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Abstract

In [14], Jacquet—Piatetskii-Shapiro—Shalika defined a family of compact open subgroups of p-adic general linear
groups indexed by nonnegative integers and established the theory of local newforms for irreducible generic
representations. In this paper, we extend their results to all irreducible representations. To do this, we define a new
family of compact open subgroups indexed by certain tuples of nonnegative integers. For the proof, we introduce
the Rankin—Selberg integrals for Speh representations.
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1. Introduction
1.1. Background

The theory of newforms is fascinating and plays an important role in the theory of automorphic forms.
It was first studied in the early 1970s by Atkin—Lehner [3] and Li [23] in terms of classical modular
forms, and by Casselman [6] in terms of local newforms on GL,. Their results become a bridge between
classical modular forms and automorphic representations of GL,. Casselman’s result was generalised to
GL,, by Jacquet—Piatetskii-Shapiro—Shalika [14] (see also Jacquet’s erratum [13]) in the 1980s. Another
proof was given by Matringe [26] in 2013.

After their works, the theory of local newforms was established

for PGSp, and for §I;2, which is the double cover of SL,, by Roberts—Schmidt [35, 36];
for GSp, by Okazaki [33];

for U(1, 1) by Lansky—Raghuram [19];

for unramified U(2, 1) by Miyauchi [27, 28, 29, 30].

In 2010, Gross gave a conjecture on the local newforms for SOy,,4 in a letter to Serre (see the expansion
[9] of this letter). It is a natural extension of the GL; case [6] and the PGSp, case [35]. This conjecture
was proven for generic supercuspidal representations by Tsai [41].

One has to notice that in all previous works, representations are assumed to be generic. For GL,;,
this assumption might be reasonable since all local components of an arbitrary irreducible cuspidal
automorphic representation of GL,, are generic. However, for other groups, this assumption is too strong
because there are many irreducible cuspidal automorphic representations whose local components are
not generic (and not tempered), such as the Saito—Kurokawa lifting of PGSp,.
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In this paper, we generalise the results in [14] to all the irreducible representations. Namely, we
extend the theory of local newforms to not generic representations in the case of GL,,. By considering
the endoscopic classification, our results would be useful for the study of local newforms for classical
groups in the future.

1.2. Main results

Let us describe our results. Let F' be a nonarchimedean local field of characteristic zero with the ring of
integers o and the maximal ideal p. Fix a nontrivial additive character ¢ of F, which is trivial on o but
not on p~'. We denote by ¢ the order of o/p.
For an integer n > 1,set A, = {(1,...,4,) €Z" |0 < Ay £ --- £ A,,}. Weregard A, as a totally
ordered monoid with respect to the lexicographic order. For 4 = (11, ...,4,), weset |d| = A1 +---+4,,.
We set G,, = GL,(F). For A = (11, ...,4,) € A,, we define a subgroup K,, 4 of GL,, (o) by

Kp.a = {(ki.;) € GL,(0) | ki ; = 6;.j mod pY, 1 <i,j <n},

where 6; ; is the Kronecker delta.

Let 7 be an irreducible smooth complex representation of G,. Godement—Jacquet [8] associated two
local factors L(s, ) and &(s, 7, ) with . By [14, (5.1) Théoréme (i)] and [8, Corollary 3.6] (or by the
local Langlands correspondence [11], [12]), we have &(s, w,¢) = (0, 7, )g~ =" for some nonnegative
integer c¢ . We call ¢, the conductor of n.

Set 719 = 7 and 7 to be the highest derivative of 7(""1) in the sense of Bernstein—Zelevinsky [4]
fori = 1,...,n. (Note that our notation is different from the original in [4].) It is known that 7 is
irreducible so that one can consider its conductor c ). We then define 1, = (1;,...,4,) by

Ak = Cpn-k) = C p(n-k+1)

for 1 < k < n. In Section 2.3 (especially in Proposition 2.4) below, we will see that 1, € A,. We note
that |A,| = c,.

We denote by 7% the K, ;-invariant subspace of 7, which is finite-dimensional. Our main theorem
is stated as follows:

Theorem 1.1 (Theorems 2.1, 2.2). Let 7 be an irreducible representation of G,,.
(1) For A € A,,, we have

1 ifd=A4,.,
dim(7n) = f T

0 ifdl <A,
(2) If A € A, satisfies that |A| < |Ad|, then i1 =0,

We call any nonzero element in 7%= a local newform of m. Using Theorem 1.1, we can give a

characterisation of the conductor in terms of the dimensions of fixed parts: that is,
Cx =min {|/l| | alna O} .

Note that when 7 is generic, since 7(!) is the trivial representation 1g, for any i > 1, we have
Az = (0,...,0,c,). In this case, K, ,, is nothing but the compact group introduced by Jacquet—
Piatetskii-Shapiro—Shalika [ 14]. Hence Theorem 1.1 (1) is an extension of a result in [14].

According to the Zelevinsky classification, the set of isomorphism classes of irreducible representa-
tions of G, is classified by multisegments. We recall it in Section 2.1. When 7 = Z(m) is the irreducible
representation associated with a multisegment m, we have another description of A, in terms of m
(Proposition 2.4), which allows us to compute 1, in many important cases (Example 2.5). Moreover,
Corollary 2.8 tells us how to compute A, inductively in general.
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The proof of Theorem 1.1 takes the following three steps:

Step 1: Reduce to two cases: the case where 7 is of type y with an unramified character y of F*
and the case where L(s,m) = 1. Here, we say that an irreducible representation x is of type y if
m=2Z(Ay+---+A,)such that fori = 1,...,r, the segment A; is of the form [a;, b;], for some
integers a;, b; satisfying a; < b;.

Step 2: Prove Theorem 1.1 for 7 of type y with an unramified character y of F*.

Step 3: Prove Theorem 1.1 for 7 such that L(s, ) = 1.

Let us give the details of each step.

1.3. Reduction

Using the Mackey theory, we study the K,, ;-invariant subspaces of parabolically induced representations
in Section 5.1. To do this, in Section 4.1, we relate A,, with the set |C"| of isomorphism classes [M]
of n-modules such that M is generated by at most n elements. In Section 5.1, we associate a compact
open subgroup K,, (p] of G,, with [M] € |C"|. If A = (41,...,4,) € Ay and M = EB;‘:ID/p’l", then
K,.,;m] = Ky 2. Proposition 5.2 says that the K, p7]-invariant subspace of a parabolically induced
representation decomposes into a direct sum indexed by certain filtrations on M by o-modules. In
particular, this proposition together with Corollary 4.7 reduces Theorem 1.1 to the following two types
of irreducible representations:

e 7 € Irr(G,,) of type y with a fixed unramified character y of F*
e 7 € Irr(G,) such that L(s, ) =1

1.4. The case where 7t is of type x

In Section 6, we prove Theorem 1.1 for irreducible representations 7 € Irr(G,,) of type y with a fixed
unramified character y of F*.

In the proof of Theorem 1.1 (1), we first consider the case where m is a ladder representation.
The main ingredient in this case is Tadi¢’s determinantal formula established by Lapid—Minguez [21].
This formula describes & explicitly as an alternating sum of standard modules. The key point is that
the standard modules appearing here are parabolically induced representations from one-dimensional
representations. In particular, for [M] € |C"|, the determinantal formula together with Proposition 5.2
expresses the dimension of 7%.1M1 explicitly as an alternating sum of the numbers of certain filtrations
on M by o-modules (Proposition 6.1). Surprisingly, there are many cancellations in this alternating sum
(Lemma 6.3). From this lemma, we can deduce Theorem 1.1 (1) for a ladder representation 7 of type y.
For these miraculous cancellations, see Example 6.4.

The proof of Theorem 1.1 (1) for general 7 of type y is by induction on a certain totally ordered set.
The key is Proposition 2.7, whose proof relies on a highly nontrivial result of Knight—Zelevinsky [16]
that describes the Zelevinsky dual of & (see also Proposition 3.7).

We reduce the proof of Theorem 1.1 (2) to the case where r is a Steinberg representation. In this
case, by Tadi¢’s determinantal formula (or by the definition of the Steinberg representations in Harish-
Chandra [10]), we can express 771 explicitly as an alternating sum of the numbers of certain filtrations
on the n-module corresponding to 4. We realise this alternating sum as a coefficient of certain formal
power series in one variable whose coeflicients are in a graded ring. By giving another description of
this formal power series, we deduce that afna =,

1.5. The case where L(s,n) =1

In Section 7, we firstly prove Theorem 1.1 (2) for & with L(s, ) = 1. We reduce the proof to the case
where 7 is cuspidal. In this case, Lemma 7.1 says that certain Hecke operators depending on 1 € A,
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act on 7 as nilpotent endomorphisms. We consider the Godement—Jacquet integral Z(®, s, f) defined
in [8]. From this lemma, it follows that if 752 # 0, then we can obtain data ® and f such that Z(®, s, f)
is a nonzero constant, whereas Z(®, s, ) € ¢!"*C[[¢*]]. Since &(s, 7, ¥) = £(0, 7, ) g~ =15 by the
functional equation, we conclude that |A] > |A.].

By Proposition 5.2, we can reduce Theorem 1.1 (1) for 7 with L(s, 7) = 1 to the case where 7 = Z(A)
for a segment A (Lemma 7.2). The key point here is that the matrices defined by the multiplicities
of irreducible representations appearing in standard modules are ‘triangular’ and unipotent ([42, 7.1
Theorem]).

Finally, we prove Theorem 1.1 (1) for 7 = Z(A) with L(s,7) = 1. Slightly generally, we do it in
Section 9 for Speh representations Sp(7iemp, 7) With an irreducible tempered representation miemp of
G,,. For the notation of Speh representations, see Example 2.5 (4). The proof of this case is rather
an analogue of the generic case in [14]. Namely, it is an application of the theory of Rankin—Selberg
integrals. To carry out the proof, we establish this theory for Speh representations in Section 8.

1.6. Rankin-Selberg integrals for Speh representations

The theory of Rankin—Selberg integrals was developed by Jacquet—Piatetskii-Shapiro—Shalika [15].
These integrals are integrations of products of Whittaker functions of two irreducible representations
of G, and G,,, and they represent the Rankin—Selberg L-functions. Since representations are required
to admit nontrivial Whittaker functions, they must be generic. As an application of Rankin—Selberg
integrals for G, X G,,—1, the theory of local newforms for generic representations of G, was established
in [14].

To prove Theorem 1.1 (1) for Speh representations, we need to extend the theory of Rankin—Selberg
integrals to the case of Speh representations. In the equal rank case, this extension was done by Lapid—
Mao [20]. In their paper, instead of Whittaker models, they used two models of a Speh representation
that are called the Zelevinsky model and the Shalika model'.

For our purpose, we need the Rankin—Selberg integrals in the ‘almost equal rank case’, which are
easier than the equal rank case. The Zelevinsky model is a direct generalisation of the Whittaker model
so that we can easily extend the theory of Rankin—Selberg integrals using this model (Theorem 8.5).
On the other hand, the Shalika model has an important property of the Whittaker model (Theorem 8.2),
which we need for the proof of Theorem 1.1 (1) for Speh representations. To transfer the Rankin—
Selberg integrals in the Zelevinsky models to those in the Shalika models, we use the model transition
established by Lapid—Mao (see Proposition 8.3).

After establishing the Rankin—Selberg integrals in the Shalika models, the proof of Theorem 1.1 (1)
for Speh representations 7 with L(s, ) = 1 is exactly the same as in the generic case [14]. We do not
compute the greatest common divisors of the Rankin—Selberg integrals in general (see Proposition 8.7).
This is a main reason this method cannot be applied to Speh representations 7 with L(s,7) # 1.
However, as an application of Theorem 1.1 (1) for all cases, we can specify the greatest common divisor
when the Speh representation of the group of smaller rank is unramified (see Theorem 9.1).

1.7. Organisation

This paper is organised as follows. In Section 2, we state the main results (Theorems 2.1 and 2.2).
We give two definitions of A, (Proposition 2.4) and explain how to compute it (Corollary 2.8). Some
important examples of A, are given in Example 2.5. Propositions 2.4 and 2.7 are proven in Section 3.
After preparing several facts on n-modules in Section 4, we prove the Mackey decomposition of the
K., [a)-invariant subspace of a parabolically induced representation (Proposition 5.2) in Section 5. It

1As mentioned in [20], this terminology does not coincide with the standard notion of the Shalika model in the literature. This
model was also used in the theory of twisted doubling [5] established by Cai-Friedberg—Ginzburg—Kaplan, in which it is called
the (k, ¢) model.
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reduces the proofs of the main results to two cases: © € Irr(G,) of type y with a fixed unramified
character y of F* and 7 € Irr(G,,) such that L(s, ) = 1. For the former case, Theorems 2.1 and 2.2 are
proven in Section 6. In Section 7, we treat the latter case. More precisely, for the latter case, we prove
Theorem 2.2, but we reduce Theorem 2.1 to the case where 7 is a Speh representation. Theorem 2.1
for Speh representations & with L(s,7) = 1 is proven in Section 9 after establishing the theory of
Rankin-Selberg integrals for Speh representations in Section 8.

Notation

Let F be a nonarchimedean local field of characteristic zero. Denote the ring of integers and its maximal
ideal by o and p, respectively. Fix a uniformiser @ of o, and normalise the absolute value | - | on F so
that |@| = ¢~', where ¢ = #(o/p). We fix a nontrivial additive character ¢ of F such that i is trivial on
o but nontrivial on p~!.

For an integer n > 1 and a commutative ring R, we let M, (R) denote the R-module of n-by-n matrices
with entries in R.

In this paper, all representations are assumed to be smooth. For a representation 7 of GL,, (F), its
contragredient representation is denoted by 7.

2. Statements of the main results

In this section, we fix notations and state the main results.

2.1. The Zelevinsky classification

We recall the Zelevinsky classification [42] of irreducible representations of G,, = GL,(F). For a
smooth representation 7 of G,, and a character y of F*, the twisted representation g — m(g) y (detg) is
denoted by . The set of equivalence classes of irreducible representations of G, is denoted by Irr(G,).
When 71, ..., m, are smooth representations of G, ..., Gy, , respectively, with ny +--- + n, = n,
we write 7y X --- X 7, for the parabolically induced representation of G,, from 7| ® - -- ® &, via the
standard parabolic subgroup whose Levi subgroup is G, X --- X G, .
A segment A is a finite set of representations of the form

[x’y]P = {p| : |x,p| : |x+1"”’p| : |y}’

where p is an irreducible cuspidal representation of G, for some d > 1,and x,y € R withx = y mod Z
and x < y. We write [(A) = y — x + 1 and call it the length of A.
Let A = [x, y], be a segment. Then the parabolically induced representation

pl- ¥ xpl - [*x--oxp| Y

of G 4;(a) has a unique irreducible subrepresentation. We denote it by Z(A). For example, if p = y isa
character of F*, then Z([x, y],) = | det |% X (det) is a one-dimensional representation of G, _1.

Letr > 1.Fori=1,...,r,let A; = [x;, ]y, be a segment and n; > 1 an integer such that p; is a
cuspidal representation of G,,. When p; is unitary and the inequalities
X1tyr 22X +yr

hold, the parabolically induced representation

Z(A)) XX Z(A,)
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has a unique irreducible subrepresentation. We denote it by Z(m), where m denotes the multisegment
m = A +---+A,. The Zelevinsky classification says that for any irreducible representation 7 of G,
there exists a unique multisegment m = Ay + - - - + A, such that 7 = Z(m).

When x; > --- > x, and y; > --- > y;, the irreducible representation

Z([xl’yl]p""? [xl"yl‘]p) = Z([xl,)’l]p"'""" [xl"yl‘]p)

is called a ladder representation. A ladder representation of the form Z([x, y],, [x — 1,y = 1],,...,
[x —t+1,y —t+1],) for some positive integer ¢ is called a Speh representation.

2.2. Main results

Fix n > 1. Let A,, be the subset of Z" consisting of A = (1y,...,4,) € Z" suchthat0 < A; < --- < 4,,.
Note that A,, is a submonoid of Z". We endow A,, with the total order induced by the lexicographic
order: that is, for 4 = (A1,...,4,), 4" = (A7,...,4),) € A,, we write 4 < A’ if and only if there exists
I <i<nsuchthatd; =2 for j <iand A; <A

ForA = (41, ...,4,) € Ay, define K, , to be the subgroup of G, (o) = GL, (o) consisting of matrices
k= (ki,j)lsi,an such that

ki,j = 6,"/' mod D/li

forany 1 < i, j < n. For example, if n =4 and 1 = (0,0, 1, 2), then

00 D 0
D 0D D 0
= N GL4 (o).
K4,(0,0,1,2) p p l4p 4(0)
p2p? p 14p?

In Section 1.2, we defined A, € A,, for any 7 € Irr(G,,). The main results are as follows.

K

Theorem 2.1. Let 1 € Ir1(G,,). Then the K, a, -invariant subspace n*= is one-dimensional. More-

over, if A € A\, satisfies A < A, then ki =,
For A= (Ay,...,4,) € Ay, we write |A| for A; +--- + A,,.
Theorem 2.2. Let t € Irr(G,). If A € A, satisfies |A] < |Ad,|, then it = (.

2.3. Definition of Ay,

For an irreducible representation 7 of G,,, we defined A, € Z" in Section 1.2. Here we describe it in
terms of multisegments, which then implies that 1, € A,,.

A segment A is written as A = [a, b],, where a, b € Z with a < b and p is a cuspidal representation
of G4 for some d > 0. We write a multisegment as a sum m = Aj + - - - + A, of segments, where r is
a nonnegative integer. We call the integer r the cardinality of m and denote it by Card(m). Recall that
we set [(A) = b —a + 1. We write [(m) for the sum /(A) + - - -+ [(A,) and call /(m) the length of m.

If a < b, we write A~ for the segment [a, b — 1],. When a = b, we understand A~ to be the empty
multisegment. We set m™ = A7 +---+ AL By the fundamental result of Zelevinsky [42, 8.1 Theorem],
the highest derivative of Z(m) is equivalent to Z(m™).

We call A = [a, b], unipotent if p is an unramified character of F*. Similarly, we say that m =
Ay + -+ A, is unipotent if A; is unipotent for i = 1, ..., r. Fix an unramified character y of F*. We
say that a multisegment m = A +---+A, isof type y iffori = 1,...,r, the segment A; is of the form
[ai, bi], for some integers a;, b; satisfying a; < b;.

We denote by m¥ the unique multisegment such that Z(m¥) is equivalent to the Zelevinsky dual of
Z(m) (see, e.g., [34, Section 7]). We denote by m™™ the multisegment ((m#)")#. When 7 = Z(m),
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we set 7™ = Z(m'™™). We use ‘ram’ only for unipotent multisegments. For an example of m™™, see
Section 2.5 below.

When n’ < n, we regard A,y as a submonoid of A, via the inclusion A, < A, given by
A1y ) > (0,...,0, 21, .., Ap).

Definition 2.3. Let m be a multisegment.
(D) fm=A+---+A, with A; = [a;, b;],, being not unipotent for all i = 1, ..., r, then we set
r
Am = Z(O,...,O,cpi,...,cpi),
i=1 S o’

1(A;)

where c,, is the conductor of p;. Note that ¢,,, > 0 for 1 <7 < r by [14, (5.1) Théoréme].
(2) If m is unipotent, and if we write m™™ = A} +--- + A, then we set

A =Z(0,...,o,1,...,1).
— ————
! 1A

(3) In general, we decompose m as 1t = M’ + My,ip, Where My, is unipotent, and each segment in m’
is not unipotent. Then we set

Am = A + Ay -
As seen in the next proposition, this is an alternative definition of A,.

Proposition 2.4. Let n > 1, and let 1 = Z(m) be the irreducible representation of G, corresponding
to a multisegment m. Then we have A, = Ay,.

This proposition will be proven in Section 3.2 below. We now give some examples.
Example 2.5. Let 7 be an irreducible representation of G,,.

(1) When L(s,7) =1,then 7t = Z(A; +---+ A,) with A; not unipotent. If 7 = Z(A) with a segment
A =[x, y],, then we have

A=A =(0,...,0,cp,...,cp) € Ay.
—_— ——
n—1(A) I(A)
Here, we note that ¢, > 0. In general, if 1 = Z(A1 +---+ A,), we have

Ag =Ap, +- -+ Aa, € Ay

(2) Whenn =Z([x1,y1ly,---» [%1,yi]y) € Irr(G,,) is a ladder representation of type y, where y is an
unramified character of F*, we have

4,,:22:(0,...,0, L...,1 )eAn
= max {y;—x;-1+2,0}

Indeed, by the description of the Zelevinsky duals of ladder representations in [21, Section 3] (see
also Section 2.5 below), we have

M =Z([x1 = Lyaly, [x2 = Lyl oo s [t = Loyely)-

Here, if x;_; — 1 > y;, we ignore [x;_1 — 1, y;],.
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(3) Lett > 1,andletx; € Irr(Gp,) be asin either (1) or (2) above for 1 <i < ¢. Assume 7 = 7 X+ - - X7,
is irreducible. Then we have A = A5, +---+ A4,
(4) Letmbe anirreducible tempered representation of G,,. Then the parabolically induced representation

_m-1 _m=3 m—=1
ﬂ-|| 2 X7T|-| 2 X"'Xﬂ'|-| 2
of G, has a unique irreducible subrepresentation o-, which is denoted by Sp(sr, m). Note that o is
a (unitary) Speh representation. Combining the cases above, we obtain

Ao =0(0,...,0,Crny...,Cx) € App.
(n-1)m m

Remark 2.6. In the appendix of the paper [17] by the second and third authors, they introduce a notion
of mirahoric representations (see Section A.1.6 of [17]). Let us recall the definition. Two segments
A and A’ are said to be tightly linked if they are linked and either A is not unipotent or A N A’ is
nonempty. Let 7 = L(m) be an irreducible representation associated with a multisegment m in the
Langlands classification: that is, 7 is the Zelevinsky dual of Z(m). They defined n to be mirahoric if
any two segments in m are not tightly linked. In terms of the setup in this paper, the class of mirahoric
representations is equal to the class of irreducible representations & such that 1, = (0,...,0,c) for
some c. This can be seen from their proposition [ 17, Proposition A.15], which says that a representation
m is mirahoric if and only if the conductor of the highest derivative of r is zero. Hence, a main result
[17, Proposition A.3] in the appendix can be interpreted as a special case of Theorem 2.1 restricted to
the mirahoric representations.

An irreducible representation 7 = L(m) is generic if and only if any two segments of m are
not linked. Therefore a generic representation is mirahoric. However, a simple multisegment such as
m = [0, 1], + [2, 3], where p is an unramified character, gives a mirahoric representation L(m), which
is not generic. (This is one of the reasons for treating the unipotent case and the case L(s,7) = 1
separately.)

2.4. Computation of Ay
When m is a general unipotent multisegment, it is difficult to compute A, directly from the definition.
In this subsection, we explain how to compute A, efficiently.
Let m be a unipotent multisegment. We may assume that m is of type y for some unramified character
x of F*. We denote by mpy,x the set of segments A in m such that A is maximal with respect to the
inclusion among the segments in m. We regard my,x as a multisegment in which each segment has
multiplicity at most 1. We set m™ = m — my,x. For example, if
m= [09 0]/\/ + []s 2]/\/ + [192],\/ + [2s 2]/\/’

then we have

mmax = [0’ 0]/\/ + [1,2])(
and

m™™ =[1,2], +[2,2],.

Proposition 2.7. We have m™™ = ()™ + (mmax)ram,

https://doi.org/10.1017/fmp.2022.17 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2022.17

10 H. Atobe, S. Kondo and S. Yasuda

We will prove this proposition in Section 3.3 below.
Corollary 2.8. We have Ay = A, + Ammax.

Proof. Write (Mpax)™™ =Ap+---+ A, and (m™)@M = A, 1 +---+A;. Thenm™®™ = A +--- + A,
by Proposition 2.7. Hence we have

1(A:)

t
=Z(0,...,o,1,...,1)+ Z(O,...,O,l,...,l)

=1 i=r+l —
1(A;) 1(A;)

= /lmmax + ﬂmmax .
This completes the proof. O

Since mp,y is a ladder multisegment (i.e., the multisegment corresponding to a ladder representation),
we can compute Ay, asin Example 2.5 (2). Hence, using this corollary, we can compute A, inductively.

2.5. An example of computation of m™™

By using Proposition 2.7, one can compute m™™ for an arbitrary multisegment m in a systematic way.
Let us give an example.

Letm = 217:1 A; be a multisegment where A; = [5,6],, A> = [3,7],, A3 = [3,4],, Ay = [2,5],,
As = [3, 3]/\/, Ag = [1, 2])(, Ay = [0, O]X Then My = Ay +Ags+Ag+A7 and mma = A +A3+As5. We
also have (M™) .« = A1 + Az and (m™*)™M2X = A5 By Proposition 2.7, we are reduced to computing
‘ram’ of the three ladder multisegments.

As explained in Section 3 of [21], the Zelevinsky dual of a ladder multisegment can be calculated
fairly easily. Let us compute the Zelevinsky of myx by drawing pictures. In the xy-plane, we draw each
segment of My, so that each lies on the line y =i fori = 1,...,4. (See the following figure.) Whenever
there exist points (e, f) and (e + 1, f — 1) with e, f € Z, we draw a dotted line connecting them. Then
the dotted lines form the multisegment of the Zelevinsky dual (1ip,.)*. One can use the algorithm of
Mceglin—Waldspurger [32] to verify that the procedure above actually gives the Zelevinsky dual. We
obtain (Mpa)# = AT+AL+AL+AL+AL, where A] = [7,7],, A] = [5,6]y, A} = [4,5]y, A = [2,4],,
AL =10,3],.

7 N
N
N
N
N
N
A S—
6 N N
N A
N N
N N
A A
N N
N \
A i | | |
4 ’\\ AY ]\\ ]\\
N N\ AY A
A N\ A N
N A N\ N
N N\ AY A
A N\ AY N
N N N\ N\
Ay i t } } {
’ ’ ’ ’ ’
AL A, A, A, A

https://doi.org/10.1017/fmp.2022.17 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2022.17

Forum of Mathematics, Pi 11

The multisegment of the highest derivative is obtained by shortening each segment by 1. Hence, we
have ((Mmax)¥)™ as in the following figure. We obtain ((Mmax)¥)™ = (AD™+(A)™ + (A)™ +(A)~
where A] = [5,5],, A) = [4.4]y, A} =[2,3], A} = [0,2],.

((Mma)H™ 0 1 2 3 4 5 6 7
(AD” ————
Ay —
(A%)” K
(A~ \

" ” ”
A3 AZ Al

Taking the Zelevinsky dual again, we arrive at (Mmax)™™ as in the following figure. We obtain
(Mmax)™™ = AV + AT + AY where AT = [2,5],,AY =[1,2],,A] = [0,0],.

(Mpax) ™™ 0 1 2 3 4 5 6 7
A//
3
Ay —
AY } : : i

Similarly, we have (A1 +A3)™" = [4,4], and (A5)™" = 0. Thus m™™ = [4,4], +[2,5], +[1,2], +
[0,0],.
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2.6. The Weil-Deligne representations

In this subsection, we give some justification for the use of the term ‘ram’ in the notation 7™™. This
comes from the Galois side of the local Langlands correspondence ([1 1], [12]). For several materials in
this subsection, see [40].

Let us fix an algebraic closure F of F. Let Wy C Gal(F/F) denote the Weil group of F. By definition,
WF is a locally profinite topological group. If we denote by W}b the quotient of W by the closure of

[Wg, Wg], then there exists an isomorphism rg : W;b — F* that sends any lift of geometric Frobenius
to a uniformiser of F.

A Weil-Deligne representation is a triple (r,V,N), where (7,V) is a finite-dimensional complex
representation of Wy and N is a linear endomorphism of V such that the kernel of 7 is open in W,
and we have 7(0)N = |rp(o)|N7(0o) for any ¢ € Wp. Let Ir C Wg denote the inertia subgroup.
A Weil-Deligne representation (7,V, N) is called unramified if Ir acts trivially and N acts as O on
V. Any Weil-Deligne representation V = (7, N, V) has a unique maximal unramified Weil-Deligne
subrepresentation V. Explicitly, we have V,; = V¥ N Ker N. We denote by V™™ the quotient V/Vy;,
and we call it the ramified quotient of V.

The local Langlands correspondence gives a one-to-one correspondence between the isomorphism
classes of irreducible complex representations of G, and the isomorphism classes of Frobenius semisim-
ple n-dimensional Weil-Deligne representations over the complex numbers.

Lemma 2.9. Let © be a unipotent irreducible admissible representation of G, and let V denote the
Weil-Deligne representation corresponding to m via the local Langlands correspondence. Then V™™
corresponds to 1™,

Proof. For a segment [a, b],, we denote by A[a, b], the generalised Steinberg representation: that is,
the unique irreducible quotient of

pl-1“xpl- [ x-xpl- P,

As in the Langlands classification, we write 7 = L([a1, b1lp, + -+ + [ar, b, ]p,) if 7 is the unique
irreducible subrepresentation of

Alai, bilp, X - x Alay, brlp,
with p; unitary and a; + by < - -+ < a, + b,. Then the Zelevinsky dual 7 of 7 is given by
7t = Z([ar, bilp, + -+ [ar, brlp,).
By [42, 8.1 Theorem], the highest derivative ()~ of 7t is
()™ = Z([ar, by = 1o, +---+ [ar. by = 1],,).
Here, if a; = b;, we ignore [a;, b; — 1],,. Hence
7 = (7)) = L(lar, by =, +---+ [ar, by = 1],,).
Therefore, the map 7 +— 7™™ corresponds to V +— V/Ker N (see, e.g., [37]). Since x is unipotent, the

corresponding V satisfies that V = V/F so that V™ = V /Ker N. O

3. Proofs of Propositions 2.4 and 2.7

The purpose of this section is to prove Propositions 2.4 and 2.7. To do these, we introduce the notions
of VN-pairs and W L-pairs.
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3.1. VN-pairs and W L-pairs

A VN-pair (over C) is a pair (V, N) of a finite-dimensional Z-graded vector space V over C and a
C-linear endomorphism N: V — V of degree 1. Similarly, a WL-pair (over C) is a pair (W, L) of
a finite-dimensional Z-graded vector space W over C and a C-linear endomorphism L: W — W of
degree —1.

Let (V,N) and (V’,N’) be two VN-pairs. A morphism f: (V,N) — (V’,N’) is a C-linear map
V — V' preserving the degrees such that f o N = N’ o f.

Lemma 3.1. Let (V,N) and (V’, N’) be two VN-pairs. Then (V,N) = (V’,N’) if and only if V = V’
as graded vector spaces and (Image N, N|image v) = (Image N’, N'limage N7)-

Proof. The ‘only if’ part is trivial. We prove the ‘if* part. Assume the two conditions. Let us choose an
isomorphism

fi: (Image N, Nlimage N) — (Image N’, N [image N7)

of VN-pairs. Let us also choose homogeneous elements vi,...,v, € Image N whose images in
Image N /Tmage N2 form a basis of this space. Fori = 1,...,r, let us choose homogeneous elements
er,....,e, € Vandej,...,e;, € V' in such a way that we have N(e;) = v; and N'(e;) = fi(v;) for
i=1,...,r. Let W (respectively, W’) denote the graded vector subspace of V (respectively, V') gener-
ated by Image N and ey, . . ., e, (respectively, Image N and ei, S er).

Let N: V/Image N — Image N /Image N” denote the homomorphism induced by N. It follows from

the construction of W that the restriction of N to W /Image N gives an isomorphism W /Image N =N
Image N /Image N2. Hence we have V /Image N = Ker N & (W /Image N). By applying the snake lemma
to the commutative diagram

0 —— ImageN —— Vv —_— V /Image N — 0

v| v |~

0 —— Image N> ——— Image N —— Image N/Image N> —— 0,

we see that the homomorphism @ : Ker N — Ker N induced by the quotient map V —» V/Image N is
surjective. Let us choose a graded vector subspace U C Ker N such that the restriction of @ to U gives
an isomorphism U — Ker N. Since V/Image N = Ker N @ (W /Image N), we have V =U @& W.

A similar argument shows that there exists a graded vector subspace U’ C Ker N’ such that V' =
U’ ® W’. Since V and V' are isomorphic as graded vector spaces, U and U’ are isomorphic as graded
vector spaces. Let us choose an isomorphism f,: U — U’ of graded vector spaces.

Let f: V — V’ denote the homomorphism defined as follows: f(v) = fj(v) for v € ImageN,
fle)) =eifori=1,...,rand f(u) = fo(u) for u € U. Then f is an isomorphism of VN-pairs from
(V,N) to (V’, N’). This completes the proof. o

Let (V,N) be a VN-pair. For an integer ¢ € Z, we let (V,N)(c) denote the cth degree-shift of
(V,N). By definition, (V,N)(c) = (V(c),N(c)), where V(c) is the Z-graded vector space over C
whose degree-a-part is equal to the degree-(a — c)-part of V for any a € Z, and N(c): V(c) — V(c)
is the endomorphism induced by N. (This notation of degree-shift corresponds to the Tate twist on the
Galois side of the local Langlands correspondence.)

For a segment A = [a,b], with a,b € Z, we let (Va, Na) denote the VN-pair such that V, is
the graded complex vector space with basis e, €441, - . ., €p, Where for i = a, ..., b, the vector e; is
homogeneous of degree i and Np : Vo — Vj, is the endomorphism that sends e; to e;4 fori = a, ..., b—1
and sends e, to 0. Similarly, we denote by (Wa, La ) the W L-pair such that Wy =V and Lp : Wpy — Wy
is the endomorphism that sends e; to e¢;—; fori =a +1,...,b and sends e, to 0.
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Let y be an unramified character of F*. For a multisegment m = Aj +--- + A, of type y, we define
the VN-pair (Vy, Ny, ) and the W L-pair (W, Lyy,) as the direct sums

@vAi,@NAi)
i=1 i=1

(Vm’ Nm) =

and

(Wi, L) = (ErB WA,», é} LAi) .
i=1 i=1

It follows from the Gabriel theory [7], or from the theory of Jordan normal forms and some elementary
argument (compare to [16]), that these give one-to-one correspondence among the multisegments of
type x, the isomorphism classes of V N-pairs and the isomorphism classes of W L-pairs.

For a VN-pair (V, N) (respectively, a W L-pair (W, L)), let us consider the set S(V, N) (respectively,
S(W, L)) of C-linear endomorphisms L: V — V (respectively, N: V — V) of degree —1 (respectively,
degree 1) satisfying L o N = N o L. We sometimes regard S(V, N) and S(W, L) as algebraic varieties
over C. Since S(V, N) and S(W, L) are finite-dimensional complex vector spaces, S(V, N) and S(W, L)
are, as algebraic varieties over C, isomorphic to affine spaces over C.

Lemma 3.2. Let (V,N) be a VN-pair and (W, L) be a W L-pair:

(1) The map S(V,N) — S(Image N, N|image n) that sends L to L|image N s surjective.
(2) The map S(W, L) — S(Image L, Llimage 1.) that sends N to N |image 1. is surjective.

Proof. We only give a proof of assertion (1). We can prove assertion (2) in a similar manner.

Let us choose homogeneous, linearly independent elements v1,...,v, € V such that V is a direct
sum of Image N and the subspace of V generated by vy,...,v,. Fori =1,...,m, we let d; denote the
degree of v;. Given L’ € S(Image N, N IImage ~N ), choose a homogeneous element w; € V of degree d; — 1
that satisfies L’(N(v;)) = N(w;) foreachi = 1,...,m. Let L denote the unique C-linear map V — V
such that L(v) = L’(v) for v € Image N and that L(v;) = w; fori = 1,...,m. It is then straightforward
to check that L € S(V, N). It follows from the construction of L that L|ymaee v = L’. Hence the claim
follows. O

Let (V,N) be a VN-pair, and let m be the multisegment (of type y) corresponding to (V, N). It
follows from [43] and [31] that there exists a Zariski open dense subset S°(V, N) c S(V, N) such that,
for L € S(V,N), the multisegment (of type x) corresponding to (V, L) is equal to m* if and only if
L e S°(V,N).

Let V be a finite-dimensional Z-graded vector space over C and N, L: V — V be C-linear endomor-
phisms of degree 1, —1, respectively. We say that the triple (V, N, L) is admissible if No L = L o N and
the multisegment corresponding to the W L-pair (V, L) is the Zelevinsky dual of the one corresponding
to the VN-pair (V, N).

Lemma 3.3. Let (V,N) (respectively, (W,L)) be a VN-pair (respectively, a W L-pair), and let m
denote the multisegment corresponding to (V,N) (respectively, (W, L)). Then the multisegment m~
corresponds to (Image N, N|image N ) (—1) (respectively, (Image L, Llimage1.))-

Proof. Easy. O

Let us give an example. Let m = A1 + Ay + Az + Ay, where Ay = [3,7],, Ax = [2,5],, A3 = [1,2],
and A4 = [0,0],.
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Ay

As -

A, N NN

Ay Ny NN LN

The picture of (Image N(—1), Nlimage v (—1)) is as follows:

4
A;

A; N , N

AY N NN

We see that this corresponds to m™.

Lemma 3.4. Let (V,N) be a VN-pair, and let m be the multisegment corresponding to (V,N). Then
there exists a Zariski open dense subset S®(V,N) c S(V, N) such that for L € S(V,N), both (V,N, L)
and (Image L, N |tmage 1> Llimage 1.) are admissible triples if and only if L € S9(V,N).

Proof. Tt is easy to see that there exists a Zariski open subset S¢(V,N) c S(V,N) such that for
L € S(V,N), both (V,N, L) and (Image L, N [image 2> L|image ) are admissible triples if and only if
L e S°(V,N).

It remains to show that S(V, N) is dense in S(V, N). Since S(V, N) is irreducible as an algebraic
variety over C, it suffices to show that S¢(V, N) is nonempty. Let us choose L € S°(V, N). Since the
morphism S(V, L) — S(Image L, L|image 1) is surjective by Lemma 3.2, there exists N’ € S(V, L) such
that both (V, N’, L) and(Image L, N'|image ., Llimage ) are admissible triples. Then (V, N) and (V, N”)
are isomorphic since both correspond to the same multisegment. Hence (V, N’, L) is isomorphic to
(V,N, L") for some L’ € S(V, N). Since L’ belongs to S(V, N), it follows that S (V, N) is nonempty,
as desired. O

3.2. Proof of Proposition 2.4

Now we prove Proposition 2.4.
Proof of Proposition 2.4. Let 1 = Z(m) be an irreducible representation of G,,. We decompose m as
m=m'+m;+---+m,
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where

e cach segment in m’ is not unipotent;
e each m; is of type x; for some unramified character y; of F* for 1 <i < t;
o ifi#j, then)(l-)(;l is not of the form | - | for any a € Z.

Set 7/ = Z(m’) and n; = Z(m;). Then x is isomorphic to the parabolic induction 71’ X 71y X -+ - X 74.
ForIl = m, 7', 71, ..., 7, let 1@ = IT and TI) denote the highest derivative of oD fori > 1.
Then we have 70 = 7/() x n{i) X oo X n,(i) for any integer i > 0. Thus, to prove the claim, we may
assume that m = m’ or m = m;.
First, we consider the case where m = m’. Letus write 7 = Z(m) andm = [a1, bi]p,+- - -+[a,, br]p, .
Then py, ..., p, are ramified cuspidal representations. Fori = 1,...,7,let ¢; = ¢y, denote the conductor
of p;. Then for j > 0, we have 7(/) = Z(m)), where

m = 3 fai, b - flp.

I<i<r
bj-a;>j

This shows that the conductor of 7(/) is equal to

C(j) = Z (bl —a; + 1 —j)Ci.

I<i<r
bj-a;>j

Hence we have

(D= S e

I<isr
bij-a;>j

From this, one can easily see that

r

/lﬂ ZZ(O,...,O,C[,...,C[) :/lm,
i=1 S———
bi—a;+1

as desired.

Now we consider the case where 7 = Z(m) is of type y for an unramified character y of F*.
Let us consider the VN-pair (V, N) corresponding to m. For i > 0, let us write 70 = Z(m®).
As we remarked at the beginning of Section 2.3, we have 7(!) = Z(m™). Hence m¥) is obtained
from m by the i-fold iteration of the operation ( )~. Therefore, it follows from Lemma 3.3 that m
corresponds to the V N-pair (Image N*, N |image ) (7). Letus choose L € § (V, N) such that Llimage N
belongs to S?(Image N*, Nljmage ni) for any integer i > 0. By Lemma 3.2, such an L exists. Then the
conductor of 7 is equal to the dimension of Image L o N ! Hence if we write 1, = (41,...,4,) and
d; = dim Image L o N' for i > 0, then we have

Ak =dp—k — dp—1

for k = 1,...,n. Let us write 77" = Z(m™") with m™™ = Ay +---+ A, and A; = [a;, b;], for
1<i<r.Then Ay, = (/11/1;) with

Y= >

I<i<r
bi—a; >n—k
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fork =1,...,n. By Lemmas 3.3 and 3.4, m™™ corresponds to the VN-pair (Image L, N|fmage 1.)- Since
L and N commute, we have dim Image N i oL =d; fori > 0. Hence we have

di —di1 = Z 1

1<i<r
bi—a;>i

fori =0,...,n— 1. Therefore, we have
Ay =dpk —dp—ks1 = Ak
for k =1, ..., n. This completes the proof. m
We do not use the following proposition, but it might be interesting.

Proposition 3.5. For any multisegment m, we have (m~)"™™ = (m"™™)~.

Proof. Let (V,N) be the VN-pair corresponding to the multisegment m. If we choose a sufficiently
general L € S(V, N), then (m™)™™ and (m"™™)~ correspond to the pairs (Image Lo N, N[image Lon ) (—1)
and (Image N o L, Nimage Nor)(—1), respectively. Since L o N = N o L, the claim follows. |

3.3. Proof of Proposition 2.7

The following statement is easy to check. However, we record it as a lemma for later use. A proof is
omitted.

Lemma 3.6. For any multisegment m, we have (M )pax = (Mpax)~ and (m™)™* = (m™)~,

For a multisegment m, a full-sub-multisegment of m is a multisegment m’ such that for any segment
A in m’, its multiplicity in m’ is equal to that in m.

We say that a multisegment m is fotally ordered if for any two segments A, A’ in m, we have either
ACA orA’ CA.

Proposition 3.7. Let m = A + - - - + A, be a multisegment of type x and a € Z an integer. Let us write
04 = [a,a +1],. Let m, denote the full-sub-multisegment of m that consists of segments that intersect
04, and let m?a) denote the full-sub-multisegment ofmtt = Al + -+ + A{ that consists of segments that

contain 6,. Namely,

my = Z A;, m?a) = Z Al

I<i<r 1<i<s
AiNSa#0 A;Qéu

Then we have the equality
Card(m?a)) = Card(m,) — max Card(m’),
oy

where M’ runs over the set of totally ordered full-sub-multisegments of my,.

Proof. By replacing y with y|-|¢ for some integer ¢, we may and will assume that there exists an integer
r such that any segment in m is contained in [1, r],.

For two integers a, b with 1 < a < b <r,letd, p = d, p»(m) denote the multiplicity of the segment
[a,b], in m. When a > b, we set d,, = 0. Then it follows from the result of Knight-Zelevinsky
[16, Theorem 1.2] that Card(m?u)) is equal to the right-hand side of the equality (1.6) in [16] for
(i, 7)) =(a,a+1).

For two integers x, y with x < y, let [x, y] denote the set of integers ¢ satisfying x < ¢ < y. Let

a € [1,r — 1]. We rewrite the right-hand side of (1.6) in [16] for (i, j) = (a,a + 1). Let us first recall
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Figure 1.

some notation in [16]. They fix a positive integer r and consider the set S of pairs of integers (i, j) such
that 1 <i < j <r.Forl <i < j<r,they consider the set 7; ; of functions v: [1,i] X [j,r] = [i, j]
such that v(k,[) < v(k’,1”) whenever k < k’,1 <I’.

Let 1 < a < r. We only use the case i = a, j = a + 1 and consider 7, 4+1. In this case, any function
v € T,.q+1 takes one of two values a, a + 1. We express this using Figure 1. The rectangle depicts the set
[1,a] x [a+1,r]. The upper-left corner is (1, a + 1), the lower-left corner is (a, a + 1), the upper-right
corner is (1,r) and the lower-right corner is (a, r). Because of the condition on v, there exists a bold
line as in the picture such that v takes the value a on the left (call the region L) and the value a + 1 on
the right (call the region R).

We look at the sum from (1.6) [16]:

dy (kD +k-a,v (k1) +-a—1-
(k,l)e[l,a]lx[a+1,r]

This equals

Z dij-1+ Z dii1,1.

(k,l)eL (k,I)eR

Now consider Figure 2. The rectangle depicts the set U = [1,a+1] X [a, r]. Let L’ be the region L moved
to the left by 1 and R’ be the region R moved down by 1. These are subsets of U, and the complement
V, =U\ (L’ U R’) is shown in blue in the picture.

A path from (a + 1,a) to (1,r) isamap p: [0,r] — Z X Z satisfying the following conditions:

(1) p(0) =(a+1,a).
(2) Fori=1,...,r,theelement p(i) € Zx Zisequal to p(i — 1) — (1,0) or p(i = 1) + (0, 1).
3) p(r) =(1,r).
Then V,, is equal to the image of a path from [a + 1, a] to [1,7]. By sending v to this path, we obtain a
bijection from T, 441 to the set A, of paths from (a + 1, a) to (1,7).
Notice now that the sum above is equal to

Z di,+ Z di = Z drg - Z dp.1.

(k,l)eL’ (k,l)eR’ (k,l)eU (k,l)eV,
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Conversely, given a path from [a + 1, a] to [a, 1], we obtain a function v € T, 441 such that V,, is the
image of the given path. Thus, the right-hand side of (1.6) of [16] is equal to

,

Z dk,l - mix de(i)-

(KD eU peiatisy

Notice that Card(m,) = 2k 1ev dk.1- From this, we see that Card(m?a)) is equal to
Card(mg) — E,(m),

where
-
Eq(m) = max Z(; dpi-
1=

For p € A,, let m,_,, denote the full-sub-multisegment of m,, that consists of the segments [a’, b'],
in m, of the form (a’, b’) = p(i) for some integer i € [0, r]. Then m,_ , is totally ordered, and we
have }.7_ dp,(;) = Card(m, ). By sending p to m,_,, we obtain a map from A, to the set 7, of totally
ordered full-sub-multisegments of m,. In general, this map is neither injective nor surjective. However,
for any totally ordered full-sub-multisegment m’ of m,, there exists a path p € A, such that m’ is a
full-sub-multisegment of m,_,. In particular Card(m’) < Card(m,,_,) for this p.

Thus, we obtain an equality

max Card(m’) = max Card(mg ) = E,(m),
meT, p€Aa

which completes the proof. )
Now we can prove Proposition 2.7.

Proof of Proposition 2.7. We prove the claim by induction on /(m).
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Let (V, N), (Vi, Ny) and (V2, N;) be the VN-pairs corresponding to the multisegments m, my,,x and
m™ respectively. Let us consider the sets S(V, N), S(Vy, Ny) and S(V,, N;) introduced in Section 3.1.
Let us choose sufficiently general L € S(V,N), L; € S(Vi,Ny) and Ly, € S(V,, N3). Then the six
multisegments m™™, (M7)™, (Mpax)™™, ((Mpax) 7)™, (MMX)@M and ((M™*)7)™™ correspond to
the pairs (Image L, N|Image L), (Image L o N, NlImage Lon)(—1), (Image Ly, N, |Image L), (Image L o
N1, Nilimage 10N, ) (—1), (Image Ly, N3 |image 1,,) and (Image Ly o N2, N |image 1,0n,) (—1), respectively.

To prove the claim, it suffices to show that the pair (Image L, N|image 7.) is isomorphic to the pair
(Image L @ Image Ly, Nilimage 2, © N2|image 1,)- By the inductive hypothesis, the claim is true for the
multisegment m~. Hence it follows from Lemma 3.6 that

(Image LoN, NlImage LON) = (Image Ly o Ny @ Image L o Np, Ny |Image LioN; © N> |Image L20N2)~

Hence by Lemma 3.1, it suffices to show that the graded vector space Image L is isomorphic to the
graded vector space Image L @ Image L,.

Let m, and mjj
(a

is equal to Card(m?a)). Let m’ be a totally ordered full-sub-multisegment of m, with the maximum
cardinality. When m,, is nonempty, the maximal segment A; of m’ must belong to Mmmay, since otherwise
one can find a totally ordered full-sub-multisegment of m,, that strictly contains m’ by adding to m’ a
segment of My, that contains A, which is a contradiction. It is then easy to see that

) be as in Proposition 3.7. Note that the dimension of the degree-a-part of Image L

e when m, is nonempty, m’ — A is a totally ordered full-sub-multisegment of (m™*), with the
maximum cardinality; and

e A, which is regarded as a multisegment with Card(A ) = 1, is a totally ordered
full-sub-multisegment of (M, ), With the maximum cardinality.

Thus, it follows from Proposition 3.7 that the dimension of the degree-a-part of Image L is equal to the
sum of those of Image L; and Image L,, as desired. O

4. Preliminaries on o-modules

To prove our main theorems, we prepare some results on no-modules in this section.

4.1. On o-modules of finite length

In this subsection, we introduce some terminologies on n-modules and give two basic results (Propo-
sitions 4.4, 4.6), which we call convexity and uniqueness, respectively. The authors suspect that these
two results are well-known to some experts. In fact, one can deduce them from the description of Hall
polynomials given in [25, II, (4.3)] in terms of sequences of partitions related with the Littlewood—
Richardson rule. However, for the sake of completeness, we do not omit the proof of these results, which
the authors believe to be helpful for most readers.

Let |C| denote the set of isomorphism classes of p-modules of finite length. For an o-module M of
finite length, we denote by [M] € |C| its isomorphism class.

For an integer n > 1, let |C"| c |C| denote the subset of isomorphism classes [M] such that M is
generated by at most n elements. We denote by ¢,,: |C"| < |C"**!| the inclusion map.

Recall that A, is the set of n-tuples (4i,...,4,) of integers satisfying 0 < 1; < --- < A,,. For
[M] € |C"|, there exists a unique element (A4, ..., 4,) of A, such that the p-module M is isomorphic to

o/pY @ --®o/ptn.
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By sending [M] to the n-tuple (14, ..., A,), we obtain a bijective map seq,, : [C"| — A,. We denote by
Jn: Ay — Ap4 the injective map that sends (4, ...,4,) to (0,4, ...,4,). Then the diagram

seq,,

IC" —— A

e = A
is commutative.

For two elements [M], [M'] € |C"|, we write [M] < [M'] if seq, ([M]) < seq,, ([M']) with respect
to the lexicographic order on A,,. This gives a total order on the set |C"|. The map ¢, is compatible with
the total orders on |C"| and on |C"*!| since the map J,, is compatible with the lexicographic orders on
A, and on A,.. Hence the total orders on |C"| for all n induce a total order < on the set |C|.

We regard A, as a subset of Z". Then A, is closed under the addition + on Z" and becomes a
commutative submonoid of Z" with the addition +. For two elements [M], [M’] € |C"|, we denote by
[M] v [M’] the unique element of |C"| whose image under seq,, is equal to seq,, ([M]) + seq,, ([M']).
Then the set |C"| becomes a commutative monoid with the operation V and the diagram

Icn| x [c| —— |7

seq,, Xseq,, l l seq,,

Ay XA, —— A,

is commutative. The map ¢, is compatible with the monoid structures on |C"| and |C"**!| since the map
Jn is compatible with the addition +. Hence the binary operations V on |C"| for all n induce a binary
operation on the set |C|, also denoted by V. This gives a structure of a commutative monoid on the set |C|.

The following lemma says that the total order < on |C| is compatible with the monoid structure on |C|.

Lemma 4.1. Let [M], [M’], [N], [N’] € |C| and suppose that [M] < [N] and [M’] < [N’]. Then we
have [M]V [M'] < [N]V [N'].

Proof. We can easily see that the lexicographic order on A,, is compatible with the monoid structure on
A, given by +. Hence the claim follows. O

Recall that F is the field of fractions of o. For an o-module M of finite length, we let MY denote the
o-module Hom, (M, F /o).

Lemma 4.2. For any o-module M of finite length, we have [M] = [M"].

Proof. We may assume M = o/p @---@®o/p'". Since ()" commutes with finite direct sums, we may
further assume that M = o/p*. Then we have M" = p~/o. Hence by choosing a uniformiser @ € p,
we obtain a desired isomorphism M = M. O

Lemma 4.3. Let M, M’ be v-modules of finite length.

[M].
[M].

(1) If there exists an injective homomorphism M’ — M, then we have [M’]

<
(2) If there exists a surjective homomorphism M — M’, then we have [M'] <

Proof. Since an injective homomorphism M’ < M induces a surjective homomorphism M —» M"Y,
claim (1) follows from claim (2) and Lemma 4.2. Let us prove claim (2) below.

Let M, M’ be o-modules of finite length, and suppose that there exists a surjective homomorphism
M —» M’.Letustake an integer n > 1 such that both [M] and [M’] belong to [C™|. We prove the claim by
inductionon n. If n = 1, then the claim is clear. We assume n > 1. Let us write seq,, ([M]) = (A1, ..., dn)
and seq, ([M']) = (A],...,4}).
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First, suppose that 4; > A7. Then we have [M’] < [M] as claimed. Next, suppose that 4; = 4. Then
both M /p*' M and M’ /p* M’ are isomorphic to (o/p*)®"*, and we have [M] = [pY' M] V [(o/ph)®"]
and [M'] = [p“"M’] v [(0/p*)®"]. Note that the surjective homomorphism M —» M’ induces a
surjective homomorphism pY' M — p' M’. Hence by Lemma 4.1, we are reduced to proving claim (2)
for p4' M and p* M’. Since both [p' M] and [p* M’] belong to |C"~!|, the inductive hypothesis proves
the claim in the case where 1| = /11.

Finally, suppose that 4; < 4. Again in this case, the surjective homomorphism M —» M’ induces
a surjective homomorphism p*' M —» p?' M’. Note that p*' M is generated by fewer than n elements,
whereas the minimum number of generators of pY! M’ is equal to n. This leads to a contradiction. O

Proposition 4.4 (Convexity). Let
0-M ->M->M'—-0 4.1)
be a short exact sequence of v-modules of finite length. Then we have the inequality
(M] = [M']v [M"].

Proof. Let n, n’ and n” denote the minimal numbers of generators of the o-modules M, M’ and M",
respectively. We prove the claim by induction on n’ + n”’.

If n’ + n” =0, then we have M’ = M"" = 0, and the claim is clear. Since M — M" and MV — M’
are surjective, we have n > n” and n > n’. If n > max{n’, n”’}, then the claim is obvious. Hence we
may assume that n = max{n’, n’’}. By considering the short exact sequence

0 M"Y S M MY 0

instead of equation (4.1), if necessary, we may further assume that n = n”’. Let us write seq,,(M"’) =
(A7,...,4,)and I = pY'. Then both M/IM and M” /IM"" are isomorphic to (0/I)®", and we have
[M] = [IM]V [(0/1)®"] and [M"'] = [IM"'] Vv [(0/I)®"]. Moreover, equation (4.1) induces a short
exact sequence

0-M —IM—IM" —=0.

Since seq,, (IM") = (0,47 - 7, ..., 4, — 4]'), the minimal number of generators of /M"" is strictly
smaller than n”’. Hence, by induction, we have [IM] > [M’] v [IM”]. By adding [(0/1)®"] to both
sides and using Lemma 4.1, we obtain the desired inequality. O

Lemma 4.5. Let M be an o-module of finite length. Then for any nonzero ideal I C o, we have
[M]=[IM]V [M/IM].

Proof. Let us write I = p*. Let us choose a positive integer n such that [M] € |C"|. Let us write
seq,([M]) = (A1,...,4,). Fori = 1,...,n, set 7 = min{A, 4;}. Then M/IM is isomorphic to
@, o/p% and IM is isomorphic to P, p% /pti. Thus, we have [M] = [IM] v [M/IM], as
desired. O

Proposition 4.6 (Uniqueness). Suppose that [M], [M’], [M"] € |C| satisfy [M] = [M’] Vv [M"']. Then
there exists a unique o-submodule N C M satisfying [N] = [M'] and [M/N] = [M"']. Moreover, for
any o-submodule N' C M other than N, we have either [N'] < [M'] or [M/N’] < [M"'].

Proof. First, we prove the existence and uniqueness of N. Let n, n” and n”” denote the minimal numbers
of generators of the o-modules M, M’ and M”, respectively. We prove the claim by induction on n’ +n"’.

If n” +n” =0, then we have M = M’ = M” = 0, and the claim is obvious. The relation [M] =
[M’] v [M”] implies that n = max{n’,n”’}. By considering M" instead of M if necessary, we may
assume that n = n”’. Let us write seq, (M") = (17,...,4,)) and [ = pYi. Then for any o-submodule
N C M satisfying [M/N] = [M"'], we have N C IM. Since seq,, (IM") = (0,2} = A7,..., 4, = A]),
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the minimal number of generators of /M’ is strictly smaller than n”’. Hence, by induction, there exists
a unique o-submodule N c IM satisfying [N] = [M’] and [IM/N] = [IM"']. Since N is contained
in IM, the op-module /(M /N) is isomorphic to /M /N, and hence (M /N)/I(M/N) is isomorphic to
M /IM. 1t follows from Lemma 4.5 that we have [M/N] = [IM/N] Vv [M/IM] = [M"]. Hence the
claim follows.

Finally, let us prove the last assertion of the proposition. Let N” ¢ M be an o-submodule other than
N. Suppose that [N’] > [M’] and [M/N’] > [M"]. Since N’ # N, we have either [N’] > [M’] or
[M/N’] > [M"]. Hence it follows from Lemma 4.1 and Proposition 4.4 that

[M] > [N'] v [M/N'] > [M']+[M"] = [M],

which is a contradiction. Hence we have either [N’] < [M'] or [M/N’] < [M"']. This completes the
proof. O

Corollary 4.7. Suppose that [M], [M1], ..., [M,] € |C| satisfy [M] = [M{]V ---V [M,]. Then there
exists a unique increasing filtration

0=FMc---cFPM=M

of M by o-submodules satisfying [M;] = [Gr:.:OM] fori =1,...,r, where GrFOM = F?M/F?_IM.
Moreover, for any filtration

O=FgMc---cFM=M

of M by o-submodules other than FOM, we have [GrfM] < [M;] for somei € {1,...,r}.

Proof. We prove the existence and uniqueness of FM by induction on . If 7 = 1, it is obvious. If > 1,
set [M'] = [M;] and [M""] = [M] V---V [M,]. By Proposition 4.6, there exists a unique o-submodule
N of M such that [N] = [M|] and [M/N] = [M3] V ---V [M,]. By the inductive hypothesis, we have
a unique filtration FY(M/N) satisfying the conditions with respect to [M /N] = [M5] V ---V [M,]. By
setting F?HM to be the inverse image of F?(M/N) forl <i<r-1,and F(I)M = N, we obtain FOM.
The last assertion follows from the same argument as in the proof of Proposition 4.6. O

4.2. Generators of o-modules

Lemmad4.8. Let f: M —» N be a surjective homomorphism of o-modules, and M’ C M an o-submodule.
Let x € Nand y € M/M’ be elements whose images in N/ f(M’) coincide. Then there exists a lift

Yy € M of y satisfying f(y) = x.

Proof. Let us take an arbitrary lift y’ € M of y and setx” = f(y”). Since the images of x and x” coincide
in N/f(M’), there exists z € M’ satisfying x — x’ = f(z). Then the element y = y’ + z € M has the
desired property. m}

Lemma 4.9. Let N be an v-module of finite length. Let L and L’ be finitely generated free v-modules of
the same rank, and let f: L - N and f': L’ - N be surjective homomorphisms of vo-modules. Then
there exists an isomorphism a: L — L’ of v-modules satisfying f = f' o a.

Proof. Since N is of finite length over a noetherian local ring o, one can take a projective cover
B: P — N of N (see [, 17.16 Examples (3)]). Then there exist homomorphisms y: L — P and
v': L' — P satisfying f = Boy and f’ = B oy’. Since projective covers are essential surjections,
the homomorphisms y and vy’ are surjective. Hence by the projectivity of P, one can choose a right
inverse s and s’ of y and y’, respectively. Since Kery and Kery’ are free o-modules of the same rank,

there exists an isomorphism a’: Kery — Kery’ of n-modules. By taking the direct sum of ¢’ and the

isomorphism s(P) 5 s’(P) given by s’ o y, we obtain a desired isomorphism a: L — L’. O
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Corollary 4.10. Let N be an o-module of finite length generated by n elements x1, . . . ,x,,. Then for any
free v-module L of rank n and for any surjective homomorphism f: L — N, there exists an v-basis

Yis...,Yn of Lsatisfying f(y;) =x; fori=1,...,n.
Proof. Let L’ = 0®", and let f’: L’ -» N denote the surjection that sends the standard basis of L’ to

the elements xi, ..., x,. By applying Lemma 4.9, we obtain an isomorphism a: L .y % satisfying
f = f’ o a. Then the image under @' of the standard basis of L’ gives a desired basis of L. O

From now until the end of this section, we fix an integer n > 1 and a partition
n=((ny,...,n.), n=ny+---+n,, nj > 1
ofn.Fori=1,...,r, we set
ai=ny+---+n+1, bi=ni+---+n;.

We use the following terminology.
Definition 4.11. Let M be an p-module generated by at most n elements.

(1) We say that an increasing filtration FM of M by o-submodules is n-admissible if the following
conditions are satisfied:
e FpM =0and F,M = M.
e Fori=1,...,r, the graded quotient Grl.FM = F;M /F;_1 M is generated by at most n; elements.
(2) Let FoM be an n-admissible filtration of M. We say that a sequence yy, . .., y, of elements of M is
compatible with FoM if, fori = 1,...,r, the b; elements yq, ..., yp, generate the o-module F; M.

Lemma4.12. Let M be an v-module of finite length. Let L be a free v-module of rank n, and let f: L -» M
be a surjective homomorphism of v-modules. Suppose that an n-admissible filtration F,L of L is given.
Let FoM denote the filtration on M induced from F,L via f: that is, F;M = f(F;L). Fori=1,...,r, let
fi: GrfL - GrfM denote the surjective homomorphism induced by f. Then we have the following.

(1) FeM is an n-admissible filtration of M.

(2) Letxy,...,x, be a sequence of elements of M compatible with Fe M. Then there exists a sequence
Y1s...,Yn of elements of L compatible with F,L such that x; = f(y;) for j=1,...,n.

3) Letxy,...,x, be a sequence of elements of M compatible with FeM. Suppose that, fori =1,...,r,
an o-basis z4,, . . ., 2b, ofGr}-:L is given in such a way that for j = a;, ..., b;, the image f;(z;) is
equal to the class of x in Grf M. Then there exists a sequence y1, . . ., Y, of elements of L compatible
with FoL such that x; = f(y;) for j = 1,...,n and such that the class of y; in GrfL is equal to 7
for j=ay,...,b;.

Proof. Assertion (1) is clear. We can deduce assertion (2) from assertion (3), since in the situation of
(2), one can find, by using Corollary 4.10, an o-basis z,,, ..., 2p, of Grf L as in the statement of the
assertion of (3) fori = 1,...,r. (Here, we note that F; L is a free o-module of rank ny + - - - + n;.)

We prove assertion (3). Using Lemma 4.8, one can choose an element y; € F;L for j = a;,...,b; in
such a way that f(y;) = x; and the image of y; in GrFL is equal to z;. Then the sequence y1, ..., y, of
elements of L has the desired property. O

The following is well-known.

Lemma 4.13. Let M be an o-module of finite length and m, . . ., m, be nonnegative integers. Then the
number of filtrations 0 = FoM C --- Cc F,M = M with GrfM generated by exactly m; elements for any
1 <i < risinvariant under the permutations of my, . .., m,.

Outline of proof. First, reduce to the case where the permutation is an adjacent transposition. Then
reduce to the case where r = 2. Finally, use the duality (Lemma 4.2) to treat this case. O
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5. The Mackey decomposition

In this section, we give the Mackey decomposition (Proposition 5.2) of the invariants by compact open
subgroups of the form K, ;. As an application, we give a reduction step in the proof of our main results.

5.1. Invariant subspaces of parabolically induced representations

Fix an integer n > 1. Let us consider the F-vector space F”. We regard an element of F"* as a column
vector. The group G,, = GL,(F) acts on F" from the left by the multiplication. Let Li, L, C F" be
o-lattices with L1 O L,. We denote by Ky, ;, the set of elements g € G, satisfying the following
conditions:

e Wehave gLy =L and gL, = L.
e The endomorphism of the o-module L; /L, induced by the multiplication by g is the identity map.

Then K, 1, is a compact open subgroup of G,.

Lemma 5.1. The G,-conjugacy class of K, 1, depends only on n and an isomorphism class [L;/L;]
of the o-module Ly /L.

Proof. Let Ly, Ly, L, L} be o-lattices of F" such that Ly D Lp, L| D L} and L;/L; is isomorphic to
L’ /L as o-modules. Let us choose an isomorphism L; /Ly = L{/L}, and let f (respectively, f’) denote

the composite L1 - Lj/L; N L' /L) (respectively, the quotient map L] — L{/L}). Then it follows
from Lemma 4.9 that there exists an isomorphism a: L, N L} satisfying f = f’ o @. By extending a

to an automorphism F” Ny by F-linearity, we obtain an element g € G,, such that a(x) = gx. It is
then straightforward to check that KLL L= gKy,, L2g_1. This completes the proof. O

By abuse of notation, we denote the group Ky, 7, by K, [1,/1,]. We note that, for [M] in |C"|, the
group K, [as] is well-defined only up to G ,,-conjugation. If A = seq,, ([M]), the G ,-conjugacy class of
K, [am is equal to the class of K, ;. Indeed, if we set L; = 0" and L| = @?:lp/l" with A = (41,...,4,),
then we see that Kz, 7, = K, ».

Fix a partition n = (ny, .. .,n,) of n with integers ny, ...,n, > 1. Let 7y, ..., 7, be representations
of G,,, ..., Gy, of finite length, respectively. Consider the representation 7y X - - - X 7, of G,,, which is
parabolically induced from the representation 71| ®- - - B, of the standard Levi subgroup G, X- - - X G,
of G,,. Then for any [M] € |C"|, the Mackey decomposition gives the following description of the
K., [am-invariant part of 7y X - -+ X 7.

Proposition 5.2 (The Mackey decomposition). There exists an isomorphism

K .r "
LG M ., F
(ﬂlx...xﬂ.r)K,x,lm ~ @”1n1 Mo e, [GE M)

FoM

of complex vector spaces. Here Fo M in the direct sum above runs over the set of n-admissible filtrations
of M: that is, the increasing filtrations

O=FpMc---cF,M=M

on M by o-submodules such that fori =1, ...,r, the o-module Gr}:M =F;M /F;_|M is generated by at
most n; elements.

Proof. Let P, C G, denote the standard parabolic subgroup corresponding to the partition n =
(n1,...,n,). Consider the quotient homomorphism g: P, — G, XX Gy, . Let us choose a complete
set S C G, of representatives of the double coset Pn\G /K, [p].
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Then the Mackey decomposition yields an isomorphism

3 I_l
(my X -+ X 7)oM) = @(m 8- ) r,)?Pansn g™ (5.1)
geS

Let F)s denote the set of n-admissible filtrations on M. In view of equation (5.1), it suffices to construct
a bijection a: Py\G, /K, M) — Fu satisfying the following property: If PngK,, [a) corresponds to
the filtration Fo M via a, then the subgroup ¢(Pn N gKn,[M]g‘l) of G, X -+ X G,, is a conjugate of

the subgroup Km’[GrTM] X XK, e m-

Lemma 5.3. By choosing a pair (L1, Ly) of v-lattices with L1 O Ly and an isomorphismy: Li[/L, = M
of v-modules, we identify K, pr] with Ky, 1,. We denote the composite L1 - L1 /L, Lm by fi.

(1) Let Ly (F™) be the set of pairs (L, f) of an v-lattice L C F" and a surjective homomorphism
f: L > M of o-modules. Then there is a (canonical) bijection G, [Ky jp7 — Ly (F™) given by
gKp .1, = (gL1.y — fi(g™'y)).

(2) There is a bijection from G,/ Py to the set of n-admissible filtrations on L\ given by hPy — FiL, =
LiNnh(Fey+---+Fep,), where {ey,...,e,} is the standard basis of F".

(3) Let L}, (F") be the set of triples (L,F.L, f) of an v-lattice L C F", an n-admissible filtration
F.L on L and a surjective homomorphism f: L —» M of o-modules. We let the group G, act
on L}, (F") by g.(L,F.L, f) = (gL,gF.L,y — £(g7'y)). Then there is a (canonical) bijection
Pu\G, /K, 1m1 — Gu\L}, (F") given by sending PngKp, 1, to the G-orbit of (gL, FegL1,y =
fi(g7'y)), where FigLy := gLy N (Fey +---+ Fep,).

Proof. We show (1). We let the group G,, act from the left on the set £y, (F™) by the rule g.(L, f) =
(gL,y — f(g~'y)). One can prove that the action of G,, on Ly, (F") is transitive in the following way.
Let (L, f) and (L', f’) be two elements of Ly; (F™). Then by Lemma 4.9, there exists an isomorphism
B: L = L’ satisfying f = f’ o 8. By extending f3 to an automorphism of F" by F-linearity, we obtain an
element g € G, such that 8(x) = gx. Then we have (L', f’) = g.(L, f). Hence the map g +— g.(L1, f1)
gives a surjective map G,, — Ly (F™). Since the stabiliser of (L, f1) with respect to the action of G,
is equal to Ky, 1,, it gives the desired bijection.

It is straightforward to check that this bijection does not depend on the choice of the triple (L1, L3, y)
in the following sense. Let (L], L},y’) be another choice. It follows from the proof of Lemma 5.1 that
there exists g € G, satisfying gLy = L, gLy = L} and y(y mod L;) = y’(gy mod L)) forall y € L;.
Then for any such g € G,,, we have KL;,L; = gKLl,ng’l, and the diagram

Gn/KL],Lz e [-"M (Fn)

l ||

Gn/Kpyny — Lm(F")

is commutative. Here the left vertical map sends 7Ky, 1, to hg’lKL{, 1,- Hence we obtain (1).

Note that G, /Py is naturally identified with the set of partial flags 0 = Vy € --- Cc V,. = F" with
dim(V;/V;_1) = n;fori =1,...,r.Note that (L NV’')®, F =V’ for any subspace V’ of F". On the other
hand, if F,L is an n-admissible filtration of L, since L; is a free o-module of rank n = n; + - - - + n,,
each subquotient Gr}:Ll is a free p-module of rank n; for any i. Hence we have Ly N (F;L; ®, F) = F;L;
for any i. Therefore we have (2).

Since the double cosets in P,\G,/K, [a] are in one-to-one correspondence with the G ,-orbits in
(Gn/Pn) X (G /Ky, [a)) with respect to the diagonal left G ,-action, assertion (3) follows from (1) and
2). O

We continue the proof of Proposition 5.2. We identify Py\G,/K, p) with G,\L},(F") by
Lemma 5.3. By sending the triple (L, F.L, f) € L}, (F") to the filtration on M induced from F, L via f,
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we obtain amap @: Py\G, /K, m] — Fu. Let Fi'o” be the standard n-admissible filtration on 0”: that
is, the unique n-admissible filtration on 0" such that the standard basis of 0" is a sequence compatible
with F$'0". Let us fix a surjective homomorphism f: 0" — M, and let L denote its kernel. Then we can
regard K, (7] as Kon g . In this case, one can describe the map « as follows. Let s € Pp\G,, /Ky 1. Then
by the Iwasawa decomposition, we have s = PpkK,n 1, for some k € GL, (o). Then a(s) is the filtration

0=f(k'Fo") c---c f(k ') =M

on M. We note that k‘lFf.tD” is the o-submodule of 0" generated by the first b; columns of k.

Now let us choose a filtration FeM on M in Fj,. Let us fix a sequence xi,...,x, € M com-
patible with F,M. By considering the homomorphism 0" — M that sends the standard basis to the
sequence X1, . .., Xy, one can check that the map « is surjective. Suppose that two triples (L, F,L, f)
and (L',F,L’, f’) are sent to F,M via . Let us choose a basis yy, ..., y, of L and a basis yi, R U4
of L’ as in assertion (2) of Lemma 4.12. By considering the change-of-basis matrix, we can see
that the two triples are in the same G,-orbit. This proves that the map « is injective. In conclusion,
a: Ph\G, /K, (M) — Fum is bijective.

Again, we realise K, [a7] as Kyn . for a lattice L C 0" with a surjection f: 0" —» M such that
Ker f = L. Then by the Iwasawa decomposition, any s € Pa\G, /Ky 1 is of the form s = PnkKyn 1,
for some kg € GL,(0). In this case, the corresponding triple is the G,-orbit of (0", F$'0”, f;), where
fs(y) = f(k;'y). In particular, Ker f; = ksL. Then

Pa N kKo k' = {p € PanGL,(0) | fs om(p) = f;},

where m(p): 0" — 0" denotes the homomorphism given by the multiplication by p from the left.
Recall that {ey,...,e,} is the standard basis of F". For 1 < i < r, we set L; to be the image of
ksL N (pey + - - - + pep, ) under the canonical projection

obi = pej +---+0ep, » 0" =ve,y, + - +0ep,.
Then 0™ > L; are lattices in F™ = Fe,, + -+ Fep, such that 0™ /L; = GrfM, where F, M is the
filtration corresponding to the G, -orbit of (0", FS'o", f;). Moreover, we have

q(Pn 0 kyKon ph7') € Komi g, X oo X Konr g, .

We show that this inclusion is indeed an equality. Let (kq,...,k;) € Komi g, X -+ X Kgnr 1, be
given. Set x; = fy(e;) € Mfor1 < j < n,andsetz; = kje; € 0™ = Grfao" for a; < j < b;. Since
k; fixes 0™ 3 x > fy(x) mod F,_1M € GrfM = o™ /L;, we see that the image of f(z;) in GrfM is
the same as the one of x;. By assertion (3) of Lemma 4.12, one can take a sequence e;, e, €D
which is compatible with F{'o” such that x; = fs(e}) and the class of e;. in Grl.FSlO" = 0’ is equal
to z;. Define k € Gy, so that e’ = ke for 1 < j < n. Since Fe| +---+ Fe, = Fej +---+ Fey,
for 1 <i < r, we have k € Py. Moreover, since k preserves 0" and f;(kx) = fy(x), it also preserves
ksL = Ker f;. Hence k € Kon i1 = ksKon pk;'. Since q(k) = (ki,...,k,), we conclude that
q(Pn N kKgn k1) = Ko g, X -+ X Kgnr 1. Namely, g(Pn N gKp (p187") is @ Gy X +++ X G, -
conjugate of K, - [Gfpy X0 X Kn,,[Gr‘j m- This completes the proof of Proposition 5.2. m}

Remark 5.4. One can interpret the statement and the proof of Proposition 5.2 in terms of the topos
theory. For more precise statements, see the previous paper of the second and third authors [18].

5.2. Proof of the main theorems: a reduction step

Let 7 be an irreducible representation of G,,. Then we can write 7 = 1’ X 1y X - - - X 71, as an irreducible
parabolic induction such that
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e 7’ is an irreducible representation such that L(s, ") = 1;
e 1; = Z(m;) with m; of type y; for some unramified character y; of F*;
e if i # j, then XiX;l is not of the form | - | for any a € Z.

If we knew Theorem 2.1 (respectively, Theorem 2.2) for 7’ and x; for 1 < i < r, by Proposition 5.2
and Corollary 4.7, we would obtain the same theorem for 7. In other words, Theorems 2.1 and 2.2 are
reduced to the following two cases:

e The case where 7 = Z(m) with m of type y for some unramified character y of F*;
e The case where L(s, ) = 1.

We will deal with the first case in Section 6, and the second case will be treated in Sections 7 and 9.

6. Proof of the main theorems: the unipotent case

In this section, we prove Theorems 2.1 and 2.2 for 7 = Z(m) with m of type y for some unramified
character y of F*.

6.1. Proof of Theorem 2.1 for ladder representations of type x

In this section, we prove Theorem 2.1 in the case where 7 = Z([x1, y1ly, ..., [x:, y/1y) € Irr(G,,) is of
type x with an unramified character y of F* such that r is a ladder representation: that is, x; > - -+ > x;
and y; > --- > y,. Recall from Example 2.5 (2) that

max {y;—x;-1+2,0}
For [M] € |C"|, and for a partitionn = (ny, ..., n,) of n with n; € Z, we set N (M) to be the number
of n-admissible filtrations of M. Here, when n; < 0 for some i, we understand that NV, (M) = 0.

Proposition 6.1. We have

dim(zri1) = ) sgn(w)Na, (M),

weS;

wherem,, = (y1 =Xy +1,..., Y —Xw() + 1).

Proof. By the determinantal formula [21], in the Grothendieck group of the category of representations
of G, of finite length, we have

m= > sen(W)Z([xw (), y1ly) X X Z([w (o), Yiely)-

weS;

Here, when x = y + 1 (respectively, x > y + 1), we formally set Z([x,y],) = 1g, (respectively,
Z([x,y]y) = 0). Note that in [21], the determinantal formula was formulated using the Langlands
classification, but by taking the Zelevinsky dual, it translates to the statement above.

Recall that for a compact open subgroup K of G,,, the functor 7 — 7 is exact. Hence, by Proposi-
tion 5.2, we have

K. [M]

3 seno)

t Ko,
[ Z([xwm,y,-]X))
weS; i=1

t
3 sen) Y Q) Z[xwnyily) o,

wES; F'M i=1
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where F}” M runs over the set of n,, -admissible filtrations withn,, = (y1 —x,, 1)+ 1, ...,y =X () +1).
Here, if y; — x4y +1 < 0 for some i, we understand that there is no m,-admissible filtra-
tion. Since Z([xyw(;),yily) is a character which is trivial on GLy,_x,, +1(0), the dimension of

K W
Z([xw i), Yily) nelOn M always one if y; — x,, ;) + 1 > 0. Hence we obtain the assertion. O

Set b = maxy<;<; max{y; — x;—1 + 2,0}. If b = 0, then 7 is unramified so that Theorem 2.1 is
trivial for 7. Hence we may assume that b > 0. Let [M ] € |C"| be such that seq,,([M»]) = 4. Then
My = &2 0/p“ for some a; > 1.

Lemma 6.2. If [M] < [M,], for any filtration Fe M, the o-module [GrfM] can be generated by at most
b elements.

Proof. This follows from Lemma 4.3. o

Now we calculate the alternating sum on the right-hand side of Proposition 6.1. We will see that there
are many nontrivial cancellations. See Section 6.2 below for an explicit example of this calculation.

Choose 2 < a < ¢t such that y, — x,_; + 2 = b. The following lemma is a key in computing the
alternating sum in the right-hand side of Proposition 6.1.

Lemma 6.3. Suppose that [M] < [M,].

(1) Let X; be the subset of S; consisting of w such that w(k) > a — 1 for any k > a. Forw € §; \ X,
take 1 < i, j < a— 1 such that w(i) achieves the largest value and w(j) achieves the second-largest
value among {w(1),...,w(a — 1)}, and set w' = w(i, j). Then w(i),w(j) = a — 1, and the map
w — w’ is an involution on S; \ Xi. Moreover, Ny, (M) = Ny, (M). In particular,

Z sgn(w)Ny,, (M) = 0.

WGS,\X]

(2) Let X, be the subset of X1 consisting of w such that w(k) > a for any k > a. For w € X \ Xp,
take a unique 1 <i < a — 1 such that w(i) > a, and set w’ = w(i, a). Then the map w — w’ is an
involution on X1 \ Xo. Moreover, Ny, (M) = Ny, (M). In particular,

Z sgn(w)Na, (M) = 0.

weX \Xz

(3) Let S(4—1,1-a+1) be the subgroup of S; consisting of w such that w(k) > a for any k > a, and set
X3 ={(a-Lw(@)w |[w € Sa1,1-a+1)}. Then

X2 = Sa-1,t-ar) U X3,

(4) Let X4 be the subset of S, consisting of w such that w(a) = a -1 and w(k) < a—1 for some k > a.
Then X4 C S; \ X1, and the involution in (1) preserves X4. Moreover, the disjoint union X3 L Xy is
equal to the subset of Sy consisting of w such that w(a) = a — 1.

(5) Forw € Xy, take 1 < i < a—1 suchthatw(i) achieves the largest value among {w(1), ..., w(a—1)},
in particular w(i) > a. Set w = w(a,i) and X5 = {w | w € Xy}. Then X5 C S, \ X1, and the
involution in (1) preserves Xs.

Proof. We prove (1). Letw € S; \ X; and 1 <i,j < a — 1 be as in the statement. Note that i and j
depend on w, but the map w +— w’ gives a well-defined involution on S; \ Xj. Since there exists k > a
such that w(k) < a — 1, we notice that w(i), w(j) > a — 1. Hence

min{y; =Xy + Lyj =X + Lyi = xw() + Lyj —Xw@) + 1} 2 Yo —Xa-1+2=b.

By Lemma 6.2, we see that Ny, (M) = Ny, (M). Since sgn(w’) = —sgn(w), the last part follows.
Hence we obtain (1).
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We prove (2). When w € X \ X5, there exists k > a such that w(k) = a — 1. In particular, w(a) > a.
Hence the map w +— w’ gives a well-defined involution on X; \ X;. By the same argument as in (1), we
obtain (2).

Assertions (3) are (4) are obvious from the definitions.

We prove (5). Let w € Xy. Then w(k) = w(k) < a — 1 for some k > a so that w ¢ X;. Take
1 <i < a-1 asin the statement so that w = w(a, i). Note that w(a) = w(i) > a.Let1 < jj,jp <a-1
be such that w(j;) (respectively, w(j,)) achieves the largest (respectively, the second-largest) value
among {w(1),...,w(a — 1)}. Note that a < w(j;) < w(i) and w(jz) = a — 1. If w(j2) > a, then
J1, J2, 1, a are all distinct from each other. In this case,

() = W(j1, j2) = w(a, )1, j2) = wljn, j2) (@, i) = w(ji, j2).
Hence we have (w)’ € Xs. If w(j2) = a — 1, then j, = i. In this case,
(W) = w1 ) = wa,)(ji.i) =w(jr,i)(a, j1) = w'(a, j1) = w'.
Hence we again have (w)’ € Xs. m]

Now we prove Theorem 2.1 for a ladder representation 7 = Z([x1,y1]y,. .., [*:,Y:]y) of type x
with unramified character y.

Proof of Theorem 2.1 for ladder representations of type y. When b = 0, since m is unramified, the
assertion is trivial. From now on, we assume that » > 0. In particular, one has ¢ > 2.
Set

ﬂ-/ = Z([xh)’l])(, R [xa—27)’a—2])(, [xa’ya—l])(, [xa+]7)7a+]]/\/7 R ] [xt,}’t]/\/)~

This is a ladder representation of some G, . We claim that

dim (7M7) = Z dim (7 )
M’'cM

where M’ runs over the set of p-submodules of M generated by exactly b elements.
Suppose for a moment that this claim is true. Note that

Ade=Ap+(0,...,0,1,...,1).
——
b

By induction on ¢, we may assume that we have dim (7"%".1m/m"1) = 0if [M /M’] < [M,]. In particular,

dim(7%nm1) = 0if [M] < [M]. Moreover, when [M] = [M,], by Corollary 4.7, there exists a unique
o-submodule M’ of M generated by exactly b elements such that [M/M’] = [M,]. Hence we have

D7 dim(p Sy = 1,

M'cM

Therefore, the claim implies that

UM = (M),
dim(r '])_{0 if [M] < [Mg].

For the rest of the proof, we show the claim.
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Let X1, X2, X3, X4, X5 C S; be as in Lemma 6.3. We denote the inverse map of S(4—1,s-a+1) 2 W =
(a—1,w(a))w € X3by X3 5w = W € S(4—1,1-a+1)- Then by Lemma 6.3 (1)—(3), we have

dim(rrv1) = " sgn(w)Nh,, (M)

weXy

= Z sgn(w) (M (M) = Ny, (M)) .

weXs

Forw € X3, thereexists 1 < iy < a—1 uniquely such thatw(iy) = w(a) = a.Since w(a) = w(ip) = a—1,
we have

. mil‘l{yio — Xw(ip) T 1,yi0 —Xw(ip) T 1} > Vg —Xq-1+2=0b;
® Vo —Xg(a)+ 12> Db, whereas y, —xy (o) +1=5b-1.

By Lemma 6.2, Ny (M) — Ny, (M) is equal to the number of filtrations
O=FpMc---cFM=M

of M by o-submodules such that

° Gr}:M is generated by at most y; — x,,(;) + 1 elements for i # a;
e Grl M is generated by exactly b elements.

By Lemma 4.13, this number is equal to the number of pairs (M’,F,(M/M")), where M’ C M is an
o-submodule generated by exactly b elements and F, (M /M’) is a filtration

0=F,(M/M’)C---CFE.,_(M/M")CF, (M/M)C---CF(M/M)=M/M’

of M /M’ by p-submodules such that Grf "(M/M’) is generated by at most y; — Xy (i) + 1 elements for
i # a. Here, we set Grf’(M/M’) =F,(M/M")/F_(M/M’) unless i = a,a + 1, and Gr];;l(M/M’) =
F (M/M')[F _ (M/M’). Therefore,

D sen(nNa, (M) = 3" " sen(i)Nay, (M/M),
weXp weXsM'cM

where M’ runs over the set of p-submodules of M generated by exactly b elements, and we set nj, =
(P15 s Bwam1 By asls - - s Ry g) With ny, ; = yi — Xy iy + 1 for i # a.
Note that X4 N X5 = 0. By the same argument as above, we have

Z sgn(W)Np,, (M) = Z sgn(w) (N (M) — Ny, (M))

weX4UXs5 weXy

= Z Z sen(W) Ny, (M/M"),

weXy M'CcM

where M’ runs over the set of o-submodules of M generated by exactly b elements, and nj, is as above.
However, by Lemma 6.3 (1), (4), (5), we see that the left-hand side is zero. Therefore,

dim(r ety = N sen(W) N, (M/M).

M’'cM weX3LXy

Next, we consider the alternating sum

dim (/% /071y = Z sen(w' )N, (M/M").

w’'eS;_1
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Here, we regard S;_; as the set of bijective maps
w{l,...,a-1l,a+1,...,t} > {l,...,a-2,a,...,t}

by identifying a—1 and a. Forw € X3L1X4, define w’ to be therestrictionof wto {1, ...,a—1,a+1,...,t}.

Then we have a bijective map X3 U X4 — S;_1 since X3 LI Xy is the subset of S, consisting of w such that

w(a) = a— 1. Note that for w € X3 LI X4, the sign sgn(w”’) of w’ as an element of S,_; is equal to sgn(w).
Therefore,

dim (7M7) sgn(w) N, (M/M')

M’'CcM weX3UXy

D, D, senwW)INw, (M/M)

M’CM w’eS,_,

Z dim (/S 17071

M'cM

Hence we obtain the claim. This completes the proof of Theorem 2.1 for ladder representations of
type x. ]

6.2. Example of calculation of the alternating sum

To understand the proof of Theorem 2.1 for ladder representations of type y, the following explicit
example may be helpful.

Example 6.4. For simplicity, we drop y from the notation. Let us consider a ladder representation
m=Z2([5,7],[3,6],[2,5],10,3]) € Irr(G1s).

Then A, = (0,...,0,1,3,3,3) € Ajs5 so that M, = o/p & (0/p>)®3. By the determinantal formula, we

have
m=Z([5,7]) X Z([3,6]) x Z([2,5]) x Z([0,3]) = Z([3,7]) X Z([5,6]) x Z([2,5]) x Z([0,3])
= Z([5,7]) x Z([3, 6]) x Z([0,5]) x Z([2,3]) + Z([3,7]) x Z([5,6]) x Z([0,5]) x Z([2,3])
= Z([5,7]) x Z([2,6]) x Z([3,5]) x Z([0,3]) + Z([2,7]) x Z([5, 6]) x Z([3,5]) x Z([0,3])
+Z([5,7]) x Z([0, 6]) x Z([3,5]) x Z([2,3]) = Z([0,7]) x Z([5,6]) x Z([3,5]) x Z([2,3])
= Z([5,7]) x Z([0, 6]) x Z([2,5]) x Z([3,3]) + Z([5,7]) x Z([2,6]) x Z(]0,5]) x Z([3,3])
+Z([0,7]) x Z([5,6]) x Z([2,5]) x Z([3,3]) = Z([2,7]) x Z([5,6]) x Z([0, 5]) x Z([3,3])
= Z([2,7]) x Z([3,6]) x Z([5,5]) x Z([0,3]) + Z([3,7]) x Z([2, 6]) x Z([5,5]) x Z([0,3])
+Z([0,7]) x Z([3, 6]) x Z([5,5]) x Z([2,3]) = Z([3,7]) x Z([0,6]) x Z([5,5]) x Z([2,3])
+Z([2,7]) x Z([0,6]) x Z([5,5]) x Z([3,3]) = Z([0,7]) x Z([2,6]) x Z([5,5]) x Z([3,3])
+Z([2,7]) x Z([3,6]) x Z([0,5]) x Z([5,3]) — Z([3,7]) x Z([2,6]) x Z([0, 5]) x Z([5,3])
= Z([0,7]) x Z([3,6]) x Z([2,5]) x Z([5,3]) + Z([3,7]) x Z([0, 6]) x Z([2,5]) x Z([5,3])
+Z([0,7]) x Z([2,6]) x Z([3,5]) x Z([5,3]) — Z([2,7]) x Z([0,6]) x Z([3,5]) x Z([5,3]).

By Proposition 5.2, we have

dim (71547 )
=N@3aaa(Mz) = Nis248(Mz) =Nz (Mg) + N6 (Mz)
—- NG s34 (Mz) +Ne23a)(Mz) +N3,732 (Mz) =N 232 (Mz)
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~N@Gsan(Mz) + N se ) (Ma) + N1y (M) = N1y (Mx)
~N6a1,4)(Mz) +Nss1,4)(Mz) + Nga1,2)(Mz) —Nis 71,0 (My)

+ N6, (Mr) = Ngsi.) (Mz) + Ngas-1)(Mz) = Nis5.6-1)(Mx)
~N@gaa-1)(Mz) + N57.41)(Mz) + Ng53,-1)(Mr) = Ni6,7.3,-1) (Mr).

By Lemma 6.2, we have

dim (7 “15:17) = N3.444) (M) = N a4 (Mz) = Niaa2) (Mz) + Naoao) (Mg)
~Niasay(Mz) + Nu234(Mz) + Ni3a32 (Mz) — N2z (Mz)
~Niaa )y (Mz) + Niasy(Mz) + Nagay(Mz) = Noa)(My)
—Nuan,ay(Mz) + Naaa)(Mz) + Na a2 (Mz) = N2 (Mz)
+Nuaa,y(Mz) = Naa (M)
=N@Gaaay(Mz) = N4 (Mz) = N@Gaa2)(Me) + Nz (M)
~NGasza(Mz) + Nuo3a(Mz) + NGz (Mz) = Nz (Mg).

Note that if a filtration Fo M, satisfies that GrI;M = is generated by exactly 4 elements, then GrfM = for
i =1,2,4 can be generated by at most 3 elements by Lemmas 4.13, 4.3 and 6.2. Hence

NGaasMz) =Nz aszay(Mz) = N3z (M) = N33z (M),
Napas(Mz) = Naosag(Mz) = N3z (M) = N3z (M),
NGy (Mz) =Niasa(Mz) = Nisan(Mz) =Nz sz (Mz),
Nu2,42)(Mz) = N3 (Mz) = N3 2,42 (Mz) =Nz 23.2) (My).

Therefore,

dim(x15:07) = [(N33.4.3 (Mx) = N3333) (Mz)) = (NG2.a3 (Mz) = Ni233) (Mg)]
= [(N33.4.2) (Mz) =N@3332 (Mz)) = (N3242) (Mz) = N3z (Mz))].

The right-hand side is equal to the number of filtrations
0=FyM, cF\M, cFopM, Cc FsM, C F4M, = M,

such that

) Grg M, is generated by exactly 3 elements;
. Grg M, is generated by exactly 4 elements;
. GrEM,r is generated by exactly 3 elements.

Since M, = o/p @ (0/p>)®3, such a filtration exists uniquely and is given by
FiMz =0, FaMp=(0/p)%, FsMz=o/p® (' /p)*, FaMy =M.

Therefore, we conclude that dim(7%154x ) = 1, as desired.

6.3. Proof of Theorem 2.1 for general Z(m) of type x
Now we consider 7 = Z(m) with m of type y for some unramified character y of F*.
Lemma 6.5. Let m; and my be multisegments. Then Z(m| +my) appears as a subquotient of Z(my) X

Z(my) with multiplicity one.
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Proof. See [38, Proposition 2.3] (or [22, Proposition 3.5 (5)]). m]

Recall that whenm = Ay +---+ A, we set Card(m) = r.

Lemma 6.6. Ler m, m; and my be multisegments. Suppose that Z(m) appears as a subquotient of
Z(my) X Z(myp). Then Z(m™) appears as a subquotient of Z(m7) X Z(my) if and only if Card(m) =
Card(m;) + Card(my).

Proof. Suppose that Z(m™) appears as a subquotient of Z(m) X Z(m3). By considering cuspidal
supports, we have /(m™) = [(m]) +[(m3). For a similar reason, we have /(m) = [(m;) +[(my). Since
[(m) = [(m~) + Card(m), we have the desired equality Card(m) = Card(m;) + Card(m;).
Conversely, suppose that the equality Card(m) = Card(m) + Card(m;) holds. We set ¢ = Card(m).
Then the cth derivatives of Z(m) and Z(m;) X Z(my) are equal to Z(m~) and Z(m}) X Z(m3),
respectively. Since the cth derivative is an exact functor (compare to [4, 3.2, 3.5]), the assertion
follows. O

Proof of Theorem 2.1 for 1 = Z(m) of type y. Let 1 = Z(m) be an irreducible representation of G,
where m = A +---+ A, is a multisegment of type y for some unramified character y of F*. Let t;; be
the number of pairs of linked segments in {A1,...,A,}. Note that t,;, < (l(;“)) since r < I(m).

We prove the claim by induction on the element (I(m), t,;,) in the set § = {(l,1) € Zio |t < (é)}
Here we endow this set with the following total order. We have (I,7) < (I’,¢’) if and only if we have
either / < I’, or [ =1’ and ¢t < t’. Note that for a fixed element (/,7) € S, there are only finitely many
elements in S that are less than (7, t).

Recall that we have a decomposition 1 = My, + M™¥* as in Section 2.3. We note that Z (my,y) is a
ladder representation. In particular, if m = np,x, then we have the claim for m (Section 6.1).

From now on, we assume that m,,x # m. Set

IT = Z(Mppax) X Z(m™).
Since I(m™*) < [(m), it follows from Proposition 5.2, Corollary 2.8 and the inductive hypothesis that

dim(IT%n1) = {l %f/l =An
0 if A < A

It follows from Lemma 6.5 that Z(m) appears as a subquotient of I1. This implies that the K, ;-invariant
part of Z(m) is equal to zero if 1 < A,. Hence it remains to show that the K, ;, -invariant part of Z(m)
is one-dimensional. To do this, we may assume that IT is reducible, which implies that #,;, > 0.

For an irreducible representation m of G,, and a representation o of G,, of finite length, we write
7 4 o if 7 appears as a subquotient of 0. Let m’ # m be a multisegment, and suppose that Z(m”) - II.
It follows from [42, 7.1 Theorem] that m’ is obtained by successively applying elementary operations
to m. In particular, we have /(m’) = /(m) and t,» < tm,. Hence, by the inductive hypothesis, we have

dim(Z(m) ) = {1 N,
0 if " < Ay
Note that this implies Ay > Ap. In fact, if Ay < Ay, then the K, 4
nonzero, which is a contradiction.
Now we claim that A,y > A,,,. For a proof by contradiction, suppose that A, = Ay,. Since [(m™™) =
|Am| and I(m™™) = | A, |, by Proposition 2.7, we have

-invariant part of IT would be

m’

L) = () = () ™)+ (),
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In particular, we have
Card(m™®) = [(m’) = [(m"™™) = [(m) — [(M™™) = Card(m¥).

By our assumption, we have Z(m), Z(m’) 4 Z(Myax) X Z(m™). Proposition 2.7 together with
Lemma 6.5 implies that Z(m™™) 4 Z((Myax)™™) X Z((m™M3*)™M) By taking the Zelevinsky duals, we
have Z(m¥), Z(m™) 4 Z((Mmax)*) X Z((m™)¥), and Z((m#)7) 4 Z((Mmar)H)7) X Z(((m™)F)7).
Hence it follows from Lemma 6.6 that

Card(m¥) = Card((Mpmax)¥) + Card((m™)#).

Since we have seen that Card(m’#) = Card(m?), it again follows from Lemma 6.6 that Z ((m*)7) 4
Z(Mma)® ™) X Z(((m™*)#)~). Again by taking the Zelevinsky duals, we see that

Z(m"™) 4 Z((Mmax)™™) X Z((m™)™).

/ram ram

This implies that m is obtained from m
elementary operations.

Since we have assumed that Ay = Ay, it follows that m™™ = m™™ and hence (m’#)~ = (m#)~.
Observe that for any integer a € Z, the number of segments in m’ that contain x| - |4 is equal to the
number of segments in m that contain y| - |%. Hence the equality (m’#)~ = (m#)~ implies the equality
m# = mb. By taking the Zelevinsky duals, we obtain the equality m’ = m, which is a contradiction.
This completes the proof of the inequality Ay > Ay,

Since m’ # m is an arbitrary multisegment satisfying m’ -4 II, we see that the equation
dim(IT%nm ) = 1 implies dim(Z(m)®=4m) = 1. This completes the proof. O

= (Mypax)™™ + (MMM by 3 successive chain of

6.4. Proof of Theorem 2.2 for Z(m) of type x

In this section, we give a proof of Theorem 2.2 for 7 = Z(m) with m of type y, where y is an unramified
character of F*.

We consider the polynomial ring R = Z[xy,x2, ...] in countably many variables {x;};>;. For an o-
module M of finite length, we define a homomorphism &7 : R — Z of Z-modules as follows. We set
Epm (1) =1if M = 0and &y (1) = 0 otherwise. For a monomial x,,,, - - - x,,, in R, we define its image by
&y to be the number of increasing filtrations

O=FMc---cFM=M
on M by o-submodules such that fori = 1, ..., s, the ith graded piece GrfM is generated exactly by m;

elements. By Lemma 4.13, the homomorphism &3, is well-defined.
For an integer m > 0, we set

Ym=1+x1+:+x, €R.

Lemma 6.7. Let M be an o-module of finite length. Then the integer Eng (Ym, * ** Ym,) i equal to the
number N, ....my) (M) of (my, ..., mg)-admissible filtrations on M.

Proof. This is immediate from the definition of the homomorphism &), and the definition of
(my,...,mg)-admissible filtrations. O

By setting deg x,,, = m for m > 1, we regard R as a graded ring. For any integer m > 0, let R, denote
the degree-m-part of R, and set
In=EPR:.

i>m

Then I,,, is an ideal of R, and we have 1,,, - I,y C L ;1.
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Lemma 6.8. Let m > 0 be an integer, and let M be an v-module of length less than m. Then we have
Em(Im) = 0.

Proof. Let f = Xy, - - - X, be an arbitrary monomial that belongs to I,,,. It suffices to show &y, (f) = 0.
By definition of I,,,, we have m + - - - + mg > m. Suppose that there exists an increasing filtration

O=FM c---cFM=M

on M by o-submodules such that fori = 1, ..., s, the ith graded piece Grf M is generated exactly by m;
elements. Then since Gr}: M is of length at least m;, the length of M is at least m| + - - - + my > m, which
is a contradiction. Hence by the definition of &5y, we have &ys (f) = 0 as desired. O

Now we prove Theorem 2.2 for 7 = Z(m) with m of type y.

Proof of Theorem 2.2 for 1 = Z(m) of type x. Let us write

mﬁ=A1+--~+AS.

Fori=1,...,s, wesetnm; = Z(A?). Let n and n; be such that 7 € Irr(G,) and 7; € Irr(G,,,). Then
appears as a subquotient of 11 X+ - - X7s, and we have || = A4 |+ +|Ax |- Let A = (A1, ...,4,) € Ay
be such that |A] < |A,|. Then 7% is a subquotient of (71; X - - X 775)¥n1. Let M = o/pY @ --- @ 0/pr.
By Proposition 5.2, we have

K, iaf K
ny.[GEM] (G
(m1 X -+ X g)ma N_—@n’l P g @,
F.M

where F, M runs over the set of increasing filtrations
O=FM c---cFM=M

on M by n-submodules such that fori =1, ..., s, the po-module Grf M =F;M /F;_| M is generated by at
most n; elements. Fix such a filtration Fo M. Since

I/lml Tt |/l7rs| =[xl
>|1| = length, M = length,Gr{ M + - - - + length,Grt M,

we have |A.,| > lengthDGrfM for some i. If we knew the claim for x; for any i = 1,...,s, then we
would have (7 X - -+ X ﬂAg)K"*’l = 0, which implies that a¥na = 0. Hence we reduce the claim to the
case where s = 1.

From now on, we assume that s = 1. Let us write Ay = [1,n], for some unramified character y.
Then 7 = Z([1,1], +--- + [n,n],) is an unramified twist of the Steinberg representation. By Tadi¢’s
determinantal formula [39], we have

n
n=Z(—1)"‘r Z Z([no+1,ni]y) X - X Z([ny—1 + 1,1, )
r=1 O=np<ni<---<n,=n

in the Grothendieck group of the category of representations of G,, of finite length. Then it follows from
Proposition 5.2 that for any o-module M of finite length, the dimension of the K, [a)-invariant part
a%n.M1 is equal to the number

i(_l)n—r Z Mnl—no ..... nr—nr_l)(M)~
r=1

O=np<n;<---<n,=n
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We set

n
= =D i Ynen ER. ©.1)
r=1

O=ng<n;<---<n,=n

Then it follows from Lemma 6.7 that for any o-module M of finite length, the dimension of aEnnml g
equal to &ys (fy). Therefore, it suffices to prove that &ps(f,) = 0 for any o-module M of length at most
n —2. By Lemma 6.8, it suffices to show that f,, belongs to the ideal 7,,_;.

Let us consider the ring R[[#]] of formal power series in the variable 7. We set

h= Zy[ti € tR[[1]].
i=1

Then f, is equal to the coefficient of " in

F= (—1)"2(—1)’;/.
r=0

Since
pott 2 Xt
-t 7
we have
Fe D" _E=D"d-n
1+h 1+Z?:1xiti'
Since the coefficients of #' in (1 + X%, x;¢')~! belongs to R; for any i > 0, the claim follows. o

7. Proof of the main theorems: the case where L(s,7) =1

In this section, we prove Theorem 2.2 for € Irr(G,,) with L(s, ) = 1, and we reduce Theorem 2.1 to
the case of Speh representations.

7.1. Proof of Theorem 2.2 when L(s,n) =1

First, we reduce Theorem 2.2 for m to the case where n is cuspidal. Let (7,V) be an irreducible
representation of G,, such that L(s, ) = 1. Note that there exists a partition n = n; + - - - + n, of n and
cuspidal representations xy,...,nm, of G, ,...,G,,, respectively, such that the following conditions
are satisfied:

e Fori=1,...,r, wehave L(s,7;) = 1;
e 7 appears as a subquotient of the parabolic induction 71 X - -+ X 7,;
o Wehave [A]| = Az |+ +|Ag, ]

Then by the same argument as in the proof of Theorem 2.2 for 7 = Z(m) of type y in Section 6.4, we
can reduce the claim for 7 to the ones for r; fori = 1, ..., r: that is, the case where r is cuspidal.

To prove the claim for cuspidal 7, we consider certain Hecke operators. Let X, € M, (o) denote the
subset of matrices A = (a; ;) € M, (o) such that a; ; = §; ; mod pli for 1 <i,j < n. Then

e X, contains K, 4;
e X, is closed under the multiplication of matrices; and
e X, is bi-invariant under the action of K, ;.
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We let H  denote the complex vector space of C-valued compactly supported bi-K,, ,-invariant functions
on G, whose supports are contained in X,. Then #, has a structure of C-algebra whose multiplication
law is given by the convolution with respect to the Haar measure on G, satisfying vol(K,_ 1) = 1. The
unit element 1 of H, is equal to the characteristic function of K, 4. Let a; C H, be the subspace of
functions whose supports are contained in the complement X, \ K, 1 of K, ; in X;. Then we have
Hi=C-16 a,, and a, is a two-sided ideal of H,.

Let (7, V) be an irreducible representation of G,,. The action of G,, on V induces an action of H, on
VEn1 We let

Oy:Hy— End@(VK"”l)

denote the induced homomorphism of C-algebras. We set H, v = 0y (H,) and ay v = 6y (ay). Then
H v is a finite-dimensional C-algebra, and a, y is a two-sided ideal of 4,y .

Lemma 7.1. Suppose that r is cuspidal. Then any element T € a, v is nilpotent.

Proof. Since V¥n.1 is finite-dimensional, it suffices to show that for any v € V¥4 and for any linear
form v: VE»1 — C, we have v(T™v) = 0 for any sufficiently large integer m.

Let us choose T € a, satisfying Oy (T) = T. For an integer m > 0, we let X/lzm denote the subset of
matrices A € X, satisfying det A € p"*. We note that Xf' is equal to X, \ K, 1. Since the product of
any m matrices in X/l21 belongs to Xfm , it follows that the mth power T of T is, as a function on G,,,
supported on X3 N G,.

Let (7, V) denote the contragredient representation of (7, V). We regard v as a vector in the K, ;-
invariant part (V)Ena of V. Since 7 is cuspidal, the matrix coefficient

f(g) =(n(g)v,v)

of m is compactly supported modulo the centre Z, of G,. Observe that the intersection G, N
(Nims1ZaX3™) is empty. This implies that any subset K of G, that is compact modulo Z, does not
intersect Xf'” for any sufficiently large m. Thus, the function f(g) is identically zero on X/lzm for any
sufficiently large m, which implies that v(7"v) = 0 as desired. ]

Proof for Theorem 2.2 when L(s, ) = 1. As we have remarked above, we may and will assume that
(7, V) is cuspidal.

Let us assume that VEn1 # 0. Since V¥ is finite-dimensional, one can take a minimal nonzero
left H 4,y -submodule W of V¥#.1, Lemma 7.1 implies that a, y is contained in the Jacobson radical of
H,,v . Hence any element of a, y acts as zero on W.

Let us choose nonzero vectors w € W and w € (V)%n.1 such that (w, w) # 0. Let f(g) denote the
matrix coefficient of & defined as

f(8) = (n(g)w,w).
Let @ denote the characteristic function of X,. Let us consider the zeta integral
2@.5.0) = [ o(e)ldetel’ s (e
of [8]. By definition, we have

Z(@®,5,0)= > Img™,

m>0
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where

Xy
= / n(g)wdg,w
X;m\x;m-#l

as a formal power series in ¢~°. Since a, annihilates w, it follows that I,,, = 0 for m > 1. Hence

Z(®,s, f)=1)= <'/K 7r(k)wdk,v7> = (/H;; dk) (w, w)

is a nonzero constant.
Let us consider the Fourier transform

B(x) = / O (y)y (xy)dy
Mn (F)

of @ with respect to i, where dy is the Haar measure on M, (F) that is self-dual with respect to . Then
® is supported on the subset ¥, ¢ M, (F) of matrices B = (b; ;) € M, (F) such that b; ; € p~ Y for
1 <i,j <n Weset f(g) = f(g™}). Note that f is a matrix coefficient of (7, V). Since det B € p~ 1
for any B € Y,, it follows that the zeta integral Z(®, s, f), as a formal power series in g~*, belongs to
scl[g~1]
q q .
By our assumption, we have L(s,7) = L(s,7) = 1. Hence it follows from the local functional
equation that we have

~ n-—1
Z|D,1 -5+

,f)=8(S,7T,¢)Z(<D,s+n;1,f), (7.1)

where £(s, 7, ) denotes the e-factor of 7. It is known that £(s, 7,¢) = cg~=!s for some nonzero
constant c. Since the left-hand side is in g~ I*C[[¢*]], we see that || > |1, This proves Theorem 2.2
for . m

As explained in Section 5.2, Proposition 5.2 and results in Section 6.4 and this subsection complete
Theorem 2.2 in all cases.

7.2. Proof of Theorem 2.1: reduction to Speh representations

In this subsection, we prove Lemma 7.2. By this lemma, Theorem 2.1 for 7 with L(s, ) = 1 is reduced
to the case where 7 = Z(A).

Lemma 7.2. Let 1 = Z(m) € Irr(G,,) be such that L(s, ) = 1. Write m = Ay + - - - + A,. Assume that

) 1 if A; = Ap,,
dim(Z () %) = {0 A< s

for 1 <i <r, where n; is such that Z(A;) € Irr(Gp,;). Then we have

] l..f/l:/lﬂ'y

dim(xn1) = )
0  ifd<a,.
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Proof. SetTl = Z(A1) X ---x Z(A,). First, we claim that

S 1 ifd=2a,,
dim(IT"1) = )
0 if A <Ay,
Write A, = (41,...,4,), and consider M = ealf’:lo/p/‘i. Then K, ,, is conjugate to K, [x]. By

Proposition 5.2, we have

K
HKn,M ~ @ Z(Al) ny, (Gl M1 ® - ® Z(Ar)Knr,[Gr,EM]’
FeM

where F, M runs over the set of n-admissible filtrations withn = (ny, ..., n,).Since A, = Ap, +- - - +44,,

by Corollary 4.7, there exists a unique n-admissible filtration FOM such that seq”([GrfO M]) = A, for
1 < i < r. Moreover, for any other filtration F, M, it holds that seqn([Gr}:M]) < Ap, forsomel <i<r.

K
Hence by our assumption, we have Z (A1) "M @ L g Z(Ar)K"rr[foMl =0, and
dim (1147 ) = dim (Z(81)1%1 @ -+ © Z(A,) o ) = 1.

Conversely, suppose that [M] € |C"| satisfies IT“=m1 # 0. Then by Propositions 5.2, 4.4 and our
assumption, we have

Seqn([M]) > /lAl +“'+/1Ar =/l7r.

In other words, if A < A, then I1¥n.4 = 0. Hence we obtain the claim.
In particular, since 7 is a subquotient of I, we have akri=0ford < A,.

We show dim(71) = 1 by induction on the number ¢, of pairs of linked segments in {Ay, ..., A, }.
Ifz, = 0, then by [42, 4.2 Theorem], IT is irreducible so that # = II. In this case, the assertion is obtained
above.

Now assume that 7, > 0. By [42, 7.1 Theorem], if 7’ = Z(m’) € Irr(G,,) is an irreducible constituent
of I1, then the multisegment m’ is obtained from m by a chain of elementary operations. In particular,
if 7’ ¢ m, we have 1, < f,. Moreover, since L(s,7) = 1, we see that 1, > A,. By the inductive
hypothesis, we have 74z = 0. Therefore, we have [1¥%4x = 7%n.4x since 7 appears in the irreducible
constituents of IT with multiplicity one. It follows from the above claim that 7%= is one-dimensional.

This completes the proof. O

Note that Theorem 2.1 for 7 is equivalent to the one for its unramified twist x| - |. Therefore, we
may assume that 7 has a unitary central character. In Section 9 below, we will prove Theorem 2.1 for
= Z(A) with a unitary central character such that L(s, ) = 1. The proof of this case is rather similar
to the generic case in [14]. To carry out the proof, we will establish the theory of Rankin—Selberg
integrals for Z(A) in Section 8.

Remark 7.3. We note that Lemma 7.2 does not work for 7 with L(s,7) # 1 since the equality
Az = Ap, ++ -+ A4, does not hold in general. It is one of the two reasons we should treat the case where
L(s, ) =1 and the other case separately. The other reason will be explained in Remark 8.8 below.

8. Rankin-Selberg integrals for Speh representations

In [14], Jacquet—Piatetskii-Shapiro—Shalika proved Theorem 2.1 for m generic. The ingredients they
used are the Rankin—Selberg integrals [15], which express the L-factors of the products of two generic
representations of G,, and G,,_;. (They also have expressions for products of representations of groups
of other ranks, but the one used for the study of local newforms is the one mentioned above.)
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In [20], Lapid and Mao introduced the Rankin—Selberg integrals for the products of Speh
representations in the equal rank case. To prove Theorem 2.1 for Speh representations in the next
section, we introduce the Rankin—Selberg integrals for the product of Speh representations in the case
Gnm X G(n—l)m~

8.1. Subgroups of GL,1 (F)

Fix positive integers m and n. In this subsection, we fix notations for some subgroups of GL,,, (F).

Set G = Gy = GLy (F) and K = GL,,;,(0). Let B = TN be the Borel subgroup of G consisting of
upper triangular matrices, where 7 is the diagonal torus.

We write an element of G as g = (g;,j)1<i,j<m With g; j € M, (F). Define

e L to be the subgroup of G consisting of block diagonal matrices: that is, g = (gi j)1<i,j<m € G With
gi,j =0fori # j;

e U to be the subgroup of G consisting of block upper unipotent matrices: that is,
8 =(8ij<ij<m € Gwithg;; =1,for1 <i<mandg;;=0fori> j;

o Sto be the subgroup of G consisting of g = (g;,j)1<i,j<m € G such thateach g; ; is a diagonal matrix;

e V to be the subgroup of G consisting of g = (g j)1<i,j<m € G such thateach g; ; — J; ;1, isa
strictly upper triangular matrix;

e D to be the subgroup of G consisting of g = (g;,j)1<i,j<m € G such that each g; ; is of the form

o (80 v
§i ( 0 di;
for some g;j € M,_1(F)andu; ; € Frl

Then P = LU is the standard parabolic subgroup with L = G, X- - - X G,, (m-times) as its Levi subgroup,
and Q = SV is anonstandard parabolic subgroup with S = G, X - - X G, (n-times) as its Levi subgroup.

We set G’ = G (,—1)n. We denote analogous subgroups by taking ’, for example, K’ = GL (,_1),(0),
P’ =L'U’, Q" = §'V’ and so on. Define an embedding ¢: G’ — G by

, 8; 0
()
0 6, 1<i,j<m

where we write g" = (g j)l <i,j<m With g/ €My (F). Sometimes we identify G’ with the image of .
Note that G’ is contained in D.
For example, when n = 3 and m = 2, the subgroups above are as follows:

* % ok 1 * % ok
* % ok 1 * % %
* k% 1% * *
L= , U=|—— s
% %k 1
* % 1
% % % 1
* * 1 % = * %
* * 1 = *
S * *,V= 1 ,
® % %]
* * * 1 %
% * 1
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* % %k k ok * % |% %
I EEIEER: * ok |k ok
D = ! , G = !
* % %k k % * % % %
I EEIEER: * %k |k ok
1 1

It is easy to see the following:
Lemma 8.1.

(1) D=VG' and G’ NV =V’ so that V\D = V'\G".
(2) NnD=(NNV)N' and (NNV)A N’ =N" 0V’ sothat (NONV)\(NN D) = (N NV')\N".

Proof. Omitted. |

8.2. Two models of Speh representations

We introduce the Zelevinsky model and the Shalika model of a Speh representation. For the detail of
these models and the relation between them, see [20, Section 3].
We define a function ¥ of G = G,,;;, by

Y(g) =y § gii+l |-
l1<i<nm
n{i

We denote the restriction of ¥ to N (respectively, V) by the same symbol ¥, which is a character of N
(respectively, V).
Let 7 be an irreducible tempered representation of G,,. Then the parabolically induced representation

m-3 m—1

ﬂ-l.l_ 2 X7T|'|_ 2 x...xﬂ-l.li

of G has a unique irreducible subrepresentation Sp(x, m). We call Sp(xr, m) a Speh representation. Note

that if 7 = p is cuspidal, then Sp(p, m) = Z([—’”T_l, T_l]p).
From now on, we set o = Sp(x, m) for some irreducible tempered representation 7 of G,,. By [42,

8.3], we know that

Homg (o7, Ind$; (¥))

is one-dimensional. Following [20, Section 3.1], we write Wg’e (o) for the image of a nonzero element
and call it the Zelevinsky model of o .

In the case m = 1, the Zelevinsky model WY (1) = Wge(ﬂ) is what is known as the Whittaker model
of 7. Note that the character ¥ is a generic character of N in this case, and the one-dimensionality above
implies that every tempered representation  of G, is generic.

As explained in [20, Section 3.1], for any W € WZ(O’), we have

(m-1)(n-1) (m-3)(n-1) _(m=-1)(n-1)
2 2 2

Wi € WY (xl - | )@ WY (x| - | )@ @WY(n]-| ).

By [32], we know that
Homg (o, Ind$ (¥))

is also one-dimensional. Following [20, Section 3.1], we write Wg;(a) for the image of a nonzero
element and call it the Shalika model of o. As explained in [20, Section 3.1], the usage of this

terminology may not be a common one.
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We recall a theorem of Lapid and Mao.

Theorem 8.2 [20, Theorem 4.3]. For W, W, € Wg;l(a), the integral

BOW.Was) = [ Wi(e)Walg)| detgldg
V\D
converges for Re(s) > —1 and admits meromorphic continuation to the complex plane. Moreover,
(W1, Wa) > B(Wy,W,,0) is a G-invariant inner product on Wg;l((r)

Proof. See [20, Theorem 4.3]. See also [20, Propositions 4.1, 6.2]. m]

Note that Wg’e(o) and ngl(a) are isomorphic to each other since both are isomorphic to o-. We can
give isomorphisms explicitly as follows.

Proposition 8.3 [20, Lemmas 3.8, 3.11]. Let Wy, € Wge (o) and Wgy, € Wéph((r). Then Wy, (respec-
tively, Wsp) is compactly supported on (V N N)\V (respectively, (N N V)\(N N D)). Moreover, an
isomorphism T = T¥: Wg/e((r) - Wéph(a') is given by the integral

TWaee) = [ Waeug)¥(w)
(VAN)\V
The inverse of T is given by the integral
T Wale) = [ W (ug) ¥ (1) du.
(NNV)\(NND)
Proof. See [20, Lemmas 3.8, 3.11]. O

8.3. Rankin—-Selberg integrals in the Zelevinsky models

For irreducible tempered representations 7 and 7’ of G,, and G|, respectively, we have Speh repre-

-1
sentations o = Sp(zr,m) € Irr(G) and o’ = Sp(n’,m) € Irr(G’). For W € W;C(O'), W’ e WZE (o)
and s € C, consider the integral

Ins W) = [ W)W ()] detel’ ¥ d.
N'\G’

We call this the Rankin—Selberg integral in the Zelevinsky models.

Lemma 8.4. Formally, I,,,(s, W,W’) is equal to

/ (/ W((Lg))W'(lg)| det "% 65} (1)dl | | det g|*~% dg.
PA\G’ \J (N'nL)O\L/
Proof. This follows from a well-known integral formula. O

When m = 1, several properties of 11 (s, W, W’) were obtained in [15]. The following is a generali-
sation of [15, (2.7) Theorem], whose proof is analogous to that of [20, Theorem 5.1].

Theorem 8.5. Let w and nn’ be irreducible tempered representations of G, and G-, respectively. We
denote the central character of 1’ by w .
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(1) The integral 1,,,(s, W, W’) is absolutely convergent for Re(s) > 0.
(2) The function

-1
m
(l—l L(s—-m+i,mx n')) L,(s,W,W")
i=1

is in C[q~*, q®]. In particular, it is entire.
(3) The functional equation

Ln(m = s, W, W) = wp(=1)n=m (l_[ y(s—m+i,mxn, l//)) Ln(s,W,W’)
i=1
holds, where W(g) = W(Wum'g~'w!) and W'(g') = W’(w(n_l)m’g’_lw;_l) with
1 1,

Wam =| = |, wp= €G.
1 1,

Here y(s, m X 1t’,\) is the gamma factor defined by

L(l -5, 7x7)

,y(s’n-Xn-”lﬁ)Zg(S,ﬂ'Xﬂ',’lﬁ) L(S ﬂ-Xﬂ—/)

Proof. When m = 1, the assertions are [15, (2.7) Theorem].
Note that 5p- (1) = [];2, | det [;|(m*1=20(n=1) for | = diag(1,, ..., 1) € L. Moreover,

m i)(1-n
[ T1dettsl ™= w(ig)) e W (m®"  and
i=1

m

(m+1-2i) (2-n) _
[ 1 ettt ™= wrag) e W aye
i=1

for fixed g € G’. It follows that the inner integral of Lemma 8.4 is of the form

Zﬁll(s—m+l Wi.an W, 5)

a,fB i=1

for some W; , € WY (r) and w! g€ wy (7") (depending on g). Hence we obtain assertions (1) and (2).
We prove assertion (3). For g € G’ and [ = diag(ly, ..., 1) € L’ with [; € GL,_|(F), we note that

w;ltt(g)’lw;lzL( ‘e lwn 1)’

et ~aml 5 5o (5]

W((lg)) = W(wpum' (D)™ Wl - whie(g) ™" wh)
t1—-1 t1—-1
=W (diag (wn ( l(’)" (1)) e W ( 1(1) (1))) L(w;_ltglw;l_l)) .
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Similarly, we have
V~V’(18) = W’(w(,,_l)m’l_lw;_l ’W;;—ltg_lw;z—l)
= W' (diag(wn1"L) oo w17 - W/ Te 7wl ).

Moreover, the map g — 0(g) = W;H’g‘lw;lfl is a homeomorphism on P’\G’ such that d6(g) =
and | detd(g)| = | detg|~'. Hence

L,(m s, W, V~V’)

=/ (/ W(L(zg))v?'(zgndetz|-<s—’z">5;,}(1)d1) |detg|"%)dg
"G’ (N'NL")\L’

= / ( / W (c(1))W'(ig) l_[ |det ;] 7 2’”““’-%511) | det g|~*~%)dg
PG’ \J (N'nL)\L

= wp(=1)"m (l_[ y(s—-m+i,mrxn, a,//))

<J. (/ W(lg) W' (1g) H [ dety 282 ”"’”C”) detgl % dg
PG’ \J (N'nLH\L’

= wp(~1)n"m (]_[ y(s—m+i,mxn, w)) Lu(s, W, W),

i=1

Here, in the third equation, we made the change of variables /; +— I,,+1—; and g — 6(g). This completes
the proof. O

Lemma 8.6. For any W’ € Wg:(o“) with W (1(n-1ym) # 0, there exists W € Wge(a) such that
I,(s,W,W')=1foralls € C.

Proof. By [20, Corollary 3.15], the space {W|p | W € Wg’e (o)} contains the compact induction

ndﬁ ~p (). Hence the assertion follows by taking W € Wge (o) such that W|p is supported on (NND)Q
for a small neighbourhood Q of 1,,, € D. m]

Proposition 8.7. The C-span of the integrals L,(s,W,W’) for W € W¥(c") and W' € W% (¢)
is a fractional ideal of C[q™,q®], which is generated by Pm(q—s)—l for some Py (X) € C[X] with
P, (0) = 1. Moreover, P1(q™*) = L(s,n X n’)™" and P (X) divides [T}, P1(¢" ' X).

Proof. Note that
Lu(s, (W)W, AW’) = | det h|~S~5) 1, (s, W, W)

for h € G’, where (¢«(h)W)(g) = W(gt(h)) and (hW’)(g’) = W'(g’h). Hence the C-span of the
integrals I,,,(s, W, W’) is a fractional ideal of C[¢~*, ¢*]. The other assertions follow from Lemma 8.6
and Theorem 8.5 (2). ]

Remark 8.8. One might expect that P,,(X) = []12, P, (¢™7X), but we do not know if this holds in
general. This is a reason we cannot prove Theorem 9.1 below for o= = Sp(sr, m) when L(s,7) # 1 by a
method similar to that in [14]. However, as an application of Theorem 2.1, we will prove the equation
P (X) =17, P1(¢™X) when n’ is unramified (see Theorem 9.1 below).
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8.4. Rankin—Selberg integrals in the Shalika models

Now we translate the results for the Zelevinsky models obtained in the previous subsection to those for
the Shalika models.
Recall that o = Sp(x,m) € Irr(G) and o’ = Sp(n’,m) € Irr(G’). For Wg, € WS,’[;](O'), Wg, €

-1
Wéph (0’) and s € C, consider the integral

25 W W) = [ Wonu(e) Wyl detel* % g
V’ ’
We call this the Rankin—Selberg integral in the Shalika models.
Proposition 8.9. If Wsy = T Wze and WY, = TY" W}, we have
Zm(s’ WSh’ Wéh) = Im(s’ WZea Wée)

Proof. By Lemma 8.1 and Proposition 8.3, we have
Zn (s, Wsp, W) = / Wsn(1(g)) (/ Wy, (ug)¥ (u)du | | det g|*~% dg

VG (V'AN\V’

- / / Wen (:(4g)) Wy, (ug)| det(ug) [~ % dudg

/\Gl ( /mN/)\V/

_ / Wn (1)) W ()] det gl*~% dg
(V'NN")\G’

_ / / W ((ug)) Wy (ug) | det(ug) "% dudg
NN\G’ J (VIAN')\N

] / (/ Wen(1(1g)) ¥ (u) ™ du| W, ()| det g|*~ % dg
NN\G' \J(NAV)\(N D)
= Im(s, WZG9 Wée).
This proves the proposition. D

Therefore, assertions similar to those in Theorem 8.5, Lemma 8.6 and Proposition 8.7 hold for
~ -1
Zm (s, Wsn, W¢, ). Here, we note the following. If Wze € Wg’e(a'), we define Wy, € Wg’e (o), where
is the contragredient representation of o, by VT’Ze(g) = Wze(Wnm! g‘lw;l). One can easily check that

-1 ~ _ ,
Td/ WZe(g) :Td/WZe(antg lwn)-

Hence we define W, € Wg;;l (o) for Wgy, € Ws'i((r) by Wsh(g) = Wsh (Wom' g7 wh).

8.5. The case where n’ is unramified

In the following section, we need sharper results when 7’ is unramified.
Let 7’ be an irreducible unramified representation of G,_; with Satake parameter (xy,...,x,-1) €
(C*)"1/S,_1. Hence n’ is the unique irreducible unramified constituent of

I(st, .oy 8p1) = |- [P - x| - P
where s is a complex number such that ¢g™*/ = x;. Since the principal series I(s1, ..., S,-1) is generic
. . . . . -1
and unramified, there exists a unique Whittaker function W°(xy,...,x,_1) € WY (I(s1,...,Sn_1))

such that WO(ky;xy,...,x,_1) = 1 for any k; € GL,_;(0). When 7’ is tempered, that is, |x;| =1 for
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any 1 < j < n— 1, the function Wo(xl, ...,Xu—1) belongs to wy™ (n”). Note that Wo(xl, ey Xn-1)
is a Hecke eigenfunction whose Hecke eigenvalues are uniquely determined by (xi,...,x,-1) €
(©)"/Sp-1.

Recall that G’ = G (4-1)m, K’ = G (n-1)m(0) and that P’ = L’U’ is the standard parabolic subgroup
of G’ with L’ = G,_| X -+ X G,_| (m-times). Let x = (x;,j) € M, ,—1(C) with x; ; € C*. We can
define a function

W (x): G' — C
by

1 m
Wo, (ulk; x) = ¥~ a3, () [ [WOUisxin, o xinr)
i=1

i=

foru € U’, I = diag(ly,...,l,y,) € L’ and k € K’. (Here, we note that ¥(u) = 1 foru € U’.) As in [20,
Lemma 3.8], Wge()_c) is compactly supported on (V' N N’)\V’. We set

Wh(ei0 = [ WY, (ug: )W ().
(V'AN)\V’
Ifx = ’(q‘mT_lxj,q‘#xj, . ..,q%_l.xj')lsjgn_l with |x;| = 1 forany 1 < j < n -1, then WZOe()_c) €

-1
W;e (Sp(n’,m)), where n’ is the irreducible unramified representation of G,_; with Satake parameter
(X1, %n—1). In general, W2 (g;x) = (g - f) for some [ € Homp:(I(s1,...,S(n-1)m), ¥), where
15 -+, 8(n-1)m are complex numbers such that

{g, . ..,q % m)y ={x; ;|1 <i<m, 1 <j<n-1}

as multisets, and f0 e I(sq,..., s(n_l)m)K'. Note that W(Z)e (x) is a Hecke eigenfunction whose Hecke
eigenvalues are uniquely determined by (s1, ..., S(-1)m) € (C(”‘l)m/S(n_l)m.

Lemma 8.10. The Hecke eigenspace in IndGl,(‘P)K' with Hecke eigenvalues determined by
(1, -+ S(n-1ym) is spanned by Wge()_c) for x = (xi ;) € My, n-1(C) such that {g™', ..., g~ -Vm} =
{xij |1 <i<m, 1 <j<n—1}asmultisets.

Proof. Since V¥ is trivial on U’ ¢ N’, we have a canonical isomorphism
Homp (I(s1,...,8(m-1ym), ¥) = Homy:nr- (Jacp (I(s1,. .., Sn-1)m)), ¥),

where Jacp: is the unnormalised Jacquet functor along P’ = L’U’. Note that ¥|y/nrs is a generic
character. Moreover, by the Geometric Lemma of Bernstein—Zelevinsky [4, 2.12], the semisimplification

of Jacp: (I(s1, ..., Sn-1)m)) is equal to
1
6;,,@ @I(S]J,...,Sl,n_])IZI"'IXI(Sm,l,...,Sm,n_l) ,
X
where x = (x; ;) runs over My, n-1(C)/(Sp-1)" such that {g™',...,g7¢=Vm} = {x; ; | 1 <
i <m 1 £ j < n-1} and s;; is a complex number such that ¢g7%/ = x; ;. Hence
dim Homp/(I(s1,. .., S(n-1)m), ¥) is less than or equal to the number of choices of such x. This proves
the claim. o

Let 7 be an irreducible tempered representation of G, and set oo = Sp(x, m). For Wz, € W;e(a)
and Wgy, € Wg;l(a), one can consider the integrals I, (s, Wz, Wge()_c)) and Z,, (s, Wsp, Wgh (x)) defined
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by the same integrals in the previous two subsections. By the same arguments as in these subsections,
we can prove the following theorem. We omit the proof of it.

Theorem 8.11. The integrals I,,,(s, Wz, Wge (x))and Z,,, (s, Wsp, Wgh (x)) have the following properties:

(1) The integral I,;,(s, Wz, Wge()ﬁ)) is absolutely convergent for Re(s) > 0.
(2) The function

-1

m-—1
L (s vsi T’") (5. Woe, WL, ()

m n—1
i=1 j=1

is in C[q™*, q°], where s; ; is a complex number such that =" = x; j. In particular, it is entire.
(3) The functional equation

Ly (m = 5, Wze, WO, (x™1))

n-1

m
m—1
= 1—[ l_[y (s+s,~,j - T,ﬂ,lp) Im(s,WZe,Wge()_c))

holds, where Wze(g) = Wze(Wum'g™'w},) and x™! = (x;))-
4) If Wsp, = TYWxe, then
Im(s’ WZC9 Wge(i)) = Zm(s’ WSh, Wgh(&))'

Proof. Omitted. O

9. Essential vectors for Speh representations

We continue to use the notations in the previous section. Recall that ¢ is unramified: that is, y is trivial
on o but nontrivial on p~!. Let 7 be an irreducible tempered representation of G,,, and set o = Sp(7, m).
In this section, we define a notion of essential vectors and prove Theorem 2.1 for Speh representations.

9.1. Essential vectors
The following theorem is a generalisation of [14, (4.1) Théoréme].
Theorem 9.1. Let the notation be as above. There exists a unique function Wg® € W, h(0') such that

(1) Wi (g - u(k)) = Wgi(g) forany g € G and k € K';
) for all s € Candx = (xij) € My n-1(C) with x; j € CX,

n—1

m
0 _ m—1
Zn (5, WES, WG, (x)) _| || |L(s+s,<,j——2 , 7|,

i=1 j=1

.

where s; j is a complex number such that g7 = x; j.

Definition 9.2. We call the unique function Wg;*® the essential vector of W, h(0')

First we consider existence. Here, we show it only when L(s, r) = 1. The general case will be proven
in Section 9.3 below.

Proof of the existence statement in Theorem 9.1 when L(s,n) = 1. Note that Q” = §’V’ is conjugate to
a standard parabolic subgroup of G’ by an element of K’. Hence we have the Iwasawa decomposition
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G’ = Q’K’. Define a smooth function ¢ of D = Vi(G’) by Supp(¢) = Vi(K’) and ¢(u - t(k)) = ¥(u)
foru € Vand k € K’. Then ¢ € inde(‘{‘) and

/ (g) W0, (g:)| det g% dg = 1
VI\G’

forall s € C and x = (x; ;) € My n—1(C) with x; ; € C*. By [20, Corollary 3.15], one can take

Wsh € Wg;l(a') such that Wgy|p = ¢. Then Z,,, (s, Wgp, Wgh()_c)) =1lholds foralls € Cand x = (x; ;) €
M, n-1(C) with x; ; € C*. By replacing Wsy, with

/ Wen(g - (k) dk.
3

we may assume that Wgy, is right ¢(K”’)-invariant. Then Wgy, satisfies the conditions in Theorem 9.1. This
completes the proof of the existence statement in Theorem 9.1 when L(s, ) = 1. m}

We now prove the uniqueness statement (in general).

Proof of the uniqueness statement in Theorem 9.1. Let L>(V'\G’; ¥) denote the space of functions ¢
on G’ such that ¢(vg) = ¥ (v)p(g) forv € V' and g € G’, and ¢ is square-integrable on V’\G’. Define
IT to be the closure of the subspace of L>(V’\G’; ¥) consisting of smooth functions s, of G’ such that

osn(g) = / 62 (vg) P (v) " dv
(V/NN")\V’

for some smooth function ¢z, that satisfies ¢z, (ug) = ¥(u)pz.(g) foru € N’ and g € G'.
Lemma 9.3. Let ¢ be a smooth function on G’ such that

(D) ¢ell;
(2) ¢(gk)=(g) forge G’ and k € K’;
(3) f()l" any x = (xi,j) € Mm,n—l (C) with Xi,j € CX,

/ (W0, (g:x)dg = 0.
VG’

Then ¢ = 0.

Proof. This is an analogue of [14, (3.5) Lemme]. Consider the direct integral expression of the unitary
representation IT of G':

®
M= / x'du(r’),
n eIrrunil(G,)

where Irry,;(G”) is the set of equivalence classes of irreducible unitary representations of G’ and u
is a certain Borel measure on it. For almost all 7/, there exists a G’-equivariant intertwining operator
A, : II — 7’ such that

(1. 02)12(vnGrow) Z/(An'%,An’sﬂz)n'dﬂ(ﬂ')
.

for @1, ¢y € I1 € L>(V'\G’; ¥), where (-, ), is a G’-invariant inner product on 7’.
Now we assume that ¢ # 0. Then there exists 7’ € Irr(G’) such that A ¢ # 0. Since ¢ is right K’-
invariant, A ;¢ belongs to the subspace of 7’ consisting of K’-fixed vectors. Then using Lemma 8.10,
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we see that (A ¢, A-¢), is a linear combination of integrals of the form
/ ¢(8)Wg, (g:x)dg
V/\Gr

for some x = (x;,j) € My, n—1(C) with x; ; € C*. This contradicts Condition (3). ]

We continue the proof of the uniqueness statement in Theorem 9.1. Now suppose that two functions
Wi, W, € Wﬁ(o-) satisfy the conditions of Theorem 9.1. Set W = W| — W5, which is square-integrable

on V’\G’ by Theorem 8.2. Note that W = TY¥ W, for some Wz, € Wge(a). We define V”’ to be the
subgroup of V consisting of v = (v; ;) with v; ; € M,,(F) such that v; ; is of the form

S 0 jln-1 uij
bJ 0 (5,',j

for u; ; € F"!. Then V’ normalises V" and V = V'V"’. Hence

W(ilg)) = /( OO

= / (/ Wye(u - L(vg))‘I‘(u)'du) P(v) dv.
(vaNN\V \J (V7 aN))\V”

Since ¢(G”) normalises V", and since the action of ¢(N’) on V"’ does not change the invariant measure
on (VN N)\V”, if we set

02:(8") = / Woae(u - (") ¥ () du
(V'NN)\V”

for g’ € G, then @z.(u’g’) = V(u’)pze(g’) foru’ € N’ and g’ € G’. Therefore, we have W o ¢ € II.
Hence we can apply Lemma 9.3 to W o ¢, and we obtain that W o ¢ = 0. Since D = V’¢(G”), it follows
that W|p = 0. By Theorem 8.2, we conclude that W = 0, as desired. This completes the proof of the
uniqueness statement in Theorem 9.1. O

Corollary 9.4. Let W € Wg’e(a'). If Wis right «(K")-invariant, and if W|p = 0, then W = 0.

Proof. By the assumptions, one has I,,,(s, W, Wgc()_c)) =0foralls € Cand x = (x; ;) € My n-1(C)
with x; ; € C*. By the same argument as in the proof of the uniqueness statement in Theorem 9.1, we
have T¥W =0, and hence W = 0. ]

As an application, we have a part of Theorem 2.1 for Speh representations. Recall from Example 2.5
(4) that

Ado=1(0,...,0,¢cr,...,Cx) € Apns
(n-1)m m

where ¢ is the conductor of 7.
Proposition 9.5. Let A € Apyp. If A < A, then o%rma = 0.

Proof. If 1 < A, then the first (n — 1)m components of A are 0. Hence there exists a compact subgroup

K, of G conjugate to K, 1 such that

e K, D u(K’);

e KyNL DK, a4 X+ XKy 4, withd; € A, of the form A; = (0,...,0,a;) such that 0 < a; < ¢, for
some 1 <i < m.
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Let W € WZII;(O')KA. Since 7¥m1 = () by [14, (5.1) Théoréme], we see that W|p = 0. It follows from
Corollary 9.4 that W = 0. Hence ¢ %nm-1 = ¢Ka = 0, O

9.2. Properties of essential vectors

Recall that G = GL,,,(F) and K = GL,,,,(0). For a positive integer a, define K(a) C K to be the
subgroup consisting of k = (k; j)i<i,j<m € K with k; ; € M,(o) such that the last row of k; ; is
congruent to (0,...,0,6; ;) mod p* for 1 < i, j < m. Put another way, if we denote by D(o/p“) the
image of D N K under K — GL,,;,(0/p%), then K (a) is the inverse image of D (0/p?). Note that K (a)
is conjugate to K,,,,, 4 with

A1=(0,...,0,a,...,a) € Aym
——— N— —
(n-1)m m

by an element of K.

Let 7 be an irreducible tempered representation of G,, and set o = Sp(w,m). We prove the
following proposition in this subsection. It together with Proposition 9.5 contains Theorem 2.1 for o
when L(s,0) = 1.

Proposition 9.6. Suppose that L(s, ) = 1. Then Wslﬁl(a')K (¢x) js the one-dimensional vector space
spanned by the essential vector Wg;*.

The proof of Proposition 9.6 is analogous to that of [14, (5.1) Théoréme]. Suppose that L(s, ) = 1.
For d € Z and Wg, € Wg;](o'), we consider

Zuma(Wspi x) = / Wn (1(8))W0, (g0 det g| % dg.
V\{geG’ | |detg|=g=}

Note that
Zom.ad(Wsh; xx) = x4 Zp a(Wsp; x),

where xx = (xx; ;) if x = (x; ;).

Lemma 9.7. There is an integer d(Wsyn) such that Zy, 4(Wsh;x) = 0 for any d < d(Wsh) and x =
(x,-,j) € Mm,n—l(c) with Xi,j e C*,

Proof. By (the proof of) Proposition 8.9, it is enough to show an analogous assertion for
L (s, Wze, W3 _(x)) with Wy, € sze(a').Letg € G’ with | det g| = g~ such that W, (1(g)) W2, (g; x) #
0. Wetake k' € K, u’ € N and ay,...,a(-1ym € Z such that

wi

g=u’ k'
w-a(nfl)m
Since

A(n-1)(j-1)+1
m w4n-1)(-D+

Wy (g:x) =C[ [W° SIRTRR
Jj=1 wdn-1j
for some C # 0 (depending on ay, ..., d(u-1)m), We must have a(,_1)(j-1)+1 = *** = d(,—1); for any

1 < j < m. In particular, d = Z;:l_l)m a; > Z;ﬁ:l(n - Dam-1);-
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For [ > 0, let V"’ (p") be the subgroup of K consisting of (ki jh<i,j<m With k; j € M, (o) such that
k; j is of the form

- O jln-1 uij
bJ 0 51',.]'

for u; ; € (p')"~!. Since Wz is smooth, one can take sufficiently large / such that W is right V"' (p')-
invariant. Note that ¢(K’) acts on V"’ (p). In particular, for any z1, . .., z,, € p', we can take u € V"’ (p")
such that (¢(k’) - u - t(k") " )pjo1.nj = z; for 1 < j < m. Then we have

wi

Wze(1(8)) = Wze | 1(u”) L(k")u

wn-!

[ e (@ovrz)) | Wee(u(2)).
j=1

Since z1, . .., zm € p! are arbitrary, if Wz.(1(g)) # 0, then we must have An-1)j 2 —lforl < j <m.In
conclusion, we have d > Z;."zl (n—1)au-1); 2 —(n—1)ml. This completes the proof of the lemma. O

By the proof of this lemma, one can take d(Wsn) = —(n — 1)ml if Wgp, is right V” (p})-invariant. In
particular, if Wgy, € W‘/’ (O')K(”) then we can take d(Wsp) = 0 and d(Wsp) = —(n — 1)ma.
Now, if we set x = ¢™*, we have

Zn (5, Wen, W, (%)) = Zxdzm,d(WSh;)_C) = Z X Z,n,a(Wsh; X).

deZ d>d(Wsp)

If we replace 7, Wsy and ¢ with 77, Wsy and ¢, respectively, since WY, (x) = W9, (x™") (with respect
to ), we have

Zm(S,VT’Sh,VT/gh()_C))= Z X Z . a(Wsn;x71),
d=d(Wsy)

and hence

Zyn(m = 5, Wsh, Wi,(x)) = Z 4" Zna(Wsnix™h).
d=d(Wsn)

By the functional equation (Theorem 8.11 (3)), using the assumption that L(s, ) = 1, we have

Z G Z a(Wsp;x7")

d>d(Wsy)
m n—1
m-—1
l_[s(s+s,-,j - T,ﬂ,lﬂ) Z X' Zum.a(Wsn: x)
i=1 j=1 d>d(Wsp)

as a formal power series of x, where s; ; is a complex number such that x; ; = g~%/. If we write
e(s,m) = g0q ™ = gox~, we have

n—1

n m—1 (m-1) (n-1) m
— —1 cam(m-1)(n—
| | | |8(S+Si’j—T,7l',l//)=sgl(n )q 2 x€ xm(n— 1)| | xfjr

i=1 1

~.
I
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In particular, if d > d’(Wsp) = —c.m(n—1) — d(Wsp), we must have Zm.a(Wsnh; x) = 0. Hence we
obtain the following.

Proposition 9.8. Assume that L(s, ) = 1. Write e(s, n, ) = g9q **. For Wgy, € Wg;l(cr), let d(Wsp)
and d(Wsp) be the constants in Lemma 9.7, and set d'(Wsp) = —cxm(n — 1) — d(Wsy). Then

Zun (s, Wsn, Wo, (x)) = Z X Z.a(Wsn: 1)
d(Wsp) <d<d’'(Wsp)

is a finite sum. Moreover, we have a functional equation

Z q_mx_dZm,d(‘TVSh; )_C_l )
d(Wsp) <d <d’(Wgp)
m(n—1) camm-D=) . .0 ) o Cr d
T l_[ X Z X Zm.a(Wsh: x).

]
=1 j=1 d(Wgp) <d <d’(Wsp)

Now we prove Proposition 9.6.

Proof of Proposition 9.6. First, we show that the essential vector Wg* is K (c z)-invariant. By Proposi-
tion 9.8, we have

n—1

[ 5]

J=1

c»,rm(m;l)(n—l) xc,rm(n—l)

:]s

Zm(m —s, Wg;s, h(x)) = sm(" 1)q

i

-

where x = ¢™*. Set @ = w°*1(,,_1)m, Which is in the centre of G’. We notice that |deta~!|?

cnmz(n—l)
2

x¢xm(n=1) anq

n—1

m
Wey(ga™'sx) = H x| Way (830).

i=1 1

~.
I

If we define W§, € Wgh_l (o) by

Wsn(8) = Wgy' (g - «(a)),
then it is right «(K’)-invariant and

n-1

, ~0 c;rmz(n 1) L m(n l) m c
_ Cmmiinm]) 7r
Zin(m — s, Wg, Wg, (x)) =g~ 2 g 1_[ Yig |
i=1

~.

By Lemma 9.3 and Theorem 8.2, we see that Wg;s = CWy, for some constant C. Hence

WES(g) = CWg (8) = CWES (Wam' g™ W)y - (T L (ne1ym))-

Since W} is right V"’ (o)-invariant, it follows that W& is right V"’ (p©~)-invariant. Therefore, we
conclude that Wgp* is right K (¢ )-invariant.

Next, we show that dim(c-X (7)) = 1. If Wy, € Wg’e(a')K(C"), we have

K(cz)NL
(m+1-2i) (n-1)

m
Wrele € (WY (xl- 177 ) :
i=1
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where the right-hand side is one-dimensional and is spanned by the tensor product of essential vectors.
Hence Zy, (s, TYWze, W9, () = I(s, Wze, Wy, (x)) does not depend on s € C and x = (x;;) €
M, n—1(C) with x; ; € C*. Using the uniqueness statement in Theorem 9.1, we conclude that TYWgze
is a constant multiple of Wg;®. O

Since Kym. 1, is conjugate to K(c,), by Propositions 9.5 and 9.6, we complete the proof of
Theorem 2.1 for o = Sp(x, m) such that L(s, ) = 1. As explained in Section 5.2, this together with
results in Sections 6.1, 6.4 and Lemma 7.2 completes Theorem 2.1 in all cases.

To prove Theorem 9.1 in Section 9.3, we use the following special case of Theorem 2.1.

Corollary 9.9. Let  be an irreducible tempered representation of G, and set o = Sp(m, m). Then we
have

dim(O'K"’"’/') = 0 lf‘/l < /l
o

9.3. Proof of Theorem 9.1: the case where L(s,n) # 1

Finally, we prove the existence statement in Theorem 9.1 in general. Before doing it, we state the
following consequence of Corollary 9.9.

Corollary 9.10. Let  be an irreducible tempered representation of G, and set o = Sp(nw,m). Then
the restriction map Wz +— Wyze|L gives an isomorphism of one-dimensional vector spaces

(m=1) (n-1)
2

~ (m-1)(n-1) .
W (o)K (xS W (] - |7 @ W (] - [T,

Proof. Since the compact open subgroup K(c) is conjugate to K,,,_1,., we conclude that o& (cx) js
one-dimensional. By Lemma 9.4, the restriction map Wz — Wz|y is injective on W;G(O')K (cx), Since
the image is in

K(cz)NL

n (m+1-2i) (n—-1)

n —z1)(n—
QW) ,
i=1

which is one-dimensional, we obtain the desired isomorphism. m]

Proof of the existence statement in Theorem 9.1. By Lemma 8.4 and Corollary 9.10 together with [14,
(4.1) Théoreme], we can find W** € Wg’e (o)X (ex) such that

m n-1

m—1
L (s, gis,Wge(x)) = l_[L(s+s,~,j -7
X [ 1] 2
i=1 j=1
Then WS = TYWg satisfies the conditions in Theorem 9.1. o
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