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1. Introduction. Let X be a completely regular Hausdorff space. A Nachbin family
of weights is a set V of upper-semicontinuous positive functions on X such that if y,v e V
then there exists w € V and ¢ > 0 so that u, v <. For any Hausdorff topological vector
space E, the weighted space CVy(X, E) is the space of all E-valued continuous functions
f on X such that uf vanishes at infinity for all v e V. CVi(X, E) is equipped with the
weighted topology wy = wy(X, E) which has as a base of neighbourhoods of zero the
family of all sets of the form

N(v, W) = {f € CVy(X, E) : vf (X) = W},

where v € V and W is a neighbourhood of zero in E. If E is the scalar field, then the space
CVy(X, E) is denoted by CV,y(X). The reader is referred to [4, 6, 8] for information on
weighted spaces.

The approximation by functions with finite dimensional ranges is a very important
problem while studying spaces of vector-valued functions. It is well known that if X is
locally compact and E is locally convex, then the algebraic tensor product CVy(X) ® E is
wy-dense in CVy(X, E). (CVo(X)® E is the subspace of CVy(X, E) spanned by the
functions of the form yp ®e (v ® e(x) = W(x)e), where ¥ € CVy(X) and e € E.) In fact
C(X)® E is dense in CVy(X, E), where C.(X) is the space of functions whose supports
are compact. If E is not locally convex then, though it is possible to prove wy -density of
CV(X)®E in CVy(X, E) making some restrictions on X or E (see [3,4,9]), the
approximation problem is open.

In this paper we consider a “‘convexified” version of the approximation problem. We
prove that if X is locally compact then CVy(X) ® E is always weakly dense in CV\(X, E).
This implies that CVy(X)® E is dense in CVy(X, E) equipped with the locally convex
topology w$, associated to wy (i.e., the strongest locally convex topology on CV,(X, E)
which is weaker than @y ). Moreover, we show that w?,(X, E) coincides with the topology
induced on CVy(X, E) by the weighted topology wy (X, E) of the space CVy(X, E°),
where E° is the locally convex space associated to E. Using this last result we obtain a
representation of wy-continuous linear functionals on CV,(X, E).

Let us note some special cases which are covered by our results.

(a) If V ={xx}, where xx is the characteristic function of X, then CV(X, E) is the
space of all continuous functions vanishing at infinity and wy is the uniform topology. If X
is compact, then the weak density of C(X) ® E in C(X, E) was proved by N. J. Kalton
2].

(b) If V is the set of all non-negative upper-semicontinuous functions on X which
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vanish at infinity, then CV,(X, E) is the space of all bounded continuous functions and w,
is the strict topology. This case was studied in my earlier paper [6].

It is worthwhile to note the following two examples.

(c) If V={xx:K is a compact c X}, then CVy(X, E) is the space of all continuous
functions from X to E and wy is the compact-open topology.

(d) If X=R", V ={|p|:pis a polynomial}, then CV,(X, E) is the space of functions
rapidly decreasing at infinity.

2. Convergence with respect to submeasures and weights. Throughout this paper
we will denote by Z(X) the family of all zero and by ¢Z(X) the family of all cozero
subsets of a completely regular Hausdorff space X. B(X) is the algebra generated by
Z(X) and I(X) is the set of all continuous functions on X with values in the interval [0, 1].
We refer to [1] for information on zero and cozero sets.

If f is a scalar or vector-valued function on X and U € cZ(X), then F << U means that
there exists a Z € Z(X) such that N(f) ¢ Z c U, where N(f) = {x : f(x) #0}. For a subset
A of X we write A K U if x, << U, where x, is the characteristic function of A.

Let S(X) be the family of all set functions m : cZ(X)— [0, ] satisfying:

(S1) m(D)=0,

(S2) m(U)<=m(U,) if Uy c U,

(S3) m(U, VU U,) = m(Uy) + m(Uy),

(S4) for every UecZ(X) and an £>0 there is a Z € Z(X) such that Z c U and
m(U\Z)<e.

It easily follows from (S1)—(S4) that the family of all subsets of X satisfying

. for every £ >0 there are U € cZ(X) and Z € Z(X)
*) such that Zc Bc U and m(U\Z)<¢

is an algebra containing Z(X). Therefore, (*) holds for any set B belonging to B(X).
The family S(X) appears naturally while studying continuous linear functionals on
CVy(X, E). Indeed, we have the following result.

LemMA 2.1. Let N=N(v, W) be an wy-neighbourhood of zero in CVy(X, E), where
W is balanced. If T is a linear functional on CVy(X, E) which is bounded on N, then the
function m defined on cZ(X) by

m(U)=sup {|Tf|:feN, f KU}
belongs to S(X).

Proof. Properties (S1), (S2) are obvious. We shall show that m satisfies (S3).

Fix U;, U,ecZ(X), €>0 and feN such that N(f)c Zc U, UU,, for some
Z € Z(X). vf vanishes at infinity so there is a compact subset K, of X such that
uf (X\K.)c eW. Let K=Z NK,. U, is a cozero set, so we can find a function y; € I(X)
such that N(y,)=U;, i=1,2. K is compact, so inf{(y; v ¥,)(x):x € K} =a>0. Let
Yl := (Y v iaxx) —3axx, i=1,2, and y¢:=3ayxx— (Gaxx A Y1 A ¥,). Moreover, let
¢ = pi(yo+ i+ vyt for i=0,1,2. We define f:=¢;f for i=0,1,2. Then
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f=f+h+h fieN, KU fori=1,2 and f, € eN. Therefore,
\Tf| < |Tfol + | THI + | Tf:| < €6 + m(Uy) + m(Uy),

where 6 =sup{|Tf|: f € N}. This implies (S3).

If (S4) fails to be true then for some & >0 we can find, by induction, a sequence
{f.} = N such that N(f)NN(f,) =D for n*m and Tf,>¢, n,m=1,2,... . However,
the functions g,:=fi+...+f,, neN, belong to N and Tg, > en. This means that T is
unbounded on N. The proof is finished.

If meS(X) we denote by m* the outer measure defined on X by m; i.e.,
m*(A)=inf {(m(U): UecZ(X), AU} forAc X

Let us fix a Nachbin family of weights on X. We denote by u, the vector topology on
CVo(X, E) which has as a base of neighbourhoods of zero the family of all sets of the form

M(m, v, W, e)={f e CVy(X, E) :m*({x e X : vf (x) ¢ W}) s ¢},

where m € S(X), v e V, W is a balanced neighbourhood of zero in E and £ >0.
Let y, be the strongest vector topology on CVy(X, E) which is weaker than uy on all
wy-bounded subsets of CVy(X, E).

LemMA 2.2. Let T be such a linear functional on CVy(X, E) that lig1 Tf, = 0 for every

net {f,} c CVy(X, E) which is wy-bounded and uy,-convergent to zero. Then T is
Yv-continuous.

Proof. 1t is easily seen that the weakest vector topology on CVy(X, E) for which T is
continuous is weaker than u, on every wy-bounded set.

ProrosiTioN 2.3, For every Nachbin family V the topology vy is stronger than the
weak topology o = o(Y, Y') of the space Y = (CVy(X, E), wy).

Proof. Let us fix an wy-continuous linear functional T on CVy(X, E). We can find an
wy-neighbourhood of zero N =N(v, W) such that W is balanced and |Tf|=<1 for all
f € N. Using T and N we define m € S(X) as in Lemma 2.1. Proposition 2.3 will be proved
if we show that T is y -continuous.

Let {f,} be a wy,-bounded and u,-convergent to zero net in CVy(X, E) (cf. Lemma
2.2). Fix £¢>0. For every « there are U, ecZ(X) and Z, € Z(X) such that A4, :=
{x:vf(x)¢eW}cZ, c U, and m(U,) =m*(A,)+ & There is y,el(X) such that
Yo KU, and ¢ (Z,)={1}. Let hy:=v,f, and k,:=(1—vy,)f,. The net {f,} is
bounded, so there is 6 > 1 such that {f,} < 6N. Thus, 6 'h, € N and h, < U,, so that
|Th,| < ém(U,) =< 6(m*(A,) + ). Moreover, k, € €N, and so |Tf,| < d(m*(A,) + &) + &
This implies that lim Tf, = 0. The proof is finished.

3. v, and weak approximation. Throughout the remaining part of this paper we
will denote by CVy(X) ®, E the subset of CVy(X, E) consisting of all functions of the
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form f} P, e;, where ¥, e CVy(X), N(y,) hN(w,) =@ ifi#j, e¢eX, i,j=1,...,n,
i=1
neN.
THEOREM 3.1. Let V be a Nachbin family of weights on a locally compact Hausdorff
space X. For every balanced neighbourhood of zero W in E and v € V the yy-closure of

N(v, 2W) N CVy(X) @ ,X contains N(v, W).
In particular, CVy(X) ® E is yy and weakly dense in CVy(X, E).

Proof. Let us fix v, W and f € N(v, W). The set
Ap = {yf : p € [(X), supp ¥ is compact}

is wy-bounded and contained in N(v, W). Moreover, f can be wy-approximated by
elements of A; (see [4, Theorem 3.1]). The topology u, is weaker than wy, and so yy is
weaker than @, on Ay. This implies that f belongs to the yy-closure of A Therefore, for
the proof of the theorem we may assume that supp f =: K is compact.

Let us fix some relatively compact neighbourhood U of K and let D be the set of all

functions of the form -Z: Y; @ f(x;), where ¢, e I(X), N(y;)c U, N(y;) N N(y;) =0 if

i#j,x,€eU, i,j=1,...,n,neN. The set f(U) is bounded in E and each function ve V
being upper-semicontinuous is bounded on U, so D is wy-bounded. We shall show that f
can be u,-approximated by elements of D N N(v, 2W).

Fix a py-neighbourhood of zero M = M(m, v', W', €), where W' is balanced. We may
assume that sup{v'(x) :x € U} =: a>0. The set f(K) is compact, so there exists a finite

family {B,, . .., B,} of pairwise disjoint subsets of X such that K = LnJ B;c U, B;e B(X),
i=1

and f(x) —f(x')ea™'W' for every x, x'€B;, i=1,..., n. The submeasure m satisfies
(*), so we can choose cozero sets U, ..., U, and zero sets Z,,..., Z, such that
Z,cBclUcU and m(U\Z)<¢/n, i=1,...,n Obviously Z is compact for i=
1, ..., n. Using the upper-semicontinuity. of v we can find pairwise disjoint cozero sets
O,,...,0, such that Z;c O, c U; and sup{v(x):x € O;} <2sup{v(x):xeZ)} for i=
1,...,n Choose x; € Z; satisfying sup{v(x):x e O} <2v(x;) and v, € I(X) such that

N(y)=0;and y(Z,)={1}, i=1,..., n. We define g := f] ¥; ® f(x;). Then g € D and
i=1
v(x)yi(x) <2(x;) foreveryx €O, i=1, ..., n. Thus g e DN N(v, 2W). Moreover,

eX:v(f-pwewcUlxel:v(f-g)x) e W)

cUrel: (f~g@eawye U U)\2Z)
Therefore,

m*({xeX:v'(f-g)x)¢W'}) =< 2 m(U\Z) <e,
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and so f —g e M. The proof of the first part of this theorem is finished. The second
assertion immediately follows from the first one and Proposition 2.3.

- ReMARK 3.2. The author does not know whether Theorem 3.1 holds if X is non
locally compact.

4. The locally convex space associated with (CVy(X, E), wy).

THEOREM 4.1. Let V be a Nachbin family on a locally compact Hausdorff space X. For
every Hausdorff t.v.s E the locally convex topology associated with the weighted topology
wy(X, E) coincides with the topology induced on CVy(X, E) by the weighted topology
wy(X, E°) of the space CVy(X, E), where E°=(E, t°) is the locally convex space
associated with E = (E, 1).

Proof. The topology t° is weaker than 7, so that CVy(X, E) c CVy(X, E°) and the
inclusion mapping is continuous. Therefore, wy (X, E) = wy(X, E°) |cyx.r) For the
proof of the converse inequality let us fix a convex weakly closed w$(X, E)-
neighbourhood G of zero in CVy(X, E). We can find v € V and a balanced neighbourhood
W of zero in E such that convN(v, W)= G. The set N :={f e CVy(X, E): vf(X) c
1/2conv W} is an wy (X, E°) |cyyx,ey-neighbourhood of zero, which is wy (X, E)-closed.
Therefore, N is closed in the weak topology o of (CV(X, E), wy). Let

N, := N(v, conv W) N (CVy(X) ® 4E))
and

Ny 1= {f € CVy(X) ® 4E : vf (X) = W,.}

where W, := U W, and W, :=27" L%, W. Since 0 < y,, Theorem 3.1 shows that
n=1

N=N"cNg. (1)
W,, is z-dense in conv W, and 50 Ny is wy-dense in N;. Consequently,
N,., is weakly dense in N,,. ' (03]
Let us observe now that
Ny..c conv N(v, W). 3)

Indeed, if f € N, then we can find ¢,, ..., P, € CVy(X) and e, . . ., e, € W, such that
Ny)NNy) =0 if i#j, sup{vy;(x):xe X} =<1, i,j=1,..., k There are ¢,;e W,

i=1,...,k j=1,...,m meN, such that e,=m™" § e,;fori=1,...,k Putf:=
j=1

k m

Y ¢;®e; j=1,...,m. Then it is easily seen that vf(X)cW and f=m™' } f.
i=1 j=1
Therefore, f € conv N(v, W).
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Combining (1), (2), (3) we have N c Ny= Nz, cconv’N(v, W) c G. Fmally, G is an
oy (X, E°) |cvyx,g)-neighbourhood of zero. The proof is finished.

It is obvious that wy(X, E) and wy(X, E°)|cyx,g) produce the same spaces of
continuous linear functionals on CVy(X, E). Moreover, CVy(X, E) is dense in CV,(X, E°).
Therefore, we can identify the dual spaces of CVy(X, E) and CVy(X, E¢). Indeed, the
restriction mapping CVy(X, E°) 3 T— T |cyyx.y € CVo(X, E)' is an algebraic isomorph-
ism. Therefore, using Theorem 4.1 and the known representation of the dual space of
CVy(X, E), where E is locally convex (see [8, Theorem 5.42]) we obtain the following
result.

ProrosiTION 4.2 Let X be a locally compact Hausdorff space, V any Nachbin family
on X and E a t.v.s. whose topological dual separates the points of E. The dual space of
(CVH(X, E), wy) is isomorphic to

VMy(X, EY={vm:veV, meM,(X, E")),

where M,(X, E') is the space of all (E', o(E’', E))-valued Radon measures on X with finite
p-semivariation, for some continuous seminorm p on E.

. The reader is referred to 8] for the exact definition of M,(X, E’).
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