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1. Introduction

In this note we discuss the stability at the origin of the solutions of
the differential equation

1) (;) B (—iﬁ _ (a1+6)) (i) ’

where a dot indicates a differentiation with respect to time, and «, § are
real-valued functions of any arguments. We tacitly assume that «, f are
such that solutions to (1) do in fact exist. Under the transformation

y==2 [f=oath g=of,
equation (1) takes the equivalent familiar form
G+fitgr = 0.

As the basis of our work we suppose that the values of the functions
a, B lie uniformly between positive real bounds, namely

2) 0<p=sSa=sq and O0<r=g=<s.

Then in order to state our results we need the functions P, (, R and the
real number S = 11.0160938 - - - defined by

P=Pp,qrs)= {(ﬂ)n_w (q_ﬁ)m-" (’_’)"“’ (q_a)r—p}l/((,_,,(,_.,,),

qg—r S—7 p* s®
0= 06.0.9 = [(Z0) "L e[ LoE

R=R(p ¢ )= {02 )"
rp Y(r—p) 2
=q{(3 = R el

2fj11)}'

and

S=exp{
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The functions P, Q, R will only be used for values of $, g, », s for which they
are well defined and positive real valued. Qur principal result is

THEOREM 1. If, for all values of their arguments, the functions o and g
satisfy the bounds (2}, then for equation (1) the origin x = y = 0 is uniformly
asymptotically stable in the large, except possibly if there is a real number v
such that p < 1t << q, v <<t <s and either

(i) p#7 g#sand P<1,

(i) p=7 g#sand Q <1,

(iii) p#%7;, g=s and R<1,
or (iv) p=17r;, qg=1=s and pSlg < 1.

This theorem is the best obtainable from uniform bounds of the form
(2). For each of the exceptional cases (i) —(iv) of the theorem, in section 6
we give examples of functions «, § for which the solution to (1) is unstable.
However if one of the cases (i)— (iv) hold with equality in the inequality
involving P, @, R or S, as the case may be, then the solutions to (1) converge
either to the origin or to limit cycles. There is no point in considering
stability of (1) when the bound 4 or 7 is non-positive or when the bounds
g and s are both non-finite, because it is easy to choose functions «, g which
take arbitrarily small or arbitrarily large values for which solutions to (1)
are unstable. It is also worth remarking that, if w is a positive real number,
then the values of the functions P, Q, R and $S/g are unchanged by the
transformation

p—>pw, q—>qw, r—>rw;, s—sw.

This fact is not surprising because such a transformation corresponds to the
change ¢t — tw of the time variable ¢.

It is well known (cf. [2], p. 48) that when « and 8 are real constants
then the solution to (1) is stable at the origin if (and only if) « > 0 and
f > 0. Also H. H. Rosenbrock recently proved [1] that we get stability
of (1} if (2) hold and ¢ < 7 or s < p. Both these results are generalised by
theorem 1.

After seeing a typescript of this paper, Rosenbrock kindly drew the
authors’ attention to the case in which one of ¢ and s is finite whilst the
other is infinite. By symmetry in « and § we may as well assume that
g <s = . He had proved that we then get stability of (1) if (2) hold
and ¢ <. Taking the limit s—> co of the functions P and Q gives, as a
corollary to theorem 1, the most general result, namely

THEOREM 2. I}, for all values of their arguments, the functions « and f
satisfy the bounds

O<p=sasqg and 0<r=§,

https://doi.org/10.1017/51446788700025817 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700025817

10 D. E. Daykin and K. W. Chang (3]

then for equation (1) the origin x =y = 0 is uniformly asymptotically stable
in the large, except possibly if r << g and either

(i pAr and {(9—;}’-’)(;—:—,)} r—ps 1,
0
(;) p=r and (qu) exp {qu} =1L

2. An elementary differential equation

If we consider the vector matrix equation (1) as a pair of simultaneous
equations, then by eliminating the time variable ¢, we have

3) @y _9 _ —br—(etply

For arbitrary functions «, f we cannot write down the solution to this
equation. However if , v are positive real numbers, then the general
solution of

dy —uwvx— (u-tv)y

(4) i v

is given by

(5) uz-tyl = cloz+yl® if u£o,

but by

(6) |ux+ty| = c exp {—ux|(ux+y)} if u=ro,

where ¢ denotes an arbitrary constant. These facts can be verified either by
differentiating (5) and (6) or by making the transformation y = 2z in the
homogeneous equation (4) and integrating.

Consider now the solution curve of (4) which passes through the point
(4, 0), where A is arbitrary. This curve is given by (5) or (6) with

A i w oy,
|4 e if u=wv.

(7)

Further the curve meets the fixed line mz+y = 0 at a point (x(4), y(4))
depending on A. Putting * = —y/m in (5) and (6) we find that

(8) y(A) = Lla(u, v),

where a(#, v) denotes the constant
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(Iu.,l_m—]lu Iv—l_m“ll“‘”)l/w‘“) if u # v,

O =l imjm—e) exp fmfm—u)} it w=o.

The particular value of m which will interest us is given by

(10) m = vfu where v = gs—pr and u = g—p+s—r.

It is easy to show that if thereisa rsuch that p < v <gand7r <7 <s,
then

(11) pr<m<yg,s.

3. The fundamental case
In this section we suppose that the functions «, 8 satisfy (2) and that
(12) p<r<g r<s;, s#q.

This case is the fundamental case of theorem 1 and the other cases of the
theorem will be deduced from lemma 2 below. For the moment we wish
to find an upper bound for the value of y in (1). We let I', IT denote the
regions of the (z, y) plane

I'={(z,y)ly =0, mzty = 0} and IT = {(z,y)|y = 0, ma+y < 0},
where m is given by (10). Then we have

Lemma 1.
< { —pre— (p-+r)y at the point (x,y) of T,
T\ —gsz—(g+5s)y at the point (z,y) of II.
Proor. Equation (1) shows that
¥ = a(—pz—y)—py.
Since p £ a < ¢, for any values of 8, z, y the value of § must therefore
lie between p(—pxr—y)—pPy and ¢(—px—y)—pPy. In turn, since r < g < s,

for any values of z, y the value of § must lie between the maximum and
the minimum of the numbers

—pre—(p+r)y; —pse—(p+s)y; —qra—(g+7)y; —gsx—(g+5)y-

The lemma follows by finding which of these numbers is the largest, subject
to (12), and subject to (11) which holds by virtue of (12).
Let us assume for the present that

(13) a(p,7)a(g, s) = P(p, ¢, 7, s), whenever (12) holds.
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We will prove this result in section 4 and by means of it we can prove our
fundamental result, which is

Lemma 2. If (2) and (12) hold and if P(p, q, 7, s) > 1, then for equation
(1) the origin x = y = 0 is uniformly asymptotically stable in the large.

Proor. We use a Liapunov function in the standard way. In other
words we simply define a closed contour V containing the origin with the
properties that, (i) each ray from the origin cuts ¥ once, and (ii) there
is a 4 > 0 such that

(14) (% 9) - n > 6,

at each point 4 of ¥V, where the vector (£, ¢) in the scalar product is evaluated
from (1) with (z, y) at , and n denotes the unit inward normal to V' at .
Our contour in fact has corners at which n is not defined. For such corners
n we need only assume that 5 belongs to both arcs adjacent to 5. If for
each positive real number p we were to construct a contour V(p) by mul-
tiplying every coordinate of ¥V by p, then from the form of (1) we see that
V(p) would have the same properties as V. Therefore the lemma will fol-
low from Liapunov’s stability theorem (cf. [2], p. 89) if V does in fact
have the properties (i) and (ii).

Now the functions P and m are continuous in each of their variables
P, ¢, 7, s. We are given that P(p, ¢, », s) > 1, and (11) holds by virtue
of (12). Hence we can choose §’, ¢’, 7', s’ so that

P <P qg<qgir<rys<s;pE; ¢ FS,
(15) P, q,7,s)>1,
P»7'<m, <q, S.

For convenience we will use dashes to denote the effect of replacing the
bounds ¢, g, 7, s by the new set ¢’, ¢/, ', s’. For example
P'= P, q,7,)
whilst
I'={(z,y)|y = 0, m'z+y = 0},

and so on.

Let ¢ denote the portion of the solution curve of (4) with 4 =g¢’,
v = s’ which starts at (~—+/P’, 0) and lies in II’. Similarly let ¢ denote
that portion of the solution curve of (4) with # = $’, v = »' which starts
at (1/4/P’, 0) and lies in I, We can obtain { and & from (5) and (7). By
virtue of (8) and our assumption (13), we have

Y (—vP)ly (v P) = Pal(g,s)]alp,r) =1,
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and hence ¢{ and £ meet the line m'z+y =0 at a common point
C = (2 (—vP), ¥ (—+/P’)). Next we take a small positive number &
and write B and D for the points of intersection of ¢ and & respectively
with the line y = ¢. Further we denote the portions of { and & between
B and C and between C and D by ¢, and ¢, respectively. The lines joining
the points 4 = (—1, 0) and B and the points D and E = (1, 0) we denote
by ¢, and ¢, respectively. Finally our contour V consists of the curves ¢, and
the curves y, obtained from the ¢; by symmetry through the origin.

Clearly a ray from the origin meets ¢, or ¢, in at most one point.
Moreover a ray will meet ¢, or ¢, in at most one point, as can be seen from
(), (7), (8) and (9). Thus V does have the property that each ray from
the origin cuts it just once.

Now the lines ¢,, ¢, are nearly horizontal. By inspection of (1) and
(2) we see that the vector (£, ) is of bounded magnitude and is nearly
vertically upwards on ¢,, but nearly vertically downwards on ¢,. Hence
there is a 4 > 0 such that (14) holds on ¢, and ¢,.

Next for 7 = 2, 3 let 4 be a point of ¢, lying in any line m,z+y = 0.
Then at 5 we have # = y = ¢ > 0. On the other hand y is bounded above
as shown in lemma 1. Hence if 6, —x < 6 < =, is the argument of the vector
(%, ) at n then

7 gl tan=? {[—gsz— (¢+5)y]/y} on ¢,
—g<o=tan@ = { o T on b

By definition of £, & the slope 0 = dy/dx of ¢, is given by (4) with u = ¢’,
v=ys"if i =2, but with u =¢’, v =7+ if ¢ = 3. Hence at  we have

lgsz+(q+s)y—9¢'s'z—(¢'+s")ylly  on ¢,

[pra+ (p+r)y—p're— @' +7)ylly  on ¢s,

_ { (s —mp) (¢ —q)+ (g—mo) (s'—s)][my if ¢ =2,
[(ms—7") (p—p")+ (mg—p) (r—7")][ms if £ =3.

We now point out that there is a é > 0 such that (14) holds on ¢, and ¢
by showing that ¢ —tan 6 is bounded below on ¢, and ¢5. This result follows
from (15) when we make the following observations. For  on ¢, we note
that m, has a positive lower bound and m, < m’. For » on that part of
é; in the second quadrant we have m’ < m; < co. For 5 on that part of
¢; in the first quadrant we have 2 = 0 and y > =

We have therefore shown that there is a 6 > 0 such that (14) holds
on the ¢;’s. By symmetry through the origin, it also holds on the y,’s and
the lemma is proved.

Suppose now that (2) and (12) hold and that P(p, g, 7, s) = 1. Also
let V be as defined above but with p' =p; ¢ =¢; ¥ =7, s' =s and

o—tan f = {

https://doi.org/10.1017/514467887000258717 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700025817

14 D. E. Daykin and K. W. Chang M

¢ = 0. Then it is clear that solutions to (1) which start on the contour
V either follow the contour of V or move inside V. This fact is the basis
for our remark in the introduction concerning convergence to the origin
or a limit cycle for the first exceptional case of theorem 1. The other excep-
tional cases could be discussed in a similar way but we shall not do so.

4. The functions P, Q, R and pS/q

Throughout this section we assume that there is a 7 such that
p<r<qand r <v<s From (10) we have

pi—mt = (s—p)g—p)/pu
ri—mt = (g—r)(s—7)fru,
m1—g7t = (g—7)(g—P)lqn.
ml—s"1 = (s—p)(s—7)/su,

and hence by straightforward manipulations from (9),

P(p,q,7,59) ifp#r g#s,
Q(P:q;s) if?=r; q#s,
R(p,q.7)=[Qlg. p. 7)) if pF£7; g=s,
(Blg) exp 2(p+q)/(g—p)} it p=17; g=>s.

In view of the statement of theorem 1 the last result may seem out of
place so we hasten to point out that

(17)  $Slg =1 according as (p/g) exp {2(94p)/(g—p)} = 1.

The results (16) and (17) show the origin of the functions P, Q, R, $S/q.
Moreover the functions of (16) are related in the way shown by the following
elementary limits,

(18)  Lim P(hp, ¢, p,5) = Q. ¢.5) if p<q; p <s; ¢#s,

hol—

(16) a(p,7)[alg, s) =

(19) Lilf Ppgr.hg) =R(p,q.7n) it p< g r<gq; pF#v7
B
(20) »Lfff P(kp, g, b, /)= (plq) exp {2(p+9)](g—2)} if p <g¢.

We will make use of these limits, and the result of

LemMA 3. If o > 0 and T is any one of the functions in (16) then there
exist values of P, q, v, s for which T takes the value w, and there is a T such
that p<t<gq, r<t<s.

ProoF. For the last function in (16) the result follows from (17).
If T is one of P, Q and R then T is continuous in each of the variables
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$, ¢, 7, s. Hence the lemma holds by virtue of the limits below, in which
we assume that (12) holds. First we have

(21) Lim P(p, kr,7,s)= Lim Q(p,q,s)= Lim R(p,gq,7)= co.
k=14

p-min (g, 8) p-+max (p,r)

On the other hand

1 ks—p r3—pg kq_ﬁ PEQr (yT\ =T [\ 1P 1/(r~p)(s—0),
P )k ’ »k = =0 —_— —
erani = {G=) G2 GG
so that

Lim P(p, kq, 7, ks) = 0,
koo

and hence

koo

Lim Q(p, kg, ks) = Lim R(p, kq, 7} = 0.
k- o0

This proves the lemma.
One further limit that we will use is

(22) Lim P(p, g, 7, k1) =0 if p<r<gq.
k=14

5. Proof of theorem 1

We prove the theorem by cases. In each case we replace the bounds
$, ¢, 7, s of (2) by new bounds in such a way that with the new bounds (2)
still hold, inequalities (12) hold, and P > 1. Thus we satisfy the con-
ditions of lemma 2 and so have uniform asymptotic stability in the large
for the solutions of (1). In each of the cases below the values of the arguments
in the expression P > 1 indicate the values of the new bounds. We adopt
this convention to save repeating ourselves. Also by symmetry in «, §
in (1), without loss of generality, we assume that $ < in (2).

Case a. There is no 7 for which p<r<gand r <7z <s.

Case a (i). ¢ <. We choose s" with s < s’ and then, in view of (21),
we choose 2 > 1 but sufficiently close to 1 that k» 7 s’ and P(p, &kr,7,s") > L.

Case a (ii). » < ¢. Then we must have r = s. We choose ' with ' <
so that " < 7 < ¢ and then, in view of (22), we choose £ > 1 so that
g#kr and P(p', q,7, kr) > 1.

Case b. There is a 7 such that p <t <gand r <7 <s.

Case b (i). p #7; ¢ #s; P> 1. This is the case of lemma 2.

Caseb (ii). p = 7;9 # 5;Q > 1. Inview of (18) we choose #,0 < & < 1,
so that P(ip, q, p,s) > 1.

Case b (iii). p#£7, ¢g=35; R > 1. In view of (19) we choose %2 > 1
so that ¢ 52 hg and P(p, ¢, 7, hg) > 1.

Case b (iv). p=7r; g =s; pS/g> 1. Then in view of (17) and (20)
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we choose b, 0 < & < 1, so that P(hp, q, $, q/k) > 1, and this completes
the proof of theorem 1.

6. Unstable solutions

For each of the exceptional cases of theorem 1, we now give examples
of functions «, § for which the solution to (1) is unstable. Suppose therefore
that there exists a v such that » <t < ¢ and r << v <s. Then choose
one of the exceptional cases (i)—(iv) of theorem 1 and let T denote the
value of the corresponding function in (16). We then define functions «, 8
by the rule, if (z, y) or (—z, —y) is in I" then a = $ and f = r, otherwise
« = g and § = s. Examination of (1) then shows that the solution to (1)
moves clockwise round the origin in the (z, y) plane. Using the results
of section 2 and equations (16), we then see that the solution curve to (1)
which starts at the point (4, 0) with 4 < 0 passes in turn through the
following points of the x-axis and line mx+y = 0,

(4,0); (Aalg, s)/m, —2alg, s)) = (Aa(p, )/mT, —Aa(p, r)/T);
(—AIT, 0); (—Aalg, s)/mT, ialg, s)|T) = (—Aa(p, )/mT?, Aa(p, )| T?); (/T2 0).
Hence if T = 1 the solution is a limit cycle. If on the other hand 7' < 1

then the solution diverges. That T can take such values was shown in
Lemma 3.
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