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Abstract

This paper considers the average optimality for a continuous-time Markov decision
process in Borel state and action spaces, and with an arbitrarily unbounded nonnegative
cost rate. The existence of a deterministic stationary optimal policy is proved under the
conditions that allow the following; the controlled process can be explosive, the transition
rates are weakly continuous, and the multifunction defining the admissible action spaces
can be neither compact-valued nor upper semicontinuous.
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1. Introduction

In this paper we establish the existence of a deterministic stationary average optimal policy
for a possibly explosive CTMDP (continuous-time Markov decision process) in Borel state and
action spaces under the weak continuity condition.

The average criterion for CTMDPs has been studied by many authors; for the recent
developments; see [14], [16], [20], and [32] for the case of a countable state space, and [17], [18],
[28], and [34] for the case of a possibly uncountable state space. Considering a nonnegative
cost rate, as in this paper, the standard approach of proving the existence of a deterministic
stationary optimal policy for an average CTMDP is through the optimality inequality [16],
[18]. If additional, but less verifiable, conditions are imposed, we can establish the optimality
equation [14], [34]. In general, it is known [16] that the optimality equation may not have a
solution even if the optimality inequality can be solved; see also [3].

In this paper, for the CTMDP with Borel state and action spaces, and a nonnegative cost
rate, we also follow the optimality inequality approach, however, under different conditions
from the present literature on CTMDPs with the average criterion. We will explain that our
conditions are rather general, in which the contribution of this paper also lies.

Firstly, all the aforementioned works on CTMDPs [14], [16], [17], [18], [20], [28], [32], [34]
assume the underlying process to be nonexplosive; and most of them achieve this by assuming
the existence of a Lyapunov function bounding the growth of the transition rates. In this paper
we remove this condition, and allow the transition rates to be essentially arbitrarily unbounded,
and the controlled process to be possibly explosive. The development of the theory covering
such CTMDPs was once regarded as quite challenging in the survey by Guo et al. [20]; for the
discounted criteria, we refer the reader to [6] and [31].
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Secondly, we assume the weak continuity on the underlying signed kernel defining the
transition rates, while all the previous literature on average CTMDPs in Borel spaces was
based on the strong continuity condition, except for [21], which established the existence of
a randomized stationary optimal policy for the constrained CTMDPs. It is relevant to point
out that recently the developments of the theory of average DTMDPs (discrete-time Markov
decision processes) and SMDPs (semi-Markov decision processes) with weakly continuous
(also called Feller) transition probabilities have received much attention from the research
community [5], [7], [8], [25], [26], [24]. In a nutshell, as compared to the strongly continuous
case, the proofs with weakly continuous transition rates are more technical, and the construction
of the solution to the optimality inequality would involve the notion of the generalized lower
limit and the generalized Fatou’s lemma. Moreover, based on a neat generalization of the
Berge theorem [9], which is partially summarized in Lemma 3 of this paper, and as in [8] for
the average DTMDP, we allow the multifunction defining the admissible action spaces to be
neither compact-valued nor upper semicontinuous.

If the state space is countable, then the concepts of weak and strong continuity coincide.
However, in general, meaningful applications of Markov control problems to, for example,
inventory management, have been noted, where the weak continuity condition can be satisfied,
while the strong continuity condition is not; see the examples in [24, Section 6].

Since the solution to the optimality inequality is constructed following the vanishing discount
factor approach, some of the results about discounted CTMDPs are incidentally extended in
this paper as well.

Out of the current literature on CTMDPs, this paper is most closely related to [ 18], whichis an
extension of [16], and also derives the average optimality inequality for a CTMDP. Nevertheless,
it assumes the existence of a Lyapunov function, and considers strongly continuous transition
rates. A more detailed comparison of our conditions with those of [18] is presented after
Condition 4.

Finally, since we allow the transition rates to be essentially arbitrarily unbounded and not
separated from zero, the standard technique transforming the concerned average CTMDP to an
equivalent DTMDP [33] remains to be formally justified and is not directly applicable to our
setup.

The rest of this paper is organized as follows. In Section 2 we describe the concerned
CTMDP problem. In Section 3 we present the main result. The proof of the main result is
postponed until Section 4, with some auxiliary statements being presented therein. We conclude
this paper with Section 5. To improve the readability, the proofs of the auxiliary results and
some definitions, together with known lemmas, are collected in Appendix A.

2. Optimal control problem statement

In what follows, 1 stands for the indicator function, 8, (-) is the Dirac measure concentrated at
x, and B(X) is the Borel o -algebra of the topological space X. Below, unless stated otherwise,
the term of measurability is always understood in the Borel sense, and a function can take values
in [—o0, oo]. The convention of co — 00 := 00 is in use.

The primitives of a CTMDP are the elements {S, A, (A(x) C A, x € §),q(- | x, a)}, where
S is a nonempty Borel state space, i.e. a measurable subset of some complete separable metric
space, A is a nonempty Borel action space, and the multifunction A(-): x — A(x) € A
specifies the admissible action spaces, for which we assume that A(x) € B(A) foreachx € S,
and its graph K := {(x,a): x € §, a € A(x)} belongs to B(S x A) and contains the graph of
at least one measurable mapping from S to A. This assumption guarantees the existence of the
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deterministic stationary policies defined below. The transition rates are given by g (- | x, a),
a signed kernel on B(S) given that (x,a) € K such that g(I's \ {x} | x,a) > 0 for all
I's € 8(S). Throughout this paper we assume that g (- | x, a) is conservative and stable, i.e.
q(S | x,a) =0and gx = sup,ca(y) qx(a) < 00, where gx(a) := —q({x} | x, a).

Following the Kitaev construction of a CTMDP [28], we take the sample space Q :=
S x ((0, 00] X S0)®°, where Soo := S |J{xxo} with the isolated point xoc ¢ S. We equip 2
with its Borel o-algebra . For each n > 0, and any element w := (xo, 61, x1, 62, ...,) € €,
let t,(w) = ty—1(w) + 6, with fp(w) := 0, and tso(w) = lim,_ 1, (w). Obviously, t,(w)
are measurable mappings on the sample space 2. In what follows, we will omit the argument
o € Q from the presentation for simplicity, and understand #,,, x,,, 6,11, and 7, as the nth jump
moment, jumped-in state, holding time of x,,, and the explosion moment, respectively. The pairs
{ty, xn} form a marked point process with the internal history {¥;};>0 (see [27, Chapter 4]),
which defines the stochastic process on (€2, ) of interest {&;, t > 0} by

g =Y Uty <t < tyr1)x + Utoo < 1), )

n>0
where x is the cemetery point so that A(xo) = {doo} and gy, (doo) 1= 0 wWith ass ¢ A
being some isolated point. Below, we denote Ao := A U {ax}. As in [12], we formally put

€0 1= Xoo-

Definition 1. A (randomized history-dependent) policy & for the CTMDP is given by a se-
quence (7,) such that, foreachn =0, 1, ..., m,(da | xg, 61, ..., xn, s) is a stochastic kernel
on A concentrated on A(x,), and for each w = (xg, 61, x1,62,...,) € Q,fort > 0,

o
n(da | o, 1) = 1t > too}8a,, (da) + Zl{tn <t < typ1}ma(da | X0, 01, ..., Xyt — 1y).
n=0

We can rephrase Definition 1 as follows: a policy 7 is a predictable (with respect to {F;};>0)
stochastic kernel from €2 x (0, 00) to A; see [27, Theorem 4.19]. The class of all policies
for the CTMDP is denoted by I1. A policy is called Markov if it is in the form w(da | w, t) =
m(da | &_(w), t), where, with conventional abuse of notations, 7 on the right-hand side is a
stochastic kernel. Let ITj; C IT be the set of Markov policies.

Under a policy 7 := (7,) € I1, we define the following random measure on S x (0, c0)

v (dt, dy) = /ACI(dy \ §_(0)} | &—(w),a)m(da | w, 1) dt
= Z/ gy \ {xp} | xp, @)mp(da | x0,01, ..., X5, t —t,) Ht, <t < t,41}dt
n>0 A

with g(dy | xXo0, dso) := 0. Suppose that an initial distribution y on S is given. Then, by [27,
Theorem 4.27], there exists a unique probability measure P} such that

PY (& € dx) = y(dx),

and with respect to IP”;, V7 is the dual predictable projection of the random measure of the

marked point process {t,, x,}. The process {&;}, defined by (1) under the probability measure
]P”;, is called a CTMDP. Below, when y () is a Dirac measure concentrated at x € S, we
use the denotation PY. Expectations with respect to P7 and PY are denoted as E7 and EY,
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respectively. Infact, in what follows, we often write P” instead of ), when there is no confusion.
Under the probability measure ]P”;, the system dynamics of a CTMDP can be described as
follows. The initial state xo has the distribution given by y. Given the current state x,. The

sojourn time 6, has the conditional tail function given by P (0,41 > ¢ | x0,01, ..., Xp) =
exp(— fot Ja x,(@7n(da | x0,01, ..., xn, 5)ds), and upon a jump, the conditional distribu-
tion of the next state x,y; is given by P*(x,4+1 € T | x0,01, ..., X, Opt1) = (qu(F \
{xu} | xp, @)mp(da | x0, 61, ... X, Oy 1))/ ([ 4 qx, (@7n(da | x0, 61, ..., Xn, 0,11)) for each
I' € B(S), where, and below, we quite formally put fA g\ {xn} | a)m,(da | xo0, 061, ...,
xn,00) := 0 for each I' € B(S) and use the convention of 2 o =0, so that P" (x,41 =
Xoo | X0, 015 vy Xn, Opy1) = 1 — P (xy41 € S| x0,61,... xn, n+1) According to [11],

under each Markov policy 7, the process &; is a Markov jump process in the sense of [12] with
respect to (2, F, {F:}i>0, PT) foreach x € S.
We are also interested in policies in more specific forms.

Definition 2. With slight butconventional abuse of denotations, apolicy m = (7,)n=0,1,..., € Il
is called (randomized) stationary if each of the stochastic kernels r,, reads m,,(da | xo, 61, ...,
Xn,t —ty) = m(da | x,). A stationary policy is further called deterministic if 7, (da | xo, 61,

-y Xp, I—1y) = 8¢(x,) (da) for some measurable mapping ¢ from S to A such thatp(x) € A(x)
for each x € §; the existence of such a mapping is guaranteed by the assumption imposed on

the multifunction A(-), which also implies the set IT being nonempty.

Let c(x, a), ameasurable function on K that takes values in [0, 00), represent the cost rate at
the present state x € S and action a € A(x). Quite formally, for any measurable function f on
K, we put f(xe0, dx) = 0. This agreement, together with (1) and that g ({xs0} | Xo0s Goo) =
0 = gy, (axo), allows us to define formally the long-run average cost by

W (x, ) := limsup —]E" |:/ /C(S,,a)n(da | w, 1) dti|

T— 00

1 min{7,t50}
= lim sup ?]Ef |:/0 /AC(S,, a)n(da | w,t) dti|.

T—o00

We are interested in the following optimal control problem
W(x, ) — min, x €S, 2)
mell
for which a policy 7* is called optimal if W (x, 7*) = inf,cg W(x, ) foreach x € S.

The objective of this paper is to show the existence of a deterministic stationary optimal
policy under the weak continuity conditions on the transition rates, which can be essentially
arbitrarily unbounded.

3. Main result
Condition 1. Letinf,cginf,cq W(x, w) < oo.

For each real constant @ > 0, we define the expected total discounted cost under each policy
m € Il by

Wo(x, ) :=ET [/OO e’“’/ c(&,a)w(da | a),t)dtj|
0 A

min{zsg,00}
=E7 |:/0 e //; c&,a)r(da | w, 1) dt:|,
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and the value function for the corresponding discounted problem by Wy (x) := infen Wy (x,
). Let
Mmy = infs We(x) and hy(x) := We(x) —mg >0,
xe

where the regulation of co — 0o := o0 is in use. The function A, on S is sometimes called
the relative difference or normalized value function for the discounted problem, on which we
impose the following condition, where p denotes the predetermined metric on S consistent with
its topology.

Condition 2. We define

liminf & = su { inf h }<oo oreachx € S.
O<al0,y—>x oz(y) 8>O,E>0 O<a<é,p(x,y)<A a(y) f

In Condition 2 we defined the generalized lower limit of the function 4,(y) as0 <« | 0
and y — x. Condition 2 is equivalent to the following; for each x € S, there exist sequences
0 < a, | Oand y, — x such that {4, (y,)} is bounded. Condition 2 and its synonyms are
widely assumed in the current literature on average CTMDPs. We provide more insight on
Condition 2 after we introduce Condition 3, below.

Finally, we assume the following weak continuity condition. To this end, we recall that a
function ¢, on the space K, is called K-inf-compact if it is lower semicontinuous on K, and
satisfies the following; for each S > x, — x € § asn — o0, each sequence a, € A(xy,)
such that c¢(x,, a,) is bounded from the above, admits a limit pointa € A(x) [9]. The function
c is called inf-compact on K if the set {(x,a) € K: c(x,a) < A} is compact in K for each
A € (—00, 00). By the way, the inf-compactness on K is defined in a weaker sense in [22]. It
is known that the inf-compactness of a function implies its K-inf-compactness [9].

Condition 3. (a) For each bounded continuous function f on S, f ¢ fMqy | x,a) is con-
tinuous in (x,a) € K.

(b) The cost rate c is K-inf-compact.

(c) There exists a continuous function w on S taking values in (0, 00) such that g, < w(x) for
each x € S.

The rather weak part (c) of Condition 3 is for technical convenience; it essentially allows
the transition rates to be arbitrarily unbounded, since the function w can also be arbitrarily
unbounded. Part (a) of Condition 3 reads that the transition rates are weakly continuous.
Condition 3 does not require the multifunction A(x) to be either compact-valued or upper
semicontinuous.

Some comments on Condition 2 are in position now. Suppose that Conditions 1 and 3
are satisfied so that, for any o > 0, there exists a deterministic stationary optimal policy ¢}
for the discounted problem, i.e. Wy (x) = Wy (x, ¢}) for each x € S; and for all sufficiently
small « > 0, my < oo (as we will explain in the proof of Theorem 1, below). Assume that
there exists some z € S such that, for all sufficiently small ¢ > 0, mq = Wy(z). (In fact, if
§$=1{0,1,2,...,}orS = [a, b) witha € Randb € RU{+00}, then this assumption is satisfied
when A(x) is decreasing in x € §, and for all sufficiently small ¢ > 0, c¢(x, a) /(e + w(x)) and
(wx) /(e + w(x))) fS u(y)(g(dy | x,a)/w(x) + I{x € dy}) are increasing in x € § for each
fixed a € A(x) and increasing nonnegative function u# on S. This follows from the fact that
We(x) = limy 400 v, (x) with v, being defined in the proof of Lemma 2, below.) Consider the
stopping time t; = inf{r > 0: & = z} (with respect to {#;},>0). As usual, the infimum taken
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over the empty set is set as +-00. It is known from [27] that min{z;, ¢/} is also a stopping time.
Then, for all sufficiently small ¢ > 0,

" min{t;,fx}
ha(x) = Ef* [/0 e “e(&, 9™ (&) dt}

* * Ioo
+ B [Eﬁfa [ / e e, p* (&) dt

min{tz,fe0}

ﬁmin{rz,too}]i| - Wu(2).

Furthermore, by [12, Theorem 4] the process & is a strong Markov one with respect to {F;};>0.
So, by applying the strong Markov property to the second summand on the right-hand side of
the previous equality, we have

" min{t;,tx0} " )
ho(x) < EZ* [ / e (&, g% (&) dr} + Ef [e‘“ m‘“{’v’w}wa(z)} — Wa(2)
0
o min{7;,’x0}
< E¥ [ /O e e, i E)) dr}

min{t;,t}
<supE7 |:/0 ‘[Ac(é}, a)n(da | w, 1) dt:|,

T

where the first inequality further follows from the fact that &; is right-continuous and Wy (xso) =
0. It can be shown [2], [19] that if there is some constant ¢ > 0 such that g,(a) > ¢ for all
x #zanda € A(x), then

min{t;,t00}
sup E¥ |:/ / cl&,a)n(da | w, t)dt:| < 00 3)
T 0 A

for each x € S if there exists a real-valued upper semianalytic function v on S such that

0=c(x,a) +/ q(dy | x,a)v(y)
S\{z}

for each x # z and a € A(x). This provides a sufficient condition imposed on the primitives
of the CTMDP model for verifying Condition 2, which does not refer to the existence of
a Lyapunov function as in Condition 4, below (cf. [18]). By the way, if the process & is
nonexplosive, as prevailingly assumed in the current literature, then (3) is satisfied when, for
example, the process &; exhibits some version of the ergodic property.

Similar versions of Conditions 1, 2 and parts (a) and (b) of Condition 3 are assumed in [§]
but for discrete-time problems; see Assumptions G, W* and B therein.

Theorem 1. Suppose that Conditions 1, 2, and 3 are satisfied. Then there exist a constant g, a
nonnegative real-valued lower semicontinuous function h on S, and a deterministic stationary
policy ¢* such that

(a) the following optimality inequality is satisfied for each x € S:

¢+ w)h(x) > inf {c(x, a) + w(x) / h(y)(M Flixe dy})}
acA(x) s w(x)

qg(dy | x, 9*(x))
w(x)

=C(x,<p*(X))+w(x)/Sh(y)( + 1{x 6dy}>; “
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(b) the deterministic stationary policy ¢* is optimal for the average CTMDP problem (2); and
(c)g=infren W(x, m) < oo foreach x € S.

The proof of Theorem 1 is given in Section 4, by inspecting which we can see that any
deterministic stationary policy that satisfies (4) is optimal. Furthermore, it follows from
Lemma 1, below, that inf,; W (x, ) is given by the smallest constant g satisfying the inequality
.

The statement of Theorem 1 is obtained in [18] under the following condition; see Assump-
tions A, B, and C therein.

Condition 4. (a) There exists a measurable function w > 1 on S and constants cy € (—00, 00),
by > 0, and My > 0 such that

@1) fS w(y)g(dy | x,a) < cow(x) + bg for each (x,a) € K; and
(i) g, < Mow(x) forall x € S.

(b) For some sequence oy, |, 0 as n 1 0o and some fixed xo € S, there exist a real constant L*
and a finitely valued nonnegative measurable function U on S such that

(i) sup,—; .. fanWa, (x)} < 00 foreach x € S; and
(ii) L* < Wg, (x) — Wy, (x0) < U(x) < oo for each x € S.
(c) The following compactness-continuity condition is satisfied:
(i) the set A(x) is compact for each x € S;
(ii) the cost rate c(x, a) is lower semicontinuous in a € A(x) for each x € S; and

(iii) for each bounded measurable function f on S, | ¢ fMaq@dy | x,a) is continuous in
a € A(x) foreach x € S.

The function w in part (a) of Condition 4 is called a Lyapunov function or abounding function,
whose existence guarantees the process & to be nonexplosive, i.e. PT (foo = 00) = 1 for each
x € S [18], which is also prevailingly assumed in the previous literature on CTMDPs with
possibly unbounded transition rates [13], [14], [15], [17], [20], [21], [30], [32], [34]. In com-
parison, the existence of a Lyapunov function is not needed in the present paper; Condition 3(c)
allows essentially arbitrarily unbounded transition rates, and thus, the underlying process to
be explosive. Condition 4(c)(iii) states the strong continuity of g(dy | x, a); accordingly, the
lower semicontinuity of the cost rate c(x, a) is only required ina € A(x), but the multifunction
A(-) needs to be compact-valued, which is not required in this paper. Finally, we note that
Condition 4 implies Condition 1.

4. Proof of Theorem 1

In this section, before proving Theorem 1, we first present some auxiliary statements. Under
each Markov policy mw € Iy, the process &; is a Markov jump process [11], and there exists
a transition (subprobability, in general) function p”™ (u, x, t, dy) such that P* (&, e dy | §,) =
p"(u, &, t,dy) with r > u > 0 almost surely with respect to P” [29]. So we formally define
for each x € S, with u < ¢ and Markov policy = € [Ty

t
W™ (u, x,t) :=/ // c(y,a)m(da | y,s)p™ (u, x,s,dy)ds. (5)
u JSJA
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The next result is a generalization of [18, Theorem 3.4], which was proved for deterministic
stationary policies only and additionally under Condition 4(a). Since Condition 4(a) is not
required in this paper, to be self-contained and for its potential independent interest, we include
this result here, and present its complete proof in Appendix A.

Lemma 1. (a) Let a Markov policy w € Ty be fixed. Then the function W™ (u, x, t) is the
minimal nonnegative measurable solution to the following inequality

t t
v(u,x,t) z/ /c(x,a)n(da |x,0)d9€xp<—/ /qx(a)rr(da |x,0)d9>
u JA u JA
t s
+/ exp(—/ /qx(a)rr(da | x,@)d@)
u u JA
X {/ gx(a)m(da | x,s) /S/ c(x,a)m(da | x,6)do
A u JA

~|—/ / qg(dy | x,a)m(da | x,s)v(s, y, t)} ds. (6)
S\{x} J4

(b) Let a stationary policy 7 be fixed, and suppose there exist a constant g € [0, c0] and a
nonnegative measurable function h on S satisfying the following inequality

g+h(X)/ gx(@)m(da | x) = / c(x, a)m(da Ix)+f h(y)f q(dy | x,a)r(da | x)
A A S\{x} A

foreach x € S. Then g > W(x, ) for each x € S such that h(x) < oo.
Proof. See Appendix A.

The next lemma, to be used in the proof of Theorem 1, below, extends some known results
for discounted CTMDPs in the literature [6], [13] to weaker conditions.

Lemma 2. Suppose that Condition 3(c) is satisfied. For each o > 0, Wy is the minimal
nonnegative lower semi-analytic solution to the equation

. { c(x,a) w(x) f (q(dy | x,a)
inf v\ ————
acA) |l +wkx) wkx)+a w(x)

v(x) = +1{x € dy}) } (7
If, additionally, Condition 3(a) and (b) also hold, then W, is lower semicontinuous on S, and
there exists a deterministic stationary optimal policy for the discounted CTMDP problem.

Proof. See Appendix A.

Proof of Theorem 1. Note that under Condition 1, m, < oo by [15, Proposition A.5] for
all sufficiently small « > 0, say, to be specific, for all 0 < o < «g < oo. Indeed,
Condition 1 asserts the existence of some z € S and policy = € I such that W(z, w) =
lim sup, 4o, (1/0)ET [fo Ja s, a)m(da | w,s)ds] < co. Thus, for all sufficiently large # > 0,
fo ET[f, c(&, a)m(da | w,s)]ds = IE”[fO [4c, a)n(da | w,s)ds] < co. Due to the non-
negativity of the cost rate c, this implies E7 [fA cl,a)r(da | w,t)] < oo fort > 0 almost
everywhere. Thus, the condition of Proposition A.5 in [15] is verified, and from it, we infer
that

limsupaWy(z, 7)) < W(z, ) < 00, (®)
0<al0
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and consequently, there exists some 0 < g < oo such that my < Wy(z,m) < oo for all
0 < o < «ag as required.

Let g4 := amg. Foreach 0 < o < g, we write Wy (x) = hg(x) + mgy in (7) with W, in
lieu of v, and obtain

he(x) +my = inf
acA(x)

{ c(x,a)
o+ w(x)

Cwl) gy | x,a)
T ta /WH ( W) +1{xedy}>}

. c(x,a) w(x) gy | x,a)
aeu/;(x){a T wX) + () + o ﬁha()’)(w +1{x € dy})
w(x)my
o+ w(x) }

)
It follows from (9) that

(wx) + )hg(x) + go = 612{ ){c(x, a) + w(x)

x /ha(y)<M flix e dy})}. (10)
S

w(x)

Now define

g :=limsup g, > 0, (11
0<al0
which is finite because of (8), and

h(x) ;== liminf & , 12
(x) ominf a(y) (12)
which is finite under Condition 2. It is known that for each convergent sequence 0 < «;, | 0

asn — 0o,
aes(g,%o)ha(x) =h(x) = ng?o,fvr‘ix he, (), (13)

where h, (x) :=liminfy_, x Hy,(y) with Hy, (y) := infae(0,a,] 1 (¥); see [8, Equation (24)]
for the first equality in (13) and [8, Corollary 1] for the other. The above three functions
are all measurable; in fact, the functions s, and h are lower semicontinuous on S; see
[1, Lemma 5.13.4] and [4, Lemma 4.2], respectively. Note that, by their definitions

hp(x) = Hg(x) = Ho(x) = hy(x) (14)

foreachx € Sanda > 8 > 0.

Let ¢ > 0 be arbitrarily fixed. Then, by the definition of the constant g (see (11)), there
exists 0 < o1 < g such that, for each @ € (0, @1], g = g — €. It follows from this, and (10),
that foreach 0 < @ < «y,

(wx) +a)hg(x)+g+e¢

= er}f {C(x,a)+w(x)/ha(y)(w
S

w(x)

ae

+1{x € dy}) },
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which, together with (14), leads to, foreach 0 < 8 < o < a7,
(wx) +Php(x) +g+¢
d ’
> 12f {C(x, a) + w(x)/ Ha()’)(w +1{x e dy})};
s

ae w(x)
thus, by the definition of H,, the above relation, and (14), again provide

(wx) +)Hy(x) + g +¢

> inf {C(x,a)er(x)/Ha(y)(M

+1{x € dy})}
w(x)
> inf {C(x a)+w(x)/h (v )(M+l{x edy})}, (15)

acA w(x)

foreach 0 < o < 1. Under Condition 3, the stochastic kernel g(dy | x, a)/w(x) +1{x € dy}
is weakly continuous, which, together with the lower semicontinuity of £, (as explained earlier),

implies that
w(x)/h O )(q(dy(“; ay [xa) g edy})

defines a lower semicontinuous function on S. As a result,

acA(x)

q(dy | x,a)
w(x)

is K-inf-compact because so is the cost rate ¢ and that b, (x) > 0 foreach x € §; see Lemma 4,
below. Therefore, we can infer from Lemma 3, below, for the lower semicontinuity on S of the
expression in the second line of (15). Following from this and upon taking the corresponding
lower limit on the both sides of (15), we obtain

c(x,a)+ w(x)/‘ﬁa(y)< + 1{x € dy})
S

(wx) +a)h,(x)+g+e
> inf ){c(x,a) + w(x)/@w(y)<M Flixe dy})}
S

acA(x w(x)

for each 0 < o < 1. The first equality of (13) and the above inequality imply

(wx) +a)h(x)+g+e
> inf {c(x,a)+w(x)/lla(y)(M+l{x edy})} (16)
) s w(x)

acA(x

foreach 0 < o < 1. By the K-inf-compactness of the expression inside the parenthesis on the
right-hand side of (16) (as explained earlier) and Lemma 3, for each 0 < o < o, there exists
some a, € A(x) such that
(wx) +a)h(x) +g+e¢
q(dy [ x,a)
> inf ,a) + h ——F+1{x ed
_aeer}x {C(x a) w(X)/S_a(y)( 000 {x e dy}

= ¢(x, ag) + w(x) / @a@)(M bl e dy}). (17)
s w(x)
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Now let x € S be arbitrarily fixed, and take o1 > &, | O (¢, > 0). Under Condition 2 the
expression on the left-hand side of (17) is finite (recall (12) for the definition of the function 4).
Considering (17) with o, replacing « therein, it follows from the definition of the K-inf-
compactness that the sequence {ay, } admits a limit point a* € A(x). Taking the lower limit on
the both sides of (17) along the specified sequence o1 > «;, | 0 (¢, > 0), we have

wx)h(x)+g+e

d 9
> c(x,a%) + w(x)lirninf/ hy (y)(M
n—oo S n

w(x)

+1{x e dy})

+ 1{x € dy})

= e+ w() [ h(y)(M
N w(x)

> inf {c(x,a)+w(x)/h(y)<M+l{x c dy})}, (18)
S

T aeA(x) w(x)

where for the first inequality the finiteness of /4 (x) and the lower semicontinuity of the term
inside the parenthesis on the right-hand side of (16) are used; and the second inequality follows
from (13), the weak continuity of the underlying stochastic kernel, and the generalized Fatou’s
lemma; see Lemma 5, below, or [4, Lemma 4.2]. That the inequality in (4) is satisfied by the
constant g and the nonnegative real-valued lower semicontinuous function % follows from (18)
and the arbitrariness of ¢ > 0. Regarding the existence of a measurable selector ¢* satisfying
the equality in (4), we can refer to Lemma 3; recall that the term in the parenthesis in (4) is
K-inf-compact. We prove the rest of this statement as follows. Let ¢* be any measurable
selector satisfying the equality in (4). By the finiteness of 2 (x), (4), and Lemma 1, we have

g=Wix, 9% > inf W(x, 7). (19)

For the opposite direction, let x € S be arbitrarily fixed. Since g < oo, we see that
infrem W(x, m) < oo. Fix arbitrarily some (possibly x-dependent) policy 7 such that W (x, )
< 00. Now, as in the argument for (8) with z being replaced by x in the beginning of this proof,
we see lim sup, _,, 10 Wy (x) < W(x,m) < oo, which together with the arbitrariness of the
policy 7 and the fact that g = lim sup,_,, 0 infyes We(x) < limsupg_, 10 Wy (x) (recalling
here the definition of g given by (11)), leads to inf; ey W (x, w) > g. Thus, we see the validity
of (19) with inequalities being replaced by equalities. It follows from the arbitrariness of x € §
that the policy ¢* is optimal. The proof is now completed.

5. Conclusion

To sum up, for a CTMDP in Borel state and action spaces with a nonnegative cost rate, the
existence of a deterministic stationary average optimal policy is proved with weakly continuous
transition rates. Our conditions allow the controlled process to be explosive (i.e. the transition
rates are essentially arbitrarily unbounded). In addition, following the neat generalization of
the Berge theorem [9], the condition on the admissible action spaces has been further relaxed
as compared with the previous literature.

Appendix A.

Definition 3. The collection of analytic subsets of a nonempty Borel space S is the collection
of images of measurable subsets of ¥ under all measurable mappings from Y into S, where Y
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is an uncountable Borel space. A function f on the nonempty Borel space S is called lower
semianalytic if for each ¢ € (—o0, 00), the set {x € §: f(x) < ¢} is analytic. A function f is
called upper semianalytic if — f is lower semianalytic.

We refer the reader to [2, Chapter 7] for more details on the above definition.

The next lemma comes from [9, Theorems 1.2 and 3.3], where more general statements are
established.

Lemma 3. Suppose that a function g on the nonempty Borel space K = {(x,a): x € S, a €
A(x)} is K-inf-compact. Then inf,ca(x) g(x, a) defines a lower semicontinuous function in
x € S. Furthermore, there is a measurable mapping ¢* from S to A, whose graph is contained
in K, such that inf e a(x) g(x, a) = g(x, 9™ (x)) for each x € S.

The following lemma summarizes some facts about K-inf-compact functions, which are
used frequently in the proofs in this paper.

Lemma 4. Let ¢ be a K-inf-compact function on K. If v is a nonnegative lower semicontinuous
function on K, then ¢ + v is also K-inf-compact on K. If u is a continuous real-valued function
on S such that u(x) > 0 for each x € S, then c(x, a)/u(x) defines a K-inf-compact function
on K.

Proof. We only verify the second part. Clearly c(x, a)/u(x) is lower semicontinuous on K.
Now suppose that S 5 x, — x € Sanda, € A(x,) such that there is some real constant M > 0
such that c(x,, a,)/u(x,) < M, i.e. c(x,, ay) < Mu(x,) for all n. Since u is continuous and
the set X := (Jy2 o{xn} U {x} is compact in S, we further infer from the previous inequality for
that c(x,,a,) < M supcy u(y) < 00 for all n. Now it follows from the K-inf-compactness
of the function c that there exists a limit point a € A(x) for the sequence {a,}, as required.

The following statement is known as the generalized Fatou’s lemma [4], [5], [10]. A detailed
proof with more general statements is available in [10].

Lemma 5. Suppose that a sequence of probability measures Q, on the nonempty Borel space
B(S) is weakly convergent to the probability measure Q on B(S). Then for each sequence of
nonnegative functions g, on S, it holds that

/ (Jiminf ,())Q(y) < liminf f 8n() Qu(d).
§ \—>00,x—>y n—oo J¢

Proof of Lemma 1. (a) For simplicity, throughout the proof of this lemma, we omit the fixed
policy 7 from indications, and introduce the following notation:

c(x,s) = / c(x,a)m(da | x,s),
A
0:5)i= [ automa x5,
qg(dy | x,s) = /Aq(dy | x,a)m(da | x,s).

Furthermore, if c(x, s5), g« (s), and g(dy | x, s) in the above are s-independent, as in the case
of a stationary policy, we omit s from the arguments.
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It is known from [11] that the transition function p(u, x, ¢, dy) can be constructed iteratively
by ZZ:O pr(u,x,t,dy) 1 p(u, x,t,dy) asn 1 oo, where the convergence is set-wise, and for
eachI" € B(S)

t
polu,x,t,I):=1{x € F}exp( / qx(s)ds>;

pru, x,1,T) —/ /S\{ }eXp< / qx(9)d9>q(dy | x,8)pr—1(s, y,1,T)ds.

It follows from this, the nonnegativity of the cost rate ¢, and the monotone convergence theorem;
see [23, Theorem 2.1], that m,, (u, x, t) 1= fut SO, 8) Y koo pu(u, x, s, dy)ds + W(u, x,1)
asn 1 oo; see (5).

We first verify that W (u, x, t) satisfies (6) with the equality as follows. By the iterative
definitions of the transition functions p;,,

t n
my(u, x,t) = / /C(y,S)Zpk(u,x,s,dy)ds
u JS —

mo(u, x, t)—i—/ /c(y,s)Zpk(u x,s,dy)ds

mo(u, x, t)+/ /c(y,s)[Zf /S\{ }exp(— /rqx(é)dG)

x gz | x,r)

X pr—1(r, z,s,dy) dr dsi|

// exp( /rqx(é)d0>
r JS\{x} u

x gz | x,r)

t
mo(u,x,t)—i—/ /c(y,s)|:
u JS

k—1=0

X pr—1(r,z,s,dy)ds dr:|

t r
mo(u7x7t)+/ eXp(—/ qx(e)dG)/ q(dz | x,r)ym,_1(r, z, 1) dr,
u u S\{x}

where the last two inequalities follow from the legal interchange of the order of integrations.
Integration by parts gives

t t
mo(u,x,t)zexp< /qx(e)d9>/ c(x,0)do
//c(x Q)dOeXp( /qx(é)d9>qx(s)ds.
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Thus, it follows that

t t
my(u, x,t) =/ c(x,@)d@exp(—/ qx(9)d9>

t N
—i—/ exp(—/ qx(e)dé)

X {qx(s) [S c(x,0)do +/ qgdy | x,8)mu—1(s,y, t)} ds. (20)
u S\{x}

By the standard monotone convergence theorem, passing to the limit as n 1 oo on both sides
of the above equality gives

t t
W(u,x,t):/ c(x,@)d@exp(—/ qx(é?)d0>

t s
+f exp(—f qx(G)d0>

X {qx(s) / c(x,0)do —|—/ qg(dy | x,5)W(s, y, t)} ds.
u S\{x}

For the minimality of W(u, x,t) as a nonnegative measurable solution to (6), suppose
that there is another nonnegative measurable solution v(u, x, ¢) to (6). Thus, v(u, x,t) >
mo(u, x, t). Now an inductive argument based on (20) and the fact that v satisfies (6) implies
v(u,x,t) > my(u,x,t) foreachn = 0, 1, ..., which, together with the fact that m,, 1+ W
pointwise as n 1 0o, leads to v(u, x,t) > W(u, x, t) as desired.

(b) Suppose that a stationary policy 7 is fixed, and there exist a constant g and a nonnegative
measurable function # on S as in the statement. Without loss of generality, we assume that
g < 0o, otherwise the statement holds automatically. It is well known, or otherwise follows
from the construction of the transition function p(u, x, t, dy) above, that under the stationary
policy, p(u, x, t, dy) depends on u and ¢ only through the time increment ¢ — u, and the under-
lying Markov jump process &; is homogeneous, and thus W (u, x,t) = E, [fot_” c(&)ds] =:
W(x, t—u); see [11, Theorem 2.2]; recall the agreement that the (stationary) policy 7 is omitted
from indication in this proof. It follows from this and part (a) specialized to a stationary policy
and u = 0, that W (x, 1) is the minimal nonnegative measurable solution to the inequality

t
W(x, 1) > c(x)re %! —l—/ e‘“s{qxc(x)s —i—/ gdy | X)W(y, t — s)} ds.
0 s

\fx}
Now it can be verified, based on the definitions of the constant g and the function /, that the above
inequality is satisfied with 4 (x) + gt in lieu of W(x, 1). Consequently, h(x) + gt > W(x, 1)
by part (a) of this lemma. Atx € S such that #(x) < oo, dividing the both sides of the previous
inequality and then passing to the upper limit as t — oo yields the statement.

Proof of Lemma 2. Let o > 0 be arbitrarily fixed. It is known that the value function Wy
for the discounted CTMDP problem is the minimal nonnegative lower semianalytic solution to
the equation

v(x) =

) c(x,a) gdy | x,a)| = o )
aelgfn{a +gx(a) +/S\{x} v o +gx(a) } = Tovto: @b
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see [6, Theorem 5.5.5]. For the first part of this lemma, it remains to recognize that the
two equations (7) and (21) admit the same minimal nonnegative solution. Below, in spite
of the argument being trivial, we briefly verify this relation because first, a similar relation
between (7) and another equation similar to (21) was falsely claimed without proofs in [31]
(see [31, Equation (8)]), and second, it is easy to construct examples to show that equations
(7) and (21) are not equivalent; indeed, there can be solutions to (7), which do not satisfy (21).
For brevity, we write (7) as v = T o v with T o v(x) := infep){((c(x, a)/(a + w(x))) +
(w@)/(wx) +a)) [y | x,a)/wx)) 4+ Hx € dy})}.

Firstly, consider the minimal nonnegative solution u to (21), and let x € S be arbitrarily
fixed. If u(x) = oo, then T o u(x) = oo = u(x) (recalling the convention of co — 0o :=
00). Now suppose that u(x) < oo. Then it follows that u(x) < (c(x,a)/(a + w(x))) +
(wx)/(wx) + ) fS u(y)((g(dy | x,a)/w(x)) + 1{x € dy}) foreacha € A(x). Let§ > 0
be arbitrarily fixed, and take any 0 < ¢ < §. Then there exists some as € A(x) such
that u(x) + & > (c(x, as)/ (o + gx(as))) + fs\{x} u(y)(g(dy | x,as)/(e + gx(as))) so that
u(x) +38 > u(x) + (e(a + gx(as)) /(e + w(x))) = (c(x, as)/(a + wx))) + (wx)/(w(x) +
a))fsu(y)((q(dy | x,as)/w(x)) + 1{x € dy}). Since § > 0 is arbitrarily fixed, we see that
u(x) = T ou(x). Thus, u > v with v being the minimal nonnegative solution to (7). For
the opposite direction, note that if v(x) = oo, then v(x) > T o v(x). Now suppose that
v(x) < oo. Then for each a € A(x), v(x) < (c(x,a)/(¢ + wx))) + (wx)/(w(x) +
@) [u()((gdy | x,a)/wx)) + 1{x € dy}), and so v(x) < (c(x,a)/(« + g:(a))) +
fs\{x}v()’)(Q(dy | x,a)/(gx(a) + a)).

Let § > O be arbitrarily fixed, and choose ¢ > 0 such that e(a + w(x))/o < §. Since v
satisfies (7), there exists some as € A(x) such that v(x) > (c(x, as)/(¢ + w(x))) + (1/(x +
w(x))) fs v(y)g(dy | x,as) + (wx)v(x)/(@ + w(x))) — e. Simple rearrangements of this
inequality further lead to v(x) > (c(x, as)/(o + gx(as))) + (1/(a + gx(as))) fS\{x} v(y)g X
(dy | x,as) — 6. Thus, v(x) > T o v(x). It follows from this and [2, Proposition 9.10] that
u < v; thus, u = v (recalling the opposite direction of the previous inequality being established
earlier). The first part of this lemma is proved.

Next, we observe that according to the first part of this lemma and [2, Proposition 9.16], W, is
also given by the value function of a DTMDP with the total undiscounted cost criterion specified
by the following primitives. The state space is S U {xo}; the action space is A U {ax}; the
admissible action space is A(x) for each x € § with A(x~) = {ax}; the transition probability
is given by Q(T" | x,a) = (wx)/(wx) + «))((g(T | x,a)/w(x)) + 1{x € I'}) for each
x €8S,ae€e Alx),and T’ € B(S), Q({xco} | x,0) = 1{x = X0, @ = axo}+1{x € S, a €
A(x)}(1 — Q(S | x,a)); and finally, the cost function is 1{x € S, a € A(x)}(c(x,a)/(a +
w(x))). Here we recall that xo ¢ S and ax, ¢ A are two isolated points. Under Condition 3,
we can verify that the transition probability Q(dy | x, a) is weakly continuous, i.e. for each
bounded continuous function f on S U {xx}, f SUlxao) f(»)Q(dy | x, a) is continuous in x €
S U {xe} and a € A(x); and the cost function is K-inf-compact; see Lemma 4. Denote
the value function for this DTMDP problem with the total undiscounted cost criterion also
by W,. Below, to be self-contained, we verify that W, can be constructed using the value
iteration algorithm under Condition 3. Let vg(x) := 0 and v, (x) := infsecax){(c(x, a) /(o +
w(x))) + (wx)/(wx) + ) [va—1(»)((g(dy | x,a)/w(x)) + 1{x € dy})} foreach x € S,
whereas v, (xo0) := 0 for each n = 0,1,2,.... Under Condition 3, since the transition
probability is weakly continuous and the cost function is K-inf-compact, by Lemma 3, v, is
lower semicontinuous for eachn = 0, 1, .. .. Furthermore, the sequence {v,} is increasing, so
that we formally define voo(x) := lim,qo0 v, (), which, is thus, also lower semicontinuous.
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Let x € S be arbitrarily fixed. It is easy to see from the monotone convergence theorem
that veo(x) < (c(x,a)/(a + w(x))) + fsvoo(y)Q(dy | x,a) for each a € A(x), and thus,
Voo (X) < infaean{(c(x, a)/(a+w(x))) +fsvoo(y)Q(dy | x, a)}. For the opposite direction,
without loss of generality, we assume that vo, < 00. For each fixedm <n — 1,

Voo (X) > vy (x)
. { c(x,a)
in _
acAx) | o + w(x)
c(x,ay)

=————+LW4@W@N%%)

+AW1@Q@W%@}

o+ w(x)
c(x,ay)

_;:R5+Lw@mmmL%x 22)

where a, € A(x) are the corresponding minimizers, whose existence is ensured by Lemma 3,
and the last inequality is due to that {v,} is an increasing sequence. Having noted that
c(x,a)/(¢ +wx)) + fS v () 0Oy | x, a) is K-inf-compact, and v (x) < 00, we see that
the sequence {a,} admits some limit point a* € A(x). Assume without loss of generality that
a, — a*, otherwise we can take the corresponding subsequence. By passing to the limit as
n — oo on the both sides of (22) and the lower semicontinuity of the involved functions, we
obtain veo (x) > c(x,a™) /(e + w(x)) + fs v () Q(dy | x, a*). Further passing to the limit
as m — oo on the both sides of the above inequality yields v (x) > (c(x, a*) /(e + w(x))) +
Jsvo(MNQWy | x,a%) > infaeac)f(clx,a)/(@+wx))+ [svo(¥)O(dy | x,a)}. Hence, in
combination with the other direction as proved earlier, we see that vy iS a
nonnegative measurable (in fact, lower semicontinuous) solution to (7). This, by virtue of
[2, Proposition 9.16], shows v (x) = Wy(x), and thus, the lower semicontinuity of Wy
follows. Consequently, there exists a deterministic stationary policy ¢* such that

Wo(x) = inf { cx.a) , _wh) /Wa(y)<M+l{x€dy}>}
N

acA) |+ wkx) wk)+a w(x)

_clx, 9" (x)) w(x) g(dy | x, 9*(x))
= We)| ———————
o+ w(x) wkx)+a Jg w(x)

+1{x € dy}).
Evidently, this policy satisfies W, (x) = Wy (x, ¢*).
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