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On n-Dimensional Steinberg Symbols

Fernando Pablos Romo

Abstract. The aim of this work is to provide a new approach for constructing n-dimensional Steinberg
symbols on discrete valuation fields from (n + 1)-cocycles and to study reciprocity laws on curves
related to these symbols.

1 Introduction

In 1959 J.-P. Serre [16] introduced the local symbols on curves in order to study
the factorization of a rational morphism of complete curves through a generalized
Jacobian of Rosenlicht. The additive local symbol (the classic residue on curves) and
the multiplicative local symbol (the tame symbol) are examples of these symbols.

For years, an open problem was to provide a “local” definition of the local sym-
bols, because the definition offered by J.-P. Serre involved a “global” condition, i.e.,
the reciprocity law (the Weil reciprocity law in the multiplicative case and the residue
theorem in the additive one).

In 1968 J. Tate [17] gave a definition of the residues of differentials on curves
in terms of traces of certain linear operators on infinite-dimensional vector spaces.
Furthermore, he proved the residue theorem (the additive reciprocity law) from the
finiteness of the cohomology groups H°(C, Oc) and H'(C, O¢). With this work, he
gave a “local” construction of the additive local symbol (it depends only on the local
ring of a closed point in an algebraic curve).

In 1989 Arbarello, De Concini, and Kac [1] solved the problem of the “local” char-
acterization of the multiplicative local symbol by offering a new definition of the tame
symbol of an algebraic curve from the commutator of a certain central extension of
groups. Analogously to Tate’s construction, those authors deduced the reciprocity
law for a complete curve from the finiteness of its cohomology when the ground field
is algebraically closed. In 2002, I provided an interpretation of their central extension
in terms of determinants associated with vector subspaces[11]. The cohomological
definition offered, which involves topics of Steinberg symbols, is valid for curves over
a perfect field and gives a new method for studying arithmetic symbols. Moreover,
the sign of the expression of the tame symbol appears in a natural way because I
proved that the tame symbol is a distinguished element in the cohomology class in-
duced by the commutator of the central extension.

In 2004 I also obtained a cohomological characterization of the tame symbol over
an arbitrary discrete valuation field, where the sign was again obtained from a distin-
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guished element in the cohomology class induced by the commutator of a determi-
nantal central extension of groups [10].

Moreover, A. N. Parshin [12] and J. L. Brylinsky and D. A. McLaughlin [3] have
studied symbols on surfaces that generalize the definition of J.-P. Serre on curves, and
have offered reciprocity laws for them.

Explicitly, in 1985 Parshin introduced a symbol associated with a sequence p €
C C S, where C is a curve on an algebraic surface S, and p is a closed point of C. If f,
g and h are three functions on S, the expression of the symbol is

‘ fVC(g)'ﬁ(h)*VC(h)'ﬁ(g) P
100 . 1ve () 7p(8)—ve(9)- ¥, (f)
(L) (f,ghpo = (=1 (gm(f)-mh)fv(:(h)-ﬁ(f) pes ' )‘C(p),

where

ap.0) = ve(f) - vel(@) - Tp(h) +ve(f) - ve(h) - V(@) + ve(@) - ve(h) - 75(f)
+c(f) - Tp(g) - Tp(h) +ve(g) - Tl f) - Fp(h) + ve(h) - Fp(f) - 7p(g)

where v¢ is the discrete valuation induced by C (a codimension one subvariety of S),
and v, is a discrete valuation induced by the closed point p and a function z on S
such that vo(z) = 1.

We point out that this explicit expression is not completely due to Parshin: i.e., the
higher dimensional tame symbol was defined by Parshin up to the sign, and the full
definition, including the sign, was given by I. Fesenko in his thesis in 1986, published
in 1988 [4] (for the English translation, see [5]).

In [10] I offered a new interpretation of the Parshin symbol on an algebraic surface
as iterated tame symbols in order to deduce a reciprocity law from the finiteness of
the cohomology groups H°(C, Oc) and H'(C, Oc), and, have recently studied the
2-dimensional Steinberg symbols on arbitrary discrete valuation fields, which can
be defined from 3-cocycles related to iterated commutators of central extensions of
groups [8].

In [1,8,10,11] the authors offered a new method for studying the respective sym-
bols, and in [8,10,11] I obtained a cohomological characterization of them from the
commutators of central extensions of groups where the sign appears in a natural way.

This paper is devoted to studying n-dimensional generalizations of Serre’s local
symbols by extending the method given in [8] fromn =3 ton € N — {1}.

If F is a field and G is a commutative group, a map 1: F"D _, Gis called an
n-dimensional Steinberg symbol when:

(i) % is multiplicative in each argument:

Vs fir firo ) =0 fis ) fis )

forall f;, f; € F*.
(i) ®(...f,....,1—f,...)=1forall f # 1.
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Parshin [13], Brylinsky and McLaughlin [2], and Fesenko and S. Vostokov [4,
5] have studied these symbols on algebraic and analytic varieties, and have offered
reciprocity laws for them.

In the above context, the aim of this paper is to offer a general theory for n-
dimensional Steinberg symbols on discrete valuation fields and to contribute to a
better understanding of these symbols. From the determinantal central extension
offered in [10] we construct an (n + 1)-cocycle that determines an element of the
cohomology group H™"!(F*, k*) such that there exists a distinguished symbol in the
cohomology class of the (1 + 1)-cocycle satisfying a condition that is the generaliza-
tion to the n-dimensional case of one of the conditions given by J.-P. Serre to define
the local symbol in the case n = 1. In this construction the sign of the explicit ex-
pression of the symbol also appears in a natural way.

We show that this symbol is an n-dimensional Steinberg symbol; that it gener-
alizes the well-known explicit expression of the n-dimensional tame symbol; that it
is possible to apply it to several geometric situations (where it is not necessary to
assume that the ground field is algebraically closed); and that the reciprocity laws as-
sociated with complete curves C are again a direct consequence of the finiteness of
the cohomology groups H°(C, Oc) and H'(C, O¢).

The organization of the paper is as follows:

Section 2 contains a brief summary of the results of the paper [8]. Section 3
deals with the main results of this work. Namely, if we consider a family of fields
{Fi}ie{o,1,..n}> such that F; is a discrete valuation field for i € {1,...,n}, K(vg)isa
finite separable extension of Fi_;,  deg(vg,) = dimp,_, K(vf,), and Nk, )/F,_, 1s the
norm of the extension of fields F;_; — K(vg,), and we set Fy = k; then we construct
amap: (-, )y, - F:("“) —s k*.

We show that (-,..., ')m,m,m is an n-dimensional Steinberg symbol when
Fi_y = K(vg,) for all i # 1. We should remark that our construction generalizes the
definition of the Parshin—Fesenko—Vostokov symbols and the Brylinsky—McLaughlin
symbols, because those symbols satisfy the condition that F;_; = K(vg,) for all i # 1
(Example 3.15).

Finally, Section 4 is devoted to offering a reciprocity law for the symbols defined
previously when F; = X, X¢ being the function field of a complete, irreducible
and non-singular curve over a perfect field. Similar to Tate’s proof of the Residue
Theorem [17], this reciprocity law is a direct consequence of the finiteness of the
cohomology groups H°(C, O¢) and HY(C, O¢).

2 Preliminaries on 3-Cocycles and 2-Dimensional Steinberg symbols

Let F be a discrete valuation field, and let K (vg) be its residue class field. The valuation
ring associated with vr is denoted by O,,, and m,, is its maximal ideal. Let us consider
a field K, such that K(vr) is a finite separable extension of K, deg(vr) = dimg K(vr),
and N,/ is the norm of the extension of fields K — K(v).

Definition 2.1 We shall use the term tame central extension to refer to a central
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extension of groups 1 — K* — F* — F* — 1, such that its commutator is

vi(g)
{f.¢}& = Nxoy/x %(mod mVF)} € K*for f,g € F*.

Remark 2.2. If F is any field with a discrete valuation vr whose residue class field is
K(vE), for each field K such that K(vg) is a finite separable extension of K there exists
a tame central extension associated with (F, vg, K) [8]. This extension is, in fact, a
determinantal central extension in the sense of [1].

If we consider two tame central extensions of groups,
l1>K*>F -F 51, 1k -5K*—>K*—>1,

by fixing an element z € F* such that vg(z) = 1, we have a 3-cocycle

{.7 - .}iF,VK: F* x F* x F* —>k*,
defined as:
z —vp(fjr2)-deg(vr) N
{ﬁ)7f17f2}VF-,VK = 1;[/ [{{f‘j7z}l?*7{f‘j+laz}l?*}f*:| ne Yek s
JEL/3

with f; € F*. It is clear that

] (=1)’ve(f3)-deg(vr)

{h, fs 5 1Z/F,VK = [{{fhz}}?ﬂ {fZaZ}F* }1?*
’ [{{flvz}l?*’ {]6372}17*}1?*
’ [{{ﬁvz}l?*’ {ﬁvz}l?* }IZ*

Moreover, if f € F*, we write

} (—1)*ve(f2)-deg(vr)

} (—=1)'ve(f)-deg(vr)

F (e, v) = Niwe) k[ Nicoryx (f (mod my,.)) (mod my, )| € k¥,
which is a well-defined map when v¢(f) = 0, and
vi [ Nk x (f(mod m,,.))] = 0.

Hence, if f,g,h € F*, and vi (f) = vk({f,z}g), it follows from the results of [8]
that the value of the 3-cocycle {f, g, h}2 , is

VF,VK

(fdeg(VF)[VF(g)-V,i(h)*VF(h)-vli(g)]

1 deg(vn) ()@ —ve(@) V()] .
PRI OEACE O PSS )("F"’K)Ek'

This expression is independent of the choice of z and we can write { -, -, - }1,
to refer to this cocycle. Note that this expression generalizes the Parshin-Fesenko-
Vostokov symbol on an algebraic surface (1.1).
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Another explicit expression of { -, -, - },, 4 is:
IS (fVK({hwg}f*) .gVK({f-,h}ﬁ*) . hVK({gvf}f*))deg(VF)(vF, i),

with f, g, h € F*. Moreover, for each morphism of commutative groups ¢: k* — G,
the tame central extension of groups associated with (K, vk, k) determines another
central extension

(2.1) 1—>G—>E;‘—>K*—>1

such that the 3-cocycle, induced by the tame central extension associated with
(F, vg, K) and the central extension (2.1), is:

{f7g’ h}fF,VK = (p({fvga h}VF-,VK) €aG.

Let us a now consider a discrete valuation field F and a commutative group G.

Definition 2.3 A map 1: F* X F* x F* — G s called a Steinberg symbol when

(i) 4 is multiplicative in each argument:

’l/J(f] : f27g7h) = z/](flugah) . w(f%gu h)u
V(f,8 - &, h) =(f, 81, h) - P(f, 8, 1),
w(f7g7hl : h2) = z/](fugahl) 'z/](fugahZ)u

forall f;, g, hi € F*.
(11) ’lb(f,l—f,g):’lb(f,g,l—f):’gb(g,f,l—f):lfOI'allf?él

Remark 2.4. If K(vp) = K, according to [8], for each morphism of commutative
groups : k* — G there exists a unique Steinberg symbol (f, g, h){. . in the coho-
mology class

[{ Y] eH(F,G)

that satisfies the condition

(f,8 M5 = {f,8 h}7,. . when vi(f) = vi(f) = 0.

Moreover, there exist reciprocity laws on curves associated with the Steinberg sym-
bols (-, -, )7 -
The aim of this paper is to provide an approach for constructing n-dimensional

Steinberg symbols from (n + 1)-cocycles that will generalize the above method.

3 n-Dimensional Steinberg Symbols
3.1 Central Extensions and (n + 1)-Cocycles

Let us consider # + 1 commutative groups {G; }ic{o,1
central extensions of groups

.y with n > 2. If we have n

(3.1) 1 -G, — G — G — 1,
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by fixing (n — 1) morphisms of groups 7;: G; — Z, for j € {2,...,n}, and a family

of elements 2, , = {z,...,2z,}, with z; € G;, we can define recurrently the map
lY7Z N
{... ~}TG~’n2 : G Gy as

(32 {f,.. fn+1}T"’Z“ =

n+1

H [{{fl,zn}gn, e {f,',Zn}gn, e {an,zn}gn}g;ifz,nfl](*1)%(1‘:)7
i=1 ’

where { -, - } 5 is the commutator of the central extension (3.1), and {f;, z,} means
that { f;, z,} is omitted.
Bearing in mind that the commutator of a central extension is a bimultiplicative

ny Z n
map, one has that { -, ..., - % ** is multiplicative in each argument:

nlan nlon n:Zon
oo foe YT = e i DEP L o YT

for every f1, f, € G,. Moreover, since the commutator of a central extension is skew-

Thy Zn

symmetric, themap {-,..., & " satisfies the property:

L2
P N g’n“:l

72 5 one also has

. }Tn-,ZZ;n
G,n

for all f € G,. Furthermore, from the definition of { -,
that:

{f0(1)7 . fU(ﬂ+1 }Tn S [{flu .. fn+l}Tn’Z“ sign o

for any permutation o € S,41.

Lemma 3.1 Themap{-, g”zz " isa (n+ 1)-cocycle.
Proof Since{-,..., - Té”Zz " is bimultiplicative in each argument, one has that

n+2

(s Y5 - Ui S} 010

n+l

=TT S fir fo) 22

(—1)*!

with fi,..., fa+sa € G, which is the definition of a (n + 1)-cocycle [6]. |

3.2 (n+1)-Cocycles on Discrete Valuation Fields

Let F be a discrete valuation field and let K(vr) be its residue class field. The valuation
ring associated with vg is denoted by O,,, and m,, is its maximal ideal.

Let us consider a family of fields {F; }ico.1.....n}» such that F; is a discrete valuation
field for i € {1,...,n}; K(vg) is a finite separable extension of F;_,, deg(vp,) =
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dimp, , K(vg), and NK(VF,.)/FH is the norm of the extension of fields F;_; — K(vg,).
We set Fy = k. If we now consider n tame central extensions of groups (Defini-
tion 2.1),

LB — B o F oL

fixing elements Z, , = {z2,...,2,}, with z; € Ff and vg,(z;) = 1, and considering
the group morphisms

Tj = ind?(;;j): Fi — 17
f = ve,(f) - deg(vp,),

by using the method of subsection 3.1 we obtain an induced (n + 1)-cocycle

F,
indicop ) Z2m oy (nt1)
{"""'}ﬁf,...,ﬁ? : F; — k",
. . . Zon
To simplify, we denote this (# + 1)-cocycleby { -, ..., - }5." .

Let us now set

17nn:i,-+1.,n(f) — VF,,fi({' .. {{f, Z,,}l’:n:, Zn_l}F/:‘:l, . ,Zn_i+1}?-/) e,

*
n—i+l

for f € F;. Note that Z,, , = z,,.
Different choices for the parameters Z,_j+1., = {2y, - . . , Zo—i+1 } induce transfor-
mations
Zy_istn Zn—i+1n Zn—it2n 7,
v =g e N N+ Aive,,
: i : ! i
with >\J € Z’ Zn7i+1,n bemg {Zn’ e 7Zn7i+1}'
Hence, if fi, ..., fur1 € F;;, we can consider the (n + 1, n)-matrix

ve,(fi) 7 (R) ... T

Alfiy o far) = : : :
ve,(fus)) 7 (fur) e B (far)

If we denote by gi(fl, .+, fu+1), the matrix obtained from g(fl, ooy fur1) bY
eliminating its i-th row, we have that the determinant detA;(fi,.. ., fur1) will be
independent of the choices of the elements z, . . ., z,. Moreover, we can denote by
A; i(fi, ..., fur1) the matrix obtained from A(fy, . .., fus1) by eliminating its i-th and
j-th rows and its s-th column.

Proposition 3.2 If fi..., fus1 € E}, the (n+ 1)-cocycle { f1, ..., fnﬂ}fjf,_"_yﬂ has
the value:

n+1 it ~
NK(VFI)/k(' . 'NK(VF,,)/F,,,l( [ 1:[1 fi(fl) Yd(n,...,2) detA,(flv'"’ﬁlH)} (VFH)) B ) (VFI)) 7

where d(m, ..., m —i) = deg(vg,) ...deg(vs,_,), and (vg,) names an equivalent class
(modulo my, ) that determines an element of K(vg,).
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Proof Proceeding by induction on n, when n = 2 this cocycle is the 3-cocycle
{55 }5 0 (82) and its explicit expression coincides with the required result.

In the general case, the statement is deduced from formula (3.2), bearing in mind
the properties of the determinants. ]
Corollary 3.3 The (n+1)-cocycle{-,..., - fj};”_,____ypl is independent of the choices of
22552y

Accordingly, we henceforth write { - ..., - },, ., todenote this (n+1)-cocycle.

Furthermore, bearing in mind again the properties of the determinants, we have
the following from Proposition 3.2.

Corollary 3.4 Keeping the above notation,

VFI({flv ceey _/f;a ey fn+l}an,...,Vp2) - (_l)nild(nv ceey 3) detgi(flv ceey fn+l)-

Corollary 3.5 If fi,...,f, € F;, then an explicit expression of the (n + 1)-cocycle

{ IR }an,...,vFl s

n+1

{fh ceey fn+l}1/pn,,,,,vﬂ = NK('VFI)/k( .. 'NK(VFK)/F,I,l( [1;[1 fi’)/i} (VF,,)) .. ) (VFl)) )

with 7 = (=1)"" deg(ve)ve, ({fis -+, fiv - -+ Fuet vy, -

Remark 3.6. For each morphism of commutative groups ¢: k* — G, the tame cen-
tral extension of groups associated with (Fy, v, k) determines another central exten-
sion

(3.3) 1—>G—>(ﬁf)¢—>F;‘—>l,

such that the (n + 1)-cocycle, induced by the tame central extensions associated with
(Fi, vg,, Fi_1) and the central extension (3.3), is

3.3 n-dimensional Steinberg Symbols

This subsection is devoted to constructing symbols from the (n + 1)-cocycles
{+ .- - .. referred to previously.

n+1)

With the above notations, let us now consider a map: v: F:( — G.

We say that 1 satisfies the Steinberg relations when:

(i) 4 is multiplicative in each argument:

V. fi fi o) =0 fiy )G i)

forall f;, f; € F*;
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() ¥(...fr...,1—f,...)=1forall f#1.

Definition 3.7 Amap1: F*™"V — Gis called an n-dimensional Steinberg symbol
when it satisfies the Steinberg relations.

Remark 3.8. It follows from its definition that an n-dimensional Steinberg symbol
also satisfies the relations

o Y(for)s- - foms) = V(f1, ...y fn+1)5ign” for any permutation o € S+,

® w(fufuféa"wfnﬂ):w(fa_la,f?)u'"7fn+1)andw(fu_faf})u"'afn+l):1-

Moreover, each n-dimensional Steinberg symbol ¢ factors through (n+1) Milnor’s
K-group K,41(F), i.e.,:

Kn+l(F) !

where ¢ is a morphism of groups.

The (n + 1)-cocycle { -, ..., -}y, ., satisfies the first n-dimensional Steinberg
relation. However, { ..., -}y, ., is notan n-dimensional Steinberg symbol be-
cause it follows from Proposition 3.2 that:

{f7 _f7 f3 SRR fﬂ+1}VF,,~,~~~,VF1 = (_1)d(n ""'1)detgl(f’f"ﬁ""ﬁ““).

We shall now give a cohomological definition of an n-dimensional Steinberg sym-

bol from the (n + 1)-cocycle { -, ..., -}y, ;. According to the definition of the
(n + 1)-th cohomology group, H"'(F}, k*) = Z""'(F;, k*)/B"(EX, k*) (see [6],
p.53),onehasthat { -,..., - },, _,, determinesa cohomology class

({0 Yo | € H™H(ES K.

We should recall that ¢ € Z"! (F* k*) is an (n + 1)-coboundary i.e.,
¢ € B™Y(F k)

if there exists a function on n variables ¢ on F;, to k* such that:

X1,y X)) = (00) (%1, -+, Xnr1)

i

Y B -
= O,y X1) - O, %) T T A, X X e X)) TV
i=1

forall xi,...,x.41 € F}.
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Lemma 3.9 With the previous notations, ifn > 1 and settingg(fl, ooy fur1) = (aif),
the function cy: F:("“) — k*, defined as: cx(fi, ..., fur1) = (—=1)MBUn ) " yith
A€ Zand ﬂ(fla ) fn+1) = Z,’ Ej<k ajiOki detA}k(flv SRR fn+1)7 is an (” + 1)'
coboundary for all \ € 7.

Proof If A(xi,...,x,)isa (n, n)-matrix, we denote byA’;l(xl, ..., X,) the matrix ob-
tained from it by eliminating its h-th row and its k-th column.
With the above notation, we write:

() ) W)
A(flu"'afﬂ): : :

() () A
with ]71, ces ﬁ € F;;. Note that X(fl, cey ﬁ) is an (n, n)-matrix with entries in Z.
Setting ¢( fi, ..., fu) to

jiaji — 1 i 7 = o e

S([x 22— (“12 L det G ) [ ajai; det AL(fi,.., 1] )
i jodd j<ké

j od:

computation shows that

. Zzaﬁak,‘ det;?k(fl.’...,f;,ﬂ)
6D)(fis-os far) = (=1) * ;

and the statement is proved. ]

in the cohomology class [{ -,..., -}y v, 1 € H"™(F;,k*) satisfying the following
conditions:

(63 I )VF",,,,J,F1 is multiplicative in each argument.

o€ Syt1-
(111) (fu _f7 f37 ey fn+l)1/p",...,VF1 = lforall f7 f37 ey fﬂ+1 S F:
(IV) (fh f27 f37 ey fn+l)VF,,.,....,vFl = {fh f27 f37 ey fn+l}VFn,,“,vF1 lf

ve,(fi) =¥ (i) =---=n(fi) =0.

Proof Since (-,..., )y, v, € [{ .-+, }vp,...0p, |, ONE has that

(fla s fn-%—l)vF”.,...,VFI - C(fla C) fn+l) : {fla e fn+l}1/pn ..... V)

where ¢ is an (n + 1)-coboundary.
We shall compute the value of ¢ bearing in mind the conditions of the Proposition.

https://doi.org/10.4153/CJM-2008-058-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2008-058-3

On n-Dimensional Steinberg Symbols 1397
If we consider the morphism of groups:
Vu 1= VR, XV X oee X 1{2"‘: F' — 7.

we have a commutative diagram of morphisms of groups:

k*,

where Cis a (n + 1)-coboundary satisfying the properties:
. F(...,xi+9?,»,...):E(...,x,»,...)-E(:..,a?,»,...);
o UXo(l)s - - -y Xo(ne1)) = C(X1, - -« X(u11)¥8" 7 for any permutation o,
for all x;, x; € 2.
Ifx; = (x1j), - -+ Xur1 = (Xm1)j) € 7 we can consider the (n + 1, n)-matrix
X11 X12 e X1n
Alxyy ooy Xp41) =
X(n+1)1  Xm+1)2 -+ X(n+)n

A computation shows that
~ d(n,...,1)-B(x1,....Xn+
c(xl,...,x l)_( ])(, 1)-B(xa,e. 1),

where _
B(xi, ..oy Xne1) = D > avjioyg det Al (xr, . .o, X1 )
i j<k
with A(x1, ..+, Xee1) = ().
Hence, it follows from Lemma 3.9 that for all f; € F};, the only (n + 1)-cocycle in
the cohomology class

(fla CI) _1:11-%—1)1/}7”.,....,vpl - C(fla CI) fn+l) : {fla e ffl+l}Vpn,...,VFl7

¢ being the (n + 1)-coboundary

I e O

and

Bfis s fur)) = 33 ajia; det A%y (fi.. .., furr)

i j<k

with X( fis- -+, far1) = (aij). Note that this expression is independent of the choices
made. [ |
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Proposition 3.11 IfF;_, = K(vg,) for alli # 1, one has that

(fv 1— fv f37 R fn+1)v;n,...,1/pl =1

forall f, fs,..., fur1 € F, with f # 1. Therefore, (-, ..., )y, v, is an n-dimen-
sional Steinberg symbol.

Proof When vg, (f) < 0 or vg,(f) > 0, the claim is confirmed by translating to
the n-dimensional situation the arguments of the proof of J. Milnor in the case of
the tame symbol [7]. Moreover, in these cases the statement is true for an arbitrary
family of valuation fields {F;}.

For the remaining case, when vg, (f) = vg,(1 — f) = 0, it follows from the defini-
tion of the n+ 1-cocycle { -, ..., -}y, v, (3.2) that

{fa 1- fv f3a R fn+1}v;n,...,1/pl =
{21~ Foade o 2tz )

ZyeeZ3 :| (71)iVFn(f;)
i>3 .

'I/}.‘n.,....yp2

Since the statement of the proposition is true for n = 2 [8], we can proceed by
induction on n. Thus, we have that

{{fa Zﬂ}}?;:v - {fa Zﬂ}ﬁfv ceey {ﬁvzn}}?f ceey {f”*—lvzn}if;:} - =
(_ 1 )Zs;/l Zj<k;j#1;/k;i23 AjsAks detx}_’;‘k(fv1_f1f3~,~~~7ﬁv+1)7
wheregi’;k(f, 1—f, f3,. .., fas1) is the matrix obtained fromg(f, 1—f, f3 ooy fue1)

by eliminating its i-th, j-th and k-th rows and its first and s-th columns.
One can therefore see that

deg(viy) D ajeaie det Al (f1=f s furr)

{fv 1— fa f37 R fn+1}VF,,,~~~,VF1 = (_1) Ik )

and bearing in mind that

Z ajlakl detg}"k(fal_faf}’a"'afn+1):O

j<kj>3

because, according to the above considerations, the first and second rows of the ma-
trix A(f,1 — f, f3,. .., fus1) are equal or the second row is null, we conclude that

Accordingly, one also sees that (f,1 — f, f3,..., fur1)77%2,_ = 1 in this latter

VEy sy VE)
case, and the claim is proved. |
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Theorem 3.12 When F;_y = K(vg,) foralli # 1, (-,..., -)VFWAJ,F1 is the unique
Steinberg symbol in the cohomology class [{-,..., - }ﬁ;;‘;;jfzm] € H"'(F,*,k*) sat-
isfying the condition (fi,..., fur1)v,...vr, = {fi, -+, fn+1}vf,,,...,m when vg,(fi) =
Talf) = =0 () =o.

Proof The statement follows immediately from the results proved in Proposition
3.10 and Proposition 3.11. ]

Corollary 3.13 With the notations of Remark 3.6, if Fi_y, = K(vg) for all
i # 1, one has that there exists a unique Steinberg symbol (-,..., )5 . in

the cohomology class [{-,.... -} . 1 € H"'Y(F*, G) satisfying the condition

(fl,..-,fn-*—l)fpn v = {ﬁ,...,fnﬂ}“f;n_’____’vﬂ when vp,(fi) = ¥ (fi) = -+ =

aaaaa 1

Zan

7"(fi) = 0.

Proof A direct consequence of the previous theorem and the definition of the (n+1)-
cocycle {-,..., - }?  is that

VEy y++sVF

(flu . '7fn+l):'//;",’,,,,’vf = C(,O(fb ce '7fn+l) : {fl7 ce 7fn+l}12/:;722vf17\p

forall fi,..., fur1 € F*, where c,(f1,..., fur1) = (h_y)de8(r) B o) with h_y =
o(=1). [ ]

Example 3.14 Let F, be an n-dimensional local field: that is, a complete discrete
valuation field whose residue field F,_; is an (n — 1)-local field, 0-dimensional local
fields being perfect fields of positive characteristic. Thus, with the above notations,
in this case one has that K(vg,) = F;_ for everyi € {1,...,n}, and setting k = Fy,
the respective tame central extensions induce a symbol

('a-'-v')wn ,,,,, VFI:F:(n+1)—>k*.
In particular, if k is a perfect field of positive characteristic, and we consider the dis-
crete valuation fields F; = k((u1)) . .. ((4;)), where vg, is the valuation induced by the
parameter z; = u;, and fi,..., fur1 € k((u1)) ... ((4,))*, we have that the value of
the SymbOI (_fl? tey fn+l)1/pn ,,,,, VE is

1

(_1)5@”“..@1 (f1~,~~~~,fr1+l)( Az f}f*l);ﬁrl detg;,(fl ....,fn+1))

h=1

€ k*,

lug=o

where

Bupyro, fis -5 furt) = 323 ajiags det A (i, .., furn),

i j<k
with A(fi, ..., fur1) = (ai)).

Example 3.15 Let X be an n-dimensional smooth, proper, and geometrically ir-
reducible scheme over a perfect field k, and let us consider a complete flag x C
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X, C --- C X, = X of smooth, proper, and geometrically irreducible schemes with
dim (X;) = 1.

If Xy, is the function field of X;, the codimension-one closed subscheme X;_;
defines a discrete valuation vx,_,: X% — 7, whose residue class field is Xx,_, (the
function field of X;_;).

Moreover, since X; is an irreducible and non-singular algebraic curve, the point
x € X defines another discrete valuation v,: £ — Z, whose residue class field is
k(x).

Hence, setting F; = Xx,, vg, = vx,_,, Fo = k, and fixing elements z; € X, such
thatvx,_,(z)) = L, forall fi,..., fu—1 € X%, one has that

V. ‘...‘vx( N
(fla"'vfn+1)vx ooy Vx :(—1)%{"*1 foren S '{flv'--afnﬂ}vx ..... s

n—1 n—1

where
Vvx

n—17"

vx(flv ey fn+l) == deg(x) : 61/)("71 ...,vx(flv ceey fn+1)7
By, (f15 -+ -; fur1) being the integer number referred to in Example 3.14, and

n+l

—1tt de A Lyeens n+1 *
{fi o furibue e = Nigoyie| ( h]‘[ f;f D det Al fiof, )) s (x)] €k*,
—1 1

where deg(x) = dimgk(x), and Ny, x is the norm of the finite extension k — k(x).

When k is an algebraically closed field, the symbol (-, ..., - )vXn—l ...v, 15 the Bry-
linsky—McLaughlin symbol [2] associated with the sequence of varieties x C X; C
-+ C X, = X, and if n = 2, one has the Parshin symbol associated with the sequence
of varieties x € C C S [12]. Identically, when n = 1 for a perfect field, we recover the
tame symbol of an algebraic curve [11].

Furthermore, if k is a finite field that contains the m-th roots of unity, with #k = g,
one has the morphism of groups

1
3

Om: kK — o, /\»—>,\q:x

which induces a symbol

o w«Vx( yeees fue1) "
(fla ey fn+l)f)?:‘7“m’vx = (_1) Xp—1 Jiyesfusa ) {fl, o fn+l}z’xn7“m7vx7

{fis -y fur1 ?Qi,l,....vx being equal to

n+1

1yl e e o q%l
Nk(x)/k[(hl:llfzf Vet ))|X1(x)] :

andd,, ., =2y, forall fi,..., fu € T
In this case, when n = 1 we obtain the Hilbert norm residue symbol of an alge-
braic curve [15].
Note that the symbols of this example satisfy the hypothesis of Theorem 3.12 and

Corollary 3.13.
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4 Reciprocity Law on Curves

This section is devoted to studying a reciprocity law for the symbols defined above,
using a method similar to Tate’s proof of the Residue Theorem [17], when F; is the
function field of an algebraic curve.

Let us now consider an irreducible and non-singular curve C over a perfect field
k and a closed point x € C. If F; = X¢, vp, = vy, k(x) is the residue class field of a
closed point x € C, deg(x) = dimgk(x), and Ni(y)/x is the norm of the finite extension
k — k(x), for a family of discrete valuation fields {F;}ic{o.1.....; With the conditions
of subsection 3.2, and for a morphism of commutative groups ¢: k* — G, we have
a symbol:
P A —e)

Keeping the notations of the previous section, and fixing elements z; € F; with
vr,(zi) = 1fori # 1,foreach fi, ..., fur1 € F; the explicit expression of this symbol
is:

with h_; = ¢(—1), and

Yoty Fi s ) = 30 3 ajiags det Avy); (fi, - -, for),

i j<k

where K(Vx);’k(fl, .y fur1) is the (n — 1, n — 1)-matrix obtained, by eliminating its
j-th and i-th rows and its i-th column, from the (n + 1, n)-matrix:

) ve,(fi) P (R) ... ()
AWy fonr) = : : :
ve,(fas1) 7 (fr)) o P (far)

We recall from [9,11] the properties of the commutator { -, - }§i¢ of the central
extension of groups

—~ K,
1—>G—>22Ax,¢_’2é_’1
induced by ¢ on the tame central extension associated with the discrete valuation v,

on X¢. To simplify, we denote this commutator by { -, - }/fx, and, if h_; = o(—1), it
has the following properties:

(i) Given f, g € X, if we consider the central extension of groups associated with
two closed points x, y € C:
S

(4.1) 1—G— (Ec)ieaAy — X5 = 1,

which is determined by commensurable subspaces to A, © A, in K, & K, then
we have that

{f, 8504, = (o)t dsIn@lem DL (£ A2 {f g} .
X y X Y
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(ii) IfCis a complete curve, and X = {xi,...x;} is a finite subset of closed points
of C such that it contains all zeros and poles of f, g € 3¢, then there exists a
central extension of groups

S

(4.2) 1-G— (Ec)il@m@AXk — 35 =1,

whose commutator satisfies the condition:

k
{f7g}(/§xl@m®Axk _ q(h_l)deg(xi)vxi(f)vx,(g) . {f7g}</§x{'
=

(iii) IfC isacomplete curve, by using the theory of adeles, and with a similar method
to Tate’s proof of the Residue Theorem, one has that

[1{f. g}, = (hoy)>osec dstomimte),

x€C

This result is a direct consequence of the finiteness of the cohomology groups
H°(C,0O¢) and H'(C, O¢).

Let us now assume that {F;};co1,..., is a family of discrete valuation fields, such
that F; = ¥¢, C being an irreducible and non-singular curve over a perfect field k.
Let us also fix a morphism of groups ¢: k* — G.

Lemma 4.1 For each pair of closed points x, y € C, one has a (n + 1)-cocycle

{'7"" '}Vpn ,,,,, VFZ,(EE)’G EZH-H(F:,G),

Ax®Ay

induced, using the method of subsection 3.1, by the central extension (4.1) and the tame
central extensions associated with the discrete valuation fields {F;}ic ... .n}» such that

{flv cees fn+1}VF,1 W (hfl)y"Fn """ vy Ly e Jot)
y

,..,,VPZ,(EE)XXGB
. {fl, e an}fpn.... VEy Vx| {f17 ey fn+1}fpn---- VEyVy?

forall fi,..., fur1 € F;, with

VVFH,M,VFZ,{x,y}(flv ) fn+l) =
deg(x) deg(y)d(n, ...,2) - 32 625 (fi, fi) det Bjx(fi, - -, fur1),
j<k

where d(n, . ..,2) = deg(vg,) - - - deg(vg,),
S (fi fo) = 72 (f7) - 52" (o) + 72 (f) - 72" ()],

and Ej_’k(fl, <oy fus1) being the (n — 1, n — 1)-matrix obtained, by eliminating the j-th
and k-th rows, from the (n + 1, n — 1)-matrix:

ve,(fi) () ... ()
E(f1,-~afn+1)= :
ve,(fue) 7 (fur)) o B (far)
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Proof Using the definition of the (1 + 1)-cocycle {-,..., -}

VFy "'1VF2’(§:E)XX®Ay (fOI‘-
mula (3.2)), the claim is a direct consequence of the properties of the commutator

(). -
Proposition 4.2 Given fi,..., fur1 € F), if C is a complete curve, and X =
{x1,...,%xs} is a finite subset of closed points of C such that it contains all zeros and
poles of

{"'{{ﬁ’Z”}ﬁE’Z”*I}I;;‘:""’Zz}ﬁz: S Eé,

then the (n + 1)-cocycle

1
(b i (55) € Z"\(F:,G),

©
€Ay @+ DAy,

induced by the central extension (4.2) and the tame central extensions associated with
the discrete valuation fields {F;}ic (5, . xy satisfies the condition that

eeny

{_fl? ey fn+l}VF,,,~~»-,VF2,(§(;j)P -

Ay B+ DAy,

VV;:” ...,VPZ,X(flv ey fn+l) ==

d(n,...,2)- Zxdeg(xi) TES) - 7 (fi) - det Bix(fiy - furn)-
PSS
j<k

Proof Using induction over #X and bearing in mind that deg(x)? = deg(x) mod. 2,
the formula holds by Lemma 4.1 and the property of complete curves,

> deg(p)vy(d) = > deg(p)v,(¢) =0,
PEX

pec

for all ¢ € X such that X contains all zeros and poles of ¢. [ |

Theorem 4.3 (Reciprocity Law) If {Fi}ic{o,1,...n} is a family of discrete valuation
fields such that F| = X, C being a complete, irreducible and non-singular curve over
a perfect field k, and fi,..., fur1 € F}, for each morphism of commutative groups
p: k* — G, one has that

H(fla"'afn‘*'l)fpn ..... VE, Vx =1.

xeC o
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Proof Using the theory of adeles and with a similar method to Tate’s proof of the
Residue Theorem [17], from the characterization of the commutator { -, - }“ﬁ A
XEC X

one has that

(43) H {flu ceey fn+l}fpn ,,,,, VF) sVx = (h—l)VVF""”"'VPZ"C(fl.'""'ﬁl“)7
xeC

with

VVFH,,“,VFZ,C(flu sy fn+l) =

d(n,...,2) 3 deg(x) - 7" (f;) - 9" (fy) - detBia(fi, ... fun)-

xeC
j<k

Thus, since C is complete, then erc deg(x) - detg(vx)j-vk(fl, oy fur1) = 0 for
all i # n, and the claim follows immediately from expression (4.3) because

Vv;,,,...,VFZ,C(fla ceey fn+1) = Z:C’YVFH,,AA,VFZ,vx(flu ceey fn+1)- u
x€

Remark 4.4. If X is an n-dimensional smooth, proper, and geometrically irreducible
scheme over an algebraically closed field k, by applying the result of Theorem 4.3 to
the Brylinsky—Mc Laughlin symbol (-, ..., )y, ., [2] associated with a sequence
of varietiesx C C C --- C X,,_; C X, where C is a complete, irreducible and non-
singular curve, we see that the formula

Lo frodus, oo = Lforall fi,..., four € 5

x€C

is a direct consequence of the finiteness of the cohomology groups H(C, Oc) and
H'(C, O¢).

Remark 4.5. 1f C is again a complete, irreducible and non-singular curve over a fi-
nite field k that contains the m-th roots of unity, with #k = g, for each sequence of
varietiesx C C C - -+ C X,—1 C X over k, the morphism of groups

Om: K — iy, Ar— )\%,
induces a symbol
(.., )om : E}“’H) — b (see Example 3.15),
which satisfies the law

I (fsees funir o = Uorall fi,..o fun € 5%
xeC
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Remark 4.6. A remaining problem is to obtain reciprocity laws on algebraic curves
using a method similar to above, when F; = ¥¢ with i # 1.

Moreover, fixing a partial sequence x C X; C --- C X;y C --- C X, where
X’k means that Xj is omitted, another remaining question is to prove, with a simi-
lar method to Tate’s proof of the Residue Theorem, the existence of reciprocity laws
where the product is taken over all irreducible subvarieties X lying in the chain

xCX5C---CXC---CX.

These reciprocity laws were offered by J. L. Brylinsky and D. A. McLaughlin [2].
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