
for the stringy Hodge—Deligne invariant of a toric variety. Furthermore, Theorem 6.1(b) appears to be
a special case of [BM 13, Lemma 4.5]. For the benefit of the reader, we include a short self-contained
proof.

Remark 6.3. When w is an integer combination of lattice points on the rays of o, we have that (w, ¢)
is divisible by m, so in that case Theorem 6.1(b) implies

ug}(or (trop_l(w)) € M.

6.1. Gorenstein measure and monomial ideals

For the remainder of this section, let M = N*, let P = ¢¥ N M, and for each p € P, let y” € k[P] be
the monomial indexed by p.
If 7 is a nonzero ideal sheaf on X generated by monomials {y?:};, then for any ¢ € Z(X) with

trop(¢) = w,
ord s (¢) = min(w, p;) € Zso.

Therefore, to prove Theorem 6.1(a) it is sufficient to show that the ideal J#x ,, is generated by monomials.
For the remainder of this subsection, fix a basis ey, . .., e4 for M, and for any py, ..., pg € P, set

c(pls B ,pd) = det ((ai,j)i’j) € Z,

where the a;; € Z are such that p; = Zfi=1ai,j€i for all j € {l,...,d}. For any
(Pii)ieqtnmyjett.... d}erd’ set

m
4 ((Pi,j)i’j) =x1 l_[C (Pists s Pia) XPHTTPR € K[M].

i=1

Lemma 6.4. Set (pi ;) ; € P™. Then

z ((pi’j)i,j) e k[P].
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Proof. If —q + 3", Z;l:l pi,j € P, we are done, so we may assume that there exists some first lattice

point v of a ray of o such that <v, -+ X Z;l:l pi’j> < 0. Then

0> <v —q+zm:zd:p”>=zm1<v,—%q+zd:pi,j>=zm: —1+zd:<v,l’i,j> ;

i=1 j i
so for some i € {1,...,m}, we have <v,pi,j> =0forall j € {1,...,d}, so

c(pin,....pia) =0,
which implies that z (py,;); ;) = 0 € K[P]. o

We now prove the next proposition, which as discussed, immediately implies Theorem 6.1(a). Note

that because o is pointed, PSP = M, so the c(p1, ..., pq) are not all equal to 0 and the z ((pi,j)l. j) are

not all equal to 0.

Proposition 6.5. The ideal #x ,, is generated by the set
{Z ((pi,j)i,j) | (pi,j)i’j € P'"d} .

Proof. Since k[P] is generated over k by the set {x” | p € P}, we see that I" (X, Q;l() is generated by

the elements yP' A --- A yP4 as py,..., pqg range over elements of P. So I (X, (Qf()@m) is generated
by the set

m
{® dXPi,l Ao /\dXPi.d | (Pi,j)i,]- e Pmd}.
i=1

We next show that the global sections of wx ,, are generated by
x? - (dlog ' A --- Adlog y%4)®™;

this is essentially given by [CLS11, Proposition 8.2.9], but they only state the result for wx instead of
wx .m- The proof for all m works identically. To see this, let ¢ : Xy < X be the inclusion of the smooth
locus. By [CLS11, Theorem 8.2.3],

WX.m = s ((QggsmmX)g’m) = 1,0x,, (—mZDp =Ox (_mZDP) ,
p p

where the sum runs over all p € (1) and D, denotes the corresponding torus-invariant divisor. Implicit
in [CLS11, Theorem 8.2.3] is an 1dent1ﬁcat10n of QY™X with a subsheaf of Ox,,; this identification
comes from [CLS11, Maps (8.1.3) and (8.1.5)] and can "be described as follows. We have an inclusion of
Qd‘:’nx into the logarithmic differentials Qd‘f‘:X (log D), and the latter is isomorphic to Ox,,, via the map

Ox,, = Q"X (log D),
f f-dlogx® A--- Adlog x*?

For each p € X(1), let v, denote the first lattice point on the ray p. Having established that wyx ,, =
X (—m Zp Dp), [CLS11, Proposition 4.3.2] tells us that I" (X, u)x,m) is generated over k by the sections
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of the form y? - (dlog xy°' A --- A dlog y?)®™ for p € M such that <p, vp> > m forall p € Z(1). This
condition on the inner product implies p — g € P, and so I (X, wx ) is generated over k[P] by

x? - (dlog x' A --- Adlog y®)®™ .
Lastly, for any py,...,pq € P,

prl A A dXPd :XP1+*~+Pd ,legXPI A A legXpd
=c(pl,...,pa)xP* P4 dlog ' A - Adlog x4

Thus for any (p;, ;) ;€ pmd,

i,
m
X dxP A AdyP =2 ((Pi,j)i ,) x7 - (dlog ¥ A --- Adlog y°4)®™.
i=1

The proposition then follows from the definition of #x ,,. O
Remark 6.6. Proposition 6.5 implies that if ¢ € £ (X) with trop(¢) = w, then

ordg . (¢) =—(w,g)+ min__ m(w,pi+-+pa),
P1s-sPa €P

,,,,,,

c(p1s---spa)#0

so if w is an integer combination of lattice points on the rays of o, then ord g, ,, (¢) is divisible by m

and ,ug"r(C ) e My, for any measurable subset C C trop~ (w).

6.2. Gorenstein measure and toric modifications

In this subsection, we complete the proof of Theorem 6.1(b). We first handle the case where w = 0.
Proposition 6.7. We have

ug"r (trop_l(O)) =L 4L -1)4.

Proof. If ¢ € £ (X), then trop(¢) = 0 if and only if ¢*(p) is a unit for all p € P, which occurs if and
only if ¢ € Z(T). Thus

trop 1 (0) = Z(T) c L(X),
and because T is smooth, we have
u§ (wop™ (0)) = pur ((T)) = L~ Te(T) =L4(L - 1),
where the first equality is given by Theorem 6.1(a). O

We now only need to prove Theorem 6.1(b) in the case where w # 0. For the remainder of this
section, fix w € o N N, assume that w # 0, and let £ € Z( be such that (1/£)w is the first lattice point
of the ray 7 := Ryow. We will compute ux (trop’1 (w)) by applying the change-of-variables formula to
a certain toric modification of X. Let ¥ = Al x G4~! be the affine T-toric variety whose fan is given by
7, let D be the (irreducible) boundary divisor of ¥ and let p : ¥ — X be the toric morphism induced
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by the identity map N — N. It is standard to compute the relative canonical divisor of such a birational
toric morphism. In this case,

mKy — p*(mKx) = (%(w, q) — m) D.

For the remainder of this section, let O(—D) be the ideal sheaf of D in Y.
Proposition 6.8. The map £ (p) : L (Y) — Z(X) induces a bijection

(0rd61(7D> (5)) (k') — (trop_l(w)) (k")

for every field extension k’ of k.

Proof. Let k’ be a field extension of k. By construction, £ (p) induces a bijection (£ (Y) \ L (Y \
T))(k") — (trop™" (N N Ryow)) (k’). Therefore it is sufficient to show that

Z ()™ ((wop™ () (k1)) = (ordgy_p, (O)) (k).

By Lemma 4.7(2), it is enough to show thatif u € T¥NM, there existsu’ € ¥ NM withu+u’ € oV NM.
Consider the quotient map n: M — M/(w* N M) = Z. Since o C 7Y, we see that n(c¥ N M) C
n(t¥ N M) =N. So for any u € 7V N M, there exists n € Z¢ such that nn(u) € n(c¥ N M) — that is,
for some choice of u” € w* N M, letting u’ = u”’ + (n — 1)u, we have u +u’ € o¥ N M. O

The next proposition completes the proof of Theorem 6.1(b).
Proposition 6.9. We have

—(w.q)
pSor (trop-l(w)) L 4L - 1)4 (Ll/m) .

Proof. By Theorem 6.1(a), there exists some j,, € Z such that ord ¢, ,, is equal to j,, on trop~! (w).
By Proposition 6.8, we also have that ord g, ,, ©Z(p) is equal to j,, on ordgjl(_D) (€). Thus [CLNSI18,
Chapter 7, Proposition 3.2.5] implies that on ordél(_ D) (),

. 1 11 1 1
_Ord_]an = - ord g, oZ(p) - - (E(W,q> - m) ordp(-p) = —% - Z<W’ q)+¢,

where ordjac,, : Z(Y) — N U {co} denotes the order function of the Jacobian ideal of p. Therefore,

g (iop™ ) = [

rop~! (w)
_ (Ll/m)]w / L_Ordjacf’dﬂy — (Ll/m)lw / L_jW/m_<W’q>/m+€dluY
ordg(fD)(f) ordg(fD)(f)

—(w.q) —(w.q)
- (Ll/'") Ly (ordg(_m(f)) = L4(L-1)? (L‘/'") ,

L = (7))

where the third equality is due to Proposition 6.8 and the motivic change-of-variables formula (see, for
example, [CLNS 18, Chapter 6, Theorem 4.3.1]), and the final equality follows from

iy (ordg(_D) (e)) = e(D)(L = DL = (L - 1414,
which is a consequence of [CLNS18, Chapter 7, Lemma 3.3.3]. O
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7. Motivic measure and canonical stacks

Setd € N, let N = Z< be a lattice, let T = Spec(k[N*]) be the algebraic torus with cocharacter lattice
N, let o be a pointed rational cone in Ng, let X be the affine T-toric variety associated to o, let X' be the
canonical stack over X and let 7 : X — X be the canonical map. We assume that o is d-dimensional
and use the notation listed in Notation 2.19. We assume that X is Q-Gorenstein and let m € Z.( and
q € P be such that if v is the first lattice point of any ray of o,

(v, q) =m.

In this section, we prove the following theorem about the motivic measure u v, which mirrors Theorem
6.1 for ,ug}(or. In section 8, we will combine these two theorems to compare the measures py and u$°"

P
Theorem 7.1. Set w € 0 N N € Hom(P,N U {oo}).
(@) If C c trop™'(w) € Z(X) is measurable, then Z(7)"(C) is a measurable subset of | L (X)].
Furthermore, there exists ©,, € My such that for any measurable subset C C trop~!(w) ¢ Z(X),
ux (ZM71(0)) = Buux (O).

(b) The set £ (n)~! (rop™' (w)) C | L (X)| is measurable and

—(w,q)
e (y(n)-l (trop-l(w))) - (#ﬁ_l(w))L‘d(L— 1) (L”m) .
Remark 7.2. A priori, we only have that

(#5700 L@ - (L) e g [ > T

but by Lemma 7.9 we have either that 87! (w) = 0 or that (w, ¢) is divisible by m, so

w,q) _—

=
(#ﬁ_l(w)) L4(L - 1)4 (Ll/m) e Jy.
Before we prove Theorem 7.1, we show that it implies the next proposition.

Proposition 7.3. Let C ¢ £ (X) be a measurable subset. Then ¥ (1)~ (C) is a measurable subset of
|Z(X)| and

e (Z@7O) = Y (L@ (wopT v nC)).

weonNN

Remark 7.4. By Remark 4.6 and Theorem 7.1(a), each & (n)~! (trop™!(w) N C) in the statement of
Proposition 7.3 is a measurable subset of | £ (X)|.

Proof. Set
C=2(n70),
c”= | 2m (trop-‘(w) N c),
weonNN

™ = ¢ \ c0
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Foreachw e 0o NN,

et om0 < o (o )|
<L @ = D?|| exp(=(w, q)/m),

where the first inequality is by Proposition 3.29 and the second is by Theorem 7.1(b). For each € € R.
there are only finitely many w € oo N N with exp(—(w, g)/m) > &, so Proposition 3.27 implies that c®
is measurable and

Ux (C<O)) = Z Ux (g(ﬂ')_l (trop_l(w) N C)) .

weonNN

By Proposition 3.28 and Proposition 3.30, the set C'* is measurable and
Hx (C(m)) =0.
Therefore by Proposition 3.27, the set C = ¥ 1 C* is measurable and

uX(C)qu(C(O))z D ,uX(Z(n)_l (trop—l(w)nc)).

weonNN

We will use the remainder of this section to prove Theorem 7.1.

7.1. Canonical stacks and preimages of measurable subsets
In this subsection, we will prove Theorem 7.1(2). We begin with a couple lemmas.

Lemma 7.5. Let Y be an irreducible finite-type scheme over k with smooth locus Ysn, C Y, and let
C c Z(Y) be a cylinder such that CN L (Y \ Ysm) = 0.

Then there exists some nc € N that satisfies the following: For any field extension k' of k, anyn > nc¢
and any ¢, € Z,(Y) (k") with image in 0,,(C), there exists some ¢ € L (Y) (k") with image in C such
that 0,(¢) = ¢n.

Proof. By [CLNSI18, Chapter 5, Propositions 1.3.2(a) and 2.3.4], there exists a function ordjacy :
Z(Y) - NU {co} and some ¢ € Z¢ such that

o forevery n € N, the set ordjac;,1 (n) ¢ Z(Y) is a cylinder;
o the image of Z(Y) \ Z(Y \ Ysm) under ordjacy is contained in N; and
o forevery n € N, field extension &’ of k and ¢, € &, (Y) (k") whose image in &, (Y) is contained in

0, (ordjac{,1 (n’)) for some n’ < n/c, there exists some ¢ € Z(Y)(k’) with 0,,(¢) = ¢,,.

Because CNZ (Y \ Ysm) = 0, the collection {ordjac{,1 (n) }n < is a cover of the cylinder C by cylinders.
Thus by the quasicompactness of the constructible topology of & (Y) (see, for example, [CLNS18,
Appendix, Theorem 1.2.4(a)]), there exists some n., € N such that C C U:g ordjac;] (n). Letnc €N

be such that nc > cn. and such that C is the preimage under 6,,.. of a constructible subset of Z, . (Y).

Now let k” be a field extension of , let n > n¢ and let ¢,, € &, (Y)(k’) have image in 6,,(C). Then
the image of ¢,, is contained in 6,, (ordjac;1 (n’)) for some n’ < ng. < nc/c < nfc, so there exists some
w e LY)(k") with 6,(¢) = ¢,. Because C is the preimage of a subset of &, (Y), the arc ¢ has image
in C. =

Lemma 7.6. Let Y be a finite-type scheme over k, let Y be a smooth Artin stack overk, let&é :' Y — Y be
a morphism, let C ¢ L (Y) be a cylinder and set C = Z(£)™1(C) c |Z ()|

https://doi.org/10.1017/fms.2022.3 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.3

44 M. Satriano and J. Usatine

Then C is a cylinder and there exists some ng € N such that for all n > ny,

0(C) = ()™ (6(C)).

Proof. We first note that for all n € N, we have an obvious inclusion
00(C) C Zu (€)™ (84(C)).

Because C is a cylinder, there exists some ng € N and some constructible subset Cy,, C &, (Y) such
that C = (6,) " (Cyy). Then

C=2&)" ((0,10)‘1 (Cno)) = (6n) ™ (Zn(f)“ (Cno))

is a cylinder because %, (¢)~! (Cny) is a constructible subset of |Z,())|. We will finish this proof by
showing that for any n > ng, we have 8,,(C) > Z, (€)™ (6,(C)).

Setn > ng and ¢, € Z,(¢)71(6,(C)). Because ) is smooth, there exists some ¢ € |Z())| such
that 6,(¢) = @n. Then 0,(Z(£)(9)) = Zu(€)(#n) € 02(C), s0 Z(€)(¢) € (,)7'(6,(C)). But

(6,)71(6,(C)) = C, because C = (6,)" ((920)_] (Cno)) is the preimage of a subset of &, (Y). Thus

Z(€)(p) € C, which implies ¢ € C and ¢, € 6,,(C). O
We may now prove the special case of Theorem 7.1(a) where C is a cylinder.

Proposition 7.7. Setw € o NN. IfC C trop™! (w) € Z(X) is a cylinder, then ZL(m)~N(C) c |L(X)|is

a cylinder. Furthermore, there exists some ©,, € My, such that for any cylinder C C trop~' (w) ¢ Z(X),

ux (Z(m7(C)) = Ouux(O).

Proof. Let ny,, 0., {Fn}tnzn, be as in the statement of Theorem 5.1, and let Rirop~1 (w) be as in the
statement of Lemma 7.5 (with ¥ = X and C = trop~!(w)). We show that if n > max {nw, Nirop-! (W)}
and C,, C 6, (trop™!(w)) is constructible, then

e (Z(m () = Bue(Ca).

Let n > max {ny,, nyop1 (w) }» let k” be a field extension of k and set ¢, € Z,(X)(k’) with image in
On (trop‘1 (w)). Then by our choice of Nirop-1 (w)» there exists some ¢ € Z(X) (k') such that trop(¢) = w
and 0,,(¢) = ¢,. Then by our choice of n,, and F,,,

gn(”)_l(‘ypn)red = F, ok’

Therefore Proposition 2.5, Remark 2.7, and Proposition 2.8 imply that for any constructible subset
Cn C 0, (trop~H(w)),

e (Z(m)1(C)) = e(Fa)e(Ca) = Bue(C),
where the second equality holds by our choice of n,,, ®,,, F,,.
Now let C ¢ trop~'(w) be a cylinder, and let C = Z(n)”'(C) c |Z(X)|. Then C is a cylin-
der by Lemma 7.6. Let ng be as in the statement of Lemma 7.6 (with & = m). Then for any
n 2 max {7y, Ryop- (w)» M0}

e(04(C)) = & (L (1) (01(C))) = One(04(C)),
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where the first equality holds by our choice of ng. Therefore
px(C) = lim e(6,(C))L~(n+D) dim X
=0, lim e(@n(C))L—(nH)dimx
n—oo

= G')w/JX(C)' O
Now we may complete the proof of Theorem 7.1(a) in general.

Proof of Theorem 7.1(a). Set w € o N N, let ©,, be as in the statement of Proposition 7.7 and let
C c trop~!(w) be a measurable subset of Z(X).

For any & € R. and any cylindrical e-approximation (C'?, (C?)._,) of C, Proposition 7.7 im-
plies that (Z(m)~! (), (Z(m)~! (€?D)),_,) is a cylindrical ]|®,, ||-approximation of Z (7)~!(C).
Therefore £ (7)1 (C) is measurable, and by another application of Proposition 7.7,

(2070 = O ux (©), o

7.2. Quotient by an algebraic torus

In order to apply Theorem 3.9 to prove Theorem 7.1(b), we must rewrite our fantastack as the quotient
by a torus. The following result provides an explicit way to do so:

Proposition 7.8. Define N :=N®@N and let & = & x {0}. Letting X be the toric variety associated to
@, there is a T-action on X and an isomorphism [)?/T] 5 X such that X — [)’(\/YA:] S x5 Xisthe
toric morphism induced by v @ id: N - N.

Proof. For ease of notation, let v = v @ id and consider the stacky fan (o, v). One computes that
cok (v*) = M and hence G = T. As a result, X5 = [)? /T] for an appropriate T-action on X.
Next note that X is, by definition, the toric stack Xz ,, and consider the following commutative

diagram, where the vertical maps are stacky fans and the horizontal maps are morphisms between the
stacky fans:

c——0 ——>o0o
N—sN—23N
N=Ny zﬂ

This induces morphisms X — [)? / f] — X of toric stacks, and the composite is the morphism 7.
By [GS15a, Lemma B.17], the former map is an isomorphism of toric stacks; this is the inverse of our

desired isomorphism [)? /T] — X. Lastly, we see that the toric morphism X - [}? /7~"] — X is induced

by the rightmost map in the top row of the diagram, namely V' N = N. m}

7.3. Canonical stacks and preimages of cocharacters

We end this section by proving Theorem 7.1(b).

For the remainder of this section, let » = rk N ,let vy, ..., v, be the first lattice points of the rays of
o, letey,...,e, be the generators of N indexed by the rays R>gvy,...,Rsqv,, so
Blei) =v;
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foralli € {1,...,r}, and let fi,..., f, be the basis of M dual to ey, ...,e,. Thus fis. .., fr are the
minimal generators of the monoid F.

Lemma 7.9. We have the equality
m(fi++f)=q
Proof. Because the inclusion P < F'is dual to 3,
(eirq) =m
foralli € {1,...,r}. Then
m(fi+-+ fr) =ler, @) fi+-+{er. ) fr = 4. °

For the remainder of this section, let N , o and X be as in Proposition 7.8. Let p : X — X be the
composition X - [)? / T] = X, where the T-action on X and the isomorphism [)? / T] — Xare as in the

statement of Proposition 7.8;let Dy, . . ., D, be the divisors of)/(\indexedlly e1®0,...,e,00 ¢ N®N =
N, respectively; and let O(-D)), ..., O(=D,) be the ideal sheaves on X of Dy, ..., D,, respectively.
Note that for all i € {1,...,r}, the ideal O(-D;) is generated by the monomial in k[F & M] indexed
by f; @ 0.

Proposition 7.10. Ser w € o N\ N. Then
2y (2@ (wop m)) = U (ﬂord_ol(—Di) (<w,fi>>) .
wepl(w) \i=1

Proof By Remark 4.6 and Lemma 4.7(2), it is enough to show that for any f € &V N N*, there exists
f " € &Y N N* such that f +f f” is in the i image of o N M. By the definition of ¥, the map

P=0c'NnM -5 NN"= (&W\M)@O:F@O
is precisely p — (p,0). The result then follows from Proposition 2.14. O

We may now complete the proof of Theorem 7.1(b).
Proof of Theorem 7.1(b). Setw € o N N, and set

C=%(p)" (.52(n)-1 (trop-l (w))) c ()?) .

Then
o r
uz (€)=nz| U (ﬂordc?l(—Di)((W’ﬁ)))
wepl(w) \i=l
= > ug (ﬂordal(_,)i)(@ﬁ)))
weB(w) i=1
- Z (L _ 1)r+dL—(r+d)—Zf:] (W,ﬁ)
wep! (w)
= Y @-yrprd-tnaim
wep! (w)

(#ﬁ_l (W)) (L _ 1)r+dL—(r+d)—(w,q)/m’
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where the first equality is by Proposition 7.10, the second is by Proposition 2.15 and the fact that the
union in the first line is disjoint, the third equality is by [CLNS18, Chapter 7, Lemma 3.3.3] and the
definition of X and Dy, ..., D, and the fourth equality is by Lemma 7.9.

The set Z(n)~! (trop™' (w)) c |Z(X)| is a cylinder, by Remark 4.6 and Proposition 7.7. Then by
Theorem 3.9,

Hx (S(n)‘l (trop_l(w))) =g (5) e (f)_] dimT

= (#57!(w) (L = DL Cra i,

8. Stringy invariants and toric Artin stacks: Proof of Theorem 1.7

We complete the proof of Theorem 1.7 in this section. Set d € N, let N = Z¢ be a lattice and let
T = Spec(k[N*]) be the algebraic torus with cocharacter lattice N. We recall the following lemma,
whose proof is standard:

Lemma 8.1. Let o be a pointed rational cone in Ng, and assume that the affine T-toric variety associated
to it is Q-Gorenstein. Then there exists a d-dimensional pointed rational cone o in N such that o is a
face of o and the T-toric variety associeted to T is Q-Gorenstein.

Remark 8.2. By Remark 1.8, Proposition 2.18, Proposition 3.27, Proposition 3.31, Proposition 3.32
and Lemma 8.1, to prove Theorem 1.7 it is sufficient to prove the special case where X is the canonical
stack over an affine T-toric variety defined by a d-dimensional cone in Np.

Set o be a d-dimensional pointed rational cone in N, let X be the affine T-toric variety associated
to o, let X be the canonical stack over X, let 7 : X — X be the canonical map and assume that X is
Q-Gorenstein. We will use the notation listed in Notation 2.19.

Proposition 8.3. Setr W € o N N. Then
U trop~! (w)
wew

is a measurable subset of & (X).
Proof. We have that Z (X \ T) is a measurable subset of & (X), because X \ T is a closed subscheme
of X. For each w € o N N, the set trop~! (w) is a measurable subset of £ (X) by Remark 4.6. Also,
P(X\T)U U trop~! (w) = Z(X)
weonNN

is measurable and disjoint, so for any € € R, there are only finitely many w € o N N such that
||eex (trop=(w))|| = &. Thus U,, cw trop™" (w) is a measurable subset of Z (X). o

Proposition 8.4. The function sep,, : Z(X) — N has measurable fibres.
Proof. Theorem 4.9 implies that for any ¢ € £ (X) with trop(¢) € c N N,

sep, (¢) = #87! (trop(¢)).

Thus, noting that each ,8‘1 (w) is finite, we have that for any n € N,

sep,‘r] (n) = (sep;r1 (M NZL(X\ T)) U U trop™ ! (w)
weonNN

#8871 (w)=n
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is measurable by Proposition 8.3 and the fact that ux (£ (X \ T)) = 0, which implies that any subset of
Z (X \T) is a measurable subset of £ (X). O

For the remainder of this section, we will use the fact that by Proposition 8.4, the integral f cSePx d/,tg;("r

is well defined for any measurable subset C ¢ & (X).
We end this section with the next proposition, which along with Remark 8.2 and Proposition 8.4
implies Theorem 1.7.

Proposition 8.5. Let C be a measurable subset of £(X). Then % (n)~'(C) is a measurable subset of
|Z(X)| and

pe(2@71©0) = [ sepgau

Proof. By Proposition 2.3, Proposition 7.3 and the fact that

px | Z(X)\ U trop_l(w)) =ux (Z(X\T)) =0,

weonNN

it is enough to prove the statement for each trop~' (w) N C. In other words, we may fix w and assume
C c trop~'(w).

We first note that £ (7)~!(C) ¢ |Z(X)| is measurable, by Theorem 7.1(a). Let m € Z-o and g € P
be such that (v, g) = m for any first lattice point v of aray of o. Let j,, be as in the statement of Theorem
6.1(a), and let ®,, be as in the statement of Theorem 7.1(a). By Theorem 6.1(b) and our choice of j,,,

(L”’")jw px (wop™ (w)) = " (twop™ (w)) = L7 (L~ 1) (IL,I/’")_(W’C’> .

In particular, ux (trop_1 (w)) is a unit in ’%\k [Ll/ m]. Then by the foregoing equality, Theorem 7.1(b)
and our choice of ©,,,

(#7000 (L17)™ pux (wop~ ) = (8" o)) Lo - 1y (20)
= px (Z(0" (wop™ (w)))
= Oy (trop™! (w)
0
0, = (#ﬁ—l(w)) (Ll/’")jw .
Therefore, by our choice of ®,, and j,,,
ux (Z(070) = Buux(©)
= (#8700 (L) ax ()
= (#87'w)) u§7(C)
= /C sep , du§,
where the last equality is by Theorem 4.9. O
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9. Fantastacks with special stabilisers: Proof of Theorem 1.11

The goal of this section is to prove Theorem 9.1, which characterises when a fantastack has only special
stabilisers, and then to use this characterisation to prove Theorem 1.11. For simplicity, we state the
criterion Theorem 9.1 only in the case where the good moduli space is affine (and defined by a full-
dimensional cone).

Throughout this section, set d € N, let N = Z< be a lattice and let 7 = Spec(k[N*]) be the algebraic
torus with cocharacter lattice N.

Theorem 9.1. Let X = F,, be a fantastack with dense torus T and keep the notation listed in Definition
2.12. Then the following are equivalent:

(i) The stabilisers of X are all special groups.
(ii) Forall I c {1,...,r}, the set {v(e;) | i € I} is linearly independent if and only if it can be
extended to a basis for N.
(iii) For some n € N, we have X = [AZ/G"m], where G, acts on Az with weights wy,...,w, € Z"
such that for all I c {1,...,r}, the set {w; | i € I} is linearly independent if and only if it can be
extended to a basis for Z".

The following is an immediate consequence of Theorem 9.1, noting that taking a canonical stack is
compatible with taking products of toric varieties:

Corollary 9.2. Let o be a pointed rational cone in Ng, and let X be the canonical stack over X. If
V1,...,Vyr € N are the first lattice points of the rays of o, then the following are equivalent:

(i) The stabilisers of X are all special groups.
(ii) Foralll c {1,...,r}, the set {v; | i € I} is linearly independent if and only if it can be extended
to a basis for N.

Before proving Theorem 9.1, we use Corollary 9.2 to prove Theorem 1.11.

Proof of Theorem 1.11. Let X be atoric variety over k, let 7 : X — X be its canonical stack (see Remark
2.21) and assume that the stabilisers of X are all special groups. By Proposition 2.18 and the definition of
sep,, we may assume that X is the affine 7-toric variety defined by a pointed rational cone o~ in Ng. It is
easy to check, for example by using Corollary 9.2, that because the stabilisers of X are all special groups,
the cone o is a face of a d-dimensional pointed rational cone in Ng whose associated toric variety has
a canonical stack with only special stabilisers. Therefore we may assume that o is d-dimensional and
use the notation listed in Notation 2.19. Then by Proposition 2.15, Theorem 4.9 and the fact that

ux (2N ) wop™ (w)] = px (L(X\T) =0,

weonNN

it is sufficient to show that g is surjective.

Set w € o N N. We will use Corollary 9.2 to show that w is in the image of 8. Let X be a simplicial
subdivision of o whose rays are all rays of o, and let o, € X be a cone containing w. By Corollary
9.2, the cone o, is unimodular, so w is a positive integer combination of first lattice points of rays of
0. Therefore w is in the image of g by the definition of 3, and we are done. m

The remainder of this paper will be used to prove Theorem 9.1.

9.1. A combinatorial criterion for special stabilisers
We start with some preliminary results, the first of which is a standard fact.
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Lemma 9.3. If A and B are finite-rank lattices and

O—>AL>B—>C—>O

is a short exact sequence, then cok( f*) is finite. Moreover, C is torsion-free if and only if f* is surjective.
q Yy ]

Proof. Letting Cio; be the torsion part of C, applying Hom(—, Z) to the short exact sequence
0—>Cmr—>C—>E—>O,
we see that Ext! (C, Z) = Ext!(Cyr, Z), which is finite. Then from the exact sequence
0 C -8 15 A" S Ex(C,Z) 0,

we see that cok(f*) is finite and that f* is surjective if and only if Ext' (C,Z) = 0 if and only if C is a

lattice. m]
Lemma 9.4. Let A be a lattice and suppose vy, . .., v, € A span Aq. Then the following conditions are
equivalent:

1. A/Ycs Zv; is torsion-free for all S € {1,...,r}.
2. ForeveryS C{l,...,r}, if{vi | i € S} is a Q-basis for Aq, then it is a Z-basis for A.

Proof. To ease notation, define Lg := ;g Zv; and Lgat :=AN(Ls)gforall S € {1,...,r}. Note that
Al Lfgat is torsion-free, so L;at is a direct summand of A. It follows that A/ Lg is torsion-free if and only if
Lgat /Ls is torsion-free, and since LSSat /Ls is finite, we see that condition (1) is equivalent to Lg = L;at.

Now suppose that condition (1) holds and set S C {1,...,r} such that {v; | i € S} is a Q-basis for
Ag. Then Lg = L = A, so {v; | i € S} is a Z-basis for A.

Conversely, suppose condition (2) holds, and let S C {1,...,r} be any subset. Choose S’ C § such
that {v; | i € S’} form a Q-basis for (Ls)g. Since the Q-span of vy,...,v, is Ag, we can choose
S” c{1,...,r}\ Ssuchthat {v; |i € S"US"”} form a Q-basis for Ag. It follows that {v; | i € S"US"}
is a Z-basis for A, and hence A = Lg & Lg».

To show that condition (1) holds — that is, A/Lg is torsion-free — it thus suffices to show Lgs = Lg.
To see why this equality holds, set j € S and write v; = };cs a/v; + X a;'vi, with aj,a;’ € Z. On
the other hand, by the definition of S’, we can write v; = 3;c¢ b/v;, with b] € Q. Equating our two
expressions and using the fact that {v; | i € §" U 8"} is a Q-basis for Ag, we see that ;" = 0 for all
iGS'/.SOVjELS/. 0O

Lemma 9.5. Let X = [Az /G”m], where G, acts with weights w1, ..., w, € Z" which span Q".? Then
X has special stabilisers if and only if for every S C {1,...,r}, if {w; | i € S} is a Q-basis for Q", then
it is a Z-basis for Z".

Proof. Since the stabilisers of X’ are subgroups of G, , they are special if and only if they are connected.
Let w; = (a;1,...,ain) € Z". Given a point x = (x1,...,x,) € A, let S, = {i | x; # 0}. Then the
stabiliser G of x is the set of (41, ...,4,) € G, such that H?:] /l?ij =1foralli € S,. In other words,
we have a short exact sequence

156G, -G 565 51,

where for i € Sy, the ith coordinate of ¢(4y,...,4,) is given by H;’Zl /lj.lij . Taking Cartier duals

D(-) := Hom(—,G,,), we see that D(G,) is the cokernel of the map Z5* — Z" sending the ith
standard basis vector to w;. By Cartier duality, G is connected if and only if D(G,) is torsion-free.

2Note that we do not assume X is a fantastack here.
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We have thus shown that A has connected stabilisers if and only if Z"/}};cs Zw; is torsion-free for all
subsets S C {1,...,r}. Lemma 9.4 then finishes the proof. m]

‘We now turn to Theorem 9.1.

Proof of Theorem 9.1. The map v: Z" — N has finite cokernel, or equivalently, v* is injective. So we
have a short exact sequence

a

A 0.

0 ML (Z)

By the construction of fantastacks, we have X' = [AZ / G] , where G is the Cartier dual of A. Note that G
is the stabiliser of the origin, and it is connected if and only if A is torsion-free. By Lemma 9.3, this is
equivalent to surjectivity of v.

So we may now assume v is surjective, and in light of Lemma 9.5, we need only establish the
equivalence of conditions (ii) and (iii). By Lemma 9.4, condition (ii) holds if and only if cok (v|zs) is
torsion-free for all subsets S C {1,...,r}. Letting e} € (Z")" denote the dual linear functional, notice
that o (e;‘) is the ith weight for the G-action on A;. Given any subset S C {1,...,r}, welet S’ denote the

complement of S. We have a natural inclusion (Z5)" C (Z")* with cokernel (Z%)". Another application
of Lemma 9.4 shows that condition (iii) holds if and only if Qg := A/a ((ZS)*) is torsion-free for

all S. We show that this latter condition is equivalent to cok (v|zs) being torsion-free for all subsets
Sc{l,...,rh
Consider the diagram

0 0 0
0——B—— (Z5) Os 0
T
0—=M "= (Z) —*—A 0

where B is the image of 7 o v* and C = (ZS/)* N ker a; in particular, all rows and columns are exact.
Note that all Z-modules in this diagram are torsion-free, with the possible exception of Qs. Applying
Hom(—, Z), we have the diagram

0 0% z5 B* Ext'(Qs,Z) —= 0

0 A L7
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where all rows are exact and all vertical maps are injective. We see then that
cok (v|zs) = Ext' (Qs, Z).

Letting Qs 1or € Qs denote the torsion part, we have Ext' (Qs,Z) = Ext! (Qs 1or, Z), which is finite, so
cok (vzs) is torsion-free if and only if Ext! (Qg, Z) = 0 if and only if Qg is torsion-free. O

10. Quotients by SL, and cones over Grassmannians

Until now, we have only considered stacks with abelian stabilisers. In this section, we verify Conjecture
1.1 and Conjecture 1.2 for nontrivial examples where the stabilisers are nonabelian. Our primary running
example in this section is a stack X = [AS/ SLZ] whose good moduli space is the affine cone over the
Grassmannian Gr(2,4) with respect to the Pliicker embedding; we will additionally verify Conjecture
1.2 and answer Question 1.4 for a stack X' = [AZ’ / SL2] whose good moduli space is the affine cone
over the Grassmannian Gr(2,r). The cases we consider are particularly interesting because, unlike
fantastacks, we show here that ux (sep;l (c0)) #0.

We begin by setting up some notation. Throughout this section, fix some r € Z.; and let [r] =
{1,...,r}. Let X = A" which we think of as 2 X r matrices with coordinates

Y1 - Yir
Yo yar)
There is an SLy-action on X given by left multiplication. The invariant functions are generated by

_ Ir]
the 2 X 2 minors, and so the quotient X = X/SL, C A,E 2) is the affine cone over the Grassmannian
Gr(2,r) with respect to the Pliicker embedding of Gr(2,r). Letting {xg,m [1<t<m< r} be the
)

Set X = [f /SLz], let p : X — Xbe the quotient map and let 7: X — X be the good moduli space

map. Note that all stabilisers of X are special: the zero matrix has stabiliser SL;, a full-rank matrix has
trivial stabiliser and a rank 1 matrix has stabiliser G,,.

r1 ~
coordinates on AIE 27, the quotient map X — X sends each x¢ ;|x to the (£, m)th minor of the matrix.

Remark 10.1. When r > 3, the exceptional locus of 7 has codimension at least 2: it is straightforward

)

n]
to check that if U c X is the intersection of X with the complement Gr,(nz of the coordinate axes of

A,(([’ZI]), then 7| ;-1 () : a1~ (U) — U is an isomorphism; and when r > 3, the complement of 7~! (U) in
X has codimension at least 2.
The next two propositions verify Conjecture 1.2 and answer Question 1.4.
Proposition 10.2. For r > 2, Conjecture 1.2 holds for m: X — X.
Proposition 10.3. Forr > 2, we have ux (sep;rl (c0)) # 0, answering Question 1.4 for n: X — X.

Foranyw € (NU {oo})([gl) ,let C™W) ¢ Z(X) denote the subset of arcs whose prescribed vanishing
orders with respect to the Pliicker coordinate are given by w. More precisely,

CW= () ord) | (wem)C LX),

t<me(r]

Note that if w € N(Igl), then C™ is a cylinder.
Remark 104. If w € ((N v {00})([21) \N([gl)), then CW) is a measurable set with pix (C(w)) =0.
With this notation, we now prove Proposition 10.2 and Proposition 10.3.
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Proof of Proposition 10.2. Ttsuffices to show that away from a set of measure 0, every arc ¢ € £ (X) (k")
lifts to an arc in Z (X) (k’), where k” is an extension field of k. By Remark 10.4, we may assume ¢ € C(W)

with w = (w; ;) € N(%). Without loss of generality, we may additionally assume w; = min (wij)-
Let the map on coordinate rings induced by ¢: Spec(k’[1]) — X send x; j|x to g; ; € k’[¢]. Let
ve& (f ) be the arc given by the matrix

0o - - e =
(81,2 82,3 82,4 82,r 3)

01 81,381_,12 81,481_,12 gl,rgl_,lg '

. [r] . . . .
Note that all g; ; are nonzero, since w € N( 2 ), and all entries of the matrix are in k’[[7], since
w12 = min (wl-,j). Note further that the (i, j)th minor of the matrix is precisely g;, ;; this is clear when
i € {1,2}, so the Pliicker relations ensure that it remains true for all (i, j). As a result, ¥ is a lift of ¢,

and hence ¢ = Z(p) (J) € ZL(X) is alift of ¢. O

Proof of Proposition 10.3. As in the proof of Proposition 10.2, it suffices to show that sep, is infinite
on C") under the assumption that w = (w; ;) € N(5) and 1 < w12 = min (w; ;). Again, set ¢ € C)
and let ¢: Spec(k’[t]) — X send x; j|x to g; j € k’[¢]. Then for any & € k’[[¢], we obtain a lift

ypeZ ()? ) of @, where i, is the arc given by the matrix

8120 —82,3 —82,4 —82.r
ho1(g13- hgz,s)gilz (814 — h82,4)gf,]2 (g1 - hg2,r)g[12 ’

Notice that for any h, " € k’[¢] for which h” — h is not divisible by -2, there is no A € SLo(k’[7]))
for which Ay, = . Indeed, the unique A € SL,(k’(¢)) with

120} _(£120
a5z 9= (52

is given by

1 0
A = ’ - B
((h pRQLIE! 1)

which is not in SLy(k’[[7]), by the assumption on 4’ — h. Noting that wy » > 1, it follows that sep,, is
infinite on C(W). O

There are two features of the proof of Proposition 10.2 that we wish to highlight. First, for the
matrices in expression (3) to define arcs of £ (&), we needed not w; » = min (wi,j) but rather wi, <
W13, s Wir, W23, ..., W2 . Second, for any i < w; » we have many more lifts of ¢ given by matrices
of the form

81207 0 —go3t™ —gogrt -0 =gyt
o 7 81,381_,12# g1,4g1_’121’ gl,rgl_’lztl '

With this as motivation, we introduce the following sets. For any i,w;» € N and w; =
(W1,3, ces wl’r) , Wy = (W2’3, ey Wz,r) e N2 satisfying

20 S Wi SWI3s e s Wi W23, e, W r,y (%)
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let Z(5-1.2:%1,W2) e the subset of & (}? ) whose k’-valued points, for any extension k’ of k, are the 2 x r
matrices of the form

fia 0 fiz fia - fir
0 1 fos foa - for)’

where fi.1, fi3, ..., fir 2.3, .. for € k' 2] satisfies

ord; (f1,1) =wi2 -1,
ord, (f1,7) =waj — i, forall j=3,...,r,
ord, (fo,7) =wi,j —wip+i, forall j=3,...,r.

Note that the condition (x) guarantees that these vanishing orders are nonnegative. For any i, w; € N
and wy, wo € N2 satisfying (), set

climam) = g (p) (Z(mavw)) ¢ |2()

and set

C(WI,stlsWZ) — U C(W)’

w

where w varies over all elements of (N U {oo})(lgl) whose (£, m)th entry is equal to wg ,, for all
t,m) =(1,2),(1,3),...,(1,r),(2,3),...,(2,r).

Last, although (for ease of notation) we have chosen to define all of these sets with w ; playing a
special role, by symmetry of the Pliicker coordinates, we obtain many analogous sets as follows. Note
that there is a natural S,--action on X given by permuting columns of the matrices in X; by functoriality,
this descends to an S,--action on the good moduli space X. Let

C((;‘,WI,Z,WI,WZ) =0 (C(i’WI,Z,Wl»WZ)) c |$(X)| and CS_W].Z,W],WZ) = (C(leg,WI,W2)) C g(x)

Definition 10.5. Let S’ be the collection of pairs

(C((stWI,stl W2) ’ Cg_WI,Zsz W2) )

withi,w;> € Nand wi,wy € Nr-2 satisfying (x), and o € S,. Let S C &’ be the subset consisting of
pairs where i > 0.

Remark 10.6. Since the S,--actions on £ (X) and & (X) are measure-preserving, to prove Conjecture 1.1

for (Cg’wl’z’wl’wz), C((Twl’z’wl’wz)) it is enough to prove the conjecture for (C(i’w"z’w"wz), C(W1~2’W1’W2)).

The next proposition verifies Conjecture 1.1 for an infinite collection of pairs (C, C) such that the
C cover Z(X) up to measure 0. Our collection of (C, C) involves nonabelian stabilisers in a nontrivial
way by the fourth bullet point in the proposition. Furthermore, for every C we prove Conjecture 1.1 for
multiple different choices of C, thereby illustrating the flexibility of the conjecture in choosing C.

Proposition 10.7. Set r € {3,4} and let S C S’ be the collections of measurable subsets of | L (X)| X
Z(X) given in Definition 10.5. Then

o Sis an infinite set;

o forall (C,C) € 8, the measurable sets C and C both have nonzero measure;

o the complement of | ¢ cyes C has measure 0;

o forall (C,C) € S, every y € C has special point mapping to the point with SL, stabiliser;
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o C=Z(n)(C) forall (C,C) eS8’ ;and
o Conjecture 1.1 holds for all (C,C) € 8’ —that is,

ua(0 = (€0 20 (0) = [ sepycau§™

Remark 10.8. By definition, for every (C,C) € S and ¢ € C the matrix corresponding to i specialises
to the 0 matrix. As a result, the special point of ¥ maps to the point in X with SL, stabiliser, justifying
the fourth bullet point of Proposition 10.7.

The remainder of this section is concerned with the proof of Proposition 10.7. To compute
U (C (WL%WI’WZ)), it is enough to compute p$°" (C™)), which is done in Proposition 10.9 (the only

result in this section where we impose r € {3,4} as opposed to r > 2).

Proposition 10.9.

(a) Supposer =3, and set w = (w1,2, w13, wz,3) € N([g]). Then X is smooth, and

ﬂ)G(OI‘ (C(W)) — (L _ 1)3L_3_W1,2_W1,3_W2,3'

"]
(b) Suppose r =4, set W= (W12, W34, W13, W24, W14, W2 3) € N(2) and set

m=min (Wi + w34, Wi 3+ Wwaa,wia+was),

J=-5+m—-wip—W34—W13—W24—Wi4—W23.
Then X has log-terminal singularities, and

0, exactly one of wi o + w34, W13+ W4, W1 4 + W23 equals m,
,ugor (C(W)) =4 (L-1)L/, exactly two of wip + W3 4, Wi 3 + Waa, Wi 4 +Wa 3 equal m,
(L - 1)4(L - Z)L], all three OfW],g +W34,W13+W24,W14+W23 equal m.

Proof.

B3]
(a) This is immediate from the fact that X = A,E 2 ).
(b) We only sketch the proof, as the details are somewhat extensive but do not involve any novel ideas.

4]
We have that X is defined in A,E 2) by the vanishing of a single polynomial x| 2x3 4—x1 3X2 4+X1 4X2 3.
This polynomial is nondegenerate with respect to its Newton polyhedron, so the claim follows from

2)

[
standard techniques: a certain toric modification of Alg */ gives a resolution of X (see, for example,
[SV09], especially the discrepancy computation in the proof of [SV09, Proposition 2.3]). Note that
4]
to get our claim from these techniques, one needs to verify thate | X N G,(nz )) =(L-13L-2),
4l
which, for example, follows from the relationship between X N G,(nz ) and the realisation space of
the rank 2 uniform matroid on four elements (see, for example, [Kat16, Proposition 9.7]), which
has class L — 2.
O
We next turn to the computation of px (C(i’wl~2’w' w2) ) This is the technical heart of this section.

Proposition 10.10. Let i, w2 € Nand wi = (w1 3,...,W1i,), Wo = (W23,...,wa,) satisfy (*). Then

cliwiamm) 4o 4 cylinder in | %, (X)| and
/JX (C(i»WI,Z»WlsWZ)) — (L _ 1)2r—3L—(2r—3)+(r—4)w1’2—(w1,3+--v+w1,r+w2’3+~~-+w2,r) .
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Proof. To ease notation, set Z = Z(wi2.wiw) ang C= C(i’wl~2’w"w2). For any n € N, let Z,, be the
locally closed subscheme of &, (52 ) whose A-valued points, for any k-algebra A, are the 2 X r matrices

of the form
(”1,1tW1v2_i 0 u1’3IW2,3—i u1,4tW2*4_i . ul’rtWZ’r_i
0 £t u2’3tw1,3*w1,2+i u2’4tw1,4—w1,2+i . uz’rtwl’riwl‘z-#i 5
where uy 1, u13, ..., U1, U2 3, ..., U, are all units in A[¢]/(£"*!); so by construction,
Z, =0,(2).

Thus for any n € N,

0n(C) = Zn(p)(Zn). “

Now set ng = max (w1 2,i, w23, ..., War, Wi 3 +10,...,Wwi,+i). We will show that

C =0, (ZLuy(p) (Zny)) -

One inclusion is clear from equation (4). To show the other inclusion, let k” be a field extension of k and
Y be a k’-point of 6, (Zu,(p) (Zn,)). For the sake of showing the desired inclusion, we may extend

k’, so we may assume there exists a k’-point {p'm) of Z,, such that &, (p) (LZ,,O) = 0,,(¥). Because

p : X — Xis smooth, there exists a k’-point y of & ()?) such that 6, (J) = Jno and Z(p) (J) = .
We want to show that there exists some g € SL,(k’[[z])) such that g - ¢ € Z, as this would imply that
v = Z(p) (1,17) = Z(p) (g : J) € Z(p)(Z) = C. By our choice of ng and the fact that 6,,, (J) € Zy,,

the arc i is equal to

( fia hiat™ fis fia e f1,r)

ho 1 1" hy ot o3 s e o
for some hy 2, b1, ha2 € k’[[t] and some fi.1, fi3,-- -5 firs 235 - - -5 for € K'[[2] satisfying

ord; (fi,1) =wi2—1,
ord, (f1,j) =waj — i, forall j =3,...,r,
ord, (f2,7) =wi,; —wip+i, forall j=3,...,r.

Let h € k[ ] be the (1,2)th minor of . We have & # 0, because & and fi.1t" have the same image in
k'[t]/ (t"0+1), and the latter image is nonzero by ng > w ». Thus there exists some g € SLy(k’(#])) such

that
| fia hipt™*t (TP O
8 h2’1tn0+1 ti+h2’2tno+1 - 0o )
Then

. 71 . .
1 Sfa hipt"™*t \ (7 O\ _ ( fiath! hy pr™* 1
8 - hz’ltn()+l £ +h2’2tno+l 0 £ - hz’ltno+l+lh—l o+ hz’ztn(ﬁlﬂ .
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Because & and f; 1" have the same image in k’[]/(#"0*!) and ny > w1 = ord, (f1,17"), we have that
ord, (h) = wy 2. Together with the fact that ny > i, this implies that the entries~0f g‘1 are all elements of
k’[[7], so g € SLy(k’[[2]]). We will now show that g - ¢y € Z. We see that g - ¢ is equal to

ht™ 0 his hig - hy,
0 ' has hay -+ o,

for some hy3,...,h1,, h23, ..., ho, € k’[[2], and we have already shown that ord, (ht™) = wy, —i.
Forany j =3,...,r,let g1 ; € k’[t] (resp., g2,; € k’[¢]) be the (1, j)th (resp., (2, j)th) minor of y.
Then for any j = 3,...,r, we have that —fl,jti and g, ; (resp., fi,1/2,; and q1,;) have the same image
in k’[¢]/(t"*1), so because ng > w, ; = ord, (—f1,;1') (resp., ng > wi; = ord,(fi,1/2,)), we have
ord (q2,7) = wa,; (resp., ord; (g1, ;) = wy ;). Because g € SLo(k’[[7])), the matrices ¥ and g - ¥ have
the same minors, so

ord, (h1,j) = ord; (—qa,;t™") = waj — i, forall j=3,...,r,

ord, (s, 7) = ord; (1, 7H7"17) = wi s = w12+, forall j=3,....r.

We have thus verified that g - / € Z, so ¢ € C, and thus we have finished showing

C= Oy (Zny(P) (Zny)) -

Because %y, (p) (Zy,) is a constructible subset of £, (X) by Chevalley’s theorem for Artin stacks [HR 17,
Theorem 5.2], this implies that C is a cylinder. We will use the remainder of this proof to compute w1 (C).

Set n; = max(ng,2i — 1). For any n > ny, let H,, be the closed subscheme of £, (Aixz) whose
A-valued points, for any k-algebra A, are the 2 X 2 matrices of the form

1+gl’1tn+l—1. g1,2[n+l_l .
gZ,ltn+17W1’2+l 1 _gl,ltn-”ﬂ

for some g12, 82,1, 82,2 € A[#]/(#"*!). By our choice of ny,

1 +g],1tn+l—i g],ztn+l—i -
€ 2 ltn+1—W1,2+i 1= g1 1tn+1—i -

and

L4 gyt gy el )(1+g{1t"”“ gy " )
n+l-wi o+i _ n+l-i ’ n-izl—wly2+i _ 1 n+l—i
g2.11 1 g1t g2,1t 1 gl,lt

1+ (gl,l +gi 1) tn+l—i (81’2 +gi 2) t"+1_i
- . =il
(g2,1 +gé’1) tn+ Wizt 1 — (gl,l +gi,1) tn+ i

so the inclusion H,, < %, (A¥*?) factors through a closed immersion H, < Z,(SL,) that gives H,
W1,2+l'

the structure of a closed subgroup of £, (SL,), and H,, = G, as algebraic groups.
For any n € N, set Cp= Zu(p) 1 (0,(0) c 2, (}?) We will show that for n > nj,

e (@) = e(Zn)e(Zn(SLa))e(Hyn) ™" = e(Zy)e(Zn(SLa))L ™27 € Ko(Stacky). (&)
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By equation (4) and Corollary 3.22, C, is equal to the image of the morphism

Lo(SLa) X Zn — Lo (52)

induced by the action of £,,(SL;) on £, ()? ) Thus to show equation (5), it is sufficient to show that

for any field extension k’ of k and any Jn € 5n(k’), the fibre of &, (SLy) Xi Z, — %, (55) over 1;,, is

isomorphic to H, ® k’. Because H,, is special and thus H,,-torsors over k’ are trivial, it is sufficient to
show that for any field extension k’ of k and ¥, € Z,,(k’),

o the stabiliser of Jn under the ;’Zn(SLz)~acti0n is H,, ® k’, and
o if g, € £,(SLy)(k’) is such that g,, - ¥, € Z,,(k’), then g, - ¥, = ¥ry,.

To show both of these items, it is sufficient to show that for any g, € &,,(SLy)(k’),
&n - ';n €Zy(k') = gn € Hy(k') = gn "z;n = l;n,

whgre we note that because & has characteristic 0, we only need to show that H, ®; k’ and the stabiliser
of ¢, have the same underlying subset of %, (SL,) ®; k’. Write

l; _ uy 12 0 ul’thz,j—i
n 0 P uz’jtwl,j_wl,z"'l )
and write
_[ab
gn_ c d )

with a, b, c,d € k’[t]/(#"*!). Then

(©)

aul’ltwl.z—i btt ... a”l,thZ‘j_i + buz’jtwl,j—wll"'i ...
Cul’llwl‘z_l dtt - Cul,jth'j_l + duz,jtwl,j—wl,z*‘l R

gn'@nz(

We start with the first implication, so suppose g,, ¥, € Z,(k’). Then bt! = cu; t">~" = 0 and dr’ = ',
sob = glyzl"Hﬂ, c= g2’11n+]7W1’2+l, d=1- g1’11n+]ﬂ for some units g; 2, 82,1, 81,1 in k’[t]/(t"”).
By our choice of nj,

I =detg, =a (1 _gl’]tn+l—i) _ gl’ztn+l—ig2’ltn+1—w1,2+i —u (1 _gl’]tn+l—i)’
SO
! -
a= (1 _gl,ltn+ —L) — 1 +g1,1tn+ —L’

and we have g, € H,(k’). The second implication is a straightforward application of equation (6) and
condition (x). We have therefore finished showing that e (5,1) =e(Zy)e(Z, (SLy)) L2,
Now we can complete the computation of u(C). Set

S=W13+ -+ W +Wo3 W,
By Corollary 3.22 and the fact that &, (SL,) is a special group, for any n > ny,

e(0n(C)) = (Ca) e(Za(SLa) ! = e(Z)L 7127 = (L = 1> LA Irmass,
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where the last equality is by the construction of Z,,. Therefore, noting that dim X = dim (Aixr) -
dim SL, =2r — 3,

,UX(C) = lim e(@n(C))L_("“) dim X _ (L _ 1)2r—3L—(2r—3)+(r—4)w1,2—s-

We next compute the value of sep,, on our sets of interest.

Proposition 10.11. Let i, w1, € N and wi,w, € N2 satisfy (). Then the image of cliwia.wiwa)
under £ () is equal to c(mawiw) gpq SCP_ (i amma) is equal to 1 on all OfC(Wl’z’wl’w2)~
- ,

Proof. The image of cli-wi2wi.w2) s contained in € (W1.2:%1:%2) by the construction of z(iwiawiw)

We now only need to show that sep i amm) is equal to 1 on all of CcWi2.wiw2) [ ot k/ be a
x, :

field extension of k and set ¢ € C("W12%1:%2) (k") Then for any {¢, m} € ([g]), let hem € k'[2] be
such that ¢ : Spec(k’[¢]]) — X pulls back xz ,,|x to A . Then ¢ is the image of the element ¥ of
AGEERIRE) (k") given by the matrix

hl,zl‘_i 0 —h2,3t_i —h2’4l‘_i —]’lz»rl‘_i
0o h173h17’12tl h1,4hf,12tl hl’rhilztl ’

SO sep > 1 on all of C(W12W1:%2) L et W € Z(X)(k’) be the image of . To finish this

”,C(ivWI,valv“’Z)
proof, we only need to show that if ¢’ € Z(X)(k’) has class in | Z(X)]| contained in climiamiw) ang
satisfies £ () (¢’) = ¢, then ¢’ = . Because SL; is a special group and thus has only trivial torsors

over Spec(k’[[1])), there exists ' € & (f) (k") whose image is isomorphic to ¢’. By construction,

there exist some field extension k”” of k” and g € SL,(k”[[7]) such that g - {/jl’c e z(iwia.wiw) (k"),
where a;b',’{,, is the composition of Spec(k”[t]) — Spec(k’[¢]) with ¢’ : Spec(k’[t]) — X. By the
construction of Z ("’WI’Z’WI’W), the entries of g - J,’C are all determined by its minors and thus g - J,’C is
equal to the composition of Spec(k”[¢]) — Spec(k’|[t]])~with~J : Spec(k’[1]) — X. Because i has
nonzero (1, 2)-minor, this implies g € SL,(k’[#]]), s0 g - ¢’ = ¢ and ¢’ = i, as desired. m]

Remark 10.1 and Proposition 10.11 tell us that if » > 3, X has log-terminal singularities and
i,wi2 € N and wy,w, € N'=2 satisfy (), then Conjecture 1.1 implies that py (C(i’wl~2’w"w2)) =

,u)G("r (C(W'J"’V1 w2) ) For r € {3,4}, we verify this unconditionally by combining the foregoing results,
thereby proving Proposition 10.7.

Proof of Proposition 10.7. Setr € {3,4}. It is clear that S is an infinite set. The third and fourth bullet
points are justified by Remark 10.4 and Remark 10.8. Next, a straightforward computation using Remark
10.4, Proposition 10.9 and Proposition 10.10 shows

0+ pux (C(i’wl’z’wl’“&)) = #2‘" (C(WI,Z’Wlswz)) )

By Remark 10.6 and Proposition 10.11, this implies

0% 1(0) = (€N Z(w)(0)) = [ sep e

forall (C,C) e S'. O
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