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THE HOLDER EXPONENT FOR RADIALLY SYMMETRIC 
SOLUTIONS OF POROUS MEDIUM TYPE EQUATIONS 

GASTON E. HERNANDEZ AND IOANNIS M. ROUSSOS 

1. Introduction. The density u(x, t) of an ideal gas flowing through a homogeneous 
porous media satisfies the equation 

(1) ut = Aum in QT = KN x (0, T). 

Here m > 1 is a physical constant and u also satisfies the initial condition 

(2) u(x, 0) = u0(x) > 0 for x G R N. 

If the initial data is not strictly positive it is necessary to work with generalized so
lutions of the Cauchy problem (1), (2) (see [1]). By a weak solution we shall mean a 
function u(x, t) such that for T < oo, u G L2(Q,T), V um G L2{Çlj) (in the sense of 
distributions) and 

(3) / f(u(ft - V umV (f) dxdt + / uo(x)<p(x, 0)dx = 0 

for any continuously differentiable function (p(x, t) with compact support in KN x (0, T). 
We assume here that 0 < uo(x) < M0, WQ_1 ls Lipschitz and w0 G L2(RN). Then (see 

[8]) there exists a unique solution u(x, t) of (1) and (2). This solution is obtained as the 
limit of classical solutions ue(x, t) of 

(u£)t = Au™ 
(4) 

u£(x, 0) = UQ(X) + e. 

We let V(JC, 0 = ^z\Um~x(x, t) (This is the pressure of the gas up to a multiple), then 
(1) and (2) becomes 

vt — (m — l)vAv + | V v|2 

( 5 ) v(x, 0) = VO(JC) = - ^ T ^ - 1 W-
m — 1 

In the one dimensional case, Aronson [2], proved that if vo is a Lipschitz continuous 
function then v is also Lipschitz continuous with respect to x in R x (0, T). Aronson and 
Caffarelli [3] proved that v is also Lipschitz continuous with respect to t in the same do
main. In particular u(x, t) is a-Holder continuous for any a G (0, —rr), i.e., the quotient 

(6) 

m-\> 

\u(x, t) — W(V,T)| 

\x-y\a + \t-r\a/2 
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is bounded in K x (0, T) by a constant K that depends only in UQ, m and T. 
In higher dimensions Caffarelli and Friedman [5] proved that u(x, t) is continuous with 

modulus of continuity 

W(p) = C| logp|"e , N > 3 , 0 < e < -

and 
W(p) = 2-c\\ogp\l/\ N=2 

where p = (\x — y\2 + \t — r\)xl2 is the parabolic distance between (x,t) and (y,r). 
Thus if wo is a-Holder continuous for some a G (0,1), then \u(x, t) — u(y,r)\ < W(p) 
uniformly in R N x (0, T). The same authors in [6] proved that W(JC, i) is actually a -Holder 
continuous for some a G (0,1 ), but a is completely unknown. 

The more general porous medium equation 

ut = Aum + h(x, t, u)u 
(7) 

M(JC,0) = UQ(X) > 0 

was treated by the author in [7] in the case N = 1. It is shown there that the corresponding 
v(;c, t) is a-Holder continuous for any a G (0,1) provided vo is a-Holder continuous 
and h is bounded. (In particular the bound K in (6) does not depend on the modulus of 
continuity of h.) 

Let r — \x\ ~ (E*?)1/2 be the Euclidean distance in KN. If v(r,t) is a radially 
symmetric solution of (5), it satisfies 

v, = (m- l)vvrr + v2 + ( m - l)(N- 1) — , r > 0 
(8) r 

vC\0) = v 0 ( r )>0. 

We shall first consider the spatial dimension N = 3. We are interested in the "bad" 
case, when v0(r) has compact support and is possibly 0 at r — 0. By using only elementary 
considerations we show that for a solution v(r, t) of (8), rav(r, t) is a-Holder continuous 
for a G (0, -—] in a domain [0,/?] x [0, T\. As an application of this result it follows 
that v(r, t) is a-Holder continuous for r > ro > 0. Also if vo(0) > 0 then v is a-Holder 
continuous in the whole domain £lj for 0 < a < ~-. 

Further we prove the same result for the more general equation 

9 vvy 
vt = (m — \)vvrr + vr + (m— \)(N — 1)— + Mr, t, v)v 

(9) r 
v(r,0) = v0(r) 

that corresponds to wf = Aum + /z(x, r, w)w. Here the bound is also independent of the 
modulus of continuity of h. 

Through this work we shall assume the following: 
Al. v0(r) is a nonnegative Lipschitz continuous function (contant Mo), with compact 

support in [0,/?i], vo(r) < Mo. 
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A2. L{ [v0] = (m - l)v0vg + (VQ)2 + 2(m - 1 ) ^ is bounded by M0 for r > 0. 
Under assumption (Al) there exists a unique classical solution v = v£ of the problem 

v, = ( m - l)vvrr + iC + ( m - l)(A^- l ) - ^ , r > 0 
(12) r 

v(r,0) = vo(0 + £ 

v(r, 0 has bounded derivatives (depending on e) and £ < v(r, t) < M (M depends only 
on vo and m). Also v£(r, r) —* v(r, t) as £ —> 0. 

We will consider a G (0, ^ - ] to be fixed, R2 G [0, /?] is a point at which vo is strictly 
positive, vo(/?2) = ry > 0. 

2. Main results. 

THEOREM 1. Let v(r, /) Z?e a (weak) solution of (8), where vo(r) satisfies Al, A2. Let 
Ri G [0,/?i], be a point at which VQ(R2) — r] > 0. Then r® v(r, t) is a-Holder continuous 
inÛR2 = [0,R2]x [0,71. 

PROOF. We shall prove that for a solution v(r, 0 of (12), the a-quotient (6) corre
sponding to ra v can be estimated independently of e. 

Let B = (0,#2) x (0,/?2) x (0, 7) x (0, 7). Since vr, v, are bounded (in terms of e) 
we can choose 6 > 0 small, such that | vr|, | vt\ <èa~] in ÛT = [0, oo] x [0, T\. Define 
Bfi = {(r,5,^,r) G # | |r —s| > S or |f — r | > <5} and 

| r % ( r , 0 - ^ v ( ^ , r ) | A 

\r-s\2 +A\t-T\ 

where A = - and A = 6raM + 1. 
a 

We also put w(r, f) = rav(r, t). Then for a = ^ - , w(r, f) satisfies 

rawr = (m — l)wwrr + w2, r > 0 
(13) 

w(r,0) = r%0(r) 

We shall prove that in B$, h(r,s,t,r) <K\ independently of 6. Then, since A = -

^x/2 > \rav(r,t)-sav(s,T)\ > \rav{r,t)-sav{s,T)\ 
1 - (\r-s\2+A\t-r\)al2 ~ \r-s\a +Aal2\t-r\al2 

and since A > 1, we obtain that ra v(r, 0 is a -Holder continuous with constant Aal 2K0CI2. 
Clearly /i is continuous in B$. Let us assume that max h occurs at a point QQ = 

(ro, 5o, ^O,TO) G /?£. We look first at the case ô = To-
Let g(r, s, t) — h(r, s, /, t). We will use the abbreviations 

= |w(M)-y)|* = h ^ = ,5,^2. 
( r — s) 2 ( r — 51)2 
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LEMMA 1. g(r,s,t) is bounded independently of 8 in B^ \ where B^\ = {(r, s, t) | 
0< r< s< R2, 0< t<T, \r-s\ > <5}. 

PROOF. Clearly g is continuous in B& \. Let us assume that max g occurs at a point 
Q\ = (r, s, t) E B& \. Then either Q\ is an interior point at which g is differentiable or Q\ 
is a boundary point oîB^x (g is not differentiable only when g — 0). We begin with the 
former case. At Q\ we have 

(14) gr =• gs = 0, grr, gss < 0 and gt > 0. 

The first derivatives are: 

gr = X\S\x-lawlrR-2 -2\S\XR~\ a = sgnS 

(15) 

Thus, (14) implies 

(16) 

and 

(17) 

Let 

(18) 

gs=-\\S\xyaw2sR-2 + 2\S\xR-3 

gt = X\S\x'la(wu-w2t)R~2 

W\r= -j-\S\R l = W^ 

grr = 2\S\XR~\\ - j) + \\S\x-]aR-2wrr 

gss = 2\S\xR~\l - j)-X\S\x-laR-2w, 

E=(m-l)r wigrs + (m-\)s w2gss - gt. 

Then E < 0 at Q\. Replacing grr, gss and gt in E we get 
(19) 

2(m- 1 ) | 5 | ^ ( 1 - f ) ( £ + £ ) 

+ A | 5 | A - 1 a / ? - 2 [ ( ( m - l ) r - a w 1 w i r r - w l r ) - ( ( m - l ) ^ a w 2 v v 2 ^ - v v 2 / ) 

ii) If s = 0 we have 

S(r,0,f) = 

< 0 . 

rav(r,0 

^ 
<M A . 

iii) If | r — s\ = 6 we use the mean value theorem and the fact that the first derivatives 
of v are bounded by 6 a _ 1 to get 

* r , M ) < K | , < r ; 0 - y +v(M)l 
(22) 

< RS-
:a — 1 

fia + M 
-|A 

r — 51 

A < [R%+M] . 
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iv) Finally assume r = R2. Since vo(R2) = r/ > 0 there exists 6\ > 0 such that vo(r) > 

2 
v-^forR2-5l < r< R2+6{. 

In this case there exists N\ > 0 such that v(r, t) >N\ inŒ2 = [R2-è\,R2+è\]x[0, T]. 
Thus (see [8]) |v^|, \v£

s\ are bounded by constant K3 independently of e and 6 in Q2. 
Without loss of generality we assume K3 > \,6\ < 1. Then by (19) if \R — s\ < ^ w e 
have 

g(R,s9t) < [R%K3\R-s\l-a +Mf < [R%K3+M]X. 

Otherwise 
,» A ^ k a V ! - ^ v 2 | A (2/?«M)A 

g(R,s,t) < — < j~2 • 
(R — s)1 8( 

We conclude that g(r, s, t) < K2, where 

K2 = max ! (R%K3 + M)X, MA, (/£ + M) 
A 2A/^MA 1 

for any point in B\$. 

From this lemma we obtain that if to — TO, then h(ro, so, to, TQ) = g(ro, so, to) < K\. 
Let us assume next that Q is an interior point of B and h is differentiable at Q, (i.e., 

KQ) ^ 0) then 

(23) hr= hs = 0 and / i r r , / iM , - / z , , - / i T < 0 at Q. 

Assume to > TO. This t ime instead of (18) we take 

(24) E=2(m- \)raw\hrr + (m - l)j"aw2/iM - 2/ii - hs. 

Then £ < 0 at Q. 
We write 

, , , v \w(rj) - W(S,T)\X \W{-W2\
X | C | A D - i 

h(r,s,t,T) = — -: r = = \S\ R . 
(r-s)2+A\t-r\ R ' ' 

Then using (21) we get 

E=2(m- \)\S\A/T2((2 - a)R~\r - s)2 - \){2R~awx + s~aw2) 
+ X \S\ x~laR~l \{2(m - l)r'aw] wXrr - 2wt) - ((m - lK~aw2w2,, - w2) 

+ A\S\XR~2 < 0 

We use the differential equation in (r, t) and (s, r ) in the second term to get 

E=2(m- l)\S\ A/T2((2 - a)R~\r- s)2 - l)(2r-aw{ + ^ a w 2 ) 

+ \\S\x-l(iR-l(s-aw2 - 2r~aw2) +A\S\XR-2 < 0 

Now, hr — hs = 0 implies vvr = ^ 15 | / ? _ 1 ( r — s) — ws, so 

E=2(m- l)\S\A/T2((2 - a)R~\r - s)2 - l ) (2v , + v2) 

+ ^ | 5 | A + V / ? - 3 ( r - 5 ) 2 ( ^ o r - 2 r - a r ) + A | 5 | A / ? - 2 < 0 
A 
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Also 
a|S|CTa - 2ra) = (wi - w2)0" a - 2r~a) 

fR\a /s\a 

= l - J vi +2 ^-J- V2-(2v!+v2). 

Thus, dividing by 15|A/?~2, we have: 

2(m - 1)((2 - a)R'\r - *)2 - l)(2vi + v2) 

+ -R-\r-s)z 

A (-J-4-J v2 
- -R-l(r-s)2(2vi+v2)+A < 0 

A 

Dropping the positive term containing J and - we get 

(2vi + v2) R-\r-sf{l{m- l)(2-a)-~) - 2 ( m - l ) + A < 0 . 

But 2(m - 1)(2 - a) - £ = 2(m - 1). 
Thus —2(m — l)(2vi + v2) + A < 0, in contradiction with the choice of A (A > 

6 ( m - l ) M + l ) . 
Therefore max /i does not occur at an interior point. 
If the maximum of h occurs at a lateral point ro = #2 or SQ = R2 or at an interior 

boundary point (| r0 — ^o| = £) and(|f0 — so| < £) or (|r0 — s0\ < 5) and (|/o — SQ\ = Ô), 
we use the same arguments as in Lemma 1 to conclude that h is uniformly bounded in 
these cases. 

Finally, if the maximum of h occurs at to = 0 or TO = 0 we use the following: 

LEMMA 2. Let f(r,s,t) = (t-Jp+Àt • Then f is uniformly bounded on the set 
&3,8 = {(r,s,t) | 0 < s <R2, 0<t<T, \r-s\ >6 ort>8}. 

PROOF. We test the boundary points as in the previous cases. For an interior bound
ary point (at which/ ^ 0) we choose E — (m~ \)r~aw\frr + (m — l)s"aw2fss —ft. Then 
E < 0 at a point of maximum. 

Replacing the derivatives, the differential equation in (r, r), and using the condition 
fr=fs = 0, we get 

E= 2 ( m - \)\S\xR-2((2-a)R-\r-s)2 - l)(vi + v2) 

A - I D - 1 + \CT\S\X-1R 

+A|s|A/r2 <o. 

15| 2R~2{r - s)2 - (m - 1 )s~aw2w2r 

In the second term we add and subtract s aWja = ~ÔS a\S\2R 2(r — s)2 this term, /2, 
becomes 

I2 = \a\S\x-lR-l2^\S\2K-\r-s)\S-
a -r-a^ 

= ^\S\x+laR-\r - s)2(s-a - r-a) - X\S\x-lciR-] s~a (m - \)W2W2ss + W2
2s. 

A 
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As before a\S\ = W\- W2, so the first term in I2 is j\S\xR-\r-s)2((t)avi+(Ç)av2 -

(vi + V2)) thus we get 

An-2 E= \S\XR (V! +v2{2(m- l)((2-a)R-\r-s)2 - l) - jR-\r-s)2} 

+ ^ | ^ - V - , ) 2 ( ( - r ) % 1 + (^v 2 ) + A 

- X\S\x-laR-ls-a((m - l)W2W2ss + W^) < 0. 

Now 2(m ~ l)(2 — a) — j = 2(m — 1). We drop the positive term in £, ^ and get 
15| A / r ! [A - 2(m - l)(vi + v2)] < A | S\ A ~ W * ((m - \)W2W2ss + W|,). 

By the choice of A the coefficient on the left hand side is larger than 1. Also, in terms 
of the function v we have 

(m — l)wwrs + w2 = s2a Um — l)vvss + v2 + 2am—-). 
v s ' 

Since a = ^ - , the right hand side is s2of [vo], so 

l—^-~ < \(2R$M)x~lR% [v0] < \(2R%M)x-lR2aM0. 
R 

We conclude that h is uniformly bounded independently of 6, o n f t . Thus letting 
<5 —y 0 we obtain that 

Kr,SttiT) = ^ V ( r ' ? - ^ f < AT, on [0,tf2]2 x [0,7f. 
|r — s\z + A\t — T\ 

Therefore rav(r,t) is a-Holder continuous on [0,R2] x [0,7], with constant K2 = 
(A^ i ) " / 2 . 

COROLLARY 1. v(r, /) w a-Holder continuous for r > ro > 0. 

PROOF. We have 

|rav(r,0 - ^ V ( > , T ) | 
K2 > \a + U _ r | a r / 2 

^ a \v(r,t)-v(s,r)\ | ^ - ^ | 
I r — |̂ « + | f - r | a / 2 ' | r - s | a + | f - r | o r / 2 

thus 
v(r ,0-v(5 , r ) | K2+M r _ 

< — forr0 <r,s < R2, t,T£[0,T]. \r-s\a + \t-r\a/2 ~ r% 

COROLLARY 2. If vo(0) — r\ > 0 then v(r, 0 /s a-Holder continuous on the whole 
domain Q.R2for 0 < a < m^. 

PROOF. In this case, there exist rj\,S\ > 0 such that v(r, t)>rj\ > 0 for 0 < r < 6\. 
Then v is a classical solution in [0,6\] x [0,1] with bounded derivative independent of 
£. Thus v is Lipschitz in [0,<5i], and by Corollary 1 it is Holder in [0,R2] x [0, T\. 
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THEOREM 2. Let v(r, t) be a radially symmetric solution of (9). Then rav(r, t) is a-
Hôlder continuous in Q.R2, for a € (0, ^z^-]. 

PROOF. v(r, t) satisfies 

(25) 
2 VVr 

vt — (m — l)vvrr + vr + 2(ra — 1)— + h(r, t, v)v 
r v(r,0) = v 0 ( r )>0. 

We assume \h\ < MQ. 
Again we put w(r, t) = ra v(r, t) and consider the same functions h(r, s,t,r), g(r, sy t) 

and/(r, s, t) over their corresponding domains. Here w(r, t) satisfies 

(26) ra wt = (m— l)wwrr + w2
r + rah(r, t, v)w. 

We study first the function 

N ^ - ^ = |s|Ajrl. 
(r - s)2 

This time at an interior point of maximum of g we get like in (19) 
(27) 

*-'>uJ*-('-r)(2*S) 
+ A | S | A ~ V / r 2 [ ( ( m - l ) r a w , w r r - w h ) - ( ( m - I X ^ H ^ V V ^ - w2,)j < 0. 

When we use the differential equation (26), and the condition w\r — ^ | S\R~l — W2iV 

we get 

2 , 1 - + s« 
4 , „ „ _ _ , M 1 

^5Q 

(28) 
*-»u J *i ' - ! )£•?) 

+ A|5|A- 'a/?-2 < 0 A 2 | 5 | 2 / ? - 2 ( ^ - ™ ) + ^ ^ v 2 ) w 2 - / ! ( r , f , v l ) w i 

this is, like in Theorem 1, 

2a\S\xR'4(~ + — U X\S\x']aR-\h2w2 ~ hxwx) < 0, 
\sa r01 ) 

factoring R2, transposing the second term, taking absolute value and replacing w, we 
get 

I S \ x 

2 a L ^ ( v 1 + v 2 ) < A | 5 | A - 1 | / z 2 r % 2 - / i 1 ^ v 1 | . 

Thus 

i ^ < -2(2R«2M)^ 
Rz a1 (M0R%) v2 + (M0R%) 

vi 

Vi + V2 J J 

\_sl_ , MQiq . 

L v 2 + V2 J 

i.e., ^ r < 2 ^ ( 2 / ? f M ) A ~ 1 in this case. 
The boundary points of the domain of g(r, s, £), the function /z(r, s, r, r ) and the function 

f(r, s, t) are treated with the same techniques of Theorem 1. 
Now we turn to the case N > 3. 
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THEOREM 3. Theorem 1 and its corollaries, and Theorem 2, remain valid for N > 3. 
In this case, ra/l(3v(rj) is a (3 -Holder continuous for a G (0, m^~], f3 = j ^ . 

PROOF. We let W(r9 t) = r* v ( / , t). With a = ^ , W(r, 0 satisfies: 

f32rpWt = (m-l)WWrr-^W2 r> 0 
(30) « 

W(r,0) = r a v 0 ( A /? = a + 2/3 - 2 
This is like equation (13) withp instead of a. We define the same domains and func

tions as in Theorem 1, with A = ~ , and |vr|, |v.y| < èP(a~l\ Then all the previous 
arguments can be extended to this case obtaining that W(r,t) is a /?-Holder continuous 
with constant, say, ̂ 5. 

Next, let r\ = r1/^, sx = s1^, then 

\ra/Pv(r,t)-sa/Pv(sj)\ _ \ra
xv(r\,t) - sa

xv{^j)\ 
\r-s\a$ ~ \r-s\a$ 

K \W(rut)-W(sut)\ \rx-sx\^ 
~ \r\-sx\

aP \r-s\aP 

This shows that ral $v{r, t) is a(5 -Holder continuous (with respect to r). 
All other lemmas and corollaries follow in a similar way. 
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