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LINEAR COMBINATIONS OF UNIVALENT FUNCTIONS
WITH COMPLEX COEFFICIENTS

ROBERT K. STUMP

Let U be the class of all normalized analytic functions
f@ =24az2+...+az"+...,

wherez € E = {z: |z| < 1} and fis univalent in E. Let K denote the sub-class
of U consisting of those members that map E onto a convex domain. Mac-
Gregor [2] showed that if f; € K and f; € K and if

1) F(z) = Mi(2) + (1 = Nf2(2),

then F ¢ K when X is real and 0 < XA < 1, and the radius of univalency and
starlikeness for F is 1/+4/2.

In this paper, we examine the expression (1) when f; € K, fs € K and X is
a complex constant and find the radius of starlikeness for such a linear com-
bination of complex functions with complex coefficients. Interest in such a
problem is sparked by examples of such functions as

N == o
and
1 1 —1z
fZ(z) —n—E'IOgl—gz’
where |g| = || = 1 and o # £ If
@) FE) = 5L A6 + 2 1),

then by direct calculation F is close-to-convex (and thus univalent) in E
relative to fi.

The method used by MacGregor for the case when the coefficients are real
did not lend itself to the more general problem when the coefficients are
complex. An approach used by Labelle and Rahman [1] to find the radius of
convexity for the arithmetic mean of two convex functions is used here to

prove:
THEOREM 1. Let f1 € K and f» € K and

3) F(z) = Mi(z) + (1 — N)fa(2),
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where 3 € E and 0 < a = arg[\/(1 — \)] < . Then Re{zF'(2)/F(2)} > 0 if
|z2| < (cosa/4 — sin a/4)/+/2, and the bound is best possible.

In addition, we use the same techniques to prove
THEOREM 2. If fi, f2 and F are as in Theorem 1, then
Re{l + zF"(2)/F'(z)} > 0
if |2| < R, where R, is the least positive value of r that satisfies the equation:
4) 1 — 2sec(a/2 + 2sin~lr) + 72 = 0.

We note that if A is real (@ = 0), then the result of Theorem 1 agrees with
the bound found by MacGregor, and Theorem 2, for A = 1/2, coincides with
the findings of Labelle and Rahman. The bound in Theorem 2 is not best
possible as noted by Labelle and Rahman when A = 1/2.

The proofs of these theorems rest upon several lemmas which we state and
prove at the outset.

LemMA 1. If jw — a| < d where a and d are real and a > d = 0, and wy is a
given complex number, then

(5) Re wwy = |wo| [a cos(arg wo) — d].

This lemma was used by Labelle and Rahman and its verification is done
as a direct calculation.

LEMMA 2. If |lu —a| £ d and |v — a| = d where a and d are real and
a>dz0,and

= 1 + o :
w = 1 + Aeia 1 + A—le—ia )
where A is real and A > 0 and a € [0, w), then
) Rew = a — d seca/2.
Proof. Since
1 _ 1
|14+ 4] — (1 + 24 cosa + A%)Y*?
1 _ A
4+ A47%"  (1+24cosa+ A%’

[ < 1 )] _ 1+ 4 cosa
CS|MENT+ 46/ | T U+ 24 cosa + AH7

and

[ < 1 )] _ cosa+ 4
CS[AENT+ 4=/~ 1+ 24 cosa + A7
then, by Lemma 1,
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Re

> 1 [ 1+ A4 cosa
e (1 + 24 cosa + A4%)'*

C T+ 24cosa + A7~

+ A [0, cosa+ A
Q+24cosa+ AD2LY" 1 + 24 cosa + 492
or
14+ 4
> - 2
Rew = a d’(1+2Ac05a+A2)1/‘
2

=a

—d. (2 2cosa)”?’

i.e.,, Rew = a — d seca/2.

LemMa 3. If Re P(2) > 0 for |z2| < p < 1 and P(0) = 1, then

14+7/o"| _ _2/p

P(z)"‘l_r‘z/pz 217

for |z] =7 < p.

]

This lemma is proved by writing P(z) = (1 + w(2))/(1 — w(z)) where
|lw(z)] <1 and w(0) = 0 and then noting that |w(z)| = |3|/p as a natural

extension of Schwarz’s Lemma for |3| < p < 1.

Proof of Theorem 1. From equation (3),

zF'(2) _ Azf(2) + (1 — N)zfa (2)
F(z) Mi(z) + (1 — A) fa(2)

A [+ (20T

T file) 1 —2"fal2)
ofy (2) [ A ﬁ(z)]“‘
The T TR RE)
Now, because f; and f, are convex, then from [3; 4]
zfi (2) 1 7
®) fe)  1—=7 1=,
and |arg(f:(2)/2)| < sin~! for 2 = 1,2 and |z| < r. Thus, from Lemmas 1
and 2,
Re z}i‘(g) = 1 i p : 3 sec B/2,
where

2] - e[ 2] - e 2]

1-— )\.fz(Z) 2
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Now, by (8), |8] £ « 4+ 2sin~'r. If » < cosa/2 then 0 £ 8 < =, and
sec 8/2 < sec (a/2 + sin™r)
_ 1
T (1 —=7r)"cosa/2 — rsina/2’
Consequently, Re(2F'(2)/F(z)) > 0 if

1 4 1
1—7 1—=72(0—1r)"cosa/2 — rsina/2

>0

and

r < cosa/2
— M ¢ 1/2 .
r < min [(-LM) ,COSa/2]
a 2

<1 — sin ae/2)”2
2

__cosa/4 — sina/4
V2 ’

and the proof of the theorem is complete.

or

i

We note that the bound in Theorem 1 is best possible; i.e.,
[(1 — sin a/2)/2]1/2

is the radius of starlikeness for the set of all functions represented as in
equation (3). If we let

2
fl(z) = 1 — Zei‘r’

fz(z)[= 1 _zz —iv

e
AN
1T—x_ ¢
and
_Tta
Y = 4 ]
then
, A 1—2)
F'(z) = 1 — 2¢")° + (1(_ 26 )’
Now since
N Lfdtane/2 o

2 ’
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we find that F’(z,) = 0 when

(1 — sin a/2>1/2
zo=\"">%

__cosa/4 —sina/4
/2
Thus, F as represented as a linear combination of normalized convex functions

with the given restriction on the coefficients is not univalent for |z| < 7 if
r > ]Zol.

Proof of Theorem 2. By direct calculation,
" " ’ —-1]-1
| 42 [1+sz (z)] [1<+ A .fll(z)> ]

Fl(z) G 1—X"f2(2)
2fs"’ (2) O
+[1+f (z)] [1"'1—)\'?{’?{)]

Since f1 and f, € K, Re(1 + 2f/" (2)/f/(2)) > 0, ¢ = 1,2, and
larg £/ (2)| < 2 sin~!|g]
[3; 4], then from Lemma 2

zF"(z)] S 1+ r 2
Fils1-7 1-

Re[l—l—

3 sec /2,

where
_ (z)]
7= arg[1 - ]%(z)
Then |o] < a + 4sin~lr, or ¢ € [0, 7) if r < sin(r — a)/4. Thus, for the
values of 7, seco/2 = sec(e/2 + 2sin~Y), and Re(l + zF"(2)/F'(2)) > 0
if r < miny[sin(r — a)/4, R.], where R, is the least possible value of 7 satisfy-
ing the equation:

2
}i:g — 1—_2—%sec (/2 + 2sin'r) = 0,

or 1 — 27 sec(a/2 + 2sin~'7) 4+ 72 = 0, which was to be shown.

We observe that if N = 1/2(a = 0), the bound (not best possible) is that
found by Labelle and Rahman.

Using Lemma 3, we have finally

THEOREM 3. If F(3) = NMi1(2) + (1 — N)f2(z), where f1 and fy are normalized
(fi00) =0; f/(0) =1, ¢ = 1,2) analytic univalent functions and 0 < a =
arg(\/ (1 — N)) < w, then Re F'(z) > 0 when

|z2] < (sec @/2 — tan a/2) sin /8.
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This result agrees with the result in [2] when o = 0.

Proof of Theorem 3. It is well-known that |arg fi/ (z)[éf_l sin~1z| for
|z2| < 1/4/2. Thus, Ref/(z) > 0 for |z| < min(sin /8, 1/4/2) = sin =/8.
Consequently, by Lemma 3,

14 7%/4

lfil(z) . T r2/0,2 21’/0’

=1—'T2/0'2’

where ¢ = sin /8. Then

) = [1 + (1—1—0_1]—1 @) + [1 +1—i—)\]_1 @),

and

1+ 7%/6° _ 2r/a
1—7"/c" 1—1%
by Lemma 2, or Re F'(z) > 0 if |2| < sin 7/8(sec ¢/2 — tan a/2), or F is
univalent for |z| < sin 7/8(sec /2 — tan a/2).

Re F'(z) = ~3sec a/2
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