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DERIVATIONS OF HIGHER ORDER 
IN PRIME RINGS 

YOUPEI YE AND JIANG LUH 

ABSTRACT. Let R be a prime ring of characteristic not 2 and d a derivation of R. It 
is shown that \i d2n is a derivation of/?, where n is a positive integer, then d2n~x = 0. 

Let R be a prime ring of characteristics not 2. In [3], Poster shows that if the product 
of two derivations of R is a derivation, then one of these two derivations must be zero. 
In particular, if d is a derivation of R and d2 = 0 then d = 0. Recently Chung and Luh 
[1] showed that if d is a derivation ofR such that d2" = 0, where n is a positive integer, 
then d2"-1 = 0, i.e., the index of a nilpotent derivation of a prime ring is necessarily odd. 
A natural question arises: If d is a derivation of a prime ring R and if d2n is a deriva­
tion, is d2n~x = 0? This question has been settled by Martindale and Miers [2] if the 
characteristic of R is greater than n and if d and d2n are both inner derivations of'R. 

In this paper we will be given an affirmative answer to this question for any derivation 
d of a prime ring of characteristic not 2, and thereby extend the results of Martindale and 
Miers as well as that of Chung and Luh. 

THEOREM. Let R be a prime ring of characteristic not 2 and d be a derivation ofR. 
Ifn is a positive integer such that d2n is a derivation ofR, then d2n~[ — 0. 

Throughout this paper, R is a ring, d a derivation of R, Z the ring of integers and 
dk(R) = {dk(x) | x G R}, for any positive integer/:. 

Let us begin with 

LEMMA 1. If d2n is a derivation ofR, then for any x, y G R, 

(1) W . )du-J(x)d(y) = 0. 
7=1 V J J 

PROOF. Since d and d2n are derivations of R, by Leibniz' rule, for any x, y G R, 

(2) d2"(xy) = T,( . )d2"-J(x)â(y\ 

and 

(3) d2n(xy) = d2n(x)y + xd2n(y). 

Subtracting (3) from (2) side by side yields (1). 
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LEMMA 2. Let k < n be two positive integers. Then there are integers nt]^ mijk, ..., 

mk-\,k> sucn that 

(4) dn+\x)dn-k(y) + d"-k(x)dn+k(y) = d2k (dn~k {x)dn~k (y)) 

i=\ 

+ {-\)k2dn{x)dn(y\ 

for all x,y G R. 

PROOF. Clearly, (4) is true by Leibniz' rule if k = 1. Now assume (4) holds for 
k = 1, 2 , . . . , / — 1 where t < n.By Leibniz' rule, for any x,y e R, 

dlt{dn~t(x)dn-t{y)) = dn+t{x)dn-t{y) + dn't(x)dn+t(y) 

^(2t)d^-J(x)d^(y) 
7=1 KJ ' 

= d"+'(x)d"-'(y) + d"-'(x)d"+l(y) 

'"4/2/ + Ë ( ){dn+H(x)d"-+'(y) 
j=\ xJy 

+ d"-'+J(x)dn+H(yj) + {2tyn(x)dn(y). 

Note that, by our assumption, forj = 1,2,...,/— 1, since 1 <t—j<t, 

d"+H(x)d"~'+J(y) + d"-'+J(x)d"+'-J(y) = d2(H)(d'-'+i(x)dn-'+j(y)) 

t-j-i 

+ £ mUHd2'-2j-li{d"-'+j+i(x)dn-'+i+i(y)) +(-\)'-j2d"(x)d"(y). 
/=! 

Therefore, 

d2'(d"-'(x)dn-'(y)) = d"+'(x)dn-'(y) + dn-'(x)d"+t(y) 

+ ë ( 2 / ) \d*-j\d"-<+J(x)d"->+J(y)) 
j=\KJ 7 L 

E 

+ (-\)t-J2dn(x)d"(y) 

By noting that m^\ — 0 for all k, the summation 

+ Z m,Hd2<-2J~2i(d"-'+J+i(x)d"-'+J+i(y)) 

2t\ 
( { )d"(x)d"(y). 

Effl E 
, - = i v / J /=i 

= E f E ( 2/ ) mHJ-] d2^ (d"-'+-(x)d"-'+!(y)). 
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Thus, 

d2'(dm-'(x)dm-'(y)) 

= dn+l(x)d"-'(y) + d"-'(x)d"+'(y) 
'It 

1 
-•X((2t\ t " / 2 f 

+ (1l)d2'-2{d"-'+\x)d"-'+\v)) 

+ë((^+ë(y)'»'-^)d2'"2'(rf,"m(^"'f,0')) 

+ (e((-ir''(^)2) + (2/))d" (x ) r f ,^ ) 

<f+'(xK'~'(y) + d"-'(x)d"+'(y) 

-,YJmIJd
2,-2i{dn~'+i(x)d"-'+\v)) 

i=\ 

(It 
— m$dn(x)dn(y\ where m\t = — ( 

'j\f, .^f2t\A . fit 

i=\ 

™U = ~[( t ) +^{j )mH\HJ a n d 

= ( - i ) ' + l ( E ( - i y ( ^ ) 2 + ( - i ) ' ( 2 / ) ) = (- i ) '2 . 

That is, (4) holds for k — t. This completes the proof. 

LEMMA 3. Ifd2n is a derivation of R, where n is an integer > 2, then, for any x, 

yeR, 2dn(x)dn(y) G E p 1 Zd2{n~^(cP\x)cP'iy)). 

PROOF. From ( 1 ), we have 

(5) E ( • ) ( ^ " W O O + d'{x)d2l-'(y)) + ( )</" (xV"(v) - 0. 

Note that, fory = 1,...,« — 1, 

dp-Jiiïdfiy) + (/(x^^iy) = dn+k (x)d"~ k (y) + ^ " ^ K ^ C v ) , 

where k = n —j, and hence, by Lemma 2, 

https://doi.org/10.4153/CMB-1996-045-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1996-045-5


DERIVATIONS OF HIGHER ORDER 379 

d2n'j(x)dj{y)^d/(x)d2n-j(y) = d2,1-2j(dj(x)dj(y)) 

i=\ 

+ (-\)"->2d"(x)d"(yy 

Thus, 

<2n> 
£ ( . ){d2"-J{x)â(y) + cV{x)d2"-J(y)) 

= "i(2J)d2"-y{é(x)é(y)) 

+ E (2n) ""£' ml,^Jd
2"-y-2i(d'+i(x)é+i(y)) 

It follows by (5) that 

n^\(2n j:yj)d2"-2J{dW(y)) 

n-\ /lyj\ n—j-\ 

(6) + E ( ) E m,,„-/2""27"2'(^+'W^+/(y)) 
y=l v J J i=\ 

+ ((2„") + Z(2j)(-\rj2y(x)d"(y) = 0. 

Since (2n") + E p ' ^ M ) " " ^ = (-1)"~'2 and all but the last term in the 

left-hand side of (6) belong to £"=,' ld2n~2J(d/(x)di(y)), we have 2d"(x)d"(y) G 

E"=,' Zd2n-2>(d>(x)di(yj) as we desired. 

LEMMA 4. //"J2" is a derivation ofR, where n is an integer > 2, then, for any integer 

k>0, 

(7) 

2M [(d"+k(R))2) C ^2"+ 2 i-2 ( ( ^ ) ) 2 ) +d2n+2k-4 ({d2(R)f) + • • • + d2k+2([dm-\K))2). 

PROOF. We proceed by induction on k. By Lemma 3, we have 2(dn{R)) C 

Epi 1 d2n~2j ((d>(R))2). So (7) holds for k = 0. Now we assume that (7) holds for k = t. 

That is, 

2t+](d"+t(R))2 C d2"+2t-2((d(R))2) +d2"+2t-4((d2R)2) + • • • +d2t+2((d"~l(R))2). 
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Replacing R by d(R), multiplying by 2 on both sides and using Lemma 3 yields 

2,+2(d"+,+](R))2 C 2d2"+2'-2({d2(R))2) 

+ 2d2"+2'-4 ({d\R))2) + ••• + 2d2,+2 ({d"(R)f) 

Cd2"+2'-2({d2(R)f) 

+ d2"+2'-A([d\R))2) + • • •+d2,+4(^(d"-](R))2) 

+ J2'+2(g^^((^))2)) 

Cd2"+2'({d(R))2) 

+ d2n+2t-2[{d\R))2) +•••+ d2"+'([dn-\R))2). 

That is, (7) holds for k = t + 1. Hence (7) holds for any integer k > 0. 

LEMMA 5. Ifd2n is a derivation ofR, where n is an integer > 2, then 2n+ld2n(R) is 
a subring ofR. 

PROOF. Clearly, 2n+ld2n(R) is an additive abelian group, and hence we need only to 

show that it is closed under multiplication. By Lemma 4, for k = n, 2n+x (d2n(R)) C 

d4"'2Ud(R))2) +d4n~4((d2(R))2)+'- -+d2n+2((dn+](R))2) which is clearly contained 

in d2n+2(R). Thus, 

(2n+]d2n(R))2= 2n+[ (2n+l(d2n(R))2) C 2n+ld2n+2(R) C T+]d2n(R). 

LEMMA 6. IfR is a prime ring, d2n is a derivation ofR and 2n is not divisible by the 
characteristic ofR, then either d2n~] — 0 or kerd = kerd2. 

PROOF. Suppose kerd ^ ker<i2. Then there exists ana E R such that d2(a) — 0 but 
d(a) ^ 0. Replacing y by a in (1) yields 2nd2n~x {x)d(a) = 0 and hence d2"-](x)d(a) = 0, 
for all x e R. It follows that d2n(x)d(a) = 0, for all x G R. Since d2n is a derivation, 
0 = d2n(xy)d(a) = d2n(x)yd{a) + xd2n(y)d{a) = d2n(x)yd(a) for all je, y G R. By the 
primeness ofR, d2n{x) = 0 for all xGi?,or d2n = 0. By a result in [1], d2n~] = 0. 

LEMMA 7. Suppose R is a prime ring, d2n is a derivation ofR and 2n is not divisible 
by the characteristic ofR. If dm — 0, where m is an integer > 2n, then d2n~] = 0. 

PROOF. Suppose, to the contrary, that d2"~~l ^ 0. Then by Lemma 6, kerd = kerd2. 
Let k be the smallest integer such that 2n — 1 < k < m and dk — 0. Since dk~2(R) C 
kerd2, we have dk~2(R) C kerd, or dk~x — 0, a contradiction. 

LEMMA 8. Suppose R is a prime ring, d2n is a derivation ofR and 2n is not divisible 
by the characteristic ofR. Ifd2n~x ^ 0, then 2n+ld2n(R) is a prime subring ofR. 

PROOF. Let S = 2n+]d2n(R) and D = d2n. Then D is a non-zero derivation of 
R and S = 2n+]D(R) is a subring of R by Lemma 5. We want to show that S is a 
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prime ring. Suppose not, let a, b G R be such that D(a) ^ 0, D(b) ^ 0 and 
(2n+]D(a))(2n+]D(x))(2"+lD(b)) = 0 for all x G R. That is, 

(8) D(a)D(x)D(b) = 0, for all x G tf 

Replacing x by (D(x))j in (8) yields 

(9) D(a)(D2(x)y + D(x)D(y))D(b) = 0, for all x,y£R. 

Note that since 

22n+2D(x)D(y) G 5, 22n+2D(a)D(x)D(y)D(b) = 0, 

or D(a)D(x)D(y)D(b) = 0, for all x j G i ? . Thus (9) becomes D(a)D2(x)yD(b) = 0, for 
all x, y G 7?. By the primeness of/? again, we obtain that 

(10) D(a)D2(x) = 0, for all x G rt. 

In (10), we replace x by D(x)y. We obtain 

D(a)(D3(x)y + 2D2(x)D(y) + D(x)D2(y)) = 0, 

for all x, y G tf. By ( 10), we get 

(11) D(a)D{x)D2(y) = 0, for all x,y£R. 

Similarly, in (10), replacing x by xD(y) yields 

D(a)(D2(x)D(y) + 2D(x)D2(y) +xZ)3(y)) = 0. 

It follows, by (10) and (11), that D(a)xD3(y) = 0, for all JC, .y G R. Consequently, D3 = 0 
or d6n — 0. By Lemma 7, d2n~x - 0, a contradiction. Hence S is a prime ring. 

LEMMA 9. Le/ So, Si, S2,.. . , Sm_ 1 be subrings of a ring R,m> 1, and d a derivation 
ofR with d(Sm-\) C Sm-\ C d(Sm-2) C Sw_2 C • • • C d(So) C So. Suppose 

dm(x)am + Û T - ^ J C K - I + • • • + J(x)«i = 0, 

for all x G So, where a\, a29...,am G 7?. Then d(ym-\)d(xm-\)d(xm-2)d(xm-3)-• • 
d(x\)am = Ofor allx, ^ Sit i — 1, 2 , . . . , w — 1, andym-\ G Sw_i. 

PROOF. We proceed by induction on m, the length of the chain Sm_i C Sw_2 C 
• • • C So. 

Suppose m — 2, d(Si) C Si C d(S0) C So, and 

(12) d2(x)a2 + J(x)«i = 0, for all x G S0. 

Then, for any xi, 71 G Si, since y\d(x\) G d(So), 71 ̂ /(xi) = d(x) for some x G So. 
Replacingd(x) byy\d(x\) in (12) yields 
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d{y\d(x\)^ai +y\d(x\)a\ = 0, 

or 

d(yl)d(x])a2+y\(d2(xl)a2+d(xl)al) = 0. 

Thus, d(y\)d(x\)ci2 — 0 for allx\,y\ G S\. Therefore, Lemma 9 is true for m — 2. 

Now assume m > 2, and assume 

(13) dm(x)am + r ' ( i K _ , + • • • + d(x)ax = 0, for all x G 50. 

Then, for any xj, vi G Si, since y\d{x\) G rf(So), ̂ 1 ^ 1 ) = d(x) for some JC G So-
Substituting d(x) by jvit/(jci) in (13). We get 

(14) dm'\y]d(xl))am^dm~2(yld(x]))am^^--^y]d(x])a] = 0. 

By Leibniz' rule for each term of (14) and by (13), we obtain 

dm-l(yl)d(x])am+dm~2(yl)((m-\)d2(x])am 

+d(x\)am-i) + • • • +yx(d
n\x\)am + • • • +^(X])a,) = 0, 

which is of the form 

<r-x{y\)bm-\ +dm-2(y0bm-2 + • • • +d(yl)bl = 0, 

for all y\ G S\. Note that Sm-\ C Sm-2 C • • • C S\ is a chain of length m — 1. By the 
induction hypothesis, 

d(ym-\)d(xm-\)d(xm-2) • • • d(x2)bm-i = 0, 

for all je,- G S,, / = 2, 3 , . . . , m — 1, andjyw_i G Sm-\. That is, 

d(yw-iMxw_i)d(xw-2) • • • d(x2)d(x\)am = 0, 

for all Xj G 5/, / = 2, 3 , . . . , m — 1, yw_i G SOT_i. This completes the proof 

LEMMA 10. Suppose R is a prime ring and dln is a derivation of R. If 2n is not 
divisible by the characteristic ofR, then d2n~ ' = 0. 

PROOF. Suppose to the contrary that d2n~' ^ 0. Let S0 = R, and Sf = 2n+]d2n(S^, ), 
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i — 1,2,... ,2/?. By Lemmas 7 and 8, So, Si, S2,... ,Sm-\ are prime subrings of/?, and 

d{S2n~\) C S2,7_i C d(S2tl-2) C S2w-2 C • • • C S0 = R. From Lemma 1, 

(^rf '̂WrfOO + {2n
2Y"-\x)d\) + • • • + ( J ^ ] )</(*)</2"-'(>0 = 0, 

for all x,y G /?. By Lemma 9, since 2w is not divisible by the characteristic of/?, we have 

(15) d(yln-1 )d(x2n-1 )</(*2/i-2 ) • • • d{x\ )d(y) = 0, 

for all Xj E Sj,i = 1, 2,...,2w — l,j>2n-i £ S^-i and 7 G /?. Replacing j by zy in (15) 
yields 

d(y2n-\)d(xln-\)d(x2n-2) • • • rf(xi )z</(y) = 0, 

for all jt/ E S,-, / = 1, 2 , . . . , 2w — 1, V2«-i £ S2W_i, and y, z G 7?. By the primeness of/?, 
we have 

( 16) d(y2n-1 )4*2«-1 )d(x2n-2 )"-d(x\) = 09 

for all x/ G S;, i=l ,2, . . .,2« — 1, and>%-i G S2„_i. Now replace x\ by y\X\ in (16). By 
the primeness of Si, it follows that 

d(y2n-\)d(x2n-i)d(x2n^2) • • • d(x2) = 0, 

for all Xj G S,, / = 2, 3 , . . . , In — 1, and>>2«-i £ 2̂/?-1 - Continuing this process, finally, 
we get 

d(y2n-\) = 0 for all^2/1-1 £ S2 / 1-i . 

Note that S2w_i = 2(2w-,)(w+1W2(2^1)n(/?). Thus, we have 2(2w-,)(^+1W2(2,7-1)w(/?) = 0. 
Since 2 is not the characteristic of/?, d2^2n"{)n = 0. By Lemma 7, d2""1 = 0, a contra­
diction. 

We are now in a position to prove our main result. 

PROOF OF THE THEOREM. In view of the last lemma, we need only consider the case 
that the characteristic p of /? is a divisor of n. Let n = pkq, where p)(q and k > 1, and let 
D = dp . Then, clearly, D is a derivation of/?, d2" = D2\p)(2q, and D2« is a derivation 
of/?. By Lemma 10, D2q~x = 0, or d2"^ - 0. Therefore, d2""1 = 0, as we desired. 
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