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DERIVATIONS OF HIGHER ORDER
IN PRIME RINGS

YOUPEI YE AND JIANG LUH

ABSTRACT.  Let R be a prime ring of characteristic not 2 and d a derivation of R. It
is shown that if 4" is a derivation of R, where # is a positive integer, then ¢~ = 0.

Let R be a prime ring of characteristics not 2. In [3], Poster shows that if the product
of two derivations of R is a derivation, then one of these two derivations must be zero.
In particular, if d is a derivation of R and d*> = 0 then d = 0. Recently Chung and Luh
[1] showed that if d is a derivation of R such that @*" = 0, where 7 is a positive integer,

then d"~! = 0, i.e., the index of a nilpotent derivation of a prime ring is necessarily odd.
A natural question arises: If d is a derivation of a prime ring R and if ¢* is a deriva-
tion, is @"~' = 0? This question has been settled by Martindale and Miers [2] if the

characteristic of R is greater than n and if d and d*" are both inner derivations of R.

In this paper we will be given an affirmative answer to this question for any derivation
d of a prime ring of characteristic not 2, and thereby extend the results of Martindale and
Miers as well as that of Chung and Luh.

THEOREM. Let R be a prime ring of characteristic not 2 and d be a derivation of R.
If n is a positive integer such that d*" is a derivation of R, then d*"~" = 0.

Throughout this paper, R is a ring, d a derivation of R, Z the ring of integers and
d"(R) = {d*(x) | x € R}, for any positive integer k.
Let us begin with

LEMMA 1. Ifd*" is a derivation of R, then for any x, y € R,

2n—1 2n . )
(1) > (%) d ) = 0.
=1 3J
PROOF. Since d and d*" are derivations of R, by Leibniz’ rule, for any x, y € R,
2n 2n . X
@) ) =3 (7w d ),
j=0>J
and
3) d”(xy) = d”"(x)y +xd”(y).

Subtracting (3) from (2) side by side yields (1).
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LEMMA 2. Let k < n be two positive integers. Then there are integers my i, myy, .. .,
My 4, Such that

(4) dn+k(x)dn~k(y) + dn~k(x)dn+k(y) — d2k (dn—k(x)dn—k (y))
+ ‘i‘ mi'kd2k72i(dn7k+i(x)dnfk+i(y))
i=1

+(=DR2d"(x)d" (),
forallx,y € R.

PROOE. Clearly, (4) is true by Leibniz’ rule if & = 1. Now assume (4) holds for
k=1,2,...,t— 1 where t < n. By Leibniz’ rule, for any x, y € R,

dz’(d”"(x)d""(y)) — dn+t(x)dn~l(y) + dn—r(x)dnﬂ(y)
2t—1 2t . .
+ dn+t—/ dnfﬁy
2 (5 )a i
— am+l(x)dn—l(y) + dn—[(x)dn+l(y)
=y ; ;
+ dn+l—j dnfﬁj
2 )@

) . 2
+ dn—l+j(x)dn+l—j(y)) + ( ;)d"(x)d"(y).
Note that, by our assumption, forj = 1,2,...,t—I,since | <r—j <,
dn+t—j(x)dn—t+j(y) + dn-t+j(x)dn+l—j(y) — d2(1—j)(dn—t+j(x)dn—r+j(y))
-1 L . ", )
+ Z m,",_jdz'_zj_ZI (dn—t+j+l(x)dn-t+j+z(y)) + (_ 1 )lﬁzdn(x)dn(y).
i=1
Therefore,
(@) = dT )+ ™ ()

+;Z; ( it ) [dzu—j) (& )

—j—1 o N N
+ Z mi,[—jd2’7zj_2'(d”iﬁjﬂ(x)d"*”'ﬁ"(y))

i=1
—jn gn n 2t " "
+(=1)72d" (x)d 0’)] * ( t )d x)d"(y).
By noting that m, = 0 for all k, the summation
1—1 1—j—1 o N N
Z(zt) Z mi,z‘deI*zjfz’(d"—’+1+l(x)dn—r+j+:(y))
=17 =l

1 1

T
T

(3 e =)

st

1i=j
|

~ s
I

I
i 0
N
~. -

1 ( ?t ) mi—j,t—j) 420D (d"—’+f(x)d"—'+f(y))_
1°J
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Thus,

dz’(d’"f’(x)d’""(v))
— dn+l(x)dn—l(y) + dn— !(X)amﬂ(y)

( a2 (@ od )

S (ST

j=1

= t—i 2t 2t n ng.,
+(§(( b (%) )+(t))d(x)a’ )
— dnﬂ(x)dnf!(y)+dn—/(x)dn+/(y)

t—1 . . )
— Z ml_"dZI 2i (dll—l'H (X)d" t+i (V))
i=1

2
— mod"(x)d"(v), where m,, = ~< l>.

1
mi, = —((2:) +i¥1<2j{>mw:/v/1) and

Jj=1
1—1
_ i 2 2t
(,=,<< ) ()
(=1 (Z( (22 ) =2
That is, (4) holds for £ = ¢. This completes the proof.

LEMMA 3. If d*" is a derivation of R, where n is an integer > 2, then, for any x,
y € R 2d"()d"(y) € T2\ 2D (d () (1)).

PROOF. From (1), we have

n—1

©) Z(?ﬁ)("z" ' () +d () (1) + (2’;1>a'"(x)d”(\‘) 0.

Jj=1
Note that, forj = 1,...,n— 1,
d2n~:l'(x)di(y)+d/(x)d-n /U) _ dr1+A(X)d)1 A('V)"'d” k X)d’ﬁl‘(})

where k = n — j, and hence, by Lemma 2,
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I ) +d ) = d* Y (d 0 )
n—j—1
N / nzi‘,lkjd’l” ij?.i(dj*-i(x)diﬂ'(y))

i=1

+ (7 1 )nf/'Zdn(x)dn(y).

Thus,
n—1
2 (zf )@@ )+ d ()
j=1
n=1,2p S .
= &I (d(x)d (v
2 (7 )@ wa )
n— n—j—1
. 1<2.n) i: m‘_‘nvdenfz_/'fZi(d/H(x)d/‘ﬂ'(y))
=137 =l
S ( 2,"’)(— 1" 2d"(x)d" (v).
=1J
It follows by (5) that
n—1 2n . .
" (d (x)d
2 () o)
n—1 2 n—j—1 Y i i
(6) + 32 (7) L masd (@ @)
j=1 =
2ny "=l i2n T
+(( . )+§( i )(71) fz)d (d"(v) = 0.
Since (2:) + Zj’.’;'(zj”)(—])"’»/2 = (=1)""'2 and all but the last term in the

left-hand side of (6) belong to Y= Zd*"~¥ (df (x)d (V)), we have 2d"(x)d"(y) €
A (d/ @)d (y)) as we desired.

LEMMA 4. Ifd*" is a derivation of R, where n is an integer > 2, then, for any integer
k>0,
7 2 2 2 2
el ((dn+k(R)) ) C P2 ((d(R)) ) fgRrrak—4 ((dz(R)) ) o k2 ((dm—l(R)) )

PROOF. We proceed by induction on k. By Lemma 3, we have 2(d"(R))2 C

D ((d’(R))z). So (7) holds for k£ = 0. Now we assume that (7) holds for k = .
That is,

2r+l(dn+1(R))2 Cd2"+2"’2((d(R))2) +d2”+2”4((d2R)2)+--~+d2’+2<(d”"(R))2>.
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Replacing R by d(R), multiplying by 2 on both sides and using Lemma 3 yields
22 ) © 2 ()
+ g7 ((d3(R))2> e 42 <(d"(R))2)
c 2 (@ m)’)
o) o)

n—1

+d2’+2(2 dzn-2j<<d,-(R))2>)

Jj=1

C d2n+2t ((d(R)>2>
+ P2 ((dz(R))2> oot d2n+4(<dn—l(R))2).
That is, (7) holds for k = ¢ + 1. Hence (7) holds for any integer k£ > 0.

LEMMA 5. Ifd*" is a derivation of R, where n is an integer > 2, then 2" 'd*"(R) is
a subring of R.

PROOF. Clearly, 2*'d?*(R) is an additive abelian group, and hence we need only to
2
show that it is closed under multiplication. By Lemma 4, for k = n, 2! (d2”(R))' C

dn2 ((d(R))z) +dn—4 ((a’z(R)) 2) 4o+ P2 ((d”” (R)) 2) which is clearly contained
in d¥"*2(R). Thus,

<2n+ld2n(R))2: 2n+l <2n+l (dZM(R))z) C 2n+ld2n+2(R) C 2'1+ld2"(R).

LEMMA 6. If R is a prime ring, d*" is a derivation of R and 2n is not divisible by the
characteristic of R, then either d"~' = 0 or kerd = kerd>.

PROOF. Suppose kerd # kerd?. Then there exists an a € R such that d?(a) = 0 but
d(a) # 0. Replacing y by a in (1) yields 2nd*"~ ' (x)d(a) = 0 and hence d**~' (x)d(a) = 0,
for all x € R. It follows that d*"(x)d(a) = 0, for all x € R. Since d*" is a derivation,
0 = d”"(xp)d(a) = d*"(x)yd(a) + xd*"(y)d(a) = d*"(x)yd(a) for all x, y € R. By the
primeness of R, d*(x) = 0 for all x € R, or d*" = 0. By aresult in [1], d**~! = 0.

LEMMA 7. Suppose R is a prime ring, d*" is a derivation of R and 2n is not divisible
by the characteristic of R. If d" = 0, where m is an integer > 2n, then d*"~' = 0.

PROOF.  Suppose, to the contrary, that @' # 0. Then by Lemma 6, kerd = kerd”.
Let k be the smallest integer such that 2n — 1 < k < m and @ = 0. Since d* " *(R) C
kerd?, we have d*~2(R) C kerd, or d*~' = 0, a contradiction.

LEMMA 8. Suppose R is a prime ring, d*" is a derivation of R and 2n is not divisible
by the characteristic of R. If d**~' # 0, then 2"*'d*"(R) is a prime subring of R.

PROOF. Let S = 2™'¢?"(R) and D = d*'. Then D is a non-zero derivation of
R and S = 2"™'D(R) is a subring of R by Lemma 5. We want to show that S is a
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prime ring. Suppose not, let a, b € R be such that D(@) # 0, D(b) # 0 and
(2 D(a)) (2" D(x)) (2" D(b)) = 0 for all x € R. Thatis,

(8) D(a)D(x)D(b) = 0, for all x € R
Replacing x by (D(x))y in (8) yields
9) D(a)(D*(x)y + D(x)D(y)) D(b) = 0, forall x,y € R.
Note that since

22™2D(x)D(y) € S, 222 D(a)D(x)D(y)D(b) = 0,

or D(a)D(x)D(y)D(b) = 0, for all x, y € R. Thus (9) becomes D(a)D*(x)yD(b) = 0, for
all x, y € R. By the primeness of R again, we obtain that

(10) D(a)D?*(x) = 0, forall x € R.
In (10), we replace x by D(x)y. We obtain

D(a)(D*(x)y +2D*(x)D(y) + Dx)D*(y)) = 0,
for all x, y € R. By (10), we get
(11) D(a)D(x)D*(y) = 0, forall x,y € R.
Similarly, in (10), replacing x by xD(y) yields

D(a)(D*(x)D(y) + 2D(x)D*(y) + xD*(y)) = 0.

It follows, by (10) and (11), that D(a)xD*(y) = 0, for all x, y € R. Consequently, D*> = 0
or d = 0. By Lemma 7, d*"~! = 0, a contradiction. Hence S is a prime ring.

LEMMAO9. Let Sy, Si, S2,...,Sm—1 be subrings ofaring R, m > 1, and d a derivation
of R with d(Sm—1) C Sm—1 C d(Sm—2) C Sm—2 C -+ C d(So) C So. Suppose

d"(X)am +d" " (X)ap_ )+ +d(x)a) =0,

for all x € So, where ay, ay,...,am € R. Then d(ym—1)dxm—1)d(Xxp-2)d(xn-3)" -
dx))a, =0forallx; € S;,i=12,....m—1,and y,_1 € Sp1.

PROOF. We proceed by induction on m, the length of the chain S,,_, C S,_» C
o C SO-
Suppose m = 2, d(S)) C S, C d(Sp) C So, and

(12) d*(x)as +d(x)a, = 0, for all x € S,.

Then, for any x, y; € Sy, since y1d(x;) € d(So), y1d(x;) = d(x) for some x € Sp.
Replacing d(x) by y;d(x)) in (12) yields
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d(yid(x)))az + yid(xy)ay = 0,

or

dy)d(x))ay + yi (d*(x))ay +d(x))ay ) = 0.

Thus, d(y)d(x))a; = 0 for all x|, y; € S;. Therefore, Lemma 9 is true for m = 2.

Now assume m > 2, and assume
(13) d"(X)am +d" " (X)ap_1 +--- +d(x)a; = 0, forall x € S,.

Then, for any x, y; € S, since yid(x;) € d(So), y1d(x;) = d(x) for some x € S,.
Substituting d(x) by y,d(x;) in (13). We get

(14) d"(yidx))ap +d" 2 (yid(x))am 1 +- -+ pdx)a = 0.
By Leibniz’ rule for each term of (14) and by (13), we obtain

d"'p)d(x)ay +d" 2 0)((m — D (x1)an
+d(x)ap1) + -+ yi(d"Dan + -+ dxay) =0,

which is of the form
A" )b +d 2 @)bma + - +d(1)by = 0,

for all y; € S. Note that S,,,_; C S,,—2 C --- C S} is a chain of length m — 1. By the
induction hypothesis,

d(ym~l)d(xm—|)d(xm—2) T d(XZ)bmvl = 0»
forallx; € S;,i=2,3,...,m—1l,and y,,—| € S,,—. That s,
AW m-1)dxXm—1)d(xp-2) - - dx2)d(x))an, = 0,

forallx; € S;,,i=2,3,...,m— 1,y € Sy—1. This completes the proof.

LEMMA 10. Suppose R is a prime ring and d*" is a derivation of R. If 2n is not
divisible by the characteristic of R, then d*"~" = 0.

PROOF. Suppose to the contrary that @'~ # 0. Let Sy = R, and S; = 2" d?"(S,_),
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i=1,2,...,2n. By Lemmas 7 and 8, Sy, S, S5, ..., S2,—1 are prime subrings of R, and
d(S2-1) C Sy C d(S2,-2) C S5, C--- C So = R. From Lemma 1,

(2ln)dz"7|(x)d(}/) + (2271)[13"*2()()(120}) +o 4 <2n2i 1 )d(x)dz"~|@) =0,

forall x, y € R. By Lemma 9, since 2 is not divisible by the characteristic of R, we have

(15) Ad(Y2n—1)d(x2n—1)d(x20-2) - - - d(x1)d(y) = 0,

forallx,; € S;,i=1,2,...,2n— 1, y2,1 € S2,—1 and y € R. Replacing y by zy in (15)
yields

d(yan—1)d(x2n—1)d(x20-2) - - - d(x1)zd(y) = 0,

forallx, € S;,i =1,2,....2n — 1, vop—1 € S2,-1, and y, z € R. By the primeness of R,
we have

(16) d(yzn—1)d(x2a—1)d(x24-2) - - - d(x1) = 0,

forallx; € S;,i=1,2,...,2n — 1, and y»,—1 € S2,—1. Now replace x; by y;x) in (16). By
the primeness of S|, it follows that

dyan—1)d(x2n-1)d(x2p-2) - - - d(x2) = 0,

forallx; € S;,i =2,3,...,2n— 1,and yp,—| € S2,—. Continuing this process, finally,

we get

d(ymm—) = 0forall y5,—) € S2,—y.
Note that Spy_; = 20m-D0rD2@r-1n(R) Thus, we have 227~ D g2@n-Da(Ry — .
Since 2 is not the characteristic of R, d>®"~Y" = 0. By Lemma 7, d"~' = 0, a contra-
diction.

We are now in a position to prove our main result.

PROOF OF THE THEOREM. In view of the last lemma, we need only consider the case
that the characteristic p of R is a divisor of n. Let n = p¥q, where p fq and k > 1, and let
D = d” . Then, clearly, D is a derivation of R, d*" = D*, p f2q, and D? is a derivation
of R. By Lemma 10, D%~' = 0, or d*" 7 = 0. Therefore, d*"~' = 0, as we desired.
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