
Instability, Chaos and Predictability 
in Celestial Mechanics and 
Stellar Dynamics 

Copyright © 1992 by Nova Science Publishers, Inc. 
All rights of reproduction in any form reserved. 

ISBN 1-56072-054-9 

ON GRAVOTHERMAL INSTABILITY OF ANISOTROPIC 
SELF-GRAVITATING GAS SPHERES: 

SINGULAR EQUILIBRIUM SOLUTION 

R. Spurzem 
Institut fur Theoretische Astrophysik, Olshausenstr 40, D-2300 Kiel, Germany 

ABSTRACT 

A r e i n v e s t i g a t i o n of t h e l i n e a r p e r t u r b a t i o n t h e o r y i s 
p r e s e n t e d , which examines t h e h y d r o s t a t i c r e a d j u s t m e n t of an 
i s o l a t e d s e l f - g r a v i t a t i n g g a s sphere t o a r e d i s t r i b u t i o n of 
ene rgy . The he re p r e s e n t e d model d e s c r i b e s a s t e l l a r system 
by t h e common e q u a t i o n s of g a s in h y d r o s t a t i c e q u i l i b r i u m but 
wi th t h e e f f e c t of t h e a n i s o t r o p i c v e l o c i t y d i s t r i b u t i o n on 
t h e p r e s s u r e g r a d i e n t . We t a k e a s e q u i l i b r i u m mode l s t h e 
s i n g u l a r i s o t h e r m a l s o l u t i o n wi th and wi thout a n i s o t r o p y . The 
t o t a l v a r i a t i o n of t h e Ebltzmann e n t r o p y r e s u l t i n g from a 
p e r t u r b a t i o n of t h e system caused by a r e d i s t r i b u t i o n of heat 
( i . e . r . m . s . k i n e t i c energy of t h e s t a r s ) i s c a l c u l a t e d fo r 
a n i s o t r o p i c s o l u t i o n s t o f i r s t o r d e r a s well a s t o second o r 
der fo r t h e i s o t r o p i c e q u i l i b r i u m . The ex t r emized e i g e n f u n c -
t i o n s v/hich r e p r e s e n t t h e e n t r o p y and a n i s o t r o p y p e r t u r b a t i o n 
f u n c t i o n s , a r e de t e rmined a n a l y t i c a l l y . They e x h i b i t g r a v o t h e 
rmal behav iour in t h e c e n t r a l r e g i o n where hea t i s removed. 
It i s a l s o found t h a t t h e a n i s o t r o p y r e a d j u s t s n o n - t h e r m a l l y 
in t h e s e n s e t h a t t h e system d e p a r t s from i s o t r o p y a l t h o u g h 
t h e t o t a l e n t r o p y i n c r e a s e s . 

1 . INTRODUCTION 

Momentum mode l s f o r t h e e v o l u t i o n of s t e l l a r sys tems 
(of ten c a l l e d "gaseous m o d e l s " ) have been used f r e q u e n t l y a s 
a c o n v e n i e n t r e p r e s e n t a t i o n of t h e s t e l l a r component in nume
r i c a l a s t r o p h y s i c a l s i m u l a t i o n s a s e . g . ga l axy fo rmat ion and 
e v o l u t i o n (Larson 1969 ,1970 ,1974 ,1975 ,1976 ; Burkert and Hens-
l e r 1987, 1988; Dunhuber e t a l . 1989) o r t h e e v o l u t i o n of 
g a l a c t i c n u c l e i (Langbein e t a l . 1990) a s well a s fo r i s o l a t e d 
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s e l f - g r a v i t a t i n g s t a r c l u s t e r s (see below). Hydrodynamic 
"gaseous" models with momentum equat ions up to second order 
and a zero heat flux c losure (cf. e .g . Marochnik 1964) were 
also used to examine e q u i l i b r i a and s t a b i l i t y of s e l f - g r a v i 
t a t i n g c o l l i s i o n l e s s s t e l l a r systems (e .g . Kbndrat'ev and 
Malkov 1986, 1987). Evans and Lynden-Bell (1989) showed tha t 
such " s t e l l a r hydrodynaraic" equations can be solved by Green's 
function methods for Eddington's s t e l l a r systems with separ 
able p o t e n t i a l s in special coord ina tes based on p r inc ipa l 
ve loc i ty sur faces . These examples should i l l u s t r a t e t ha t 
even for c o l l i s i o n l e s s s t e l l a r systems i t i s r a the r common 
and convenient to use hydrodynamic models. However, i t i s not 
f i n a l l y c l e a r , to what extent or under which condi t ions such 
a hydrodynamic model holds a s a desc r ip t ion of r ea l s t e l l a r 
systems. 

The s i t u a t i o n i s d i f f e ren t in t h e case of c o l l i s i o n a l 
s t e l l a r systems, which a re the subject of the remainder of 
t h i s paper. C o l l i s i o n s here denote the d i s t a n t g r a v i t a t i v e 
two-body encounters, which act on a s te l lardynamical r e l a x a 
t i on t imescale (see e .g . Chandrasekhar 1942), which i s l a rge 
compared to t h e dynamical t imescale for most as t rophys ica l 
s ta r c l u s t e r s . There i s a f a i r amount of q u a l i t a t i v e and qua
n t i t a t i v e comparisons between momentum and other models l i k e 
the d i r ec t so lu t ion of the Fokker-Planck equation and d i r ec t 
N-body c a l c u l a t i o n s . In p a r t i c u l a r i so t rop i c one-mass (no 
s t e l l a r mass spectrum) momentum models have been adapted so 
as to yield s u f f i c i e n t l y congruent r e s u l t s with Fokker-Planck 
models (compare r e s u l t s of Cohn 1980, Bettwieser and Sugimoto 
1984, Heggie 1984, Heggie and Stephenson 1988, Cohn et a l . 
1989, Heggie and Ramamani 1989). There i s also a q u a n t i t a t i v e 
comparison between an N-body ca l cu l a t ion and a momentum model 
with heat flux c losure (Bettwieser and Sugimoto 1985) which 
suffers from s t a t i s t i c a l noise due to a r a the r small N-body 
p a r t i c l e number (N = 1000), but i t s r e s u l t s give some ev ide 
nce in favor of the gaseous models. 

In general the s t e l l a r ve loc i t y d i s t r i b u t i o n , however i s 
not i so t rop ic (d i f fe rent second order moments for d i f fe ren t 
space coordinate d i r e c t i o n s ) and depends a lso on the ind iv id 
ual s t e l l a r mass as an addi t iona l independent v a r i a b l e . Ani
sotropic momentum models (cal led an i so t rop ic "gaseous" models, 
because t h e i r equat ions at l e a s t up to second order s t i l l r e 
semble very much normal hydrodynamical equat ions) for the s e 
cular evolut ion of s t a r c l u s t e r s were presented by e .g .Sa i to 
and Yoshizawa (1976) and Angele t t i and Giannone (1977) (both 
based on Larson ' s (1970) hydrodynamical approach) and by 
Bettwieser and Spurzem (1986) with a general ized heat flux 
c losure analogous to the i so t rop i c case . Although the models 
of Larson and t h e i r decessors according to the ana lys i s in 
Louis (1990) do not appropr ia te ly c lose the moment equat ions, 
there s t i l l remain d i f fe ren t types of heat flux c losures and 
one d i f fe ren t c losure in 5th order (Louis 1990). In the p r e -
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co l l apse models t h e i r r e s u l t s a re in very good agreement;but 
t h i s needs not to be t h e case in other s i t u a t i o n s (e .g . p o s t -
co l l apse , mult i-mass models); i t i s not yet c l e a r l y e s t a b l i s 
hed (e .g . by comparison with other methods) how an appropr i 
a te an i so t rop ic momentum model looks l i k e . 

A d r a s t i c change of the evolut ion of s t a r c l u s t e r s o c 
curs with a s t e l l a r mass spectrum compared to t h e s ing le mass 
case . The evolut ion i s acce le ra ted by the competing e f f ec t s 
of mass segregat ion and the tendency towards equ i pa r t i t i on ; 
r ecen t ly t he re have been published a l ready r a the r s o p h i s t i 
cated Fokker-Planck models including a mass spectrum as well 
as d i s s i p a t i v e e f f e c t s and binary formation and evolut ion 
(Murphy et a l . 1990, Quinlan and Shapiro 1990). Since the de 
t e c t i o n of se r ious d i sc repanc ies between Fokker-Planck and 
gaseous mult i-mass models (Bettwieser and Inagaki 1985) there 
has not been reported another attempt to improve t h e hydrody-
namical models. 

The general advantage of hydordynamical models i s tha t 
any add i t iona l physical processes l i k e e .g . binary formation 
and evolut ion or i n t e r a c t i o n with i n t e r s t e l l a r matter can be 
implemented in a s t ra ightforward way. Experiences with the 
numerical solut ion of the equat ions for hydrodynamical flows 
can be appl ied to the s t e l l a r dynamical problem. Therefore 
i t i s s t ressed tha t i t i s worth while to develop also the 
hydrodynamical models fur ther and to study t h e i r consequences 
Two basic approaches are poss ib l e : f i r s t to improve the quan
t i t a t i v e comparisons between the numerical time-dependent 
so lu t ions of the var ious methods, e .g . for an i so t rop ic and 
multi-mass p r e - and pos t - co l l apse evolut ion of s t a r c l u s t e r s . 
Another way would be to study the consequences of general ized 
thermodynamic concepts for s e l f - g r a v i t a t i n g gaseous spheres 
including the e f f ec t s of anisot ropy (anisotropy here and in 
the following always means a d i f ference between the second-
order moments, centered to t h e bulk mass motion, in d i f fe ren t 
s p a t i a l d i r e c t i o n s ; in other words, the re i s a d i r ec t ion d e 
pendent tempera ture) . The r e s u l t s could be r e l a t e d to what 
one would expect in r ea l s t e l l a r systems. 

The l a t t e r approach led to the gravothermal i n s t a b i l i t y 
p i c tu re (Antonov 1962, Lynden-Bell and Vbod 1968, Hachisu and 
Sugimoto 1978 (henceforth HS), Nakada 1978, Hachisu et a l . 
1978) and was a l so applied for the examination of s ta r c l u s 
t e r s with r o t a t i o n (Hachisu 1979) or with d i f fe ren t mass 
groups (Yoshizawa et a l . 1978, Inagaki and Wiyanto 1984, 
Wiyanto 1989). The concept i s to study the consequence of the 
assumption tha t t he re i s an H-functional which increases du r 
ing t h e system's evolut ion . According to Yoshizawa et a l . 
(1978) and re fe rences t he r e in the usual Ebltzmann entropy 

S = - k 1 / f j l n f . d 3 vd3r (1) 
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(where k denotes Ebltzmann's constant , i d i f fe ren t mass groups, 
and f̂  the s ingle p a r t i c l e d i s t r i b u t i o n funct ion) i s such a 
H-funct iona l , provided t h e system's evolution i s described by 
a Fokker-Planck equation of the type of Rosenbluth et a l . 
(1957). A l i n e a r pe r tu rba t ion a n a l y s i s i s performed and those 
per tu rba t ion funct ions are searched by a v a r i a t i o n a l proced
ure which extremize the entropy v a r i a t i o n ; if t he re are such 
functions for p o s i t i v e entropy v a r i a t i o n the system i s c o n s i 
dered to be uns t ab l e . Such method i s general ized here for the 
case of an i so t rop ic hydros ta t ic e q u i l i b r i a as well a s a n i s o -
t ropy pe r tu rba t ions even in the case of i n i t i a l l y i so t rop ic 

equil ibrium s o l u t i o n s . 

HS introduced the concept of inverse speci f ic heat t e n 
sors; the core region of a s e l f - g r a v i t a t i n g system has a ne
ga t ive speci f ic heat , s ince a f t e r t h e removal of heat ( i . e . 
r . m . s . k i n e t i c energy of the s t a r s ) the readjustment of hyd
r o s t a t i c equil ibrium y i e ld s an increase of the cen t ra l v e l o 
c i t y d i spers ion ( i . e . t empera tu re ) . The halo, however.always 
has a p o s i t i v e spec i f i c heat . The t o t a l heat capaci ty of the 
core compared to the one of the halo decreases with i n c r e a s 
ing dens i ty cont ras t D. The uns tab le systems with D > 709 
have the proper ty , tha t the increase of temperature due to 
removal of heat in the cen t re i s l a rge r than the temperature 
increase due to the input of t ha t same amount of heat in to 
the halo. Thus an i n i t i a l l y small temperature gradient wi l l 
be enhanced by t h i s readjustment and the gravothermal r u n 
away s t a r t s . Such simple q u a l i t a t i v e d iscuss ion demonstrates 
how the concepts of thermodynamics and spec i f ic heat t en so r s 
give physical ins ight into how t h e mechanism of gravothermal 
cont rac t ion and ca tas t rophe works (for a review compare 
Sugimoto 1985). 

Bettwieser and Sugimoto (1984, henceforth BS) presented 
such per tu rba t ion ana lys i s for a s ingular i so t rop ic and i s o 
thermal equil ibrium solu t ion (SIS). They found SIS to be 
gravothermally uns tab le , a s i s expected for the l imi t ing case 
of a s e r i e s of regular models with increasing dens i ty con t 
r a s t . The advantage of taking SIS as equil ibrium solut ion was 
the complete ana ly t i c t r a c t a b i l i t y of the problem. In t h i s 
paper the quest ion how the l i n e a r pe r tu rba t ion a n a l y s i s of 
gravothermal i n s t a b i l i t y i s changed by the poss ib le a n i s o t -
ropy generat ion in comparison to the work of HS and BS i s 
addressed. The method i s analogous to HS and BS, i . e . to 
per turb hydros ta t ic equil ibrium so lu t ions to f i r s t order and 
to extremize t he r ea f t e r the t o t a l v a r i a t i o n of the Ebltzmann 
entropy. Method and r e s u l t s are discussed in more d e t a i l in 
Spurzem (1991). 

Within the next sec t ion the an i so t rop ic hydros ta t ic 
equilibrium so lu t ions a re discussed and t h e i r f i r s t order 
pe r tu rba t ion . Section 3 o u t l i n e s the extremization of the en
tropy funct ional and some r e s u l t s ; t he l a s t sect ion conta ins 
concluding remarks. 
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2. LINEAR PERTURBATION OF ANISOTROPIC HYDROSTATIC EQUILI
BRIUM 

Let M and R d e n o t e t h e t o t a l mass and r a d i u s of an i s o 
l a t e d s e l f - g r a v i t a t i n g g a s s p h e r e . Then one d e f i n e s a p p r o p 
r i a t e normal ized q u a n t i t i e s 

M r P P t P t 
<t> = r r - r ; x = ~ ; p , p = — K - « j ~ ; A = 2 ; 

M R t (^2/(4^4) P 
a2a2 

* = — £ — o - ; e 9. = — ' - ± , (2) 
M/(4TTR ) ' GM/R. 

2 2 
where M , r , p , P ,P , o and a. d e n o t e t h e mass c o n t a i n e d 
w i t h i n a s p h e r e of r a d i u s r , t h e mean mass d e n s i t y , t h e r a d 
i a l and t a n g e n t i a l component of p r e s s u r e and of t h e v e l o c i t y 
d i s p e r s i o n , r e s p e c t i v e l y , and A m e a s u r e s t h e d e g r e e of a n i s o -
t r o p y of t h e v e l o c i t y d i s t r i b u t i o n of t h e p a r t i c l e s of t h e 
g a s . The e q u a t i o n s of s t a t e a r e a n a l o g o u s t o an i d e a l g a s 
P = *©, P t = * 6 t . The q u a n t i t y 0 : = (© + 6 ) /3 i s i n t r o 
duced a s thermodynamical t e m p e r a t u r e such t h a t a c a l o r i c 
e q u a t i o n of s t a t e e = 3 0 . . / 2 r e s u l t s fo r t h e energy d e n s i t y , 

where a l l q u a n t i t i e s a r e normal i zed a c c o r d i n g t o E q . ( 2 ) . 

The Boltzmann e n t r o p y i s ( i g n o r i n g a "ze ro s h i f t " due 
to c o n s t a n t summands): 

S - 1 , ( 0 3 / V - A / 2 ) ., ( 3 ) 

We consider the equations of anisotropic hydrostatic equili
brium 

(4) 31n p 
3<J> 4 px 

A 
i|ix 

3 1 n x 
3 (J) 

1 

\\)X 

A solution of these equations is 

x = <t>; \\i = -g ; 9 = 2^K ' A ^ ^ = const.; (5) 

which is referred to as the anisotropic singular isothermal 
solution (ASIS, Bettwieser and Spurzem 1986). BS discussed 
the gravothermal stability of the isotropic singular isothe
rmal solution (SIS); such a solution occurs for example in 
the post-collapse evolution of globular clusters (Inagaki 
and Lynden-Bell 1983); it may be regarded as a model of a 
regular solution with an infinitely small homogeneous core; 
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log D 

Figure 1: Ser ies of i so t rop ic hydros ta t ic equil ibrium so lu
t i o n s from Hachisu and Sugimoto (1978);plot ted are 
the dimensionless values of i n t e r n a l , g r a v i t a t i o 
nal and t o t a l energy v e r s u s the dens i ty cont ras t D 
between cen t re and outer boundary. The rightmost 
value of D belongs to so lu t ions almost equivalent 
to a s ingular equil ibrium solut ion (SIS) with i n 
f i n i t e dens i ty c o n t r a s t . Crosses mark the c o r r e s 
ponding va lues for the an iso t ropic SIS (A -»-- °°) 
and c i r c l e s for A = 1. 

s imi la r ly ASIS could be regarded as such a solut ion with an 
an i so t rop ic halo . Fig . 1 dep i c t s how the ASIS so lu t ions are 
r e l a t ed to t h e family of isothermal gas spheres; the va lues 
of the thermal ( E t h ) , g r a v i t a t i o n a l (e„) , and t o t a l energy 

(e t t ) per un i t mass a re in our normalization 

' t h 
X- ( 1 + -L-2 <• 2-A ); - i ; " to t 

i- (1- - i -2 *• 2-A ( 6 ) 
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The l i n e a r l y p e r t u r b e d Eqs. (3 ) t o (5 ) t a k e t h e form 

L g 6S = L 61n x - h&6A , w i th (7 ) 

dip 

L s = l * a V - 3 - ( 2 - A > ' <8> 
T = 2 d_ i_ 
LA 3 ( 2 - A ) ,p d<P 3 

By m u l t i p l i c a t i o n wi th an i n t e g r a t i n g f u n c t i o n x = 4> t h e 
o p e r a t o r L becomes of S t u r m - L i o u v i l l e t y p e and can be' i n v e r 

t ed a n a l y t i c a l l y by computing a G r e e n ' s f u n c t i o n G (<p,<p') fo r 
t h e boundary c o n d i t i o n s <p6 I n x = 0 a t ip = 1 and <p = 0; i t 
f o l l o w s 

61 n x = f1 G (<p,<p ')x(<p')(Lo(<P ' )6S(<p') + L. (<p ' )5A(<p ' ) )d<p ' 
0 X & A ( 9 ) 

3 . HYDROSTATIC READJUSTMENT 

The e n t r o p y p e r t u r b a t i o n r e s u l t s from E q . ( 3 ) a s : 

6S = I filn 9 t h - 61n^ - 2 ( 2 _ A ^ ( 3 _ A ) 6A (10) 

The f i r s t o r d e r p e r t u r b a t i o n i n t o t a l energy 6E i n c l u d i n g 
thermal and p o t e n t i a l energy i s expressed a s 6E =/6q dip wi th 

6 q " 9 t h fiS + 2 ( 2 - A ) ( 3 - A ) ° t h 6 A + 6 1 n x < 3 T - A 6 t h 

.3 
- « 3 - dT>- <»> 

The q u a n t i t y 6q(ip ) may be i n t e r p r e t e d a s t h e net amount of 
" h e a t " s h i f t e d t o o r from t h e zone between <p and <p+ dip. In 
c a s e of i s o t r o p y t h e well known e q u a t i o n 6q = 8th<$S i s r e cove 
r e d . The second term in Eq. (11) i s due t o t h e a n i s o t r o p y depe
ndent e n t r o p y and t h e 61n x t e r m s a r e p a r t s of t e r m s r e l a t e d 
to pdV work and p o t e n t i a l energy v a r i a t i o n , which do c a n c e l 
each o t h e r o n l y in i s o t r o p i c g a s e o u s s p h e r e s . 

With t h e c o n d i t i o n t h a t t h e system i s enc losed in an a d i -
a b a t i c wall (6E = 0) and u s i n g t h e i s o t r o p i c SIS s o l u t i o n t h e 
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t o t a l v a r i a t i o n of entropy 6 1 i s cor rec t to second order 

62I = / d * { - \ ( « S t h ) 2
 + \ 6Sth6A + ( 6 S t h - \ 6A). 

<1+T*ar )61nx - \ m dV61nxK (12) 

Here t h e convenient quant i ty <5Sth = 6S+ A/(2-A) was in t rodu
ced; t h e index " th" (= "thermal*'; i s chosen in order to r e 
mind t h a t 5S . h con ta ins what would be the entropy pe r tu rba 
t i o n s in absence of anisotropy pe r tu rba t ions . Let for brevi ty 
be f = 6S. . and g = 6A; as subs id iary condi t ions are imposed 
<5E = 0 (Lagrangian parameter y) and the square i n t e g r a b i l i t y 
of f and g (Lagrangian parameters X^.Xg). Thus a funct ional 
J ( f , g ) tu rns ou t : 

J ( f , g ) = 62I(f ,g)-X1{ / f2d<fr-f2} - X2{ /g2d<t>-g2 } 
o 

I 

o 
+ 2u/ (f- % g)d<(>. (13) 

In order to compute those per tu rba t ion funct ions belonging 
to maximum entropy v a r i a t i o n t h e v a r i a t i o n a l problen AJ(f,g)= 0 
can be solved a n a l y t i c a l l y . For the extremizing funct ions the 
t o t a l entropy v a r i a t i o n t akes a very simple form: 

^ - f o X l + * o * 2
 ( 1 4 ) 

Note the analogy of t h i s formula to the corresponding r e s u l t 
of HS and BS for A = 0, 6A = 0. 

There are only c e r t a i n combinations of the Lagrangian 
parameters which lead to physical ( i . e . r e a l ) p a r t i c u l a r so lu 
t i o n s , which f u l f i l t h e subsidiary cond i t ions . Whereas u can 
be chosen f ree ly , t h e r e are only c e r t a i n couples of Xj,X_ 
allowed. The a reas covered by such "good" X-.,A2 values are 
depicted in a X^-X.-plane in Fig. 2 and l abe l l ed with " 1 " and 
"2" . Area " 1 " con ta ins the region with e n t i r e l y r ea l solut ions, 
whereas in area "2" a solut ion containing two complex conju
gate summands occurs . Area " 1 " corresponds in the i so t rop ic 
ca l cu la t ion of BS to the range 1/3 > X1 > 7/29, and area "2" 
to the range 7/29 > X1 > - 1 / 5 . The s i n g u l a r i t i e s of our c r i 
t i c a l l i n e s occur j u s t at the c r i t i c a l values X1 = -1 /5 ,7 /29 , 
1/3 of the i so t rop ic BS problem. Note tha t due to the presence 
of anisotropy pe r tu rba t ions as an addi t iona l degree of f r e e 
dom we have now a two-parameter family of so lu t ions . Since 
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Figure 2: A = 0: C r i t i c a l l i n e s in t h e ^i-Xg plane for the 
exis tence of p a r t i c u l a r so lu t ions of the v a r i a t i o 
nal problem. The a reas denoted by " 1 " and "2" with
in the c r i t i c a l l i n e s allow for r ea l ("1") and com
plex conjugate ("2") so lu t ions of the v a r i a t i o n a l 
problem; those p a r t s ly ing in t h e f i r s t quadrant 
(X-,X2 > 0) belong to p o s i t i v e t o t a l entropy va r i a 
t i o n . Outside of those two regions no so lu t ion of 
t h e v a r i a t i o n a l problem can be found. 

both a reas cover p a r t l y the f i r s t quadrant (X..,X,, > 0) one 
concludes from Eq.(14) tha t 6 I > 0 and thus SIS i s gravo-
thermally uns t ab l e . 

As an example t h e p a r t i c u l a r solut ion for Xl X2 " 0.4 

i s p lo t t ed in F igs . 3ab. In cont ras t to the i so t rop ic ana lys i s 
of BS, where they found an upper l im i t for the admitted X-
values , we have here an unbound spectrum of modes for X1 , 
x2 - -

C h a r a c t e r i s t i c r e s u l t s v i s i b l e in the F igs . 3ab a re sum
marized as fol lows: 

i ) the pe r tu rba t i ons belonging to maximal entropy production 
have a con t rac t ing and an expanding region (61nx < 0 and v . v ) ; 
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o S 

-1.8 -1.6 -1.4 

Figure 3ab: Second order perturbation analysis; p lo t s of the perturba
t ion functions belonging to maximum to ta l entropy variat ion; 
isotropic equilibrium model; X-̂  = X2 = 0.4. Upper figure 3a: 
entropy 6S(sol id l i ne ) , anisotropy §A (short dashes), heat 
exchange 6q (dash-dotted l i n e ) . Lower figure (lb): density 

61ntJ>(solid l i ne ) , radial pressure 61n p (short dashes), 
thermodynamic tanperature 61n 0 . h (dashed-dotted l i ne ) , and 
radius 61n x (dotted l i n e ) . 
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no te t h a t by t a k i n g a n o t h e r s ign of u t h i s behaviour can be 
exchanged; i t d o e s not a l t e r , however t h e g e n e r a l f e a t u r e 
t h a t 61nx has a n o n - t r i v i a l z e r o p o i n t (compare F i g u r e 3 b ) ; 

i i ) t h e r e i s n e g a t i v e s p e c i f i c heat obse rved i n t h e c e n t r e ; 
heat and e n t r o p y a r e removed from t h e c e n t r a l p a r t 6q < 0 ,but 
t h e t e m p e r a t u r e i n c r e a s e s t h e r e o f 61n 9 . . > 0; a g a i n t h e o p p 
o s i t e , but a l s o g r a v o t h e r m a l r e s u l t cou ld be found by c h a n g 
ing t h e s ign of u ( w i t h 6q > 0, but 61n 0 . h < 0 in t h e 
c e n t r e ) . 

i i i ) t h e r e i s a n i s o t r o p y g e n e r a t i o n w i t h p o s i t i v e s i gn ( i . e . 
2 2 o > o / 2 ) in t h e c e n t r a l r e g i o n s and of n e g a t i v e s ign outwards 

Th i s i l l u s t r a t e s t h a t an i n i t i a l l y i s o t r o p i c s e l f - g r a v i t a t i n g 
" g a s " sphe re can i n c r e a s e i t s t o t a l e n t r o p y in c o n n e c t i o n 
with a n i s o t r o p y g e n e r a t i o n . T h i s i s a d i f f e r e n c e t o t h e f i n d 
ings in t h e f i r s t o r d e r t h e o r y , where t h e g l o b a l t endency of 
t h e a n i s o t r o p y p e r t u r b a t i o n behaved in accord wi th the rmody
namic e x p e c t a t i o n s . 

4 . DISCUSSION AND CONCLUSIONS 

The main r e s u l t he r e i s t h a t t h e s i n g u l a r e q u i l i b r i u m 
s o l u t i o n i s g r a v o t h e r m a l l y u n s t a b l e under i n c l u s i o n of t h e 
e f f e c t of a n i s o t r o p y p e r t u r b a t i o n s . There can be found p e r t u 
r b a t i o n f u n c t i o n s be long ing t o a r b i t r a r i l y l a r g e e n t r o p y p r o 
d u c t i o n . T h i s i s due t o t h e l a c k of an e q u a t i o n r e s t r i c t i n g 
t h e a n i s o t r o p y in h y d r o s t a t i c e q u i l i b r i u m . However, in r e a l i t y 
or i n t ime-dependen t numer ica l e v o l u t i o n c a l c u l a t i o n s t h e 
a n i s o t r o p y i s de t e rmined by a s e p a r a t e second o r d e r moment 
e q u a t i o n . 

I n c l u d i n g a n i s o t r o p y p e r t u r b a t i o n s and a n i s o t r o p i c e q u i 
l i b r i u m mode l s d o e s not a l t e r t h e g e n e r a l p i c t u r e of g r a v o 
thermal i n s t a b i l i t y : i f heat i s t r a n s f e r r e d o u t w a r d s , t h e n e 
g a t i v e s p e c i f i c hea t in t h e c e n t r e of a s e l f - g r a v i t a t i n g s y s 
tem y i e l d s a t e m p e r a t u r e i n c r e a s e t h e r e (g ravo thermal c o n t r a 
c t i o n ) , o r v . v . (g ravo the rmal e x p a n s i o n ) . I n i t i a l l y i s o t r o p i c 
models can i n c r e a s e t h e i r e n t r o p y f u r t h e r by g e n e r a t i o n of 
a n i s o t r o p y . As t h e phenomenon of n e g a t i v e s p e c i f i c heat t h i s 
r e s u l t i s from a thermodynamic v i ewpo in t c o u n t e r i n t u i t i v e and 
can be e x p l a i n e d by t h e p r e s e n c e of s e l f - g r a v i t y . 

At t h e p r e s e n t s t a g e of t h e a n i s o t r o p i c p e r t u r b a t i o n 
a n a l y s i s one should be v e r y c a r e f u l in c o n c l u s i o n about t h e 
behaviour of r e a l s t e l l a r sys t ems , because t h e s i n g u l a r e q u i 
l i b r i u m s o l u t i o n , which was t a k e n he re t o keep t h e problem 
a n a l y t i c a l l y t r a c t a b l e , i s r a t h e r a r t i f i c i a l , and a l s o b e c a 
u s e t h i s l i n e a r p e r t u r b a t i o n t h e o r y c e r t a i n l y w i l l not d e s 
c r i b e e v o l u t i o n a r y e f f e c t s due t o t h e f u l l n o n - l i n e a r s t e l l a r 
dynamical e v o l u t i o n e q u a t i o n s . What he re i s i n t e r e s t i n g t o 
conc lude i s t h a t t h e g e n e r a t i o n of a n i s o t r o p y in s t e l l a r 
sys tems can be u n d e r s t o o d from thermodynamic p r i n c i p l e s ; t h i s 
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g i v e s some ev idence i n favour of a hydrodynamical (moment) 
d e s c r i p t i o n even of a n i s o t r o p i c s t e l l a r s y s t e m s . 

More r e a l i s t i c r e g u l a r , but i s o t r o p i c e q u i l i b r i u m s o l u 
t i o n s were ana lyzed i n t h e i s o t r o p i c c a s e by HS. They had a 
d i s c r e t e spectrum of modes, i . e . t h e r e e x i s t o n l y d i s c r e t e 
v a l u e s of Xi , which l e a d t o p h y s i c a l s o l u t i o n s of t h e v a r i a 
t i o n a l problem, i n c o n t r a s t t o t h e s i n g u l a r s o l u t i o n , which 
has a c o n t i n u o u s spectrum (BS). Below t h e c r i t i c a l d e n s i t y 
c o n s t r a t of D . . = 709 t h e r e i s no h y d r o s t a t i c r e a d j u s t m e n t c r i t 
wi th p o s i t i v e t o t a l e n t r o p y v a r i a t i o n a t a l l . I t would be 
i n t e r e s t i n g t o c a l c u l a t e t h e h y d r o s t a t i c r e a d j u s t m e n t of r e 
g u l a r a n i s o t r o p i c e q u i l i b r i u m s o l u t i o n s . The g e n e r a l p r o c e 
d u r e should be a l o n g t h e way o u t l i n e d in t h i s p a p e r , and t h e 
r e s u l t cou ld r e v e a l whether t h e c r i t i c a l d e n s i t y c o n t r a s t i t 
s e l f i s a f u n c t i o n of t h e e q u i l i b r i u m a n i s o t r o p y p r o f i l e . P o s 
s i b l y by t h i s way t h e p e c u l i a r i t y of t h e number 709 can be 
removed; t o ge t t h e c o r r e c t l i m i t of 7 09 fo r A •* 0, however, 
t h e second o r d e r p e r t u r b a t i o n t h e o r y should be a p p l i e d a l s o 
for t h e a n i s o t r o p i c e q u i l i b r i u m s o l u t i o n s , i n o r d e r t o g e t 
t h e c o r r e c t l i m i t fo r A •*• 0 . 

I thank Dr . D.C.Heggie fo r e n l i g h t e n i n g and v e r y h e l p f u l 
d i s c u s s i o n . T h i s work has been p a r t l y suppor t ed by t h e "Deut
sche F o r s c h u n g s g e m e i n s c h a f t " . 
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