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1. Introduction. Let E be an infinite dimensional real nuclear space
and H be its completion by a continuous Hilbertian norm || || of E. Then
we have the relation

EcHCE*

where E* is the conjugate space of E. Consider a function C(¢) on E
defined by the formula

(1) C) = e-ll22, &< E,

Then C(¢) is a positive definite and continuous function with C(0)=1. There-
fore, by Bochner-Minlos’ theorem, there exists a unique probability measure
£ on E* such that

2) Sg*e"<“'5> dp(x) = e~IfIP2, & € E,

where {x,&) being the canonical bilinear form. The measure g is defined
on the g-algebra & generated by all cylinder sets of E* ([1]). We call g
a Gaussian measure.

Let O(H) be the group formed by all linear and orthogonal operators
acting on H. After [3], we consider a subgroup O(E) of the group O(H)
which is defined as the collection of all ¢’s of O(H) having the property
that each of g is a linear homeomorphism from E onto E. An operator g
of O(E) is called a rotation of E. As is seen from the formula (2), the
conjugate operator g* of a rotation g is a metrical automorphism on the
space (E*, p). The purpose of this paper is to generalize this fact and we
shall prove that
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(i)  for each g of O(H) there exists an automorphism T, on the space (E*,p),
with the group property

(1) To,Te, =Tg,0, (mod 0), for eack g, and g,.

In the following section 2, we shall prepare lemmas used to prove the
above assertions. In particular, we consider a unitary representation (U,,

Ly(E*, 1)) of the group O(H) and we make use it in section 3 for the proof
of Theorem.

2. Preliminaries. In this section we shall give some preparatory
lemmas used in the following. For details we refer to [2] and [3].

Let # be the Gaussian measure on the space (E* &°). We denote by
L,= L,(E* 1) the Hilbert space of all square integrable complex-valued

functions with the inner product (¢, ¢) = SE* olz)p(x)dp(xz). Then we have

the following lemmas.
LemMA 1. The mapping v from E into L, defined by
7>, &

can be extended to a linear isometric mapping from H into L,. Moreover, for each
f of H, 1(f) (we shall also denote it by <z, f>) is a Gaussian random variable
with mean O and variance || f11* ([3], Proposition 1).

Lemva 2. The linear subspace M of L, spanned by {ei<=/>; fe H} is
dense in L, (2], Lemma 2. 1).

Let g be an orthogonal operator of H. We shall define a unitary
operator U, on L, by the following manner. First, we define U, as an
operator on M by the formula:

3) Ud S aei<ssi>) = Slaei<aors, fue H, k=13 -, n.
Then, by lemma 1, we obtain the following relation:
@ U, (Raei<a /), Usy(S1b,ei<nh>)

= 3 Sabexp (— L lofu—ahd?],

where g, and ¢, being elements of O(H). In particular, putting g, = g, =g,
we know that U, preserves the inner product in M. Hence, by lemma 2,
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U, can be extended to a unitary operator on L,. Then we have the fol-
lowing lemma.

LemmA 3. The system {U, g<= O(H); L,} is a unitary representation of the
group O(H):
(1) Ug,Ug, =Uqg,e,,
and
(ii) the mapping g—> U, is continuous, that is,

if 9.f —>9f (v—>0) for any f of H, then Us, ¢ —> U,p(v =) for any ¢ of
L,.

Proof. Since each operator U, is unitary, (i) is obvious by definition
(3) of U, and the lemma 2. To prove (ii), it is enough to show that (iii)

holds for ¢ with the form kZa,cei<"'fk>. By the relation (4), we have
=1
1Use — Ugolt = 2l — 2 31 adyexp {— L lofi— g1l

—> 2ol ~ 2 31 aud,exp |~ L-llafi — g£l17f =0

(Y—x)

This proves the lemma.

3. The theorem. The purpose of this section is to prove the fol-
lowing theorem.

THEOREM. For any g of O(H) there exists a unique (mod 0) metrical auto-
morphism T, of the space (E* &, p) with the following properties:

(i) Uyp(x) = (T7'x) (a.e.), @€ Ly
and
(ii) Te,Te, =Ta,0, (mod 0), for each g, and g,.
Proof. 1'% We put U=U, and prove that U is multiplicative: it holds
that
*) Ulpg) =Ugp-U¢

for any bounded measurable functions. By the definition (3) of U the rela-
tion (*) is obvious if both ¢ and ¢ are functions in M. Suppose ¢ is
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bounded and ¢ belongs to M. By lemma 2, there exists such a sequence
{¢.} of functions in M that

P,—> ¢ (n—o0), in L,

Then the following inequality (which holds almost everywhere)
[U(¢g) (2) — Ug(x) - Up(x)| < |U(p¢) (%) — Ulpag) (2)]
+ [U(9a¢) (#) — Ugn(@) - Ug(2)| + |Upa() - Ug(z) — Up(x) - Ug(w)|
implies that
1U(¢g) — U - UdllL, = 1U(9¢) — U(Prd)llz, + (U@ — UP)U Y1,
= U(e¢) — Ulead)ll + U, — U)U

= [sgp ()] + sx:plW(x)l} lgn — oIl —>0 (1 —> o),

where || ||, being the L,-norm. Hence we have U(p¢) = Ug-U¢. Further-
more, let ¢ be bounded and find ¢, € M such that
¢n'_——)(/’ (n—')oo)’ il’l Lz-

Then using the above result, we obtain

NU(pg) — Up - Ulle, < U(pg) — U(Pda)llL, + 1U(9ga) — U - Udylir,
+ |I(U¢n - U‘/’)UsD”LJ.
= [[U(e¢) — Ulegn)ll + Ul - 1U¢n — Ul

= {sup 19(@)] + 191} 4 — ¢l —>0 (1> o),

so that we have U(p¢) = Ug¢-Ugp. This proves the assertion.

2" Since E is a nuclear space, the conjugate space E* of E is a separ-
able complete metric space and the class of all Borel sets of this space
coincides with the g-algebra & generated by all cylinder sets (see [6]).
Moreover, the Gaussian measure g is regular. Therefore, on account of the
results of von Neumann [4,5], we know that there exists a unique (mod 0)
automorphism 7, satisfying the relation of (i). Finally, applying (i) of lem-
ma 3, we get

o(T5l,2) = Us,0,9(%) = U, Uo,0(x) = ¢(T5)T7, %) (a.e.).

Thus we obtain Ty, = T¢,T¢, (mod 0). This concludes the proof.
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CoroLrary. Let (g,), — o0 <t <<co, be a strongly continuous one-parameter
subgroup of O(H). Then setting

(5) T,=Tq,, and U, = Uq,, — 00 <t <00,
we have a flow (T,):
(6) T.Ts = Tyss (mod 0), flor each t and s,
and a continuous unitary group (U,) such that

U,p(x) = o(T7'x), (a.e.), ¢ € L,

For, the mapping ¢t —> U, is continuous by (ii) of lemma 3.

ExampLE. Let X = X(t): —co<t<oo be a real stationary Gaussian
process defined on a certain probability space, which is mean continuous
with expectation 0. We define %, by %,X(s) = X(s+¢t) and extend ki, to
an orthogonal operator on the real Hibert space Hy spanned by all linear
combinations of X(#), — oo <t<c. Then we get a strongly continuous
one-parameter subgroup (k,), — oo <t <oo, of O(Hy). Now, assume an ad-
ditional condition that Hy is infinite dimensional and let ¢ be an isometric
mapping from H onto Hy. Then it can be shown that the flow (T,-1s.,),
— oo <¢<oo, on E* is spectrally equivalent to the flow of the process X.
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