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ABSTRACT 
The t h e o r e t i c a l a s p e c t of c l o s e f l y b i e s of s p a c e - c r a f t s 

near p l a n e t s - g r a v i t a t i o n a l manoeuvres have been s t u d i e d . I t 
i s proved t h a t t h e s p a c e - c r a f t mo t ion wi th g r a v i t a t i o n a l man­
o e u v r e s a d m i t s t h e e x i s t e n c e of r o u t i n g scheme a n d , c o n s e q u e n ­
t l y shows t h e e x i s t e n c e of quas i - random m o t i o n . 

INTRODUCTION 
The p r a c t i c a l a p p l i c a t i o n of c l o s e f l y b i e s of s p a c e c r a f t s 

nea r p l a n e t s - g r a v i t a t i o n a l manoeuvres - i s wide-spread and 
u s u a l i n space r e s e a r c h . G r a v i t a t i o n a l manoeuvres min imize 
f l y t i m e or f u e l expense and g i v e d i v e r s e o p p o r t u n i t i e s to c h ­
o o s e v a r i a n t s of space m i s s i o n s . 

T h i s i s t h e a p p l i e d a s p e c t of t h e p rob lem. Bit i t i s not 
l e s s i n t e r e s t i n g from t h e o r e t i c a l v i e w p o i n t : t h e t r a j e c t o r ­
i e s w i t h numerous f l y b i e s p rove to be an example of s t o c h a s ­
t i c m o t i o n s i n c l a s s i c a l d e t e r m i n i s t i c dynamica l sys tem. I t 
i s t h i s s i d e of t h e problem t h a t i s under c o n s i d e r a t i o n i n 
t h e p r e s e n t p a p e r . 

The c a u s e of s t o c h a s t i c i t y i s , of p r i n c i p l e , e v i d e n t : 
t h i s i s i n s t a b i l i t y , l e a d i n g t o t h e expans ion of i n i t i a l t u b e 
of t r a j e c t o r i e s i n t h e c o u r s e of t ime (F ig . 1 ) . The n e g l i g i ­
b l e smal l d e v i a t i o n s of e l e m e n t s of i n i t i a l o r b i t r e s u l t i n 
a n a l l c h a n g e s of impact p a r a m e t e r , but t h e l a t t e r c a u s e c o n ­
s i d e r a b l e c h a n g e s of o r b i t a l e l e m e n t s a f t e r e n c o u n t e r . As a 
r e s u l t , t h e dynamica l system r a p i d l y " f o r g e t s " i t s i n i t i a l 
s t a t e . 
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Planet 

• Tube of trajectories 

Fig. 1. The cause of stochasticity is 
unstability leading to the expansion of 
initial tube of trajectories. 

Let us s t a r t with giving more r igorous mathematical me­
aning to the statement "the motion has s tochas t ic p roper t i e s" . 
Introduce the concept "qua si-random motion", following V .M . 
Alekseev (1981). Suppose the dynamical system al lows the t r a -
nsformation to a system with d i s c r e t e time t e { t s i . e . 

n n=-o° 
to the i t e r a t i o n s of some phase space t ransformat ion. Let u s 
a ssume,further, t h a t any motion i s such a sV-nx = x (t ) e £ r 

n n n 
L = u l . being the t o t a l i t y of no<n-over lapping subsets of the 
phase space. Hence, any motion i s to be represented by a s e ­
quence of the " l e t t e r s " of the "alphabet" L: 

The sequence for which corresponding motion e x i s t s i s c a l l ­
ed admiss ib le . A pa r t of admiss ible sequence of the length 2 
( i . e . cons i s t ed of two " l e t t e r s " ) i s ca l led admissible t r a n s i ­

t i o n . One can say t h a t t he motion i s quasi-random if i t ' s 
impossible to p r e d i c t the next l e t t e r of the sequence, p r o ­
vided the fragment of admissible sequence of a r b i t r a r y length 
i s known. 

The another (probably, mo r e understandable) way to descr ibe 
these ideas i s to use the notion of rout ing scheme. The l a t ­
t e r i s t he or ien ted graph, i t s nodes being the " l e t t e r s " of 
the "alphabet" L,and the presence of arc (with arrow p r e s c r i ­
bed) between two nodes means t h a t corresponding t r a n s i t i o n i s 
admiss ib le . The motion i s ca l l ed qua si-random if i t may be r e ­
presented by rout ing scheme with two or more arrows s t a r t i ng 
from each node (Fig .2) . 
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Fig. 2. An example of quasi-random 
motion represented by routing 
scheme. 

If the part of the admissible 
sequence is known (e.g., ...abc...), it is 
impossible to find its unique 
continuation. The continuation 
...abca... is admissible as well as 
...abed.... 

Our goal i s to prove t h a t t he problem of spacecraft mo­
t ion with g r a v i t a t i o n a l manoeuvres admits the exis tence of 
rout ing scheme and,consequently, t he re ex i s t quasi-random 
motions in t h i s problem. 

THE MODEL 
Let u s consider the simplest problem of c e l e s t i a l mech­

an ic s reveal ing s tochas t ic p r o p e r t i e s - the plane c i r c u l a r 
r e s t r i c t e d three-body problem Sun-planet-spacecraft (Fig. 3 ) . 
Moreover, for the sake of s impl i c i ty l e t u s t r e a t now t h e 

l«ttr>ft 

Fig. 3 The plane circular restricted 
three-body problem Sun-planet-
spacecraft. 

125 

https://doi.org/10.1017/S0252921100065994 Published online by Cambridge University Press

https://doi.org/10.1017/S0252921100065994


approximate model of this problem (although the latter is a l ­
ready a model problem). Namely, we shall use the method of 
action spheres with zero radii (or, briefly, point-like act­
ion spheres method). It can be summarized as follows. The 
spacecraft motion is supposed to be Keplerian heliocentric 
everywhere except for points of encounter with planet, where 
instant change of velocity vector occurs. This change is r e ­
duced to the rotation of velocity vector to the angle \\> (be­
tween the asjmtotes of planetocentric hyperbola). Any flyby, 
therefore, looks like a "collision" of spacecraft with planet. 

Let heliocentric gravitational constant be equal to uni­
ty whereas planetocentric one equals to u. The planet moves 
on the circular orbit of radius A with linear velocity û _ 1/ 
/A.Denote heliocentric _yeloc i t y vector of spacecraft a s v, 
planetocentric one as w. 

It is easy to deduce formulas expressing the change of 
spacecraft orbit as a result of a collision with planet: 

• 2 = v 2 + iuz [ z ( u _ v ( n ) , _ v ( r ) -, ( 1 , 
l + z z 

v ( n ) ' = ( v ' 2 + u 2 - w 2 ) /2u (2) 

v < r > , 2
= v . 2 _ V W 2 0 ) 

Here the prime indicates to values immediately after co l l i ­
sion, whereas i ts absence corresponds to values directly be­
fore i t . The quantity z = tant|;/2) may be referred to as 
flyby parameter.lt is connected with the impact parameter p 
by known relation 

2 
z = vi/w p (4 j 

One can obtain an approximate expression for p by means 
of linearization of spacecraft motion in the vicinity of the 
planet. Kith technical details omitted, the final result is 

P ^ A|6| |v ( r ) |w- 1 , (5) 

6 being the angular distance from spacecraft to planet while 
the unperturbed spacecraft is crossing the planet orbit. 

Let us recall,finally, the well-known Keplerian relations: 

v = 2/A - 1/a, ( 6 ) 

„ ( n > 2 n 2 W „ 2 
v = a (1-e )/A , (7 ) 
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with a and e standing for major semiaxis and e c c e n t r i c i t y 
of spacecraf t o r b i t , r e s p e c t i v e l y . 

The set of formulas ( l ) - (7 ) completely desc r ibes the 
t ransformation of Keplerian he l iocen t r i c o r b i t of spacecraft 
a s a r e s u l t of a f lyby: 

(a,e) -»- ( a ' , e ' ) . 

STOCHASTIC PROPERTIES 
In many well-known s tochas t ic dynamical systems the r e ­

p e t i t i o n of c o l l i s i o n s i s guaranteed au tomat i ca l ly (e .g . in 
b i l l i a r d s ) . I t i s not the case here: we ought to take ca re of 
such a r e p e t i t i o n . Namely, one have to choose the parameters 
of each flyby such a s to reach next flyby in the neares t 
f u t u r e . 

This condi t ion i s s a t i s f i ed p a r t i c u l a r l y for resonant 
o r b i t s , for which the next c o l l i s i o n occurs a t t h e same po­
in t a s previous one a f t e r p completesrevolut ions of planet 
and q completes r evo lu t i ons of spacecraf t : 

( a /A) 3 / 2 = p /q , p ,q E » (8) 

The non-resonant o r b i t s (also containing the o r b i t s of c o l l i ­
sion) ware a l so inves t iga ted (Sokolov, 1990) but a r e not d i s ­
cussed here . 

Res t r i c t i ng ourse lves by the cons idera t ion of resonant 
o r b i t s we have: 

6 i+l = 6 i + 2 * A " 3 / 2 [ q i ( 2 / A - v 2 ) ~ 3 / 2 - P i A 3 / 2 ] (9) 

Z i + 1 = A ^ ^ l v ^ < v 2 \ u 2 - 2 u v . ( n , ) 1 / 2 a 0 ) 

1 l + l ' I l l 

^ ^ K T ^ 2 ^ b-vin)) "v^)] (11) 

1 + z i + i 

v ^ n ) = (v2
 + u 2 - w2)/2u, v . ^ ' 2 = v 2 - v . ( n ) 2 (12) 

Here i = 1 , 2 , 3 , . . . stands for the number of c o l l i s i o n , 
v. = {v. , v . } i s t he v e l o c i t y a f t e r i - t h c o l l i s i o n (the 
same a s the v e l o c i t y d i r e c t l y before i + l - t h c o l l i s i o n , because 
the o r b i t s a r e r e s o n a n t ) . 
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It can be easily shown that for each set of pairs (p.,q.), 
i = 1,2,3, . . . , the system of equations (9)-(12) has an exact: 
solution, provided p is sufficiently small. In order to show 
i t , l e t us fix the value of planetocentric velocity w (w i s 
an invariant, because i t s values before and after each co l l i ­
sion coincide) .Choose an arbitrary sequence of resonant heli­
ocentric velocity values v. (corresponding to the values of 
p i ' ^ i c h o s e n from the interval (u-w, u+w), restricting our­
selves by not too large values of p. ,q. . Evaluate normal and 
radial components v. and v . by means of (12). The quad­
ratic equation (11) determines z. (one can prove the existe­
nce of real roots). The next step is to calculate 6. with 
the aid of (10). Finally, we use formula (9) either 1 t o o b ­
t a i n 61 (when i = 1) o r t o c o r r e c t t h e v a l u e of v . (when 

i= 2 , 3 , . . . ) . The c o r r e c t i o n s t o v . and v . a r e t o be found 

now from (12) .These o p e r a t i o n s a r e to be r e p e a t e d u n t i l t h e 
r e q u i r e d a c c u r a c y i s ach ieved (Fig . 4 ) . T h i s i t e r a t i v e p r o c ­
edure , performed fo r a l l t r a n s i t i o n s , r e s u l t s i n t h e s e t of 
v a l u e s v ^ . Note t h a t t h e i t e r a t i o n s conve rge a s geome t r i c p r o ­
g r e s s i o n wi th f a c t o r ^ , i n d e p e n d e n t l y of t h e p a t h i n t h e 
r o u t i n g scheme. I t c an be c l a r i f i e d by t h e p r e s e n c e of small 
pa ramete r y i n (10) which p r o v i d e s t h e "compress ion" . Indeed, 
i f t h e c o r r e c t i o n t o z i s of o r d e r i ' 

k+1 (and v ) i s of o r d e r u 
t h e c o r r e c t i o n t o 6 
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Fig. 4 The iterative procedure of V p q 

calculation. 
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T h e r e f o r e , t h e e x i s t e n c e of t h e t r a j e c t o r y c o r r e s p o n d i n g 
to each sequence of ( p . , q j ) i s p roved . Thus, t h e r e e x i s t s 

r o u t i n g scheme - t h e i n f i n i t e o r i e n t e d g r a p h - w i t h a t l e a s t 
two a r c s o r i g i n a t i n g i n each node (F ig . 5 ) . We c a n c o n c l u d e 
t h e r e f o r e t h a t t h e mot ion i s quas i - random a c c o r d i n g t o our 
d e f i n i t i o n . A l l r o u t e s a r e p e r m i t t e d - a l l p a i r s of nodes a r e 
l i n k e d by a r r o w s . For e a c h r o u t e w i t h i n t h i s scheme t h e r e 
e x i s t s a c o r r e s p o n d i n g t r a j e c t o r y i n t h e s i m p l i f i e d t h r e e -
body p rob lem, e . g . , t h e p a t h 1/2 ->-2/3 •+ 1/1 -»-... on t h e F i g . 
5 may have an a r b i t r a r y c o n t i n u a t i o n . The s p a c e c r a f t r a m b l e s 
t h r o u g h t h e nodes of scheme. 

DISCUSSION 
Thus, i n t h e g i v e n s p e c i f i c problem of c e l e s t i a l mech­

a n i c s a n example of quas i - random mot ion has been c o n s t r u c t e d . 
I t should be noted t h a t we have c o n s i d e r e d no t t h e " t r u e " 
( a c t u a l ) t h r e e - b o d y problem but " d i s t o r t e d " , " s p o i l e d " by t h e 

u s ing of two o p e r a t i o n s - t h e p o i n t - l i k e a c t i o n s p h e r e s m e t ­
hod and l i n e a r i z a t i o n of s p a c e c r a f t mo t ion whi le e v a l u a t i n g 
t h e impact p a r a m e t e r . So t h e m o t i o n s under c o n s i d e r a t i o n do 
not e x i s t i n r e a l i t y . N e v e r t h e l e s s , t h e y a p p r o x i m a t e a c t u a l 
s o l u t i o n s wi th s u f f i c i e n t a c c u r a c y - t h e f a c t t h a t has been 
proved by t h e compar i son w i t h e x a c t a n a l y t i c a l r e s u l t s , i n 
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p a r t i c u l a r , with Tisserand c r i t e r i o n . I t i s e spec ia l ly impo­
r t a n t t h a t qua si-random nature of the motions "survives" in 
the ac tua l three-body problem. Let u s quote Vladimir Arnold: 
"Unlike the s t a b i l i t y , the i n s t a b i l i t y i s s t a b l e " . 

We shall come now to the other consequences of our t r e ­
atment. I t i s c l e a r t h a t the measure phase space subset where 
the s t o c h a s t i c i t y i s a c t u a l l y revealed i s very small . On the 
cont ra ry , the v e l o c i t y of accuracy l o s s caused by consequent 
spacecraft f l y b i e s i s considera ble, amounting to 3-4 decimal 
o rde r s per one f lyby. As a consequence, i t i s abso lu te ly 
u s e l e s s to analyze an individual s tochas t ic t r a j e c t o r y by 
numerical i n t eg ra t ion if the time i n t e r v a l i s not small. 

Fur ther , i t seems to be evident t h a t the technique used 
in the paper may be general ized to more complicated c a s e s of 
N-body problem. For example, one can consider four-body p r o ­
blem in which two p l ane t s l i k e a s Mercury and Venus a r e i n ­
volved. I t doesn ' t make d i f f i c u l t i e s a l so to study 3-dimen­
sional (non-planar) problem. The l i s t of poss ib le g e n e r a l i z ­
a t i o n s i s obviously to be cont inued. 

The applied aspect of the problem mentioned above i s 
a lso of g r ea t i n t e r e s t . I t includes the inves t iga t ion of the 
reg ions of a t t a i n a b i l i t y , the a n a l y s i s of the p o s s i b i l i t i e s 
to f a l l down to the San, or to escape from the Solar system, 
or to l eave the e c l i p t i c p lane . 

All these g e n e r a l i z a t i o n s and a s p e c t s of the problem a r e 
considered in d e t a i l in a s e r i e s of papers (Sokolov,l 980; 
Sbkolov, Titov, 1990). These paper s con ta in a l so the d e s c r ­
ip t ion of the i n t e r a c t i v e computer system cons t ruc t ing s t o ­
chas t i c t r a j e c t o r i e s . I t makes i t poss ib le to "grow" t r e e s 
of t r a j e c t o r i e s by continuing appropr ia te branches and s t op ­
ping bad ones, due to accepted c r i t e r i a , loimerical examples 
of t r a j e c t o r i e s constructed using the described system a r e 
a lso presented . 
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