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Abstract

This paper is devoted to the study of two-person zero-sum games for continuous-time
jump Markov processes with a discounted payoff criterion. The state and action spaces
are all Polish spaces, the transition rates are allowed to be unbounded, and the payoff rates
may have neither upper nor lower bounds. We give conditions on the game’s primitive
data under which the existence of a solution to the Shapley equation is ensured. Then,
from the Shapley equation, we obtain the existence of the value of the game and of a pair
of optimal stationary strategies using the extended infinitesimal operator associated with
the transition function of a possibly nonhomogeneous continuous-time jump Markov
process. We also provide a recursive way of computing (or at least approximating) the
value of the game. Moreover, we present a ‘martingale characterization’ of a pair of
optimal stationary strategies. Finally, we apply our results to a controlled birth and death
system and a Schlogl first model, and then we use controlled Potlach processes to illustrate
our conditions.
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1. Introduction

In this paper we are concerned with a class of zero-sum stochastic dynamic games. These
games have been widely studied in the literature. The existing works can be roughly classified
into three main groups. The first group deals with discrete-time games (see, for instance, [6],
[15], [23], [26], [28], and the references therein), in which the evolution of the states of the
game is described by a discrete-time Markov chain. The second group deals with stochastic
differential games (see, for instance, [2], [7], [17], and the references therein), in which the states
evolve according to a stochastic differential equation. The third group deals with semi-Markov
games in which the state of the game is described by a semi-Markov process and the players can
choose their actions only at certain (random) epochs; see, for instance, [16], [19], [22], [29], and
the references therein. Here we study a fourth class of stochastic games, namely, continuous-
time Markov games in which the state process evolves according to a continuous-time jump
Markov process. The latter class has been considered in [12], [13], and [18]. However, the
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treatments in [12] and [13] are restricted to the case of a denumerable state space; and although
the state space in [18] is general, the concluding remarks in [22] raise questions as to whether
the main results are correct.

In this paper we study the more general case in which the state and action spaces are all Polish
spaces, the transition rates are allowed to be unbounded, the payoff rates may have neither upper
nor lower bounds, and, moreover, the players can select their actions continuously in time. The
main motivation for studing this general case stems from the zero-sum nature of many real-
world situations, such as inventory/production processes, telecommunication systems, water
reservoir systems, controlled queueing networks, and some models of chemical reactions. In
such systems the payoff rates may be unbounded, and the state or the action space may be
nondenumerable.

More precisely, we deal with stochastic games specified by four primitive data: a state
space S; control constraint sets A(x) for player 1 and B(x) for player 2, which may depend
on the current state x € S; transition rates ¢ (- | x, a, b); and payoff rates r(x, a, b). The state
space S is a Polish space, the transition rates ¢ (- | x, a, b) may be unbounded, and the payoff
rates r(x, a, b) may have neither upper nor lower bounds. We impose suitable conditions
on these primitive data. Under these conditions, we first construct a probability space on
which we introduce the game’s state and action processes as well as some of their fundamental
properties. We then prove that the Shapley (or dynamic programming or Hamilton—Jacobi—
Bellman) equation has a solution. This solution is used to show that the game has a value,
and that a pair of optimal stationary strategies exists. In addition, we provide a recursive
way of computing (or at least approximating) the value of the game, and also present a
‘martingale characterization’ of pairs of optimal stationary strategies. Moreover, our conditions
are illustrated by generalized Potlach processes with controlled parameters [3], and our results
are applied to controlled birth and death systems and to a Schlogl first model. A key feature of
this paper is that our assumptions are imposed on the game’s primitive data.

The rest of the paper is organized as follows. In Section 2 we introduce the game model we
are interested in. In Section 3 we define the family of admissible strategies, and present some
properties of the state and the action processes. The optimality criterion we are concerned with
is presented in Section 4. Our main optimality results are stated in Section 5, and illustrated
with examples in Section 6; their proofs are postponed to Section 7.

2. The game model

We begin this section by introducing some notation. If X is a Polish space (that is, a complete
and separable metric space), we denote by B(X) its Borel o-algebra and by P(X) the set of
probability measures on B(X), endowed with the topology of weak convergence.

In this section we introduce the following (continuous-time, time-homogeneous) two-person
zero-sum stochastic game model:

{S,(Ax) CA,B(x) C B,xe€S),q(-| x,a,b), r(x,a,b)}, 2.1

where S is the state space, a Polish space, A(x) and B(x) are the (nonempty) Borel sets of
admissible actions for players 1 and 2 in state x, and A and B are Polish spaces representing
the action spaces for players 1 and 2, respectively. Let

K :={(x,a,b) | x € S,ae A(x),b € B(x)},

which is a Borel subset of S x A x B [21].
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The function g(- | x,a, b) in (2.1) is the function of transition rates and satisfies the
following properties.

(T1) For each fixed (x,a,b) € K, q(- | x,a, b) is a signed measure on B(S), whereas for
each fixed D € B(S), g(D | -) is a real-valued Borel-measurable function on K;

(T2) 0<q(D | x,a,b) <ooforall (x,a,b) € Kandx ¢ D € B(S); and
(T3) ¢(S | x,a,b) =0and 0 < —g({x} | x,a,b) < oo forall (x,a,b) € K.

Furthermore, the model in (2.1) is assumed to be stable, which means that

q(x) = sup (—q({x} | x,a,b)) <oo foreachx € S. 2.2)
(a,b)eA(x)x B(x)

Finally, r (x, a, b) is a real-valued function on K that stands for the reward rate function for
player 1 (or the cost rate function for player 2).

The game is played as follows. Players 1 and 2 continuously observe the current state of the
system. Whenever the system is at state x(¢) € S at time ¢ > 0, players 1 and 2 independently
choose actions a; € A(x(¢)) and b; € B(x(t)) according to some strategies, respectively. As a
consequence of this, the following happens:

1. player 1 receives an immediate reward at rate r (x(¢), ar, by) and player 2 incurs a cost at
rate r(x(t), a;, by); and

2. the system moves to a new state set governed by a possibly nonhomogeneous transition
probability function, which is determined by the transition rates g (- | x(¢), a;, b;).

Thus, the goal of player 1 is to maximize his/her rewards, whereas that of player 2 is to minimize
his/her costs with respect to some performance criterion J (-, -, -), which in our present case is
defined by (4.1), below.

To illustrate the game model, (2.1), we consider the following two examples.

Example 2.1. (A controlled birth and death system.) Consider a birth and death system in
which the state variable denotes the population size at time t > 0. There are ‘natural’ birth
and death rates A and u, respectively, which are nonnegative constants, emigration parameters
h1 controlled by a player 1, and immigration parameters /5 controlled by a player 2. When
the state of the system is x € S := {0, 1, ...}, player 1 takes an action a from a given set
A(x), which gives a reward at rate r1 (x, a) and which may increase (%1 (x, a) > 0) or decrease
(h1(x,a) < 0) the emigration parameter. Conversely, player 2 takes an action b from a set
B(x), which incurs a cost with rate c¢(x, b), and which may increase (h;(x, b) > 0) or decrease
(h2(x, b) < 0) the immigration. In addition, there is a reward rate pox for each unit of time
during which the system remains in state x, where pg > 0.

We now formulate this system as the game model (2.1) with S, A(x) and B(x) as above,
A :=,es Ax), B := [J, g B(x), and the corresponding transition rates ¢ (y | x, a, b) and
reward rates r(x, a, b) are given as follows. For x = 0 and eacha € A(0) and b € B(0),

q(110,a,b) :=—q(01]0,a,b) :=h2(0,b),

https://doi.org/10.1239/aap/1189518632 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1189518632

648 X. GUO AND O. HERNANDEZ-LERMA

and, foreachx > 1,a € A(x),and b € B(x),

ux + hi(x, a) ify=x—1,
—(u+Mx —hi(x,a) —hy(x,b) ify=nx,
a(y | x.a,b) = : L (2.3)
Ax + hy(x, b) ify=x+1,
0 otherwise,
r(x,a,b) == pox +ri(x,a) + c(x, b). 2.4)

Example 2.2. (A controlled Schlogl first model.) The Schlogl first model [27] is a model of
a chemical reaction with diffusion in a container, and it is a typical model of nonequilibrium
systems. Here we formulate it as the game problem.

Let E:={1,...,i,..., N} with N < co. We view each i € E as a small vessel in which
there is a reaction. The states of the model are vectors x = (x;, i € E), where x; > 0 is the
number of particles in vessel i. Thus, the state space is S := Zﬁ withZy ={0,1,2,...,}. In

each vessel i € E, the rate function of the reaction is of a birth—death type as

Bo + Bix; ify=x+e,
gr(y | x,a,b) = {é1xi +boxi(x; — 1) ify=x—e¢;,
0 otherwise ,

with a := (B, B1) and b := (81, §2), where ¢; is the element in S whose value corresponding
to i is 1, and all other values are 0. Here we interpret the parameters (8o, 1) and (1, §2) as
the actions controlled by players 1 and 2, which take values in compact sets A and B in RZ,
respectively, where R := (0, 00). Moreover, when using actions a and b in state x € S,
player 1 receives a reward rj(x, a) and player 2 obtains a reward r(x, b), so that the payoff
for this model turns out to be r(x, a, b) := ri(x, a) — r2(x, b).

The other part of the model consists of diffusion between any two vessels, which are described
by a transition probability matrix (p(i, j): i, j € E). This means that, if there are x; particles
in vessel i, then the rate function of the diffusion from vessel i to j is x; p(i, j). Thus, the rate
function of the diffusion becomes

( Ix) R xlp(lv_]) ifyzx_el._'_ej7
e . 0 otherwise.

Then the Schlogl first model can be expressed as the game model (2.1) with S, A(x), B(x), and
r(x,a,b)as above, A := | J g A(x), B := [,y B(x), and the transition rates ¢(y | x, a, b)
:=q,(y | x,a,b) +qa(y | x). Explicitly, for each a := (Bo, 1) € A and b := (81, 8,) € B,

Bo + Bixi ify=x+e,
S1x; +6xi(x; — 1) ify=x—e;,
g | x,a,by = {15 TG =D iy = e @5)
xip(i, j) ify=x—¢ +ej,
0 otherwise,

andq(x | X, d, b) = _Zy;ﬁx Q(y | X, da, b)

The two examples will be further studied in Section 6, below.
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3. Strategies

A randomized Markov strategy for player 1 is a family nl = (ntl) (t > 0) that satisfies the
following conditions.

(i) For each t > 0, JTtl is a stochastic kernel on A given S, that is, for each D € B(A),
ntl (D | -)is aBorel function on S, and foreach x € S, ntl (- | x) is a probability measure
on A, and, furthermore, rr,l(~ | x) is concentrated on A(x), i.e. ntl (A(x) | x) = 1; and

(ii) forevery D € B8(A)andx € S, ntl (D | x) is a Borel measurable function in ¢ > 0.

For each t > 0 and x € §, by (i), we shall regard ntl (- | x) as a probability measure on
A(x). We denote by TT7" the family of all randomized Markov strategies for player 1.

A strategy 7! = (ntl) € ITY is called stationary if it does not depend on ¢; that is, if there
is a stochastic kernel 7' on A given S such that

n,1(~ | x) Enl(- | x) forallx € Sandt > 0.

We denote this stationary strategy by 77! (- | x). The set of all stationary strategies for player 1
is denoted by ITj.

The sets of all randomized Markov strategies I17' and all stationary strategies IT; for player 2
are defined similarly, with B(x) in lieu of A(x).

For each pair of strategies (7!, 7?) = (thl, n,z) e M x I1%', we define the associated
transition rates g (- | x, ntl, 71,2) as follows. For each C € 8(S),x € S,and ¢t > 0,

q(C | x, ! 7?) :=/ / q(C | x,a, b)) (da | x)7?(db | x). (3.1
B(x) JA(x)

In particular, when both 7! and 72 are stationary, we write the left-hand side of (3.1) as
q(C | x, 7", 7?).

It follows that, for each fixed pair of strategies (711, nz) = (ntl, ntz) € 1'[’1” X l'[’z”, the
transition rates function g (- | x, n,l, ntz) is an infinitesimal generator [5]. (For a more precise
statement of this fact, see Lemma 7.2(b) with u = 1, the indicator function of a set C, and
Remark 7.1, below.) As is well known, any (possibly substochastic and nonhomogeneous)
transition (probability) function p(s, x, t, C; 7!, JT2) depending on (nl, 712) and satisfying

b, x,t+ A, Ciwl,72) —1
lim 20X ) 21e® _ i xm) n?)
At—01 At

forallx € S,C € B(S),and > 0, is called a Q-process with transition rates ¢ (C | x, 71,1 , 71,2).
To guarantee the existence of such a Q-process we restrict ourselves to admissible policies
in the classes IT; and I, defined as follows.

Definition 3.1. The classes I1; and IT, denote the subsets of randomized Markov strategies
7k = (xf) in TIY" for player k (k = 1, 2) such that 7! (D | x) and 7(D; | x) are continuous
int > 0, for each fixed x € §, D1 € 8(A), and D, € B(B).

Remark 3.1. (a) Observe that I1y x I is nonempty because it contains IT] x I15 # .
Moreover, we will provide an example to show that I1; and IT, do not contain the stationary
strategies only; see Example 6.4, below.
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(b) By (3.1), ¢(C | x, 7}, x?) is continuous in ¢ > O for each x € S, C € B(S), and
(!, 7%) e Iy x M.

By (T1)—(T3), (2.2), Definition 3.1, and (3.1), we have the following facts.
Lemma 3.1. Let (nl,nz) be in 1} x I1y. Then
(a) foreachx € S,t >0, and C € B(S),
@ q( | x, ntl, Jth) is a signed measure on B(S);
(i) 0 <q(C | x, n,l,ntz) < ocowhenx ¢ C;
(i) q(S | x,rrtl, ntz) =0and0 < —q({x} | x,nll,ntz) < 00;
@{iv) q(C | x, ntl , nlz) is continuous in t > 0 and measurable in x € S,
(b) there exists a Q-process p(s, x,t, C, 7Y, %) with transition rates q(C | x, JTtl, 71,2).

Proof. Parts (i)—(iii) in (a) follow from (3.1) and the definition of the model, (2.1). Part
(iv) follows from (2.2) and Definition 3.1. Finally, part (b) follows from part (a) together with
Theorem 1 of [5].

Lemma 3.1(b) guarantees the existence of a Q-process, such as the minimum Q-process
denoted by pmi"(s, x,t, C; !, 72), which it is so-named because pmi“(s, x,t,C:wl, 72 <
p(s,x,t,C, i, 712) for any Q-process p(s, x, t, C; 7l 712). The minimum Q-process can be
directly constructed from the given transition rates g (- | x, ntl, rrtz); see (3.3), below. As is
well known [1], [5], however, such a Q-process might not be regular, that is, we might have
pmi“(s,x,t, S; nl,nz) < 1 for some x € Sand r > s > 0. To ensure the regularity of a
Q-process we propose the following ‘drift’ conditions.

Assumption 3.1. There exists a measurable function wy > 1 on S, and constants c; # 0,
by > 0, and My > O such that

(a) fS wi(y)g(dy | x,a,b) < crwi(x) + by forall (x,a,b) € K; and
(b) g(x) < Mywi(x) forall x € S, with q(x) as defined in (2.2).

Remark 3.2. (a) For the case of uniformly bounded transition rates (i.e. sup, .5 g(x) < 00),
Assumption 3.1(b) is not required.

(b) Assumption 3.1(a) is an extension of the ‘drift condition’ (2.4) of [20], for a homogeneous
Q-process, and it is also known as a Lyapunov or Foster—Lyapunov condition. It is typically
used to obtain growth conditions, as in Lemma 3.2(a), below, or some forms of ergodicity, as
in [11], [16], and [29], for instance.

Assumption 3.1 is supposed to hold throughout the following, unless explicitly stated
otherwise.

Lemma 3.2. Suppose that Assumption 3.1 holds. Then, for each (x', w%) € Ty x Iy, and all
t >s>0andx € S, we have

@ [owi(p™(s,x,t, dy; 'l 71?) < e TDw(x) + (by/c)) (€1 — 1), and

(b) pMin(s,x,t,S; !, 7% = 1.
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Proof. (a) Part (a) can be obtained as in the proof of Lemma 3.2 of [11].

(b) Lety(C | x,m}, 72) := q(C\ {x} | x, 7}, 72). Foreachx € S, C € B(S),n > 0, and
t>s5>0,let

Dn+1(s, X, 1, C,n],ﬂz)
! ¢ 2 2 2
:=f exp(/ q({x} |x,nj,nv)dv)fpn<z,y,r,c,nl,n yy(dy | x, 7}, w2)dz,
s K S
(3.2)

with po(s, x, 1, C, 7!, 7?) = lc(x)exp(fstq({x} | x, yrg,nf)dv). Then, by Theorem 2 of
[5], we have

o
pmi“(s, x, 1, Cinl,n?) = an(s, x,t,C, ', 7?). (3.3)
n=0
Moreover, let L, (s, x, ¢, 7', 7%) := —f; Jsay} 1y, b, w2 pu(s, x, v, dy, n', 72) dv for

allx € Sandt > s > 0. Then, by Assumption 3.1(b) and (2.2) we have

t
Ln(s,x,r,n‘,nz)sf quwlmpn(s,x, v, dy, 7!, 7% dv,
K S

which together with (3.3) and part (a) gives lim,_, oo L, (s, x, t, 7', 72) = 0. Hence, part (b)
follows from the corollary after Theorem 1 of [5].

Lemma 3.2(b) shows that a Q-process with transitionrates ¢ (C | x, thl, 71,2) is regular. Thus,
under Assumption 3.1 we shall write the regular transition function pmi“(s, x,t,C:ml, 712)
simply as p(s, x, t, C; !, nz).

To define our game’s payoff criterion, we need to introduce the state and action processes
for players 1 and 2. Thus, we first construct a probability space for these processes.

Foreachs > 0,let G° := {(tg, 11, ..., ty) | s <top <t < -+ <t < 00, n > 0} directed
by inclusion, i.e. T := (fg, f1, ..., ;) < T' € G* means that T’ = (o, t1,..., by, ..., by) for
some positive numbers t,, > t,_1 > -+ > t, withm >n + 1.

For each (7{1, 712) = (ntl, 71,2) e Iy x Iy, let p(s, x,t,C; ', 712) be the corresponding
regular Q-process. Let E := § x A x B with the usual product o -algebra.

For each s > 0, let u® be an arbitrary probability distribution on S. Then, for each vector
T := (fo, 11, - .., ty) in G*, we can define the product probability measure Pfro’ﬂl‘nz on Q; :=
E"*1 such that, for each F := Cyy x D} x D3 x Cyy x D} x D} x ---x C;, x D} x D?
with C;, € B(S), D}k € B(A), and thk € B(B),

PO (F) = /

C

1

1 1 2 2 1 2
W@y (D) | v (D3 1) [ po.g 1, diyir )
C’l

0

1 1 2 2 Rt 2
Xntl(Dtl | xtl)ntl(Dtl | xtl)"'/ p(tn—lvxtn,l»tn’ dx,n,zr , T )
C

x i (DL | xy )7l (D] | x,). (3.4)

n

LetT := [0, 00), and let (2, ) be the (canonical) product measurable space with Q := E T
and ¥ the product o -algebra. Moreover, let g; be the coordinate projection, i.e.

g:(e) :=e; foreache = (e(t),t >0) € Q, 3.5
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where e; := (e(tp), e(t1), ..., e(ty)) and T = (fo, 11, t2, ..., ;). We then have the following
result.

Proposition 3.1. Suppose that Assumption 3.1 holds. Then, for each (x', n%) = (71,1, 2) IS
[T} x Iy and any glven (initial) distribution u* on S at time s > 0, there exists a unique
probability measure Pn 1 72 0n (82, F) such that, for each t = s,

Pl (W) = f 1 (dxy) / pls. xs.t, dxgi ' a)m (D1 | x)} (D2 | X)), (3.6)
C

Cs

Pl (W) = / 1 (dx)m (Dy | x0)7 (Dy | xy), 3.7
Cs

where
W, ={eeQ:(es),e(t)) e Cs, x A X BxC x Dy x Dy},
={eeQ:e(s) € Cs x D1 x Dy},

with Cs, C € B(S), D1 € B(A), and D € B(B).

Proof. Because any probability measure on a Polish space is ‘inner regular’ [25], by (3.4)

s l 2
we conclude that the probability measure P} " ™ is also inner regular for each 7 € G°®. Then
the existence of the unique probability measure Pn 1 72 follows from Theorem 4 of [25, p. 20],

for instance. Moreover, the results in (3.6) and (3. 7) follow from (3.4) and (3.5), together with
Proposition 1 of [25, p. 18].

Definition 3.2. (State and action processes.) For each e = (e(t), t > 0) € Q and ¢ > 0, let
e(t) = (eo(t), el(t), ez(t)) € E = S x A x B. Then the coordinate process £()(e) := eo(t)
defines the system’s state process, and 11 (¢)(e) = el (1) and n2(t)(e) := €%(1) are the action
processes for players 1 and 2, respectively.

Let En 1 72 denote the expectatlon operator associated with P! We write f’;’x 52 for

71712

1351 .2 and Eﬂ 1 g2 for E 1 2 When p* is the Dirac measure at x € S. We then obtain the

followmg result.

Proposition 3.2. Suppose that Assumption 3.1 holds. Then, for each x,y € S, (n',7%) =
(), 72 e My x T, C € B(S), Dy € B(A), Dy € B(B), and t > s,

@) Pt 2(6(1) € C) = p(s,x,1,C; ', 72),

(®) P 2(m (@) € Di,ma(@) € D2 | §(0) = y) = 2! (D1 | »)7(D2 | ),

(c) E;’f’nzr(é(t), n1(t), n2(¢)) is Borel measurable int > s.

Proof. Parts (a) and (b) follow from (3.6) and Definition 3.2. To prove part (c) we define

reward rates r(x, JT, , ) as follows:

r(x,n,l, 71,2) = /f;( )/B( )r(x a, b)nt (db | x)nt (da | x) foreachx € Sandr > 0.
X X
(3.8)
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By Definition 3.1, we see that r (x, ntl, 71,2) is Borel measurable in (¢, x) € [0, 00) x §. Thus,
by (3.6) and (3.8) we have

B 2r G, m @), m(0) = /S ps,x.t, dy; ' 2y, ot 7, (3.9)

which is Borel measurable in (7, x), because p(s, x, t, C; 7!, 7T2) is continuous in ¢ > 0;
see [5]. Hence, (c) follows.

We will write the left-hand side of (3.8) as r (x, 7!, 72) when both 7! and 72 are stationary.

4. The discounted payoff criterion

Fix a discount factor « > 0. Then, for each pair of strategies (711, 712) e I1; x I1, and
x € 8§, the discounted payoff criterion J (-, -, -) is defined as

Jx,mt 7% = /0 (Eg’ﬁnze—“’r(g(z), n (), na(t))) dt. 4.1)

We also need the following concepts. The functions on S defined as
L(x):= sup inf J(x, nl, 712) and
xlell n2elly

U(x):= inf sup J(x,nl,nz),

nzel—lzﬂlenl

are called the lower value and the upper value, respectively, of the discounted payoff game. It
is clear that
L(x) <U(x) forallx e S. “4.2)

When the equality holds in (4.2) we obtain the following definitions from the theory of dynamic
games [2], [6], [7], [12], [13], [15], [16], [19], [22], [26], [28].

Definition 4.1. If L(x) = U(x) for all x € S, then the common function is called the value of
the game and denoted by V.

Definition 4.2. Suppose that the game has a value V. Then a strategy 7! in IT; is said to be
optimal for player 1 if

inf J(x, nl, %) =V(x) forallxeS.
meelly

Similarly, nf € I, is optimal for player 2 if

sup J(x, 7'[1, nf) =V(x) forallx €S.
7'[1 ell;
If nf € I is optimal for player k (k = 1, 2), then (ni , 2) is called a pair of optimal strategies.

The aim of this paper is to give conditions for the existence of pairs of optimal stationary
strategies, and to present a ‘martingale characterization’ of such pairs. To this end we first
introduce some notation.

For each s > 0, x € X, and each pair of strategies (!, 7% = (n,l,ntz) e I x Iy,

1 .2 12
we denote by Ef ;™ the expectation operator associated with the probability measure P
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which, as in Proposition 3.1, is completely determined by p(s, x, ¢, C; 7l 712). Then, from
[8, pp. 107-109], there exists a right-continuous, with finite left-hand limits, Markov process
x(t) with values in S and p(s, x, ¢, C; xl, 712) as its transition function. It is well known that
such a process x(¢) is Borel measurable as a function of # > 0.

Thus, by (3.9) we have, for eacht > 0 and x € S,

Bl aor ). m(©). () = B 7 r(e(0), 7w/ 7). (43)

and so, by (4.3) and (4.1),
1 2y _ ® wla? —ar 1 _2
Jx, ', 77 = By " e rx(@),m, ,m/))dt. 4.4
0 :

Remark 4.1. By (4.4), without loss of generality we will restrict ourselves to using x () and
1 1 -2 1.2 1.2

the corresponding probability PY "™ :=Pg ;" and expectation EY ™ :=Eg ;™ throughout

the following.

5. Main results

In this section we state our main results. The proofs are postponed to Section 7.

To guarantee the finiteness of the discounted criterion J(x, l, n2), by Lemma 3.2(a)
and (4.4) it is natural to propose the following conditions, in which w; is the function in
Assumption 3.1.

Assumption 5.1. (a) |r(x, a, b)| < Miw;(x) forall (x, a, b) € K, for some constant M1 > 0.
(b) o > max{0, c1}, with c as in Assumption 3.1.

Conversely, to ensure the existence of a pair of optimal strategies, in addition to Assump-
tions 3.1 and 5.1, we use the following hypotheses.

Assumption 5.2. (a) Foreach x € S, A(x) and B(x) are compact.
(b) For each fixed x € S, r(x, a, b) is continuous in (a, b) € A(x) x B(x).

(c) Foreachx € S, the function fs u(y)q(dy | x, a, b) is continuous in (a, b) € A(x) x B(x),
for u = wy and also for each bounded measurable function u on S.

(d) There exists a nonnegative measurable function wy on S, constants ¢y > 0, by > 0, and
My > 0 such that (with q(x) as defined in (2.2))

g(X)wi(x) < Mawa(x) and /;wz(y)q(dy | x,a,b) < cowa(x) + b,

forall (x,a,b) € K.

Remark 5.1. Assumptions 5.2(a)-(c) are similar to the standard continuity-compactness
hypotheses for discrete-time Markov control processes; see, for instance, [14], [24], and the
references therein. Assumption 5.2(d) allows us to use Dynkin’s formula, but it can be removed
when ¢ (x) is bounded on S.
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Given a measurable function w on § with w(x) > 1 forall x € §, a function u on § is called
w-bounded if the w-norm ||u||,, defined as

)l
lullw := sup ——
xes w(x)

is finite. Such a function w will be referred to as a weight function. We denote by By, (S) the
Banach space of all w-bounded measurable functions on S.
Moreover, for any C € B(S), and probability measures ¢ € P(A(x)) and ¥ € P(B(x)), let

q(C | x, ¢, ¥) = /A( )q(C | x.a.b)p(da)y(db), (5.1

B(x)

r(x,¢,y) = /A( )r(x,a,b)q&(da)W(db). 5.2)

B(x)

Foreachn! =7!(- | x) e [T} and w2 = 7%(- | x) € I1$, we write

q(C 1 x,¢, 7% :=q(C | x,¢, 7% 1x), q(C|x, 7", 9):=q(C|x,7'(|x),P),
r(x, ¢, ) =rx, ¢, 72 | 1)), reo ) =G, ).

Let g(x) be as defined in (2.2), and take an arbitrary real-valued measurable function m (x)
on S such that
m(x) >q(x) >0 forallx € S.

Moreover, let wy be as in Assumption 3.1, and define an operator T on By, (S) as follows:
foru € By, (S)andx € S,

rix,¢,v) m(x)
o+ m(x) o+ m(x)

Tu(x) := max min {

u(y)Pdy | x, ¢, , 5.3
,max min /S (») Py | x. ¢ w>} (5.3)

where the probability measure P(- | x, ¢, ¥) is defined as

P(C | x, ¢, ) = W +1c(x) forall C € B(S). (5.4)
m

Moreover, foreachn > 1 and x € S, let

(5.5)

up(x) :=Tuy,_1(x) withug(x) := _< b1 M, + lel(x)>’

a(a —cq) o —C]

where the constants cy, by, and M are as in Assumptions 3.1 and 5.1. By Assumption 5.1(b),
up(-) <0.

Theorem 5.1. Suppose that Assumptions 3.1, 5.1, and 5.2 hold. Then we have the following
results.

(a) We have |J (x, ", n2)| < —ug(x) forall x € S and (n', 7%) € I} x M.
(b) The limit lim,_, o0 u,(x) = u*(x) exists and belongs to By, (S) and, moreover, the

function u* satisfies Shapley’s equation, i.e.

= G Bl /89 [0 8.0 sl o
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(c) There exists a pair of stationary strategies (ni, nf) € IT§ x I1J such that, forall x € S,

au*(x) =r(x,nl,n,f)+/u*(y)q(dy | x, )}, 72) (5.7)
S
_ 2 * 2
—¢€Il;}3)(<x)){r(x,¢,n*)+£u (g (dy | x,¢,n*)} (5.8)

_ : 1 * 1
we%}}g“(x»{’(x’”*"””fg” (Ma(dy |x,n*,w)}. (59)

(d) We have u*(x) = L(x) = U(x) forall x € S, which means that the value V of the game
exists and equals the function u*(x), and, furthermore, u*(x) = J(x, ni, nf) for all
x €S.

(e) Inpart(c), (nl , J'rf) is a pair of optimal stationary strategies.
Proof. See Section 7.

Theorem 5.1 is a key result: part (d) gives the existence of the value of the game, whereas
(b) provides a recursive way of computing (or at least approximating) the value of the game.
Moreover, Theorem 5.1(e) shows the existence of a pair of optimal stationary strategies. Next,
we give an interesting characterization of a pair of optimal stationary strategies.

Under the hypotheses of Theorem 5.1, for each x € S, ¢ € P(A(x)), and ¢ € P(B(x)) let

Alx, 9. ¥) :=r(x, ¢, ¥) + fs Vngy | x, ¢, ¥) —aV(x),

where V (x) is the value of the game; see Theorem 5.1(d). Moreover, for eachm! := 7!(. | x) €
M3, 72 =72 | x) € 5, and t > 0, let

A, h, 72 = A, 7' ¢ | x), 720 | X)), (5.10)
Fri=0{x(s), 0 <s <t} (theo-algebra generated by x(-)),

and define the (continuous-time) stochastic process by
1
M, 7t 7% = / e “Tr(x(v), 7', 7 dr +e ¥ V(x(1)) forallt >0.  (5.11)
0

Theorem 5.2. Suppose that Assumptions 3.1, 5.1, and 5.2 hold. Then, for a given pair of
strategies (nl, nf) in I} x I13, the following statements are equivalent.

(@) The pair (n}, 72) € T} x IT}, is optimal.
(b) Foreachx € S,

Ax,nl,nz = min Ax,nl, = max Af(x, ,71’2 =0.
O T 72 Y eP(B(x)) T ) $EP(A(x)) . &, )

(c) Foreachx € S, ! € H§ and t? € H?,
. 1 .2 . ! 7?2 .
1) M@, nm,, 7)), Ft}isa Py martingale,
.. 1 .2 . ! ? .
() (M, nm,, 7)), F}isaPy*" submartingale, and

1 .2
(i) {M(z, !, ﬂf), Filisa P;T T supermartingale.
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Proof. See Section 7.

Theorem 5.2 gives, in particular, a ‘martingale characterization’ of a pair of optimal stationary
strategies. Theorems 5.1 and 5.2 are extensions of the results in [9] and [10] for control problems
(or one-player games).

6. Examples

In this section we first apply our results to the controlled queueing system in Example 2.1
and to the controlled Schlogl model in Example 2.2, and then introduce Examples 6.3 and 6.4
to illustrate our assumptions.

Example 6.1. (Example 2.1 continued.) To find conditions ensuring the existence of a pair of
optimal stationary strategies for Example 2.1, we consider the following assumptions.

(E;) Wehavea +u — A > 0; ux + hi(x,a) > 0and Ax + hy(x,b) > Oforalla € A(x),
b € B(x),and x > 1;in addition /1 (0, a) = 0 and #2(0, b) > Oforalla € A(0) and b € B(0).

(E») Foreachx € S, A(x) and B(x) are compact subsets of metric spaces A and B, respectively.

(E3) Foreach x € S, the functions r1 (x, a) and & (x, a) are continuous ina € A(x), while the
functions c(x, b) and hy(x, b) are continuous in b € B(x). Moreover, h(x, a) and hy(x, b)
are assumed to be bounded in the supremum norm, that is

lAtll == sup  |hi(x,a)] < o0, lh2ll == sup  |h2(x, )| < oc0.
x€S,acA(x) x€S, beB(x)

Also, |ri(x,a)| < Li(x + 1) foralla € A(x), and |c(x, b)| < Lo(x + 1) for all b € B(x), for
some positive constants Ly (k = 1, 2).

Under these conditions we obtain the following result.

Proposition 6.1. Under assumptions E|, E», and E3, the controlled birth and death system in
Example 6.1 satisfies Assumptions 3.1, 5.1, and 5.2. Therefore, by Theorem 5.1, there exists a
pair of optimal stationary strategies.

Proof. We shall first verify Assumption 3.1. Let wi(x) := x 4+ 1 for all x € §, and
My = w+ A+ ||A1]] + |lh2]l. Then Assumption 3.1(b) follows from (2.3). Also, for each
x € S,ae A(x),and b € B(x), from E; and (2.3) we have, for x > 1,

ZCI(y | x,a,b)wi(y) = A —w)(x+1)+upu—2r—hi(x,a)+ ha(x, b)
yeSs

< (o= wwi () + My, ©6.1)

For x = 0, we obtain

Zq(y | 0,a, b)wi(y) = h2(0,b) < (A — w1 (0) + My. (6.2)
yeS

By inequalities (6.1) and (6.2) we see that Assumption 3.1(a) holds with ¢; := A — u and
by := M,, and so Assumption 3.1 follows.
Furthermore, by (2.4) and E3, we have

|r(x,a,b)| < pox + Li(x + 1)+ La(x + 1) < (po+ L1 + La)w;(x)

for all x € §, which together with E; gives Assumption 5.1.
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Finally, to verify Assumption 5.2 let
wa(x) == (x + D? forallx € S.

Then
qg(x)wi(x) < Mawy(x) forallx € S,
with My := p + A+ ||y ]| + 2.
Then as in (6.1) and (6.2), we can see that Assumption 5.2(d) is true. Conversely, by
(2.3) together with E» and E3, Assumptions 5.2(a), 5.2(b), and 5.2(c) are all satisfied, and so
Assumption 5.2 follows.

Example 6.2. (Example 2.2 continued.) To find conditions that ensure the existence of a pair
of optimal stationary strategies for Example 2.2, we assume that r{(x, a) and r,(x, b) are
continuous in a and b, respectively, and satisfy |rj(x,a)| < L; ZlNzl xi2 and | (x, b)| <
Lo ZlNz | xi2 for some positive constants Ly (k = 1, 2). Thus,

N
r(x.a.b)| < (L1 +Ly) Y x} forallae A,be B, andx € S. (6.3)
i=1
Then the Schlogl first model satisfies Assumptions 3.1, 5.1, and 5.2. Therefore, by Theorem 5.1,
there exists a pair of optimal stationary strategies.
Indeed to verify Assumption 3.1, we let wy(x) := ZIN=1 xl.z. Since A and B are compact

sets in R%r, there exist positive constants p; and py such that p; < max{By, B1, 81, 62} < p2 for
all (B, B1) = a € A and (81, §2) = b € B. Thus, for any x € § such that x; > 1 withi € E,
ae€A,and b € B,

N N
D g I xoa,bywi(y) =Y (1+2x)(Bo+ frxi) + Y (1 — 2x)(81x; + 62x; (x; — 1))
yes i=1 i=1
+ Y xip(, N = 2x) + (1 +2x)))
i#]

N
: Z(—Z(Szx? +elxF+cixi +c)
i=1

N
Y (=2p1x7 + x4 22x + ),
i=1

IA

where cf.‘, kf? (k =1,2,3, i € E) are fixed constants, and kf are independent of a, b, and
x. Since there exists a positive integer L* such that —282xi3 + Alxl.z + Ax; + A3 < 0 when
x; > L*, and the set {x € S: x; < L* for some i € E} is finite, straightforward calculations
yield a constant b; > 0 such that

1
Zq(y | x,a, b)wi(y) < by < E(xwl(x) + by forall (x,a,b) € K. (6.4)
yeS

Conversely, by (2.5) we have
q(x) < SNprwj(x),
which together with (6.4) gives Assumption 3.1.
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By (6.3) and (6.4), Assumption 5.1 is true.

Finally, to verify Assumption 5.2, we let wa(x) = Z,N:1 x;‘ forall x = (x;, i € E). Noting
that xy < x2 + y2, then as in the proof of (6.4) we can verify Assumption 5.2(d), and by (2.5)
we obtain Assumption 5.2(c). Thus, Assumption 5.2 follows because Assumption 5.2(a) and
Assumption 5.2(b) are part of the model’s description.

Remark 6.1. It should be noted that in Examples 6.1 and 6.2 both the reward and the transition
rates are unbounded.

Example 6.3. (A generalized Potlach process with control parameters.) The generalized
Potlach process (see [3], for instance) is a Q-process generated by the infinitesimal operator L
defined by (6.5), below. Here we are interested in the game problem.

Take S := [0, 00)? for some integer d > 1. Then the operator L is defined by

d oo d
Lu(x,a,b) := Z/ [u(x—e,-x,-—l—yZp,-jxiej)—u(x):|beby dy forallx € §, (6.5)
i=1 70

Jj=1

where a := (p;;) is a Markov transition matrix on {1,2,...,d}, ¢; is the ith unit vector
inRY, and b is a parameter. When the process is at state x = (xq,...,xg7) € S, the cost
incurred at each component x; is denoted by ¢; > O foralli =1, ..., d. Here we interpret the

parameters a and b as controlled actions by player 1 and player 2, with values in the sets A(x)
and B(x), respectively. Suppose that A(x) is a finite set of Markov transition matrices (p;;) and
B(x) :=[1, b*] for each x € S, where b* > 1. Foreach C € 8(S),x € S,a = (pij) € A(x),
and b € B(x), let

d .o d
G(C | x,a,b) = Z/O lc\{x}<x —exi+y)y pijxieJ)be_by dy. (6.6)
i=lI

j=1

Then, by (6.5) together with Lemma 7.2(b), below, we see that the transition rate
q(C | x,a,b) is given by

q(C | x,a,b)=q(C | x,a,b) —1c(x)q(S | x,a,b), 6.7)
whereas the reward rate is given by
d d
r(x,a,b) :=ZZqipijxj —bx1+ -+ xq9). (6.8)
i=1 j=1
Letwi(x) :=14+x1+x2+- -+ x4 forall x = (x1,...,x4) € S. Then by (6.7) we have
q(x) =d, (6.9

and so (2.2) holds. Moreover, by (6.5)—(6.7) we have

b

which together with (6.9), verifies Assumption 3.1 with ¢ := «/2 and b = b*.
By (6.8) we have |r(x,a,b)| < (g1 + -+ qq + b*)wi(x) forallx € S, a € A(x), and
b € B(x), which together with the finiteness of A(x) and (6.9) verifies Assumption 5.1.
Obviously, Assumption 5.2 follows from the model’s description and the last part of
Remark 5.1.

1 o
/wl(y)q(dy | x,a,b) =— (X1 4+ +x9) < Ewl(x) +b*,
S
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Remark 6.2. It should be noted that in Example 6.3 the state space is not denumerable, and the
reward rates have neither upper nor lower bounds; see (6.8). Nevertheless, by the discussion
above, in Example 6.3 our Assumptions 3.1, 5.1, and 5.2 are satisfied.

Example 6.4. In Example 6.3, we further suppose that A(x) = {aj, ap} foreach x € S. Then,
we define nonstationary Markov strategies 7! = (frt], t>0)and 7% = (ﬁtz, t>0)as

| x) = {exp(— TranG+ Dwi)  ifa=a, 610
1 —exp(—Tr(a))(t + Dwi(x)) ifa = ay,
with Tr(a;) denoting the frace of a (transition) matrix a;, and
frtz(C |x) = {l—exp(— 1c(DH)(# + Dwi(x)) for C € B(B(x)), ©.11)
exp(—1c (™) (1 + Dw) (x)) for C € B(B(x)),

respectively.

Moreover, let ITj := IT} U {7!}, TT, := IT5 U {72}. By (6.6), (6.7), (6.10), (6.11), and (3.1)
we see that [1; and IT; satisfy the requirements in Definition 3.1, and IT; D l'[‘iY ,with IT; # l'[‘l.Y s
fori =1, 2.

7. Proof of Theorems 5.1 and 5.2

In this section we present the proof of Theorems 5.1 and 5.2. To do so, we first introduce
some results which are already known but we state them here for completeness and ease of
reference.

Lemma 7.1. Suppose that Assumptions 5.2(a), 5.2(b), and 5.2(c) hold. Then we have the
following.

(a) For each fixed x € S and u € By, (S), the functions

Fe 6. 9) and /Su<y>P<dy|x,¢,w)

(recall (5.2) and (5.4)) are continuous in (¢, ) € P(A(x)) x P(B(x)).

(b) Ifareal-valued function g(¢, V) is continuous in (¢, ) € P(A(x)) x P(B(x)), then the
Sfunction g*(¢) on P(A(x)) defined as

*(¢) ;== inf ,
g (¢) 1//6[1)1(13()6))8@ V)

is also continuous in ¢ € P(A(x)).

Proof. (a) By Assumptions 5.2(b) and 5.2(c) we see that r(x, ¢, ) and P(C | x, ¢, ¥),
for each C € B(S), are continuous. Then, the desired conclusion follows from Lemma 8.3.7
of [14] and Assumption 5.2(c).

(b) By Assumption 5.2(a), P(B(x)) is compact. Thus, g*(¢) is well defined for each ¢ €
P(A(x)). Similarly, by Assumption 5.2(a) we also have P(A(x)) is compact. Hence, g(¢, ¥)
is uniformly continuous on the compact metric space P(A(x)) x P(B(x)), and so part (b) follows
from well-known facts.
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Lemma 7.2. Suppose that Assumptions 3.1, 5.2(b), 5.2(c), and 5.2(d) hold. Then, for each
(711, 712) e Il; x Iy, x € S, and s > 0, the following statements hold.

(a) Foreachu € By, 4y, (S) andt > v > s,

®

by +by+cil+ 2 (e1l+e2)(t—s).

1 .2
IEL ™ luCe @) Nlwy+wr < o [ P—

(ii)

v
. 1 2 1.2 . 12
}{gexp(/s q({x) | x,na,n5>da> BT, w(e) = Im BT u(x (1) = u(y)

forall y € S.
(b) For each u € By, (S), let L™ 7 u(s, x) = lim,wt_l[Ef,;’”z u(x(s + 1)) — ux)].
Then
. 1 .2
() L™ " u(s,x) = [qu(»)q(y | x, 7], 72),
(11) 7.[1 n,z 7T1 7T2
NES ™ IL" " u(, x(O)llw 4w,
_ Nlullw, (el +eo + b1 + b2 + 2M5)* ellerl+e2)t—s)
B lei] + c2
forallt > s.

Proof. (a) Letw := wi4+w3,c := |c1|4+c2,and b := by +b,. Foreach (rrl, 712) e I xIy,
ye Sandt > v > s > 0, by Assumptions 3.1 and 5.2(d) as well as Lemma 3.2 we have

e b .
/ w@)p, y,t, dz; 7', 7%) < e (y) + = — 1)
S C

b
CHP ety forall v € [s. 1], (7.1)

which together with v := s and noting that |u(x)]| < w(x)|lull, gives (a)().
Noting that ¢({x} | x, !, 72) < 0, by (3.3) we have

w(y) = p(u, y, t, y; 7!, mHw(y)

t
> eXp( / q({y) | y,ng,n§>d6>w<y>

t
> exp(/ gy} |y, 7151, 7182) d8>w(y) forall v € [s, t]. (7.2)

This inequality and (7.1) give

v
0< eXp(/ q({x} | x,nal,n,gz)dr?)/ w@p@, y,t, dz; 7', 7?)
’ S\(y}
v
< exp(f q({x) | x,n;,n§>da)
N

b
x <ec("5’w(y) + = =) —w)p. .ty ﬂ2))~ (7.3)
c
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Letting ¢ \( s, from (7.2) and (7.3) we have
v
ligl(exp</ q({x} | x, 73, 7) d8>p(v, vty w?) - 1>w(y)
N\ s

v
= lirnexp(—/ q({x} | x, 7151, ng) d5> / w(z)p(v, y,t, dz; 7l nz)
s s S\(y}
=0.
Thus, for each u € By, (S),
0 < lim sup

1N\

v
< llully lim sup[l —exp(f q({x} | x,n;,n§>da)p(v,y, 1, y; nl,n2)]w(y>
1N\ s

exp(/ g({x} | x,n;,n§>d6)fu<z>p<v,y,t, dz;nl,n%—u(y)‘
K N

v
+||u||wlimsupexp(/ q({x}|x,n;,n§)d3>/ w(@)p(v, y,t, dz; 7', 7%
1N\ s S\{y}

=0.

This implies (a)(ii).

(b) Let y be as in the proof of Lemma 3.2(b). Under Assumption 3.1, by Fubini’s theorem,
(3.2), and (3.3) we have

E7™ u(x(1)) — u(x)
t v
=/ /exp(/ q({x} | x,n;,naz) d5) EZ’;;”zu(x(t))y(dy | x,nl},rrg) dv
K} S s
t
+exp</ q({x} |x,n;,n§)d5>u(x) — u(x). (7.4)

From part (a) and Lemma 7.1, above, together with [14, Lemma 8.3.7], we have
. ! 1 .2 L 72 1 .2
hin exp / qUx} | x, 75, w5)d8 ) EY ;™ u(x @)y (dy | x, 7, 7))
tls Js s ’
= / u(y)ydy | x, z 7). (1.5)
S

Finally, divide both sides of (7.4) by ¢ — s, and then use (7.5) to obtain (b)(i).
Moreover, for each u € By, (S) and ¢t > 0, by Assumption 5.2(d) we have

< lullw, (/S wi(Mydy | x, 7}, 72) +q<x>w1(x>)

< lullw, (crwi(x) + by + 2Mrw3(x))
< lullw, (e1l + b1 + 2M2) (wi (x) + wa(x)),

‘ fs u(y)gWy | x, 7}, 7x?)

which together with part (a)(i) gives (b)(ii).
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Remark 7.1. For each fixed (7', 72) e II; x II,, Lemma 7.2(b) shows that L™ is the
extended infinitesimal operator corresponding to p(s, x, ¢, C; 1 nz), and also that the domain
of L™ ™ contains By, (S).

Lemma 7.3. Suppose that Assumptions 3.1, 5.1, 5.2(c), and 5.2(d) hold. Choose arbitrary
u € By, (S) and (n', 72) = (n}, 7?) € T} x I,

(a) If, foreach x € S andt > 0,
1 _2 1 _2
ou(x) = r(x,m, , 7;) +fu(y)q(dy | x, 7, 7)),
s

then u(x) > J(x,nl,nz)forallx e S.

(b) If, foreachx € Sandt > 0,
1 2 1 2
aut) = reondomd) + [uaay |xxl 7,
S
then u(x) < J(x, 7', n2) forallx € S.
() If (@', 7?) e T} x I3, then J (x, wl, 7?%) is the unique solution to the equation
au(x) = r(x,nl,rrz) + / u(y)g(dy | x,nl,nz) forallx € S.
S

Proof. (a) By Lemma 7.2 and Dynkin’s formula we have
—ot 7Tl 7'[2 7T1 ﬂz ! —v 7T1 7T2
e EL T u(x(t) —ulx)=E]" e "W T u(v, x(v)) — au(x(v))) dv
0

t
< —/ BT e (x(v), ), 72) dv. (7.6)
0
Conversely, by Lemma 3.2 and Assumption 5.1 we have
0< lim e ™ ET ™ |u(x(t))|
—0o0
< Julluy Jim [ET " e wy (r(1))]
— 00

b b
< fullw, Tim [e™ @D ) (x) 4 ——e @0 4 ZLgmer)
=0 forallx €S,

which together with (7.6) gives (a). The proof of (b) is similar.
To prove (c), we define an operator 7,1 ;2 (similar to 7" in (5.3)) on By, (S) as follows: for
ue€ By, (S)andx € 8§,
rix,m!, w?) m(x)
o+ m(x) o+ m(x) Jg

u()Pdy | x, 7', 7?),

with P(- | x, ¢, ¥) as defined in (5.4). Obviously, the operator 71 ;2 is monotone. Let
vo = ug be as in (5.5) and let

Uy = ;l’nzvo forn=1,2,....
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By Assumptions 5.1, 5.2(c), and 5.2(d), the functions vy and v, are well defined for eachn > 1.
Moreover, under Assumptions 3.1(a) and 5.1(a) straightforward calculations give

o) = el )
- o+ m(x)
m(x) b1 M, Miw(x) M fs wi(Yg(dy | x, 7', 7?)
Cat+m@) <a(a—61) o —c " (@ —cpm(x) >
_Miwi(x)  mx) ( by M, Miw; (x) Ml(Clwl(X)+b1))
T a+mx) a+mx)\ala—-cy) o —C| (¢ — c1)m(x)
_ by Mwi(x)
a(a —cp) o —cy
=vo(x) (by (5.5). (7.7)
Therefore,

Vo=V = =V,

and so v, 1 v for some function v > v, for all n > 0. Conversely, by induction and a
straightforward calculation as in the proof of (7.7), we have

b1 M, +M1w1(X)<(Ot+b1)M1

[vp ()| < < wi(x) =:Y(x) foralln >0andx € S,
a(a —cq) o — Cq a(a —cy)
and
b)M
'f YO Py | x.at a?)| < CEPOM Py [ 2
s ala—c1) Js
+b)M
< CHOOM 0y (o) + by).

ala —cy)

Thus, v is in the space By, (S), and it follows, from the Dominated Convergence Theorem, that

(x) rozl et me () Py | x,7', 72 forallx € §
v(x) = v X, T, or all x ,
o + m(x) o+ m(x) Jg Y Y

or, equivalently (by (5.4)),
av(x) = r(x,nl,nz) + / v(y)g(dy | x, ), nz) forall x € S.
S
This equation together with (a) and (b) gives v(x) = J(x, !, 712). Thus, J(x, 7!, 7% is a

solution to the equation in part (c). The uniqueness follows from (a) and (b) also.

Proof of Theorem 5.1. (a) By Assumption 5.1, (4.4), and Lemma 3.2, a straightforward
calculation yields part (a).

(b) Obviously, the operator T in (5.3) is monotone. By Assumptions 5.1 and 5.2, up and
u, = T"ug are also well defined for each n > 1. Thus, under Assumptions 3.1(a) and 5.1(a),
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as in the proof of (7.7), a straightforward calculation yields

u1(x)Z—M1W1(X) _ m) ( b1 M, Miw; (x) Ml(Clwl(X)+b1))
a+mx) o+mx)\ale—-cp) o —cCy (¢ —cp)m(x)
_ by Mywi(x)
a(a —cy) o —Cl
= ugp(x).
Therefore,
uo <up <---<up---,

and so u, 1 u* for some function u* > u, for all n > 0. Hence, for a moment assuming that
u* isin By, (S), we have Tu* > Tu, = u,4 for all n > 1, which gives

Tu* > u*. (7.8)
Conversely, to prove that u* is indeed in By, (S) it suffices to show that

biM, M1w1(X)<(0t+b1)M1
a(a—cp) a—c; ~ ala—cy)

lup(x)] < wi(x) foralln >0andx € S.
This, however, follows by induction and a straightforward calculation as in the proof of (7.7).

Next, we will show that (7.8) holds with equality. Indeed, for each fixedn > 1, x € S, and
¢ € P(A(x)), we have already proved that u, is in By, (S), whereas, by Assumption 5.2(a),
P(B(x)) is compact. Thus, by Lemma 7.1, there exists a y,; € P(B(x)), which may also depend
on x and ¢, such that

Uns1(x) = max  min {r(x"f’"” ") )Py | x. g w}
peP(A) vePB) | @ +m(x) a4+ m(x) Jg e
> {”""’*‘” mix) un<y>P(dy|x,¢,w)}

>  min
veP(B(x) | o + m(x) o+m(x) Js

=r(x,¢,1/f,2‘)+ m(x)
o+ m(x) a+mx) Js

un(Y) Py | x, 0, 9). (7.9)

Since P(B(x)) is compact, without loss of generality we may suppose that ;7 — ¢* €
P(B(x)). Therefore, as up < u, 1 u* € By, (S), by the ‘extended Fatou lemma’,
Lemma 8.3.7(b) of [14], and our Lemma 7.1, letting n — o0 in (7.9) we obtain

r(x,dJ,w*)_'_ m(x)
o + m(x) a+mx) Js
{r(x,cb,w) m(x)
min +
vePB@) |« +m(x)  a+m(x) Jg

u*(x)

v

u* () Py | x, 9,97

v

u*(y) Py | x, ¢, 1//)}~ (7.10)
As (7.10) holds for all ¢ € P(A(x)) and x € S, we conclude that
u* > Tu*,

which together with (7.8) gives u™ = Tu*. This completes the proof of part (b), because using
(5.4) it is easily seen that the equation u™ = Tu* is equivalent to (5.6).
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(c) Since r(x, ¢, ¥) and g(dy | x, ¢, ¥) are bilinear in ¢ and V, by (5.6), Fan’s minimax
theorem in [4], and the minimax measurable selection theorem in [21] and [26], there exists a
pair of strategies (., nf) € I x IT; that satisfies (5.7)—(5.9), i.e.

au*(x) :r(x,n,},nf)Jr/u*(y)q(dy | x, 7}, 72) (7.11)
S
_ 2 * 2
—¢€g}i>(<x)){r(x,¢,ﬂ*)+/su (»q @y | x,¢,7r*)} (7.12)

. 1 * 1
= 5 ) d ’ ’ :
wég}}?n(x)){r(x T, W)+/Su Mgy | x, 7, 1//)}

(d) Since u* € By, (S), by (7.11) and Lemma 7.3 we have
Jx, ), n3) =u*(x) forallx €. (7.13)

Now fix nf. Then, for any strategy xl = (n,l) € I1;, we have ntl(' | x) € P(A(x)) for all
t >0and x € S, and so, from (5.1), (5.2), and (7.12) we have

au*(x) = r(x, 7}, 72) —i—/u*(y)q(dy | x, 7}, 72 forallx € S.
S

The latter inequality and Lemma 7.3(a) yield
u*(x) > J(x,w!, 72 forallz! e Mjandx € S,
which together with (7.13) implies that

w*(x) = sup Jxr,7l, 72> inf sup Jx,wl,n?H)=Ux) forallx €S. (7.14)

xlell, w2l gler,
A similar argument, replacing nf with JT,: gives

u*(x) = inf J(x,zl, 7% < sup inf J(x,7',7?) =L(x) forallx €S. (7.15)
72ell, ﬂlenlnzel—lz

By (7.15), (7.14), and (4.2) we obtain J (x, ni, nf) =U(x) =L(x) =u*(x) =: V(x) for all
x € S, which together with (7.13) gives part (d).

(e) This follows from (7.13), (7.14), and (7.15).

Proof of Theorem 5.2. From the proof of Theorem 5.1 and the definition of A, (5.10), we
see that (b) implies (a). Conversely, if (a) holds, then from Lemma 7.3(c) and Theorem 5.1 we
obtain (b). Therefore, (a) and (b) are equivalent.

We next prove that (b) implies (c). Using Lemma 7.2 and Dynkin’s formula, from (5.10)
and (5.11) a standard argument gives, for each x € S, (nl, n2) € IT§ x I3, and t'>1t>0,

t/
EZ“”Z[MQ’,nl,nZ)|%]=M(I,n‘,n2>+E§‘*”2[/ e AG(r), ' 70 dr | F |-
t

(7.16)

By (7.16) we immediately see that (b) yields (c).
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Finally, we shall show that (c) implies (b). First note that taking expectations in both sides
of (7.16) gives

/

t
BT M@ n' n?) = B M@ 7 2?) +E[/ AG(r). !, n%dr] (7.17)
t

forall // > ¢ > 0 and (7!, 72) € 1] x IT5. Therefore, if (c)(i) holds, from (7.17) and the
Fubini theorem we obtain
. 1 _2 a2 " 12
E; [A(x(z), m,, m;)]dT = E; Ax (), m,, my)dt
t t
=0 forallt/ >7r>0andx € S.

Hence,

1
Ty, T

2
Ex™ A(x(t), ), n2) =0 forall x € S and almost all 7 > 0.

Therefore, there exists a sequence #, |, 0 such that

wh g 1 _2
E; Ax(ty), m,, ;) =0 foralln >0andx € S. (7.18)

Since A(-, ), 2) is in By, 1w, (S), by Lemma 7.2(a) we have

1 2
lim Ev™ A(x(), ), 72) = Ax,n}, n2) forallx € S. (7.19)
t—0

Letting n — o0 in (7.18), from (7.19) we obtain
Ax,m}, 72)=0 forallx €. (7.20)

Conversely, under (c)(ii), (7.17) gives
ni,nz ! 1 2 2 s
E; Ax(t),m,,m7)dr | >0 forallt >s>0, x €S, and n~ € II5.
N

Hence, as in the proof of (7.20), we can derive that

A(x,nl, 712) >0 forallx € Sand 7 € IT;. (7.21)

*

Similarly, from (7.17) and (c)(iii) we can obtain
A(x,n],nf) <0 forallx € Sand 7' e IT¢,

which together with (7.20) and (7.21), gives part (b).
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