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Abstract

Let Bp be the bicyclic semigroup over P = G n [1, ) where G is a subgroup of the multi-
plicative group of positive real numbers. If + is an addition which makes Bp, with its usual
multiplication, into a semiring, then + is idempotent, and P is embedded as a sub-semiring
in Bp, and for each x in P, 1 <x+1<xand 1 <14 x<x. We show that any idempotent addition
on P with these inequalities holding is max, min or trivial. The trivial addition on P extends
trivially. If addition on P is min, then let

U= {(x: .V) GBP: (x7 }’)+(1, l) = (l’ 1)}!

U= {(x, y) GBP: (1’ 1)+(x’ J’) = (1) l)}’
and

Rl = {(x:y)EBP: X>yorx = 1= y}
We characterize all additions on Bp in terms of U and U’; and, in particular, if U = U’ is

a proper subset of R,, we demonstrate a correspondence between all such additions and certain
homomorphisms of G to (0, «).

Subject classification (Amer. Math. Soc. (MOS) 1970): primary 16 A 80; secondary 22 A 15.

Keywords: topological semirings, bicyclic semigroup, inverse semigroup.

1. Introduction

Let G be a subgroup of the positive real numbers under ordinary multiplication,
and let P = P(G) = Gn[l,0). Let Bp = P x P together with this multiplication:

_(x=
(x, )z, w) = (yAz,yAz),
where yAz =min(y,z). If P={1,x,x?,...}, where x> 1, then Bp is the bicyclic
419
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semigroup, whose structure is well known (see, for example, Clifford and Preston
(1961)).

An inverse semigroup is a semigroup S with the property that for any x in S
there is a unique element x! in S such that xx'x = x and x1xx~! = x~1. The
bicyclic semigroup is such a semigroup, and so is By for any P defined as above.

A (topological) semiring is a non-empty Hausdorff space T together with two
continuous associative binary operations, + and -, such that for any x, y and
zin T,

z2(x+y)=(Z'x)+(z-y) and (x+y)z=(x'z)+( 2).

If T has the additional property that T is multiplicatively a topological inverse
semigroup (one in which the inversion operation as well as the multiplication is
continuous), then we define T to be an inverse semiring.

In this paper we describe the additions which may be placed on Bjp so that,
together with the given multiplication and the product topology, Bp becomes an
inverse semiring, which we will call a bicyclic semiring.

In Section 2, we show that any semiring addition on Bj is idempotent; that is,
for any (x,y) in Bp, (x, »)+(x,y) = (x,y). We also show that P is embedded in Bp
as a subsemiring, and furthermore that on P, for any x, 1<x+1<x and
1<1+x<x. For this reason we study in Section 1 those idempotent additions on
P which have this property, and show that there are only four possibilities:

(i) x+y = x for each x, y in P (left trivial addition);

(ii) x+y =y for each x, y in P (right trivial addition);

(iii) x+y = xAy for each x,y in P (min addition);

(iv) x+y = xvy for each x, y in P (max addition).

This generalizes the result of Pearson (1966) for the case P = [1,00).

Section 3 is devoted to a characterization of those additions on Bp which, when

restricted to P x {1}, are min, and have the property that the set

U={xy)eBp: (x,y)+(1,1) = (1, 1)}
is properly contained in
Ry ={(x,y)eBp: x>yorx=1=y}

We show that each such addition corresponds to a homomorphism f: G ->(0,0)
such that graph (fp)< R; and for each (x,y) in Bp, graph (f) meets

D(xay) = {(ax: ay): a>0}

in a unique point of Gx G. We point out that if addition is max on P x {1}, the
situation is symmetrical. All other cases, including the trivial, are discussed in
Section 2.
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The author would like to thank the referee for many helpful suggestions; in
particular, Lemma 1.2 and its use in proving Lemma 1.3 were pointed out by the
referee.

1. Idempotent additions on P

In this section we examine idempotent additions on P. We first remark that
since G is either a cyclic subgroup of (0,0) or dense in (0, c0), it follows that P is
either a cyclic subsemigroup of [1,c0) or dense in [I,0).

LeMMmA 1.1. Let (R, -, +) be a semiring with an additively idempotent multi-
plicative identity 1. Then

(a) (R, +) is idempotent.

(b) Thesets S={yeR:y+1 =y}, 8" ={yeR:14+y=y, U={yeR:y+1=1]},
and U’ = {yeR: 1+y = 1} are closed subsemirings of R.

PrROOF. (a) If xeR, x+x = x(1+1) = x(1) = x.

(b) It is almost immediate that all these sets are closed additive subsemigroups
of R, and that 1 is an element of each. Now let x and y be elements of S. Then
xy+1=x(y+1)+1=xy+x+1=xy+x=x(y+1) = xy, so xyeS. Similarly, S’
is multiplicatively closed. If x and y are in U, then

xy+l=xy+y+l=(x+Dy+l=y+1=1,

so xye U; similarly U’ is multiplicatively closed.

We now wish to describe the idempotent additions on P with the property that
1<x+1<x and 1<1+x<x for all x. First we need a lemma.

LeMMA 1.2, Let T be a subsemigroup of ([0, 0), +), and let Q be a subsemigroup
of T such that O is a limit point of Q. Then T = Q%, the closure of Q in T.

PROOF. Let x be an element of T and let 0 < £ < x. Then there is a positive integer
N such that n>N implies that (2n+1)e>x. Hence, ne>x—(n+1)e and so
n(x+¢&)>(m+1)(x—e¢), so that (x+¢&)/(n+1)>(x~¢)/n. Thus,

U (x—s x+e) _(0,x+¢)

a=N\ I ? n - N )
Now since 0 is a limit point of Q, there exists some s in Qn(0,(x+¢)/N) and
so se((x—¢)/n,(x+¢)/n) for some n>N. Hence, nseQn(x—e,x+¢) and so

Qn(x—¢&,x+¢)# D. This shows that xe 0* and so T = Q*.
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Now since ([0,00), +) is isomorphic to ([1,00), -) this lemma shows that for
any subsemigroup P of ([1,0), -) and subsemigroup Q of P having 1 as a limit
point, we have Q% = P,

LEMMA 1.3. Let P be dense in [1,00), and let + be a semiring addition on P with
the property that for any x in P, 1<x+1<x and 1<14+x<x. Then either P =S
or P = U. Also, either P=8S' or P = U’

ProoF. If there is some x in P with [1,x]< U, then P = [J,o[x" x"*1]c U
so U = P. Hence, if U#P, then for each x> 1, there is a y in (1,x) with y¢ U.
If yeS then (1,x)nS# @. If y¢S, then 1<y+1<y so y+1€(1,x). Moreover,
(y+D+1=y+(1+1)=y+1 and so y+1€S. Hence, in this case also,
(1,x)nS#@. Thus (1, x)n S#D for any x> 1 so 1 is a limit point of S. The above
lemma shows S * = P, and since S is closed, S = P.

We now prove a similar result for the case when P is cyclic. In this case, we are
able to drop the hypothesis that 1 <x+1<x and 1<1+x<x. We first need the
following technical lemma.

LEMMA 1.4. Let P = Gn[l,00) for any subgroup G of (0,00), and let + be an
idempotent semiring addition on P. Let x€P, and let y = 1+x. If y> x, then
(@) y/x+1 = y/x, and hence y"|x™+1 = y™/x" for every positive integer n;
(b) y*/x+x = yntl/x™ for every positive integer n;
(c) for every positive integer n and for each p<n such that y?>x",
YP[xm+1 = yn/xn,

ProoOF. (a) x(y/x+1)=y+x=1+x+x=1+x=y and so by cancellation,
y/x+1 = y/x. Since S is a multiplicative semigroup, (y/x)*+1 = (y/x) for every n.
() For n=1, y/lx+x=y[x+1+x=y/x+y=Qx)A+x)=Q/x)y=y*x.
Now suppose that y»—1/x?—14 x = y*/x"-1 Then
Vx4 x =y x"+ 14X = y*x"+y = (p/x) ("7Yx" T+ x)
= (Y/x)(y"[x"1) = y»Hi/xn.
(c) Let p = n—i. The statement that y"—¢/x" 41 = y?/x™ is true for i = 0 by (a).

Now suppose that y»—¢—1) > x® and that (y»—~1/x")+1 = y*/x". Then y"~*>x",
we have

y[(yn—i/xn) + 1] = (y‘n—(i—l)/x‘n) +y= (yn—(i-—l)/xn) +1 +y

= yr[x"+1+x = y?x"+x = yH x® = p(y"/x")
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and so

yrYxn 41 = yn/x"

LeMMA 1.5. Let P be cyclic, and let + be an idempotent semiring addition on P.

IfS, U, S’ and U’ are defined as in Lemma 1.1, then P = S or P = U and similarly,
P=S"orP=U"

PROOF. We show the lemma for S’ and U’. Since S’ and U’ are multiplicative
semigroups, it is enough to show that 1 +x = 1 or I +x = x where x is the generator
of P. Suppose that 1+ x = y = x™ for some integer m> 1, and that x+1 = x™ for
some integer n>0. Then

x* = x+1=@mxm )+ 1 = (y/xm1)+1=(mYx?1)+1 (by Lemma 1.4(c))
= ym-1/xm=1 (by Lemma 1.4(a)) = xmm-D—tm-1)  x(m—17,
and hence n = (m—1)2 Now since
GH(WL+3D) = JPx5+)% = yOIx*+3) = YI5+1+47)
= yOP/x*+y) = Y (/x> +1) = Y2(x7),
we have 14 x2? = )2, and similarly, x2+ 1 = (x™)? = x**. But
X241 = p/xm24] = ym-2/xm-2 = ymim-2)/xm-2 — x(m-1)m~-2)

and hence 2n = (m—1)(m—2) and so 2(m—1)2 = (m—1)(m—2). Solving this
quadratic equation gives m = 0 or m = :, contradicting the assumption that m>1.
Thus m is either O or 1. Similarly, n=0 or n = 1.

THEOREM 1.6. If P is G [1,00) where G is any subgroup of [0,00), and if + is a
semiring addition with the property that for every xinP, 1 <x+1<xand1 <1+ x<x,
then one of the following describes the addition:

(a) for each x,y in P, x+y = x;

(b) for each x,y in P, x+y =y,

(c) for each x,y in P, x+y = xVvy;

(d) for each x,y in P, x+y = xAy.

PROOF. Lemmas 1.3 and 1.5 show that exactly one of the following is true for
every x in P:
() x+1=xand 14+x=1;
(i) x+1=1and 1+x =x;
(i) x+1=14+x=x;
(iv) x+1=14x=1.
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If (i) is true, then for each x and y in P,
xt+y=x+D+y=x+(1+y)=x+1=1x,
and similarly, if (ii) is true, then for each x,y in P,
X+y=y.

If (iii) is true, and if x <y, then

x+y = x(1+y/x) = x(y/x) = ,
while if x>y, then

x+y=QG&ly+Dy=(x)y==x
and so in either case x+y = x v y. Similarly, if (iv) is true then

xX+y=xA).

ReMARK 1.7. We conjecture that the hypothesis 1<x+1<x and 1<1+x<x
may be omitted from the dense case for P. The work of Pearson (1966) and Lemma
1.5 above show that it may be omitted if P = [1,00) or if P is cyclic.

2. Additions on By with U2 R,

In this section we first show that all semiring additions on Bp are idempotent
and that the subset Px {1} is a subsemiring isomorphic to P and that for each x
in P, 1<14x<x and 1<x+1<x. Thus, Theorem 1.6 applies and Px {1} is
additively max, min or trivial. We show immediately that the trivial addition on
P x{1} can only extend trivially and assume that Px {1} has the min addition.
In this case, we show that the set {(x, y) € Bp: x <y} is contained in both § and S’,
where these are defined for By as in Lemma 1.1, and we describe the additions
in which U contains the set {(x,y)eBp: x>yorx=y=1}.

We remark for the reader that (1, 1) is a multiplicative identity for Bp, and that
for each element (x, y) of By, (x,3) = (», x). The multiplicative idempotents are
precisely the diagonal elements {(x, x)}.

LEMMA 2.1. If + is a semiring addition on Bp, then Bp is additively idempotent.

Proor. Since (1,1) is a multiplicative identity for Bp, then Lemma 1.1 implies
that it is sufficient to show (1, 1) is an additive idempotent. Let (e,f) = (1, 1)+ (1, 1).
If x> 1, we have

(xe/er,xf/er) = (x, x)(e,f) = (X,X) [, 1)+(1s 1)] = (x, x)+(x,x)
= (x, D (1, 1)+, nia, x) = (x,1)(e,f) (I,X)
= (xe,f) (1, x) = (xe, fx).
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Thus, xAe = 1. Similarly, (xe, fx) = (e,f) (x, x) = (ex/[frx, fx/fAx) and so
fax=1=enx.
Now since x>1,e=1=fand so (1, )+(1,1) = (1, 1).
LEMMA 2.2. Let x> 1 be an element of P. Then there exists acP such that a<x
and (x,1)+(1,1) = (a, 1), and there exists b€ P with b<x such that
0,1+, 1)=(o,1).
Furthermore, (1,1)+(1, x) = (1, x/a) and (1,x)+(1,1) = (1, x/b).
PROOF. We prove the assertion for a and x/a; the proof for b and x/b is similar.
Let (x,1)+(1,1) = (g, c). Then
(xa, xc) = (xa,c)(1,x) = (x,1)(a,¢) (1, x) = (x, 1) [(x, D+(1, )], %)
= [ D +(x, DI, x) = (2, x)+(x, %) = [(x, D+ (1, D] (%, %)
= (a, c)(x, x) = (@x[c A X, cx[c AX).

Thus, cAx =1; but x>1 and so ¢ = 1. Now let (1,1)+(1,x) = (1, 5). Then since
(@larx,xlarnx)=(1,x)(a,1) = 1, %) [(x,D+(1,1)] = 1, D+(1,x) =(1,9),
we have a = aA x and hence s = x/a.

The following is now immediate, using Lemma 2.2 and Theorem 1.6.

THEOREM 2.3. P x {1} is a subsemiring of Bp which is multiplicatively isomorphic
to P, and hence the addition on P x {1} is either trivial, max or min.

We dispose of the trivial addition at once.

THEOREM 2.4. If + is a semiring addition on Bp which is trivial when restricted
to Px{1}, then + is trivial on Bp.
PROOF. Suppose + is left trivial on P x {1}. Then for any x in P,
D+, D=1 and (A, D+CxD=(1,1)

and so the a of Lemma 2.2 is x and the b is 1, and hence (1,1)+(1,x) =(1,1) and
(1,x)+(1,1) = (1, x). Thus, for any (x, y) and (z, w) in Bp,

(%, 9)+(z, W) = [(x,») + (2, Y)] + (2, W) = (x, )+ [(z, ) + (2, W)]
= (x, }')+(Z, }') = (x, y)-
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Hence, the addition on Bp is left trivial. The situation is symmetrical for the

right trivial addition.

In the remainder of this section, we assume that addition on P x {1} is min;
in this case we will see that addition on {1} x P is max; it is easy to show that the
case where addition on P x {1} is max is completely symmetrical.

LeMMA 2.5. Suppose addition restricted to P x {1} is min, and let (x,y)€ Bp.

(@) If (z,w)e Bp with x<z and y > w, then (x,y)+(z,w) = (x,y) = (z, W)+ (x, y).
(b) If x<y, then (x,y)+(1,1) = ) =(0D+(x,p)

(c) If x>y, then there exist a and b in P with a<y and b<y such that

G+, 1) =(a,0) and (1,1)+(x,y) = (b,b).
PROOF. (a) Since (x,1)+(1,1) = (1,1) = (1,1)+(x, 1), the a and b of Lemma 2.2
are 1, so that (1, x)+(1, 1) = (1, 1)+(1, x) = (1, x) and hence for every x and y in P,
(L, x)+(1,») = (1,xvy) and
s D+(1,9) = (x, D+, D+, 0] = [(x, D+1, D]+, »)
=(LD+Ly)=1,).
Thus, if x<z and y>w,
(x.2)+(z,w) = [(x, )+ (2, )]+ (z, w) = (x, ) +[(z,5) +(z, W)]
=0+ ) = ().
(b) and (c) are proved as follows. Let (x,y)+(1,1) = (a, ). Then
(ax/c A x, cxfe Ax) = (a,€) (%, x) = [(x, )+ (1, D](x, ) = (x/x Ay, xp/X AP)+(x, X),

which equals (x, ) if x<y and (x, x) if x> y. Thus, if x <y, then ax/cAx = x and
exfcax=y and so a=cAx. If a=¢, then x=y; but x<y and so @ =x and
hence ¢ =y. If x>y, then ax/eax=x and ex/cAx =Xx and so a=c<x. Pre-
multiplying (a, ¢) by (»,y), we find that if x>y, then a<y. This completes the
proof of the lemma.

We now introduce some notation which will be referred to throughout the rest
of this paper. Let

L={(x,y)eEBp: x<y}, R={(x,)€Bp: x>y} and D=LnR={x,x): xeP}.
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As in Lemma 1.1,
U={(x.))eBp: (6,3)+(1, 1) = (1, D},
U'={x»eBp: (1,)+(xy) =11}

S={(x»€eBp: (x,y)+(1,1) = (x,»)}
and

S’ ={(x,y)eBp: (1, )+(x,») = (x, )}
Finally, for (x, y) in Bp, let D(x, y) = {(ax,ay): a>0}, and let R, = (R\ D)u{(1, 1)}.

REMARK 2.6. If (x,») and (z, w) are two elements of Bp, assume x < z. Then one
and only one of the following statements is true:

(@) yzw;

(b) y<w and z/x<wfy;

(©) y<wand z/x>w/y.

In case (a), (x,y)+(z, w) = (x,y) = (z, w)+(x,y) by Lemma 2.5. If either (b) or
(c) is true, then (x,»)+(z,w) = (x, D [(1, D+ (z/x, w/y)1(1, ). Hence, in case (b),
0+, w)=(z,w) = (z,w)+(x,), by Lemma 2.5, and it is evident that a
complete description of the addition on By depends on a description of addition
by (1,1) on the subset R of Bp. We have the following partial result: if (x, y) and
(z,w) are elements of Bp with neither (x/z, y/w) nor (z/x, w/y) in R, then

_[xwAyz
@)+ G = (222, ).

We now examine the diagonal D of Bp. If P is dense in [1,c0), then since
L\D<SnS’ by Lemma 2.5 and DSL*, we have D= SnS’ by Lemma 1.1, and
hence L = S = §’. Section 3 will be devoted to characterizing semiring additions
on By such that D= Sn S’ and U is a proper subset of R;.

If P={1,x,x% ...} for x>1, then by Lemma 2.5, either (1,1)+(x,x) =(1,1) or
(1, )+ (x, x) = (x, x), and similarly for (x,x)+(1,1). Now if (1,1)+(x,x) = (1,1),
suppose that for 1 <k<n, (1, )+ (x*,x¥) = (1,1). Then

1, 1)+ (™ x™) = [(1, D+ (>, x» 1]+ (x7, x™)
= (1, D+ [, x* 1) +(x", x™)]
=(1, 1)+, DA, D+ x)] (1, x»1)
=(1,)+(x"1,x"1) =(1,1).
Hence D < U’. If (1, 1)+ (x, x) = (x, x) then suppose that for 1 <k <n,

(1, 1)+ (x%, x¥) = (x¥, x).
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Then
LD+ xm) =1, D+ L D (x,x)(1, X7
= (L, D+ DA, D +(x x)) (1, x")
= (1, )+, x* ) +(x", x")
= (x™1, x* 1)+ (x7, x™)
= (™1, ) [(1, D+ (e, )] (1, x™7) = (x7, x7),

and hence by induction D<=S’. Similar manipulations hold for U and S. We
summarize this discussion as follows.

THEOREM 2.7. Suppose + is a semiring addition on Bp.
(a) Either D<U or D<S; also DS U’ or DS S’.
(b) If P is dense in [1,00), then D= Sn S’.

LeMMA 2.8. Suppose + is min on P x{1}.

@) If (x,y)e U (respectively, U’) and z> x, then (z,y) € U (respectively, U’).

(b) If DS (respectively, D<S") and a>1, then for every (x,y) in Bp,
(ax, ay)+(x, y) = (ax, ay) (respectively, (x,y)+(ax, ay) = (ax, ay)).

(c) If D= S (respectively, D= S"), and if (x,y) € U’ (respectively, U) and 1 <a<y,
then (x/a, y/a)e U’ (respectively, U).

@) If D=SnS’ or DS UNU’, then + is abelian.

PROOF. (a) If (x,y)e U and z>x, then
@E+A,1) = p)+[n+0, D] =z +&E N+, 1)

=(xn+1,1)=(1,1)
and so (z,y)e U.
(b) Let D= S and a>1. Then
(ax,ay)+(x,y) = (x, D[(a, @)+ (1, D](1,») = (x, D(a, a)(1,y) = (ax, ay).
(c) Let D=, (x,y)eU’ and 1<a<y<x. Then
(1, D+(x/a,y/a) = (1, 1)+ (x, y) +(x/a, y/a) = (1, ) +(x, ) (by (b)) =(1,1)
and so (x/a,y/a)e U’.

(d) To see that + is abelian, it is enough by Remark 2.6 to show that (1,1)
commutes additively with each element (x, y) of R. This is obvious if D= UnU".
If D€SnS’, let (a,a) =(1,1)+(x,y) and (b,b) = (x,y)+(1,1) as in Lemma 2.5.
Then

(4,6)=(1,1)+®,0) = (1, )+[(x,»+1, DI = [1, D+, )]+, 1)

= (a’ a)+(l’ 1) = (a, a)°
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LeMMA 2.9. Let + be a semiring addition on Bp which is min on Px{1}. If
D< U’ (respectively, D= U), then R\ D< U (respectively, R\ D= U’).

PRrOGF. Suppose DS U’; then R = U’ by Lemma 2.8(a). Suppose that R\ D is
not contained in U. Then D< S by Theorem 2.7 and there exist x and y such that
x>y with (x, »)+(1,1) = (a, a) for some a> 1. Then

(ax,ap)+(1,1) = [(ax,ay) +(x,»)]+(1,1) (by Lemma 2.8(b))
= (ax’ ay)+ [(x9y)+(1, 1)] = (ax, a}’)+(a, a)

= (a’ 1) [(x’y)"'(l’ 1)] (l’ a) = (a2’ az)'
Hence,

@,a0)= (xsy)+(l’ 1) = (x’ DA, 1)+ (a, a)] (lyy)+(ls 1)
=(x%y)+(ax,ap)+(1,1) = (x,y) +(@% a*),

which by Lemma 2.5 equals (a?, a?) if y<a? and equals (a?b,a?b) for some b>1 if
y>a?. This contradiction implies that R\ D< U. Similarly, if D< U, then R\ D U’.
If D€eUnU’,then R=U=U".

THEOREM 2.10. Let + be a semiring addition on Bp which is min on P x {1}.
(a) One of the following is true:
(i) U=U'=R.

(i) U=Rand U' =R,.

(iii) U'=Rand U=R,.

(iv) U=U'=R,.

(v) U= U’ is a proper subset of R,.
(b) In cases (i—iv), for (x,y) and (z,w) in Bp,

(xAz,yaw) if (x/z,y/w)eU or (z/x,w[y)eU’,

(xa y)+(2, W) = (XW/\yZ
YAW

Y w) otherwise.

If + is max on P x {1}, then U and U’ are subsets of L, and for (x,y) and (z,w) in Bp,

(xAz,yAw) if (x[z,y/w)eU or (z/x,w[y)eU’,

9 +(zw) = ( XWA yz) .
xvz, otherwise.
XAZ

(¢) If P is dense in [1,00), then only (v) can be true.
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PROOF. (a) follows from Theorem 2.7, and Lemma 2.9, and (b) is easy to verify.
For (c), we note that D= Sn S’ by Theorem 2.7b and since in cases (i~iv) above,
U= U*2D, (v) is the only possibility. We discuss this case in Section 3.

3. Additions on B, with U< R,

In this section, we examine semiring additions on Bp which have the property
that U is a proper subset of R, = (R\ D)u{(1,1)}, which implies that P x{1} is
additively min. We stress that the situation in which Px {1} is max additively is
exactly symmetrical. Recall that by Lemma 2.8 (d) addition is abelian; furthermore,
Lemma 2.8(a), (c) imply that U = U’ is a subset of R; bounded above by a non-
decreasing curve C. (The least U can be is Px{1}. In this case, it follows from
Remark 2.6 that for each (x, y) and (z, w) in Bp,

_ XWAYZ
(x,y)+(z,w)—( yAW ,va)'

In fact, if (x,y)eR, the “a” of Lemma 2.5 is ».)

LeMMA 3.1. Let + be a semiring addition on Bp which is min on P x {1}. Suppose
that U is a proper subset of R,.
(@) If (x,y)e R\ D and (1,1)+(x, y) = (a, a) for some a> 1, then

(1, )+ (xe,yc) = (1,1)

if and only if c<1/a; and if b> 1, then (1,1)+(xb/a, yb/a) = (b, b).

(b) If (x,y)€L\ D and if there is a d>1 such that (x,y)+(d,d) = (px, py) where
p>1, then (x,y)+(w,w)=(x,y) if and only if y<w<dfp; and if b>1, then
(x, y)+(bd/p, bd|p) = (bx, by).

Proor. (a) Let (x,y)eR\ D and suppose (1,1)+(x,y) =(a,a) with 1<a<y.
Since (a,a) +(x, ) = (@, a)+ (1, 1) +(x, y) = (a,a), we have (1, 1)+ (x/a, y/a) = (1,1)
and Lemma 2.8(c) implies that ¢<1/a if and only if (1, 1)+ (xc, yc) = (1, 1).

Now suppose that #>1 and that (1,1)+(xb/a, yb/a) = (z,z) where z< yb/a.
If z< b/a, then since (z, z)+ (xb/a, yb/a) = (z, z), we have

(1, 1)+ (xb/az,yblaz) = (1, 1)

and so by the preceding paragraph, b/az < 1/a and so b < z< b/a. This contradiction
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shows that z>b/a. Now
(6,b) = (b/a, 1)(a,a) (1, b/a) = (b/a, 1) [(1, 1) +(x, »))(1, b/a)
= (b/a, b/a)+ (xb/a, yb/a) = (b/a,ba)+(1,1)+(xb/a, yb/a)
= (b/a,bja)+(z,2) = (z,2)

and so (1, 1)+ (xb/a, yb/a) = (b, b).
(b) Let (x,y)eL\D. Recall from Lemma 2.5(b) that (x,3)+(1,1)=(x,»).
Suppose that there is d> 1 such that (x, y)+(d, d)# (x, ). Then

x,»)+(d,d) = (x, 1) [, D) +(d/x,d[»)I(1, y) = (xp, yp)

where 1 <p<d/y. By (b), (1, 1)+ (w/x,w/y) = (1, 1) if and only if y<w<d/p and if
b>1, then (1, 1)+ (bd/px, bd/py) = (b,b). Hence, (x, y)+(w,w) = (x,y) if and only
if y<w<d/p; and if b> 1, then (x, y)+(bd/p, bd/p) = (bx, by).

Now suppose that every (x,y) in R possesses an a = a(x,y) as in Lemma 3.1;
then a = 1 if and only if (x, y) € U and for > 1, (xb, yb) ¢ U; in fact, using Lemma
2.8(c) we see that (x,y)e U if and only if a< 1. In Example 3.2, we let the curve C
be the graph of a non-decreasing homomorphism f, which intercepts

D(x,y) = {(tx,ty): t>0}

in a unique point (x/a, y/a) of G x G. We define an addition +/, in terms of this
denominator @, and show that +, is a semiring addition. In Theorem 3.4 we show
that Example 3.2 actually characterizes all additions with U a proper subset of R,.

ExaMPLE 3.2. Let f be a continuous non-decreasing homomorphism from G to
((0,00), -) with the properties that for each (x,y) in Bp, graph (f) meets
D(x,y) = {(ax,ay): a>0} in a unique point of G x G, and that graph (f|[p)<R;.
Then we define the function B: Bp—~ G so that for (x,y) <€ Bp, B(x,y) is that unique
element of G such that (x/B(x, ), y/B(x,y)) € graph (f). If we define addition by

_ (¥Bz, w)AzB(x,y) yB(z, w) AWB(X, )
e = (g e e b )
then +, is a commutative semiring addition on Bp and U = {(x,y)€R: y<f(x)} is
a proper subset of R,.

ProoF. To aid in proving associativity, we establish the following facts: if (x, y)
(z,w) are elements of Bp with B(x,y) = p and B(z,w) = ¢, and if y/x >w/z, then
(i) xg<zp and yq<pw,
(ii) if y>w then p>q,
(iii) for any a in G such that (ax, ay) € Bp, B(ax, ay) = ap.
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To see (i), note that y/x is the slope of D(x,y) and w/z is the slope of D(z, w) and
so since fis non-decreasing and (x/p, y/p) and (z/g, w/g) lie on graph(f), we have
x[p<z/q and y/p <w/q. Hence, if y>w, g<wp/y<p. Finally,

(ax/ap, ay|ap) = (x/p, y/p)

is the unique intersection of D(x,y) and graph(f). We note that closure follows
from these observations.
Now suppose B(x,y) = p, B(z,w) = q and B(a,b) = c. If y/x > z/w> b/a, we have

(x,3)+[(z, w)+(a, b)]
= (% y)+((zenag)/(cng), (wenbg)l(crg))
= (x,)+(zc/(cAq), we(cng))

(o)) ()2 () ()
CAg CAD CAq CcAg CAg cAg

g\ qc AYWNEA
m) () ]\ )

(e %)
PAg PAg

_( xqc yqc )_
CPAPGAGC” cp APgAgc ( pq )Ac ( rq )Ac
PAg PAq
(e Gre) G (520)
pAg) \pag) \paq) \pagq
( pq )Ac ( pq )Ac
PAq PAq
- (_’i, _y_q_)+(a,b)= (M,M)+(a,b)
PAG PAq PAg ° PAq
= [(x,»)+(z, )] +(a, ).

Since this addition is clearly commutative, associativity is proven.
We prove distributivity in two parts. First note that if ac P with B(a,1) = b and
if (x, y) € Bp with B(x, y) = p then B(ax,y) = bp, for

ylbp = (y/p) (1/b) = f(x/p) f(a/b) = f(xa/pb).

Also if B(1, a) = ¢, then B[(1, @) (x, )] = B(x/arx,ap/arnx) = aplanx; for if a<x,
then ay/cp = f(1xa/cpa) and so B(x/a,y) = cp/a, and if a> x, then

(ay/x)/(cp/x) = (a/c) (y[p) = f(1x/cp)
and so B(1, ay/x) = cp/x.
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Now if (x,y) and (z,w) are two elements of Bp with B(x,y) =p, B(z,w) =g,
and if B(a, 1) = b, then

(@ D) [(x,y)+(z,w)]
— 1)(qu211 yq/\wp)=(a(xq/\zp) quwp)
"\ pag’ pag PAg  pAq

_ (abxq Aabzp ybgawbp

s 2 ) = @n )+ (@) = @ D)+ @ D).

Now if 8(1,4) = ¢, then

1L a[(x,y)+(z,w)]
_ XqAZp YGAWD
—(l’a)( gAp > gAp )

(xq/\ zp) a (xq/\zp)
qAp qAp
A (quzp) an (yq/\ wp)
qnAp qAp
_ ( XgAzZp ayqAawp )
AgAXqAZDAGD’ AGAXqAZDAGD

) ) () (e
A AR

(aj\‘x’ a‘j\yx> +(a/z\z’ aﬁ/_\”’;)
=(,a)(x,»)+1,9)(z,w).
Combining these two results gives
(a,0) [(*,9)+(z, W)l = (a, ) (1, B) [(x, ) + (2, W)]
=(a, 1) [(1,5) (x, )+ (1, 8) (z, W)]
= (a,b)(x,y)+(a,b)(z,w).

Hence, multiplication is distributive over this addition.

We remark that the proof of associativity of +; does not require that f be a
homomorphism; however, our proof of distributivity does. In part (c) of the
proof of Theorem 3.4 we will show the necessity of the homomorphism property

of £,

]

]
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Now we show that 8 (and hence +/) is continuous. Without loss of generality
we can assume that P is dense in [1,0). Let {(x,,,)}.; be a sequence from Bp
converging to a point (x,») of Bp, and let B(x,, Vo) =Pn. Since {(X,, v, )12 is
convergent and hence bounded in P% {p,}®_, is also bounded. (In fact {p,}7._; is
bounded below by some &¢>0), and hence has a subsequence {p,}2, which
converges to a point g in (0,00). Then by definition of p, and the continuity of f,
y/a = limif(xn‘/pn‘) =f(hm1, (xn‘/pn‘)) =f(x/a) and hence a = B(xa y)' It follows
that B(x,,y,)—>B(x,y). This completes the proof that + 4 is a semiring addition.
Moreover, since B(x,y)<1 if and only if y<f(x), we have

400 = (ST sy B DA )
_ (JIMB(x,y),yAB(x,y)) =( Fx.y) Bxy) )
ABGLY) TAB(x, )] \1AB(X,») 1AB(x,)
(Y if y<f(x),
- {(B(x,y), B(x.y) if y=S00).
Hence, U ={(x,y)eR: y<f(x)}.

REMARK 3.3. The homomorphisms of [(0,0), -] to [(0,0), -] are the functions
{fy: « real} where f£,(x) = x* for every x, and the ones which satisfy the conditions
of Example 3.2 must have 0<a<1. Clearly, any such « satisfies the conditions
if P =[l,00). However, suppose P is cyclic. Then we can calculate from the
relationship (x/B(x, y), y/B(x, ¥)) € graph (f) 0 G2, that if f(x) = x* for every x in G,
then B(x,y) = (y/x*yY/1—), and since P = {1,qa,a?, ...} where a>1, B(1,a) must be
a* for some integer k. That is, B(1,a) = @¥/2—* = g* and so k = 1/(1—a) and
hence « = (k—1)/k if k # 0. We show in part (b) of the proof of Theorem 3.4 that
every semiring addition on Bp with P cyclic and U a proper subset of R;is +,
where « = N/(N+1) for a non-negative integer N.

THEOREM 3.4. Let + be a semiring addition on Bp which is min on P x {1}. Suppose
that U is a proper subset of R,. Then there exists a non-decreasing homomorphism
J: G—>(0,00) which satisfies the properties of Example 3.2 and + =+, as in
Example 3.2,

ProoF. We prove this theorem in several steps, which we state as follows.
(a) If h: Bp—> Gu{0,0} is defined so that

sup{d: (x,y)+(d,d) = (x, )}  if (x,))€L,

h(x,y) = . .
lnf{a: (1’ 1)+(x/a,y/a) = (1’ 1)} if (x,y)eR,
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then A is well defined on Bp, the range of 4 is actually contained in G, and for x
and y in P, h(x,y) = xy/h(y, x). Furthermore, for each (x,y) and (z,w) in Bp, if
(z/x,w[y)€e R\ D, then

_ (x(h(z, W)V h(x,y)) y(h(z,w)V h(x,))
(62)+Ew) _( h(x, ) ’ h(x,y) )

(b) If P is cyclic, then there exists a non-negative integer N such that (x,y)eU
if and only if y < x¥/(V+1): we let f(x) = xN/®¥+1)_ and in this case, for every (x, y)
in Bp, B(x,y) = (yN+/xN) where B is defined for f as in (3.2). If P is dense in
[1,0) and f: G—(0,0) is defined by

sup{yeP: (x,y)eU} ifx21,

@)= {l/f(l/x) if x<1,

then fis a continuous non-decreasing function.

(c) If B is defined for f as in Example 3.2 then A=p in the dense case as well as
the cyclic. Hence, in either case, + = + ;. Moreover, fis a homomorphism. We now
commence the proof.

PrOOF. (a) It is a simple observation that A(x, x) = x whether calculated in R or
in L, and it follows from Lemma 3.1 that the range of 4 is contained in G U{0, cc}.
Note that A(x,y) =0 if and only if (x,y)eR\ D and (1,1)+(ax,ay) = (1,1) for
every a>1/y; and .h(x, y) = oo if and only if (x,y)eL\ D and (x,y)+ D = {(x,y)}.
We show later that 4 takes on neither of these values. Suppose that (x,y)eL and
h(x,y) = ¢ =dJp as in Lemma 3.1(b). Then since

x:»)+(c,0)=(x,»)

and for > ¢,

(x,»)+@,1) = (xt/c, yt/c),
we have

(1, 1)+(c/x, c/y) = (1’ l)

and for t>¢,

(1, D+ (t/x,1/y) = (e, t]c).
Hence,

(L, D)+, %) = (1, 1)+ (xy/x, xy[y) = (xy/c, xy/c)

and hence,

h(y, x) = xy/c.
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We now analyse the addition on Bp. Recall from Remark 2.6 that if (x, y) and
(z,w) are elements of Bp such that neither (z/x, w/y) nor (x/z, y/w) is in R\ D then

_ (xwAyz
@+ = (222 pvw).

We can thus assume that (z/x, w/y) is in R\ D and consider three cases: (1) both
addends are in R; (2) (x,y)€L and (z,w)e R; and (3) both addends are in L. We
begin by considering elements on which # is finite and non-zero, and then show
that either A(R\ D) = {0} and A(L\ D) = {o0}, or A(Bp)<G. Notice that if x<y,
then (x, y)+ D = {(x, y)} if and only if (1, 1)+ D(y/x, 1) = {(1, 1)}. We also remark
that if (x, y) € R, then if A(x,y) = a>1, then for every b>1, h(bx, by) = ba, by (a).

Now if (x,y) and (z,w) are two elements of R with A(x,y)=d>1 and
h(z,w) = c>1, then let (1, 1)+(z/x, w/y) = (g,g). Then

(gd.gd) = (1, 1)+ (gx, 8y) = (1, ) +[(x, y) +(z, w)]
=1, D+, I+, w) = [, d)+(z, W)
= [(d, )+ (1, D]+ (z,w) = @, d)+ [(1, ) +(z, W)
=(d,d)+(c,¢c) = (dve,dve),

and so g = dvc/d. Hence,

corson = (4595,

If either d<1 or c<]1, let dac = 1/b where b>1; then h(bx,by) =bd>1 and
h(bz,bw) = bc > 1, so that by the preceding formula,

(bx,by)+(bz, bw) = ( (bdb\;bc) bx, (bdb\:ibc) by) = (b (dT:c) X, b(d%dc) y) ;

and hence
=455 59

for any (x,y) and (z,w) in R with A(x, y)>0, h(z, w)>0, and (z/x, w/y) in R.
If (x,y)eL and (z, w)€ R with A(x,y) = d<oo and h(z, w) = ¢>0, then

(%) +(z,w) = (x,) +(d,d) +(z,w) = (x, ) +(dV c,dV c)
([ 5) oe

(5, )+ (2 w) = [(x, )+ (W, W)]+(z,w) = (x, )+ [(W, w) + (2, W)]
- ()

and if w<d, then
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1d hence the formula of the preceding paragraph holds between elements of
and R on which 4 is neither 0 nor co.

Finally, let (x, y) and (z, w) be elements of L with A(x, y) = d< 0, h(z, w) = ¢ <0,
ud (z/x,w/y)e R\ D. Then (x,y)+(z, w) = (tx, ty) for some t> 1. If d>¢, then

(1%, 1y) = (x, )+ (2, W) = (x, )+, d) + (2, w) = (x,y) + (dz/c, dw]c)
= (%, D1, 1) +(dz/cx, dw[cy)] (1, y) = (x, 1) (dt]c, dt[c) (1, )
= (dtx/c, dty|c)

ad so d would equal ¢. Hence, d<c¢. Now choose (a,b) in R\ D with

(a,b) =g>pvds;
1en (a/x, b/y) and (a/z, b/w) are in R\ D and
(9x/d,qy/d) = (qtx/dt, qty/dt) = (tx, 1) +(a,b) = [(x, y) + (2, W)] + (2, b)

= (x,9)+1(z, W)+ (a,b)] = (x, ) +(gz/c, qw[c)
= (%, 1) [(1, ) +(gz/cx,qw/cy)] (1, )
= (x, 1)(qt/c,qt/c) (1, y) = (qtx[c, qty[c),

> that ¢ = ¢/d and hence

x,»)+(z,w) = (cx/d, cy/d) = ((d_:;c) x, (d_;c) y).

Now suppose that there exists an (a,b) in L/D with h(a,b) = co. Note that if
<a, h(c,d) = oo, and h(D(a,b)n Bp) = {co}. Hence, if h(L\ D)#{cc}, we may
ssume that there exists (p, x) in L\ D such that A(p, s) = g <coand (p/a, s/b)e R\ D.
hen h(g/p,q/s) =1 and we may choose c¢>gq, and let (z, w) = (gc/p,qc/s); then
(z,w) = c and z>w. Now let (a,b)+(p,s) = (ha, hb) for some ~>1. Then

(hat, hb) + (z, w) = (ha, kb)+(w, W) +(z, W) = (ha, hb)+ (w, w) = (ha, hb),
> that
(ha, hb) = (ha, kb)+(z, w) = [(a,b) + (p, 5)] +(z, W) = (a, B) + (P, 5) + (z, W)]
= (a,b) +(cp/q, cs/q) = (hcalq, heblg),

> that ¢ =gq. But ¢ was chosen larger than g, and hence, there is no such (p, s).
‘hus, A(L\ D) = {0}, and A(R\ D) = {0}, which contradicts the assumption that
T be a proper subset of R, and, hence, the range of 4 is contained in G, and the
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formula

(z, W) v h(x, y)) (h(z, w)v h(x, y)))
h(x,y) ) h(x,y)
is valid for every pair (x,y), (z, w) in Bp with (z/x, w/y)e R\ D.
(b) If P is cyclic, we put P ={1,x,x? ...} for x> 1. Since U is a proper subset
of R,, there is an N such that (x¥+, x¥)e U but (x¥+2, x¥+1)¢ U. Then

(xN+23 xN+1) + (1 ’ 1) = (x’ X)

(6 9)+ (2 W) = (x(”

by (a). Now
(eEV4D, X2N) 4 (1, 1) = (294D, 328) 4 (¥4, 3) (1, 1)
= (M, 1) [V 4, xN) + (1, DI, ¥ + (1, 1)
= (M, DA, DA, xY)+(1, 1) = (N, xN) +(1, 1)
=(1,1)

and by induction we can show that for every k, (x¥¥+1), x¥N)e U. On the other
hand, we will show that for every k, (xV+Dk—N xNk—(N-1)) 4 (1,1) = (x, x). This
is true for k = 1 by the way N was selected. Now suppose that it is true for k<n.
Then

(xN+Vn=N xNn—(N-D} 4 (1, 1)

= (x(NHIR=N yNn—(N-1) 4 (x(N+1i(n-2) xNn-2) 4 (1,1)
= (xVHDM=2) 1) [N+, xN4H) + (1, D] (1, xV )+ (1, 1)

= (xW+D (n=2), 1) (x, x) (1, *N =) 4 (1, 1)

= (xVHD-D41 xN(-2)+1) 4 (1, 1)
= (xWH) (n=D=N xNa-D~(N-D) 4 (1, 1) = (x, X).

It follows from this that (@, b) € U if and only if a < b¥/¥+D, If we define f: G— (0, )
by f(a) = a®/¥+1) then since o = N/(N+1), by Example 3.2,

b\ 1/(1—a) b 1-(N/N+1) b N+l pNH
P@b) =z =\ ¥ =\gam) =

and it is not hard to verify that this formula also gives A(a, b) and hence for every
(a,b) € Bp, h(a,b) = B(a, b). We will show in (c) that + = +,.

We now assume P is dense in [1,00). Let x€P. Since (1,1)+(x,2)#(1,1) for
any z>x, the set U, = {yeP: (x,y)€ U} is bounded above. We define f: G- (0,0)
by
supU, ifx=1,

&)= {l/f(l/x) if x<1.
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By Lemma 2.8(a), (c), f is a non-decreasing function. Let x€ P and x,— x. Since
f is non-decreasing f(x,) is bounded and hence has a convergent subsequence
f(x,)}, which converges to an element y of [1,00). If y<f(x), let z€ P such that
<z <f(x). Since f(x,,) is eventually strictly greater than z,y>z. Hence y >f(x).
Similarly, y <f(x) and so y = f(x), and it follows that f{(x,,) >f(x), and thus that fis
sontinuous on P. Since f, when restricted to Gn(0,1], is the composition of
inversions with f|p, fis continuous on G (0, 1] and since f(1) = 1, fis continuous
on G.

We remark that graph(f)n Bpc U; for suppose (x,y)egraph(f)nBp. Then
y =sup{z: (x,z)e U} and since U is closed, (x,y)e U.

(c) For any element (x,y) of R\ D, let a = h(x, y). Then since

(1L, D+&/a,yla) = (1,1), ylasf(x/a).

If k = f(x/a), suppose y/a<k; then since P is dense in [1,0), there is a peP such
that y/a<p<k and (x/a,p)e U, which implies that (px/y,p)e Un D(x,y) (since
px/y > x/a), contradicting (a). Hence, y/a = f(x/a). Suppose that graph(f) contains
another point (x/b, y/b) of D(x,y)n Bp. We may assume that b>a. Thenifa<c<b,
since (x/a,y/a)eU, (x/c,y/c)eU and so y/c<f(x/c). Suppose y/c<f(x/c); then
there exists deP such that (x/c,d)e U and y/c<d<f(x/c). Hence (x/b,dc/b)e U
and so y/b<dc/b<f(x/b). This contradiction shows that if graph(f) contains two
points of D(x,y), it contains all the points on a straight line between those two
points. Now we show that (x/a, y/a) = (x/b, y/b). Let x,—> x/b from the left. Then
(oS () > (x/b, y/b) and (1, 1) + (bx,/a, by,/a)—(1,1)+(x/a, y/a) = (1, 1), but for
every n, (1,1)+(bx,/a, by,/a) = (b/a, b/a). Thus, b/a = 1, and hence,

(x/h(x, y), y[h(x, ¥))

is the unique intersection point of D(x,y) and graph(f). This shows that #=£ on
R\D and since A(x,x)=x=p(x,x) for every xeP, h=8 on R. Now if
(x,¥)eL\D and A(x,y) = a, then h(y/x,1) = 1/aand so B(y/x, 1) = 1/a by what was
just shown. Hence, a/y = f(a/x) and (a/x,afy) is the unique intersection point of
graph(f) and D(y/x, 1); it follows that y/a = f(x/a) and that (x/a, y/a) is the unique
intersection of D(x,y) and graph(f), and so h agrees with B on L as well.

Now we wish to show that + = +as in Example 3.2. We may assume P is either
dense or cyclic. Since h =8 and f is non-decreasing, it follows that k& has the
property proved for 8 in Example 3.2 (which only involved the monotonicity of f)
that if w/y < z/x, then xB(z, w) < zB(x, y), yB(z, w) < wB(x, y) and p=q if y>w. If we
let

_ (xﬁ(z, WIAZB(x,5) YB(z W) AWE(S, y))
B AB@W) * B ABEW) )
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then if x<z, y<w and w/y <z/x, we have

k = (x(ﬁ(x, »VB(zw)) y(ﬁ(xa » VB, W)))
B(x,y) ’ B(x,y) ’

which equals (x, )+ (z, w) by the formula derived in (c). Similarly, if x<z, y<w
and w/y>z/x, then B(x, y)<B(z, w), xB(z, w)>zB(x,y) and yB(z, w)>wp(x,y) and
so k = (z, w) which equals (x, y)+ (z, w) by Remark 2.6. Finally, if x<z and y>w,
then

B(x,y)=B(z, w)

and since

x/z<1<y/w, xBlz,w)<zB(x,y) and yB(z, w)<wB(x,y).

So k = (x,y), which, again by Remark 2.6, is equal to (x,y)+(z, w). This shows
that + = +, as in Example 3.2.

We now show that fis a homomorphism. We assume first that (x,y) and (z, w)
are two elements of R\ D with y = f(x) and w = f(z). Without loss of generality,
suppose w/z>y/x. Then B(z/w,1)=1/w, and if p is any element of P\{l},
B(px,py) = p. Now

(zp/w;p) = (z/w, 1) (P, p) = (z/w, D) [(1, 1)+ (px, py)] = (z/w, 1)+ (zpx/w, py)

o zrw r
N (r/\(l/w)’ rA(l/w))

(by the calculations used in Example 3.2 for proving associativity), where
r = B(zpx/w),py). Hence, r/(ra(l/w))=p and since p>1, ra(l,w)#r and so
p = rw. Hence, yw = py/(p/w) = py[r = f(zpx/wr) = f(xz) and hence fis a homo-
morphism when restricted to f~1(P). Now suppose thatz< 1 and w = f(z) e Gn (0, 1].
Then if (x, y) is as above, w/z > y/x, B(1,w/z) = 1/z, and if r = B(px, pyw/z) where
p>1, we have

(p, wp/z) = (1, w/z) + (px, pyw/2) = (—, " rl 12)’ szlr/z))°

Hence p=rz -and yw = pyw/rz = f(xp/r) = f(zxp/rz) = f(xz). Since for x<1,
J(x) =1/f(1/x), we easily see that if both x and z are in Gn(0,1] then
S(x2) = f(x) f(z) and so fis a homomorphism on f-1(G). Now suppose xeG and
¥ = f(x)€(0,00). Let {d,}2_, be a sequence converging to x/y; then if p,, = B(d,, 1),
it follows that (d,/p,, 1/p)~>(x,y). Now if w = f(z) and y = f(x) where x and z
are in G, let x,~x, z,~>z, y,=f(x,) and w, = f(z,). Then y,w,—>yw; but
YWy =f(x,2,)~>f(x2). Hence, fis a homomorphism on all of G. This completes
the proof of Theorem 3.4.
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