8

The conformal Einstein field equations

To use conformal rescalings to analyse the global existence of asymptotically
simple spacetimes one requires a suitable conformal representation of the
Einstein field equations. The naive direct approach to this problem is to make use
of the transformation law of the Ricci tensor. However, this leads to equations
which are singular at the conformal boundary, so that the standard theory
of partial differential equations (PDEs) cannot be applied. Remarkably, by
introducing new variables, it is possible to obtain a system of equations for
various conformal fields which is regular even at the conformal boundary and
whose solutions imply, in turn, solutions to the Einstein field equations — this
construction was first done in Friedrich (1981b). These equations are known as
the conformal Einstein field equations.

This chapter provides derivations of two versions of the conformal field
equations introduced by Friedrich: the so-called standard conformal Einstein field
equations written in terms of the Levi-Civita connection of a conformally rescaled
(unphysical) spacetime, and the extended conformal field equations which are
given in terms of a Weyl connection. These two versions of the conformal
equations can be expressed in tensorial, frame or spinorial form. The presentation
in this chapter allows for the presence of general classes of matter models. It also
provides a discussion of some basic properties of the equations, in particular,
their conformal covariance and their relation to the Einstein field equations.

8.1 A singular equation for the conformal metric

Assume one has two spacetimes (M, §) and (M, g) which are related to cach
other by means of a conformal transformation given by

Gab = E2gab- (81)

Following the conventions of Section 7.1, (M, g) is called the physical space-
time, while (M, g) is known as the unphysical spacetime. For simplicity, the
discussion in this section is restricted to the case Ry, = 0.
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8.2 The metric regular conformal field equations 185

From the discussion in Chapter 5, the conformal rescaling (8.1) implies the
transformation law

Rap = Rap — 2271V Vi E — gapg™ (E7'V.VE - 3272V.EV,E)  (8.2)

for the Ricci tensor. Combining this expression with the vacuum Einstein field
equations one obtains the following conformal vacuum FEinstein field equation:

1 —_—— —_ c= —_—— —_y7Cc—
Rap = 5 Rgay = =282 L(VoVbE = Vo VEgw) — 3272V .EV Egay.  (8.3)

The latter equation can be interpreted as an Einstein field equation for the
unphysical metric g with an unphysical matter with energy-momentum tensor
Tup given by

Ty = —2271 (Vo VhE — V. VEguy) — 32 2V .EV Egas.

Equation (8.3) contains factors of Z~1 which become singular at = = 0. Following
the discussion of Chapter 7, such points correspond to the conformal boundary of
the spacetime — a region of the unphysical spacetime (M, g) for which one would
like to be able to make analytic statements. This is not possible for Equation (8.3)
as the standard theory of PDEs assumes equations which are formally regular. It
is important to observe that multiplying Equation (8.3) by =2 does not improve
the state of affairs as one has then an equation whose principal part (i.e. the
terms containing the higher order derivatives) vanishes at = = 0.

8.2 The metric regular conformal field equations

In what follows, it will be shown that by introducing new variables and
reinterpreting old ones, it is possible to obtain a set of equations which is regular
even at the conformal boundary. Under suitable conditions, a solution of this
system implies a solution to the physical Einstein field equations.

The analysis of this section assumes a general matter content of the spacetime
so that

Rap, — %Rgab + Adab = Tap (8.4)
and

VT, = 0.
From the above it follows directly that

R

I
W

A—T, (8.5a)

1~ 1 - 1- 1 -
§Rab + 7Rgab = 7Tab + 7()‘ - T)gabv (85b)

L,
b 12 2 6

where T' = g“bTab and L,;, denotes the physical Schouten tensor.
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186 The conformal Einstein field equations

8.2.1 The regularisation of the transformation law
for the Schouten tensor

The starting point of the construction is the singular transformation law for
the Ricci tensor given by Equation (8.2). In practice, it is more convenient to
work with the Schouten tensor than with the Ricci tensor. The analogue of
Equation (8.2) for the Schouten tensor is given by

N 1
Loy = Loy — Z7 'V, V2 + iafzvczvca Gab- (8.6)

Formally, the most singular term in this equation is =72V .ZEV°Z. From the

transformation law

1
2

R=E2"2R— 6271V .V°E + 12272V, EV°E, (8.7)
it follows that
1 N1
=2y —uem =—2 =—1 =
= 2VE=—(R-Z= R) -= <VCE. 8.8
V.EVE= o ( + 527V (8.8)

The right-hand side of the last expression contains the singular term —EE_QR
Yet substituting Equation (8.8) into (8.6), some cancellations occur. Making use
of Equation (8.5b) one obtains

_ Lz 1 ™5 =-1 = 1 =-2p 1:*1 Yy =
Lab — 2Tab+ 6()\ T)gab — VGVZ,_.-F 24 (R — R) gab+ 4\—* \Y vc—'gab'
Now, defining the Friedrich scalar

1 1
= -V°V.2+ —RE, 8.9
s 4V V.2 + 21 (8.9)

and writing 2-2Rg., = R{as, one obtains

1- 1 1- 1 -
Lab = 7Tab + ()\ - =T - R).@ab - E_lvavi + E_lsgaba

2 6 6 24
1 1~ =1 = =1
= §Tab — ngab — 27 VoVE + 7 5Gan, (8.10)

where in the last expression, Equation (8.5a) has been used. The last expression
brings about the question of the transformation law for the energy-momentum
tensor T, upon the conformal rescaling g = =2g. As T,y is not a geometric object
derived from the metric g and concomitants thereof, one is free to choose the
transformation law which best suits the analysis. As will be further elaborated in
Chapter 9, a convenient choice is to define the unphysical energy-momentum
tensor Ty, as

Ty = E 2T 0.
It follows then that
1~ 1- 1 1 1
ZTop — =TGap =22 =Ty — =Tgap | = =Z2T 11
5 b 3 Jab (2 b 3 gb> B {ab}» (8 )
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where T = ¢*T,; so that T = =*T and T(apy denotes the g-trace-free part of
Top. Substituting Equation (8.11) into Equation (8.10) one obtains

1_ . —_ -
Loy = §:2T{ab} — = 1vaVb-: + = 139(11)- (812)

This last equation still contains formally singular terms. To get around this
problem, one reads it not as determining the components of the conformal metric
g contained in Lg,, but as conditions on the second covariant derivative of the
conformal factor =. Adopting this point of view, and multiplying Equation (8.12)
by Z one obtains

1
VoVyE = —ELgp + 5gap + 5E3T{ab}. (8.13)

Equation (8.13) promotes the fields s and L to the level of unknowns for which
suitable equations need to be constructed. This will be done in the following
sections.

8.2.2 The equation for s

In order to construct an equation for s, one applies V. to Equation (8.13) and
obtains

vcvavi = _vcELab - Echab + vcs.gab

3 o 1_
+ 5:2VC:TW,} + 5:3VCT{ab}. (8.14)

By commuting covariant derivatives, the right-hand side of this equation can be
rewritten as

VeVaViE = VoV ViE — R0 VaE.
Hence, contracting the indices ;, and . one finds that Equation (8.14) implies
Vao(VVE) + R VE = =Ly VE —EVCL4e 4+ Vs
+ gEQVCET{ac} + %E?’VCT{M}. (8.15)

Now, the definition of the field s, Equation (8.9), implies that

1 1
Vu(VV .E) =4V, s — EEVQR — 6RVQE.
Using this expression in (8.15) and observing that
1
Rab = 2Lab + 7Rgaba (816)

6

one obtains

]-_ c—= —=Yy7C 3~ c—= ]"— c
3Vas — 6:vaR = —3L,.VE —EV L, + 5:2v ETge} + 5:3v Tiac}-
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188 The conformal Einstein field equations

Now, let Gop = Rap — %Rgab denote the Einstein tensor of the metric g. One has
that VG4, = 0. This last equation can be rewritten in terms of the Schouten
tensor as

1
VLea — EVGR =0. (8.17)
Making use of this last expression one obtains
c—= ]' —_ c—= ]' — c
Vs = —L,.V°E+ 5:2v ET{ac} + 6;3V Tcay- (8.18)

This is a suitable equation for s.

8.2.3 The equations for the curvature

Equation (8.13) brings the unphysical Schouten tensor L, into play. Thus, one
needs to obtain an equation which can be regarded as a differential condition
on Lg,. The natural place to look for such an equation is the second Bianchi
identity; see Section 2.4.3. In Section 5.2.2, it has been shown that the second
Bianchi identity together with the decomposition of the Riemann tensor in terms
of the Weyl and Schouten tensors lead to the expressions

@C-Z/db - 6d-Z/cb = @acabcm

VeLay = VaLey = VaC%%ed;
compare Equations (5.11) and (5.13). As it stands, the second of the above
equations is not a satisfactory differential condition for L., as it contains, in
its right-hand side, the divergence of the Weyl tensor. One needs to find an
expression for the latter in terms of undifferentiated fields. Observe that the
right-hand side of this equation can be expressed in terms of the physical energy-
momentum tensor Ty using formula (8.5b). This will not be done at this point.

Instead, it is more convenient to expresses it in terms of the physical Cotton
tensor Ye.qp = V.Lgy — VgLep, so that

6acfabcd = ?cdb- (819)

Now, one would like to express the divergence V4C%eq in terms of an expression
involving the covariant derivative V. For this, one makes use of the identity

va(E_lC(abcd) = E_lﬁacabcd;
see Equation (5.8). Making use of the latter in Equation (8.19) one obtains
Va(E7'C%ea) = EVean.

This equation seems to lead to a dead end because of the Z~! terms appearing on
both sides, and which do not cancel out. However, defining the rescaled Weyl
tensor

d*ed = E7'C%ca, (8.20)
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and the rescaled Cotton tensor

Teay = Z Yo, (8.21)
one obtains the formally reqular equation

Vad®bed = Teap- (8.22)

This last equation suggests that the Weyl tensor C'%;.4 be replaced by the rescaled
Weyl tensor d%p.q in the construction of a regular set of conformal field equations.
In Chapter 10 it will be seen that the definitions of d%,.q and T4, are justified in
the sense that under suitable assumptions the tensors d®peq and Teqp are reqular
at the points where Z = 0; see, in particular, Theorem 10.3.

One is now in the position of returning to the analysis of the equation for the
Schouten tensor. Writing C%p.4 in terms of d®,.q one obtains

VeLay — VaLey = Va(Edbeq)
= vaEdabcd + Evadabcal~

Finally, using Equation (8.22) in the last term yields
VeLay = VaLey = VoEd pea + ETcap, (8.23)

which, again, is formally regular if = = 0.

8.2.4 The regularised transformation rule for the Ricci scalar

To relate solutions of the conformal field equations to solutions of the Einstein
field equations, one also needs to consider a regularised version of the transfor-
mation rule for the Ricci scalar, Equation (8.7). Multiplying this transformation
law by Z2 and rearranging the various terms one obtains

R =Z’R + 62V, V°E - 12V, EV°E.
Finally, using Equations (8.5a) and (8.9) one concludes that
1
)\ =6Zs — 3V.EVE + ZE‘*T. (8.24)

To understand the role of this equation it is useful to compute the derivative
of its right-hand side. One has that

1
Ve (655 — 3V, .2ZV°E + 4E4T>
, 1
= 6V,Es + 6EV,s — 6V,V.EVE + 23V, ,ET + ZE‘*vaT
= 24V°T,, + 271V,E2T),

where in the second equality Equations (8.13) and (8.18) have been used to
remove, respectively, the terms V.,V .= and V,=.
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As will be further discussed in Chapter 9, the tensors T and Ty satisfy the

relation
9"VoTea = 715" (VoTea — E7'VaETh).
Hence, if VT, = 0 it follows that
VTew +E7V,ET = 0. (8.25)

This last relation implies that
= o=, loa
V.l 62s — 3V, .2VE + Z: T)=0.
One has the following result:
Lemma 8.1 (propagation of the cosmological constant) If Equations
(8.13), (8.18) and (8.25) are satisfied on M and, in addition, Equation (8.24)

holds at a point p € M, then Equation (8.24) is also satisfied on M.

Thus, Equation (8.24) plays the role of a constraint which is preserved, upon
evolution, by virtue of the other conformal field equations.

8.2.5 Properties of the metric conformal field equations

The discussion of the previous sections is summarised in the following list of

equations:

VoV= = —ELa, + S9ab + = T{ab}, (8.26a)
1

Vas = —LoV°E + §E2VCET{M} + EE3VCT{CQ}, (8.26b)

VeLay = VaLey = VaZEd vea + ETcap, (8.26¢)

Vad®bed = Teap, (8.26d)
1

6=s — 3V .EV°E + ZE4T =\ (8.26¢)

These are known as the (regular) metric conformal Einstein field equa-
tions. Equations (8.26a)—(8.26e) should be read as differential conditions for the
fields E, s, Lap, d%peq. As already mentioned, Equation (8.26e) plays the role of
a constraint. At the points where = 7& 0, these equations are complemented by
the physical conservation equation VT, = 0 expressed in terms of conformal
quantities:

VT, + E V2T = 0. (8.27)

Observe that in contrast to Equations (8.26a)—(8.26e), Equation (8.27) is not
formally regular at = = 0. This equation will be analysed in more detail in
Chapter 9.
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In what follows, for a solution to the metric conformal Einstein field
equations it will be understood that a collection of fields

(gabv Ev S, Lab: dabcd7 Tab)
satisfies Equations (8.26a)—(8.26e) and (8.27).

Remark. The discussion so far has not considered an equation for the
components of the metric g,,. To obtain the required condition assume that
the Schouten tensor L is determined through Equation (8.26¢) and consider
the relation (8.16) expressed in terms of some local coordinates (z*):

1
6
Recalling that the components R,, can be expressed in terms of second-order
derivatives of the components of the metric, one can read the previous expression
as a differential condition for g,,. To cast this equation in the form of some
recognisable type of PDE one needs to make a particular choice of coordinates;
see the discussions in Section 13.5.1 and in the Appendix of Chapter 13 on the
reduced Einstein field equations.

R, =2L, + -Rg,..

The conformal vacuum FEinstein field equations

An important particular case of Equations (8.26a)(8.26¢) occurs when T, = 0
on the whole of M. Then one also has that T,,. = 0, and the conformal field
equations reduce to:

VaVpE = —ELgp + 5Gab, (8.28a)
Vs = —LaoV°E, (8.28b)
VeLay — VaLey = VoEd pea, (8.28¢)
Vad®pea =0, (8.28d)
625 — 3V .EVE = A (8.28¢)

Equations (8.28a)—(8.28¢) are known as the conformal vacuum Einstein field
equations.
The metric conformal field equations and the Finstein field equations

Any solution to the Einstein field equations satisfies Equations (8.26a)—(8.26¢)
for any (smooth) choice of conformal factor E. The converse of this observation
is given in the following result.

Proposition 8.1 (solutions of the conformal Einstein field equations as
solutions to the Einstein field equations) Let

(ga67 57 S, Laba dabcda Tab)
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denote a solution to Equations (8.26a)-(8.26d) and (8.27) such that Z # 0 on an
open set U C M. If, in addition, Equation (8.26e) is satisfied at a point p € U,
then the metric §oup = = 2gap 5 a solution to the Einstein field Equations (8.4)
onlU.

Proof It will be first shown that the Schouten tensor f/ab of the metric g, =
=72g,, satisfies Equation (8.5b). Notice that the metric Gqp is well defined on
U as E # 0. The transformation law for the Schouten tensor under conformal
rescalings gives

Loy = Lap + 271V VE — —E7 2V . EV°Egas.

1
2
Using Equations (8.26a) and (8.26b) the latter simplifies to
- 1~ 1 -

La = 54da —(A=T ~a )
b= 5lab + 6( )Gab
as required. In order to conclude that the Einstein field equations hold, one also
needs to compute the Ricci scalar of the metric Gq5. As a consequence of Lemma
8.1 one has that Equation (8.26e) holds on the whole of ¢/. From the latter, again
using (8.26a) and (8.26b) and recalling that T = Z*T, it follows that R = 4\—T.
Combining the obtained expressions for Lq, and R one readily concludes that
(8.4) is indeed satisfied. O

Conformal freedom and conformal gauge

Consider a solution (gap, =, S, Lab, d%bed, Tup) to the metric conformal field
Equations (8.26a)—(8.26e) and (8.27). As a consequence of Proposition 8.1, one
has that § = Z~2g and Tab = =2T,,, give rise to a solution of the Einstein
field equations as long as = # 0. Consider now another conformal factor 2.
From é, together with the physical fields g, and T.», one can construct, by
direct computation using the definitions of Sections 8.2.1-8.2.3, a collection of
conformal ﬁelds (Gab, E, § Lab, de bed, ab) In particular, one has that §a, = Z2Gas
and Ty, = =~ 2T,,. These fields constitute, in turn, a solution to the metric
conformal field equations. That is, they satisfy

v60,vbé = _HLab + Sgab + = T{ab}7
. ;e 142,” 1 g o
Vo$=—-L, V= + 5: \% :T{ac} + 6: A\ T{ca},
Velay = Valey = VaZd®peq + E ey,
Vad®beqa = Tedp,
. R 1.,
62§ — 3V ,EV‘E + ZE4T =\
VT +Z27WV,2T = 0.
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The unphysical metrics g and ¢ are conformally related to each other: one has
that § = k2g with k = Z=27!, Z # 0. Using the transformation formulae of
Chapter 5, one can express the solution (§ab,Z,$, Lab, d*peds Tup) in terms of

(gabs 2, Sy Lab, d%bed, Tup) and k. One has that

E=KE,  Gab = K Gab, (8.29a)
4 —1 —2 c— 1 —3= c

S=kK s+ K “V.rVE+ 3 EV.kV°k, (8.29b)
, 1

Lap = Lap — 6 V4V + §H*2VCHV% Jab, (8.29¢)
CZade = Kdabcd, (8.29(1)
Top =k 2Tp. (8.29¢)

The two sets of solutions to the metric conformal field equations are said to be
conformally related.

From the discussion of the previous paragraphs it follows that there exists an
infinite number of solutions to the metric conformal field equations giving rise
to the same solution of the Einstein field equations. This is a manifestation of
the conformal invariance of the equations. This conformal invariance is tied
to a conformal freedom (or gauge) which, in turn, manifests itself in the
properties of the unphysical metric g. This conformal freedom has to be fixed
in some way if one is to apply the theory of PDEs to the metric conformal field
equations.

The issue of the conformal gauge discussed in the previous paragraph is
closely related to the Ricci scalar R of the unphysical metric g. The scalar
R does not explicitly appear in the conformal Equations (8.26a)—(8.26¢) and
(8.27). Hence, it is not determined by the equations. Of course, given a solution
(gabs 2, Sy Lab, d%bed, Tap), one can readily compute R. In general, conformally
related solutions to the metric conformal field equations will give rise to different
Ricci scalars. In order to understand better the connection between the conformal
gauge and the Ricci scalar, consider a metric g conformally related to g via g =
k2g. The transformation law for the Ricci scalar under conformal transformations
implies that

6V?V,k — Rk = —RK®, (8.30)

from where R can be determined. Alternatively, if Ris an arbitrary scalar on M,
then Equation (8.30) can be read as a linear wave equation for . Given suitable
initial data for this equation, it can be solved locally. The solution s gives, in
turn, the metric § = x2g. From this point of view, the scalar field R plays the
role of a conformal gauge source function. In particular, one could choose

R = 0. As will be seen in later chapters of this book, this choice, despite its
simplicity, is not necessarily the best one.
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8.3 Frame and spinorial formulation of the conformal field equations
8.3.1 The frame formulation

This section provides a discussion of a frame formulation of the conformal
Einstein field equations. This version of the field equations is more flexible than
the metric one.

General definitions, frame fields

In what follows, consider a set of frame fields {es}, @ = 0,...,3 which is
orthonormal with respect to the metric g. Frames of this type will be said to be
g-orthonormal. One has that

g(elu eb) = Nab = dlag(L _17 _17 _1)

Following the conventions of Chapter 2, let I'p% = (w® Vgep) denote the
connection coefficients of the connection V. As a consequence of the metric
compatibility of V one has that

Ta%ynae + T'a%enpa = 0.
The components, Y., of the torsion of V are given by the relation
Ea,cbec = [ea7 eb] - (Facb - 1_\bca)ec-

In the case of V one naturally has that ¥, = 0.

The geometric and the algebraic curvature

The discussion of the conformal field equations in terms of a frame formalism
requires the expression of the components R€g4p of the Riemann tensor R€gqp
with respect to the frame {e4 }; see Equation (2.31). Let P€g44s denote the right-
hand side of equation (2.31), namely,

Paab = ea(IT'va) — en(l'aa)
+ T4 e —Tals) + ToTalas — Taf al'Cs.

In what follows, P€44p will be known as the geometric curvature. To complete
the discussion one also needs to consider the decomposition of the Riemann
tensor in terms of the Weyl tensor C¢4,, and the Schouten tensor Lg;; see
Equation (2.21b). The frame version of the decomposition is given by

R4ab = Cdab + 254[a““ Loje,

where, consistent with the general conventions of Chapter 2, C¢gqp and Lgp
denote, respectively, the components of the tensors C¢y,, and Ly, with respect
to {eq}. The components p©4qp of the algebraic curvature are given by

P dab = Zddab + 25410 “ Lp)e-
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In the above definition it has been used that C€gqp = Zdgqp. The geometric
and algebraic curvature serve as useful shorthands of expressions which will be
repeatedly used. Observe, in particular, that the equation P€44p = p©dab encodes
the idea that the fields C€g4p and Lgp correspond to the components of the Weyl
and Schouten tensor of the connection defined by I'p®.

The frame zero quantities and the frame conformal field equations

The frame version of the conformal field Equations (8.26a)—(8.26e) and (8.27)
are readily obtained by contraction with the frame {eq} and the coframe {w®}.
One obtains

VaoVZE = —ELgp + SNab + T{ab}a

Vas = —LacVeE+ %EQVCET{GC} + EE3V°T{CG},
VeLap — VaLey = VaZd®ped + ETcas,
Vad®bed = Teaw,
6Zs — 3V.EV°E + ia‘*:r =\,
and
VT +E71VLET =0,

where the directional derivative V, acts on components of tensorial fields
according to the rules in (2.28). The above frame conformal field equations will
be complemented by the structure equations

2acbec == Oa
P€4ab = p°dab,

which express that for the connection V, its torsion must vanish and its geometric
and algebraic curvature must coincide.
For convenience of the subsequent discussion one introduces a set of zero

quantities:

Yab = Xapee, (8.31a)
Eab = Pdab — P dabs (8.31b)

= VoVoE + ZLab — STab — 1 T{ab}, (8.31c)
Zg =Vas+ LaVEE — “QVC:T{M} E°VTcay, (8.31d)
Acab = VeLay — VaLleo — VaZd*bed — Elcdb, (8.31e)
Abed = Vad®bed — Tedb, (8.31f)
Z = 6Zs — 3V.EV°E + iE“T - A (8.31g)
Mg = VT + E7VLET. (8.31h)
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In terms of the above zero quantities, the frame version of the conformal
field equations can be compactly written as

Yab =0, Eab =0, Zap =0, Zq =0, (8.32a)
Acap = 0, Apea = 0, Z =0, M, = 0. (8.32b)

Accordingly, a solution to the frame conformal FEinstein field equa-
tions is a collection (€q,'4%, =, 5, Lab, d*bed, Tap) satisfying Equations (8.32a)
and (8.32b). The equations associated to the zero quantities YXgp and ZE€gqp
provide differential conditions for the components of the frame vectors {eq} and
for the connection coefficients I',?.. The role of the equations associated to the
zero quantities Zap, Za, Aecdbs Abed, Z and M, is similar to that of their metric
counterparts in Section 8.2.

By considering a frame version of the conformal field equations, one introduces
a further gauge freedom into the system. This gauge freedom corresponds to the
Lorentz transformations preserving the g-orthonormality of the frame vectors
{eq}. In this case one speaks of a frame gauge freedom. As in the case of the
conformal freedom discussed in Section 8.2.5, this freedom needs to be fixed in
order to be able to apply the methods of the theory of PDEs. These issues will
be discussed further in Chapter 13.

The frame conformal field equations and the Einstein field equations

As in the case of the metric conformal field equations, a solution to the frame
conformal field equations implies, under suitable conditions, a solution to the
FEinstein field equations; see Proposition 8.1. More precisely, one has:

Proposition 8.2 (solutions to the frame conformal field equations as
solutions to the Einstein field equations) Let

b —_
(eaa Fa CH ‘:‘a 87 Lab7 dabcda Tab)

denote a solution to the frame conformal field Equations (8.32a) and (8.32b)
with T'q % satisfying the metric compatibility condition

Fadbndc + Fadcnbd = 07
and such that
E#0, det(n®e, ®ep) #0,

on an open set U C M. Then the metric § = Z 2 napw® @ w®, where {w?} is
the dual frame to {eq}, is a solution to the Finstein field Equations (8.4) on U.

Proof As a consequence of the metric compatibility assumption and Y4p = 0,
the coefficients ', can be interpreted as the connection coefficients of a
Levi-Civita connection with respect to the frame {eq}. By the uniqueness of
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the Levi-Civita connection, g = 1qpw® & w? is the metric associated to this
connection. Notice that by assumption g is well defined on U. Furthermore,
because of Z€44p = 0 and exploiting the uniqueness of the decomposition of the
Riemann tensor in terms of the Weyl and the Schouten tensors, it follows that Lgp
are the components, with respect to the frame {eg }, of the Schouten tensor of the
metric g. From here, following arguments analogous to those used in the proof of
Proposition 8.1 one concludes that § = = 2nqpw® ®w? and Tab = 2202w T
give a solution to the Einstein field Equations (8.4) on U. O

8.3.2 Spinorial formulation of the conformal field equations

The frame conformal field equations lead, in a natural way, to a spinorial
formulation. This formulation of the equations reveals in a more clear fashion
the inherent algebraic structure of the equations and provides a systematic
procedure for the construction of evolution equations. The formulation discussed
in this section is not an abstract spinor formulation, but rather a frame spinor
formulation.

General remarks concerning the spinorial formulation

Following the discussion in Section 3.1.13, the g-orthonormal frame {e,} gives
rise to a frame {e 4} such that g(eaa’,epp’) = capea p’; that is, {€eaa’} is
a null tetrad. In what follows, let

cc’ cc’ cc’
Yaa"" B, P~% ppaaBp, p~° pp'aaBB, TaaBp,
AA’
LaaBp, d°” B cc'pp's TaaBpcc,
denote, respectively, the spinorial counterparts of the fields
Yo b, P€gab, P dab Tab, Lab, d®bed; Tabe-

The spinorial counterpart of the geometric curvature, pcc’ DD'AA'BB’, 1S
expressed in terms of the spinorial connection coefficients I' 4 A/BB/CC/. These,
in turn, can be expressed in terms of the reduced spin connection coefficients
FaaBo; see formula (3.33). As the connection V is metric, it follows that
F'aa'Bc = Taa/(Bc); compare Section 3.2.2. By analogy to the split of the
spinorial counterpart of the curvature tensor — Equation (3.35) — one can split
the geometric curvature as

/

cc c c | pC c
P*% ppraa'Be’ = P"paaBpdp~ + P~ paaspip”.

In what follows, the discussion will make use only of the reduced spinorial
geometric curvature

c _ c c
P*paaBp =eaa(U'sp“p)—ep(l'aa" D)
c F c & F c F
—TI'rp"Dl'aa”" B—TBr "Dl'aa” B +I'ra~"pDl'Bp" A

c & _ _F c F c F
+Tar " Dl'BB” A +Taa"rFI'ep” D —TI'Bp  "rlaa” b
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The spinorial algebraic curvature has a similar split. Its information is encoded
in the field

c _ aC c c
P " paaB =~V paBca'p +LppaadB” —LpaBpda,

where it is recalled that ¥ apcp is the Weyl spinor; see Equation (3.43). One
then introduces the totally symmetric rescaled Weyl spinor ¢ apcp as

¢ =='v
ABCD =2 ABCD-
Consistent with Equation (3.43), ¢ apcp is related to the spinorial counterpart
of d%peq via
daa'BBCC'DD' = —ABCD€A'B'€C'D’ — YA'B'C'D'€ABECD- (8.33)
Hence, the reduced spinorial algebraic curvature can be written as
c _ _=,C c c
P DAA'BB = —Z¢" paB€Aa'B' + LDB'AAOB” — LpA'BB0A" .

The spinorial counterpart of Tyspy, the symmetric trace-free part of Tgp,
is given by T(aB)a’p’); compare Equation (3.12). Finally, exploiting the
antisymmetry T,q, = —Tyep of the rescaled Cotton tensor, one has the split

Tce'pp'BB' = TecpBB€c'p’ +Te'p BB €CD, (8.34)

where TCDBB’ = %TCQ’DQIBB" Observe that TCDBB’ = T(CD)BB/

The spinorial zero quantities

The spinorial counterparts of the frame conformal Einstein field equations are
obtained by suitable contraction with the Infeld-van der Waerden symbols.
Simpler expressions are obtained if one takes into account the remarks made
in the previous subsection. It is convenient to introduce the following spinorial
zero quantities:

’ ’
YaaBp =leaa,en] — (Taa®C Bp —Ter Y aa)ecc, (8.35a)
c

E°paaBe = P paass — 1 paase, (8.35b)
ZaaBB =VaaVBe=+ZLaaBp — S€ABEA'B/
L3
— 3= TiaB)Aa'B); (8.35¢)
Zaa =Vaas+LaaceVOoE

1_ " 1_ :
- *EQVCC :T(AC)(A’C') - 6:3VCC T(AC)(A’C’)v (835d)

2
Acc'pp'Be = Vece'Lpp' s — Voo Lee B (8.35¢)
— VaaBd*4 pcopp —ETce' pp BB (8.35f)
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Appcepp = Vaad* spccpp — Teo'pp BB, (8.35g)
s

Z =625 —3Vee VEC + ZE‘*T -\ (8.35h)

Maa =VCC Tooan +E 'V au=T. (8.351)

Hence, the spinorial conformal Einstein field equations are given in terms of the
above zero quantities as

YSaaep =0, E°paasp =0, Zaase =0, Zaa =0, (8.36a)
ACC’DD’BB’ = 0’ ABB’CC/DD/ = O, Z == 0, MAA’ == 0 (836b)

A reduced set of zero quantities can be obtained by explicitly making use of the
antisymmetry of several of the spinorial zero quantities. In particular, it is noticed

that as Acc'pp'Br’ = —App'ce'Br’ and App'cc'pp’ = —ABB'DD'CC’
one can write

Acc'pp'Be = Acpercc'p’ +Ac'p' BB €CD,
Appcc'pp’ = ABB'cDec'D’ + AB'BC'D'€CD,

where

/ ’

1 1
AcpBp' = §ACQ/DQ BB'» ABp'cD = iABB’CQ/DQ .

A direct computation using the splits (8.33) and (8.34) yields

Acpep = V(CQ,LD)Q/BB/ + V9 EécpBg +ETcpsn, (8.37a)
Agpcp = V9B ¢BeDG + TepBB'- (8.37b)

Thus, an equivalent spinorial formulation of the conformal field equations is
given by

Saaep =0, E°paaep =0, Zaapp =0, Zsa =0 (838a)
Acpep =0, Appcp =0, Z=0, Maa =0. (8.38Db)

The antisymmetry of the zero quantities ¥4 4'pp' and Z€ paa'pp’ can also
be exploited to obtain reduced zero quantities X ap = YaB) and Z€pag =
=C D(AB)- This strategy will not be pursued further.

The spinorial conformal field equations and the FEinstein field equations

As a consequence of the equivalence between spinorial and frame expressions
discussed in Section 3.1.9, it follows that each of the two spinorial formulations
of the conformal field Equations (8.36a) and (8.36b) or (8.38a) and (8.38b) is
equivalent to the frame conformal field Equations (8.32a) and (8.32b). Thus, an
analogue of Proposition 8.2 holds for the spinorial conformal field equations with
the metric

- —_ 7 ’
g== 26ABGA/BfwAA ®wBB

)
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yielding the required solution to the Einstein field equations. In this last
expression {wA4'} denotes the duals of the frame {e44'}.

8.3.3 Conformal freedom in the frame and spinorial
conformal field equations

The transformation laws for the various conformal fields under a conformal gauge
change follow from the tensorial version given in (8.29a)-(8.29¢). As before,
assume that one has two metrics g and § such that g = x2g. Consider now
a g-orthonormal frame {e,} with associated coframe {w®}. From

g(eav eb) = HQQ(GG, eb) = Tab,

it follows that {é,} and {&%}, with

X

éq = Keg, W =g71

w?,

are a g-orthonormal frame and a g-orthonormal coframe, respectively. As a con-
sequence, the tensorial transformation formulae (8.29a)—(8.29¢) may pick up fac-
tors of k depending on whether they are contracted with e, or é,. For, example

d%ed = 0% 06p"¢c ¢ q d% bea
= rPwep’ectea’dpeq = K d%ped.
Similar considerations lead to
Lab = K2Lap + K2Va(n_lvb/<;) — %SadeVchdm
Tab = H2Taba
where
Sabcd = eaaebbwccwddsabai

= 020 + 04%06° — Napn?.

The spinorial counterparts of the conformal fields obey similar transforma-
tions. If {4} and {é4“} denote the spin dyads associated, respectively, to the
frame vectors {eq} and {é4}, then

éAA = I%AA
As a consequence one has, for example, that

’ 3
Vapep = k°¥YaBeD-

8.4 The extended conformal Einstein field equations

The conformal Einstein field equations discussed in the previous sections are
expressed in terms of the Levi-Civita connection of the unphysical metric g.
This section provides a more general version of the equations by rewriting them
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in terms of a Weyl connection. The resulting system of equations is known as the
extended conformal FEinstein field equations. The use of Weyl connections
introduces a further freedom in the equations. This freedom can be exploited to
incorporate conformally privileged gauges. The idea of reexpressing the vacuum
conformal field equations in terms of a Weyl connection was first introduced
in Friedrich (1995). Further discussions can be found in Friedrich (1998c, 2002,
2004). The extension of these ideas to the matter case has been given in Liibbe
and Valiente Kroon (2012, 2013b).

In what follows, for ease of presentation, the discussion in this section is
restricted to the vacuum case.

Basic setting

As in the previous sections of this chapter, let g denote an unphysical Lorentzian
metric related to a physical metric § via g = Z2§. The metric § is assumed to
satisfy the vacuum Einstein field equations. Let V and V denote, respectively,
the Levi-Civita connections of the metrics g and g.

In what follows, consider a Weyl connection V defined via

V-V =_58(), (8.39)

where f is a smooth covector. As

V -V =8(E1d=),
it follows that V — V = S(f +Z~'dE). Hence, defining
B=f+E"1dz,

one has that

It is convenient to define
d==f+d=, (8.40)

so that d = =83.

As the Weyl connection V is torsion free, it follows that its Riemann curvature
tensor Rcdab can be decomposed in terms of its Schouten tensor f/ab and the Weyl
tensor of the conformal class of C°gqp; see Equation (5.28a). Using the latter and
recalling the definition of the rescaled Weyl tensor d€;qs, Equation (8.20), one
obtains the equation

R° b = 284 Lyje + Zd° dab.

Consistent with the discussion in Section 5.3.2, Equations (5.29a)—(5.29¢), the
Schouten tensors of the connections V V and V are related to each other via
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. 1
Loy — Loy = Va fy — 3 A

. - N 1
Lab — Lgp = va,ﬂb + isadeﬂcha

~ . _ 1__ _ _
= 1Vb:) + 5.: QSadeVC:Vd:.

Lab - Lab = va('—'
Taking into account the above expressions and recalling that VS = 0 one has
that

VeLlay —VaLey = (VeLay — Sea® feL o — Sav® feLay)
~(VaLet — Sac® feLpy — Sap® feLey)

= @cﬁdb —ValLey + (@c@d - @d@c)fb
+Sap fo(Vefr — Leg) — Sev® fe(Vafs — Lag)-

A further computation using Equation (5.29a) and the definition of the tensor

S yields
St fo(Vefs — Leg) = S fo(Vafs — Lag) = (S Lag — Say® Ley) fe
=28, Ly s fe-
Hence, recalling the split (5.28a) of the Riemann tensor one obtains
VeLay = VaLey = VeLay — VaLey + faC%ea.
Thus, the Weyl connection version of the vacuum Cotton equation is given by
Valive = ViLae = dod cap.
Now, for the Bianchi Equation (8.22) one has that
Vald®ea = Vad®ea — San?®f1d"vea + Sap”" frdhea
+8ac! " frd%na + Saa’" frd®pen
= Vad®bed — fad®dcb + fad” cap
= Vad"bea — fad®veds
where in the last line it has been used that d®.q satisfies the first Bianchi identity

d%ed + d%cap + d%ape = 0. Hence, Equation (8.22) expressed in terms of the Weyl

connection V takes the form:
vadabcd = fadabcd-

As a summary of this section one has the two equations:
(8.41a)

ﬁaIA/bc - ﬁbIA/ac = ddddcaba
@dddcab = fdddcab' (841b)

These two equations will be regarded as the core of the extended conformal
Einstein field equations. They provide differential conditions on the Schouten

tensor of the Weyl connection and the rescaled Weyl tensor.
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8.4.1 The frame version of the extended conformal field equations

Equations (8.41a) and (8.41b) need to be supplemented with equations which
provide information about the metric g associated to the conformal factor = and
which also allow to determine the covector f giving rise to the Weyl connection
V. The most convenient way of doing this is to make use of a frame formalism.

As in Section 8.3.1 let {es}, @ = 0,...,3 denote a frame field which is
g-orthonormal so that g(eq, ep) = 7qp. As V is the Levi-Civita connection of g,
its connection coefficients, I'5% = (w®, Vgep), satisfy the metric compatibility
condition of Equation (2.29).

Let now V denote the Weyl connection constructed from the Levi-Civita
connection V and the covector f using Equation (8.39). If [ = (we, ﬁa%)
denotes the connection coefficients of ¥V with respect to the frame {eq }, one has
that

I'a® =T + Sabfa, (8.42a)
=Ta + 0a°fb + 66°fa — Nabn°* fa. (8.42b)

In particular, one has that

1~
fa = 7Ta", (8.43)

as I',®, = 0 in the case of a metric connection.

Let f)acb denote the torsion of the connection V. Using the transformation
formula for the torsion under change of connections, Equation (2.15), together
with Equation (8.42a), one obtains

Y0 — La = —2Sqp)“* fa = 0.

Thus,
iacb = Oa

as Xq% = 0. As in Section 8.3.1 it is convenient to distinguish between the
geometric curvature PCaap — that is, the expression for the components of the
Riemann tensor of the connection V in terms of the connection coefficients I' ab
— and the algebraic curvature p©gqp — that is, the expression of the Riemann
tensor in terms of the Schouten and Weyl tensors. These are given by

Plaap = ea(IvCa) — er(Taa)
040 0 = TaTp) + Dol al'a®y — Talalv s,
Pdab = Zd°dab + 25410 Lyje-
In analogy to the discussion of Section 8.3.1, it is convenient to introduce a set

of geometric zero quantities associated to the various equations. In the present
case let:
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Sab = [€a, €s] — (Fa — [b%a)ec, (8.44a)
=°dab = PCdab — p°dab, (8.44b)
Acab = VeLap — VaLey — dad®ped, (8.44c)
)

Abed = Vad®bed — fad®bed- 8.44d

—~

Now, taking into account Equation (8.43) one has that

[1)>

©eab = €a([%) — ep(T'ae) + T (To% — Ta%) — 2Scia®®Leje,
=4 (ea(fb) —ev(fa) = fa(Tb%a —Ta%) — Lba + i/ab) .
=4 (Vafo = Vofa~ Loa+ Lab)

In view of the latter, it is convenient to define

2 12, ~ o ~ &
Zab = 1: cab = Vafb - bea — Lab + Lpa- (845)

In terms of the zero quantities discussed in the previous paragraphs, one defines
the extended conformal vacuum Einstein field equations as the conditions

Sab =0, 2 4ab = 0, Acap = 0, Apeq = 0. (8.46)

These equations yield differential conditions, respectively, for the components
of the frame {eg}, the spin coefficients L'a® (including the components f, of
the covector f), the components of the Schouten tensor Lap and the components
of the rescaled Weyl tensor d%pcq. In contrast to the standard conformal field
Equations (8.32a) and (8.32b), there are no equations which can be regarded as
differential conditions on the conformal factor = and the components d, of the
covector d. As will be seen in Chapter 13, these objects will be fixed through
gauge conditions.

In order to relate the extended conformal field Equations (8.46) to the Einstein
field equations, one introduces further zero quantities:

5a = da - E.fa - @aEv (8473‘)
. o 1 1.

Yab = Lab - vaﬁb - isadeﬂcﬁd + 6)‘:‘ 277111)7 (847b)

Sab = Liab) — Viafy)- (8.47c)

The associated equations
60 = 07 Yab = 07 Sab = 07 (848)

will be treated as constraints. The first equation expresses the relation between
the covectors d, f and the conformal factor =. The second equation encodes the
relation between the components of the Schouten tensor of the Weyl connection

Lgp and the physical Schouten tensor via the Einstein field equations — this
constraint is the analogue of the standard conformal equation Z,p = 0. The role
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of the equations in (8.48) is similar to that of the equation Z = 0 of the standard
conformal field equations.

In the particular case when f, = 0 it follows from (8.40) that d, = V4ZE.
Hence, one has that V = V. Under these circumstances the extended conformal
field Equations (8.46) reduce to

Yab =0, E%ab = 0, Acap =0, Aped =0,
where the zero quantities Xqp, Zdab, Acdb and Apeq are as defined in Section
8.3.1.
The conformal covariance of the equations

As in the case of the standard conformal field equations, the extended conformal
field equations discussed in the previous section are conformally covariant. To
make this statement more precise, consider a spacetime (M, g) and two metrics
g and g conformally related to g via

9==%, §¢=%%
so that g = k2¢ with k = ==, Let Vv, \Y denote, respectively, the Levi-Civita
connections of the metrics g and §. One has that
V-V=S8EE), V-V=§E1d2), (8.49)
and, furthermore,

V -V =8(k'dr).

In addition, consider the covectors f and f and define by means of these two
the Weyl connections V and V via

V-Vv=8(f), V-V=58(f). (8.50)

Combining Equations (8.49) and (8.50) one finds that the relation between the
physical connection V and the Weyl connections V and V is given by

V-V=5(), V-V=5@p),
where

B=f+E='dE, B=f+='d=
Combining these expressions one finds that

V-V=S8B-8)
= S(k +rtdr),

with k= f — f Hence, letting d = 23 and d= E,B, one concludes that

d =k~ 'd+ K2k + Edk. (8.51)
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Assume now that the fields (ea,fabc,ﬁab,d“bcd,E,da) constitute a solu-
tion to the extended conformal field Equations (8.46). Then, proceeding
in analogy to the discussion in Section 8.3.3, one finds that the fields

, B b / < 7 .
(eaa]-—‘a C7Lab7dabcd7~—47da) Wlth
€q = K€qg
b

Tube = k0% + 0:.2Var — KSac?®(kq + /ﬁflﬁdm),

Eab = IQQIA/ab — HQ@a(kb + /Q_l§b/€)
1 . .
- §n25ab‘1d(kc + /flvcn)(kd + liilvdli),

ja 3 ja
d%bea = K°d%pea,
2 —1

==K

[1]

i

= kdg — ZEV ok — KZkq,

Q

are also a solution of the extended conformal equations. Observe that the
@—quantities are components with respect to the frame {eg,} which is
g-orthonormal, while the V-quantities are components on the {é4} frame which
is g-orthonormal.

8.4.2 The spinorial version of the extended conformal field equations

The frame formulation of the extended conformal field equations discussed in
the previous subsection leads directly to its spinorial counterpart. The strategy
is analogous to the one adopted in Section 8.3.2.

The spinorial counterpart of the g-orthogonal frame {e,} is given by the null
tetrad {eaa’} satisfying g(eaa’,eBp’) = eapea’p’. Furthermore, let Vaa =
ean V. Similarly, let

$ cc’ seled ~CC’
Yaa~" BB, P~% pp'aa'BB, p~" DD'AA'BB’,
LaaBs, daa, faar,
denote, respectively, the spinorial counterparts of the fields

Zacb; Pcdab; Pcdaba Lab7 daa fa~

. . . - ’ . .
The spinorial counterpart of the geometric curvature, P ppraa'Bp, is given
. . . . . al ’ .
in terms of the spinorial connection coefficients I' 4 4» BB ¢ . These, in turn, can
be expressed in terms of the reduced spin connection coefficients I' 4 - B & by

PaaBPco =TaaBcic® +Taa? 0dcP, (8.52)

consistent with formula (3.33). The reduced Weyl spin connection coefficients
are related to the unphysical spin connection coefficients via

Q

TaaBec=TaaBc+0aBfca, Faa"qg = faa:

see Equation (5.32).

https://doi.org/10.1017/9781009291347.011 Published online by Cambridge University Press


https://doi.org/10.1017/9781009291347.011

8.4 The extended conformal Finstein field equations 207

The geometric and algebraic Weyl curvature admit, respectively, the splits

~ ’

cc 5C c |, pC' c
P~ ppaa'Be' = P"paaBpdp~ + P~ paaspip~,

’ ~C c’ ~C'’ C
DD'AA'BB’ = P DAA'BB'OD'” +pP  DAaA'BBOD

~CC
p

The formula giving the reduced geometric curvature pC DAA BB 1n terms of
the reduced spin connection coefficients is identical to that for a Levi-Civita

connection. Namely, one has that

o _ .o )
P“paaBp =eaa ('~ p)—ep(l'aa"b)
- c 7t F P Cc 1 F’ P Cc T F
—TI'rp"pl'aa”" B—TBr "Dl'aa” B +T'ra " pI'Bp" A

£ Cc_ 7 F’ r C_t E £ C_t
+Tar~ " pl'ee” A +Taa " El'Be "D —TBB "ElAA "D

In particular, it can be verified that
+T4a%fop +Taa B fBO

P @aa'BB' = eaa(fBp) —ep(faa’)
- f‘BB'QAfQA' ~Tpp? A fag

=Vaa fBe — VBB faa'.

Hence, one can write

. . 1 ~ ~
Papcc'pp’ = PlaBycc'pp’ + §€AB(VCC/ fop' — Vbpp fec)-
The reduced algebraic curvature spinor satisfies a similar expression. Namely,

one has that

pPABcc'DD’ = P(AB)CC'DD’ — §€AB(LCC’DD’ —Lppcc),

with
paB)cc'DD' = —=Z¢aBcDeéc'p’ + LBc'pp €ac — LBp'cc'€AD;

compare Equation (5.33).
The objects discussed in the previous paragraphs can be used, in turn, to

define the zero quantities:
Saasp =leanenp] — ([anC s — e an)ece, (8.53a)
=°paasp = P°paasp — °paass, (8.53b)
Acc'ppee =VecLpp e — Voo Lo se: (8.53c)
—daad* gpcopp, (8.53d)
=Vaad* gpcopp
(8.53¢)

ABB'cc'DD’
dAA,
— faar BB/'CC'DD’
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One can exploit the symmetries of some of the above zero quantities to obtain
reduced zero quantities. In particular, one can write

ABB’C’C’DD’ = ABB’C’DEC”D’ + AB’BC”D’€C’D’

with

’
Appep = Q

ABpcqo'D™ -

N =

A similar idea can be applied to 2AA/BB/, ECDAA/BB/ and ACC/DD/BB/. This
idea will not be pursued here.

The spinorial version of the extended conformal Einstein field equations is
expressed in terms of the above zero quantities as:
=paasp =0, Accpper =0, (8.54a)
Appep = 0. (8.54b)

YaaBp =0,

Finally, let 44/, Saa’BB’ and Y4 a'BB’ denote the spinorial counterparts of the
zero quantities dg and v4p. One then requires that

daar =0, saa'Bp =0, vaa'B = 0. (8.55)

8.4.3 The extended conformal Einstein field equations and the
FEinstein field equations

As in the case of the other versions of the conformal field equations discussed in
this chapter, it is important to analyse the precise relation between the extended
conformal field equations and the (physical) Einstein field equations. One has the
following:

Proposition 8.3 (solutions to the extended conformal field equations
as solutions to the Einstein field equations) Let

(etu fabc; Eaba dabcd)

denote a solution to the extended conformal field Equations (8.46) for some
choice of the conformal gauge fields (E,dq) satisfying the supplementary
Equations (8.48). Furthermore, suppose

240, det(n®e, ® ep) #0,

on an open subset U C M. Then the metric § = Z 2 napw® @ w?, where {w?} is
the dual frame to {eq}, is a solution to the Einstein field equations (8.4) on U.

Proof As a consequence of the conformal equation f?ab = 0, the fields fabc can

be interpreted as the connection coefficients, with respect to the frame field {e, },
of a torsion-free connection V. In order to show that V is a Weyl connection, one
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needs to compute Vgnpe. This is best done using spinors. As ega/(egc) = 0,
one has that

Q
Q

Q

Vaaesc = Taa“Bege —Taa~“ceBg = Taace +Taasc

=—-Taa"geBCc = —faaeBc.

Recalling that eaperp’ is the spinorial counterpart of 74, and observing the
split (8.52) one concludes that @anbc = —2faNbe; that is, Visa Weyl connection.
Now, as écdab = 0, the fields ﬁab and Zdgq.p obtained as a solution to the
extended conformal field equations correspond to, respectively, the Schouten
tensor and the Weyl tensor of the connection ﬁ7 as a consequence of the
uniqueness of the decomposition in terms of irreducible components.

Given the Weyl connection @, one can define a new connection V via V =
V — S(f). By construction, this connection is metric. The Schouten tensor of ¥
is then given by

. 1
Lab=Lab — Vafo+ Qsadefcfd-

AS ECgap = 0, it follows that Sap as defined by Equation (8.45) also vanishes. As
V is torsion free, so is V. Hence, one concludes that V must be the Levi-Civita
connection of the metric g = 74pw® ® w®. The latter expression is a well-defined
Lorentzian metric on U as its determinant is, by hypothesis, non-vanishing.

Finally, one defines a physical connection V via V = V — S(Z~1d=). As
dq = 0 it follows that dg = fo + VoZ so that V is the Levi-Civita connection of
the metric § = Z7214pw® ® w®. The latter is well defined as long as Z # 0. The
Schouten tensor of V is given by

iab = Lab - Va(E_lvi) - E_QSadeVCEVdE.
As a consequence of § = 0 and 74p = 0 one concludes that
~ 1 __
Lab = 6>\:* 277(7,b-
Thus, g is a solution to the vacuum Einstein field equations on U. O

Remark. Given the equivalence between the frame and spinorial versions of the
extended conformal field equations, the latter result also provides the connection
between the spinorial extended conformal field equations and the Einstein field
equations.

8.5 Further reading

The standard conformal Einstein field equations were first introduced in Friedrich
(1981a,b, 1982). General aspects of the Cauchy problem of the conformal
equations were first discussed in Friedrich (1983); see also Friedrich (1984).
A systematic discussion of gauge issues and hyperbolic reductions of the
equations has been given in Friedrich (1985). A discussion of the conformal field
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equations with trace-free matter was first given in Friedrich (1991). The extended
conformal field equations were introduced in Friedrich (1995). Reviews discussing
various aspects of the conformal field equations can be found in Friedrich (2002,
2004). The extended conformal field equations with (trace-free) matter were first
discussed in Liibbe and Valiente Kroon (2012).

The conformal field equations can be related to other geometrical objects
(twistors); see Frauendiener and Sparling (2000). The extended conformal field
equations can be set in a more geometrical framework involving the language of
differential forms. A discussion of this has been given in Friedrich (1995). Certain
applications of the conformal equations require the use of a lift of the equations
to a suitable fibre bundle. A discussion of this type of procedure can be found
in Friedrich (1986b, 1998c).

A different approach to the construction of regular conformal field equations
based on the Fefferman-Graham obstructions — see, for example, Graham and
Hirachi (2005) — has been elaborated in Anderson (2005a) and Anderson and
Chrusciel (2005). This approach gives rise to suitable field equations for an
arbitrary number of odd space dimensions and has been used to prove (global and
semi-global) existence and stability results of higher dimensional asymptotically
simple spacetimes.

In the context of conformal geometry, given a metric g, it is natural to ask
whether there exists a further metric in the conformal class [g] which is an
Einstein space. This problem has been addressed in, for example, Baston and
Mason (1987), Kozameh et al. (1985) and Mason (1986).
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