
EXTENSIONS OF VANDERMONDE TYPE CONVOLUTIONS WITH 
SEVERAL SUMMATIONS AND THEIR APPLICATIONS - II 

B . R . Handa 
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*• S u m m a r y . In e a r l i e r p a p e r s [3] and [4] s o m e V a n d e r m o n d e 
type convolut ion iden t i t i e s with s e v e r a l s u m m a t i o n s w e r e es t ab l i shed 
which w e r e the ex tens ions of Gould ' s work that involved one s u m m a t i o n . 
F u r t h e r m o r e , t h e s e iden t i t i e s w e r e ut i l ized to obta in some i n v e r s e 
s e r i e s r e l a t i o n s for funct ions of s e v e r a l v a r i a b l e s . As a cont inuat ion, 
this paper d e a l s with some fur ther g e n e r a l i z a t i o n s of Gould ' s work in 
[1] and [2 ] . 

2 . In t roduct ion . In [ l ] , Gould has developed s o m e i n v e r s e s e r i e s 
r e l a t i ons for the gene ra l i z ed H u m b e r t po lynomia l P (m, x, y , p , C) 

n 
defined by 

P °° 
(1) (C - m x t 4- y t m ) = 2 t n P (m, x, y, p , C) 

n 
n=0 

whe re m > 1 is an in teger and the o ther p a r a m e t e r s a r e u n r e s t r i c t e d . 
Let us cons ide r the po lynomia l of d e g r e e s n , n , . . . , n in k v a r i a b l e s 

k n. 
x , x , . . . , x as the coefficient of n t. in the expans ion of 

i=l 

k k p 
m 

(2) K = ( C - m S x . t . + S y . t . ) 
k . t l i . , i i 

i=l i=l 

If we denote the po lynomia l by 

' x , . . . , x ; m> 
1 k 

y 1 , . . . , y k ; C | or b r ie f ly P f ^ i ^ ) , 

l . . . . , n ; 
1 k 
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then 

00 

V° 

00 

. S P(n , . . 
k n. 

. . , n ) n t. 1 

1=1 

(3) ^ 

w h e r e m > 1 is an in teger and the other p a r a m e t e r s a r e u n r e s t r i c t e d . 
O b s e r v e that (3) i s a n a t u r a l gene ra l i z a t i on of (1). 

In Section 3, s o m e p r o p e r t i e s of P(n , . . . , n ) and the i n v e r s e 
1 k 

s e r i e s r e l a t i o n for such polynomia ls a r e der ived along the l ines of [1] , 

Sect ion 4 of the pape r dea l s with the genera l i zed notion of q u a s i -
or thogonal i ty in [2] and [6], which is defined as fo l lows, Consider two 
m u l t i - d i m e n s i o n a l number s e t s {A (n , . . . , n ; j , . . . , j )} and 

1 K 1 K. 

{B(n , . . . , n ; j , . . . , j )} br ie f ly denoted by {A(n . , j . ; k )} and 
X K. 1 K 1 1 

{ B ( n . , j . ; k ) } r e s p e c t i v e l y , which a r i s e in the expans ion of 4>- and I(J-

po lynomia l s given below; 

\ n i k j . 
4>(x , . . . , x ;n , . . . , n ) = S . . . 2 A ( n . , j . ; k ) n x. 

and 

V o Ji=o iB4 

n k n l k j . 
I)J(X , . . . , x ; n , . . . , rr ) = 2 . . . 2Î B ( n . , j ; k ) n x. 

1 K 1 K n . _ n l i i 
V-o Jt-o i-i 

Set A ( n . , j . ; k ) = 0 = B ( n . , j . ; k ) , if e i the r n. < 0 or j . < 0, or 
i l i l l l 

n. < j . , i = l , 2 , . . . , k . We say that the number s e t s {A(n . , j . ; k )} 

and {B(n . , j . ;k )} a r e q u a s i - o r t h o g o n a l when 

"k " l k n . 
(4) 2 * . . S A ( n . , j . ; k ) B ( j . , m . ; k ) = n ô * 

i l i i . . m . 
J k = m k J r m i 1 = 1 * 

and 
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(5) 
\ 

J k = m k 

1 k n . 
2 B(n.,j . ;k) A(j. ,m.;k) = n ô 1 

i l i l . , m . ' 
i = l i 

J r m i 

where 

i 

1 if m = n 
i i 

0 if m. + n. 
i i 

are satisfied for all m. and n . 
i i 

We denote the multinomial coefficient 

x(x- 1) . . . (x - 2 j . + 1 
i=l 1 

1=1 

for any x and non-negative integral values of the j . by (x; j , . . . , j ) 

with the convention that (x; 0, . . . , 0) = 1. 

k k 
For notational simplicity 2 and n will be replaced by 2 and 

1 1 
II, respectively, throughout this paper. 

3. Generalized Humbert polynomials and the inverse series relation.. 
Expanding (2) in powers of t , . . . , t by Maclaurin's theorem for a function 

of several variables and comparing with (3), one finds the expression for 
P(n4 , . . . > n k ) as 

[Y 
2 

V° j 

Y 
m 
2 

r° 
(6) P(n l f nk) = S . . . 2 (pî j^ . . . , jfe)(p - S j . ^ - m j ^ . . . , i ^ - m j ^ 

p - 2 ( n - (m-l)j.) n. - m j j . 
X C 

1 r , f / \ 1 1 1^» 

n{ (-mx.) . y } , 

where [x] is the greatest integer less than or equal to x . As a special 
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c a s e , when n. < m , i = 1, 2, . . . , k, P ( n j , . . . , n ) = (p; n . . . . , n ) 
i 1 k 1 k 

p - 2 n . n. 
C 1 n ( - m x ) * . 

Next, we d e r i v e s o m e r e c u r r e n c e r e l a t i o n s for Pfn,, . . , , n, ). 
1 k 

Dif ferent ia t ion of (2) with r e s p e c t to t. y ie lds 

X 

m 
(7) t . ( C - m S x . t . + 2 y . t m ) -r—1 = - m p (x.t . - y . t . m ) K 

l i l i l 8 t . ^ i i ' i l k . 
m . 

for i = 1, 2, . . . , k , which, due to (3), i m p l i e s the r e c u r r e n c e r e l a t i o n 

(8) C n . P (n n ) + m x . ( p + l ) P ( n . . . , n , - l n, ) 
i 1 k l 1 i k 

m y ( p + l ) P ( n n - m , . . . , i ^ ) 

k 
n. S ( m x . P (n , . . . , n. - 1, . . , , n, ) - y . P ( n , . , . , n. 

3- j = 1 J 1 J k 7 j 1 j 
m , . . . , n k )} 

0, for 1 < m < n., i = 1, 
«_ — i 

F u r t h e r m o r e , s ince 

k . m - 1 ~k 
t. -r— = (x. - y . t . ) , 
i e t . i i i o x . 

i i 

we have 

dP(n . . . . , n ) 9P(n . . . . , n . - m + l , . . . , n ) 
I k l i k (9) n . P ( n , . . . , n ) = x. » y. 

1 1 k i ô x i 8 x . 
i i 

for i = 1, . . . , k . 

Other r e c u r r e n c e r e l a t i o n s s i m i l a r to (2 ,6 ) , (2 .7) and (2 .8) in [ l ] , 
can be de r ived , but the f o r m is too c u m b e r s o m e to be of any i n t e r e s t . 
By subs t i tu t ing m = 2, p = - 1 , C= 1 and x. = \ , y. = - 1 for a l l i in 

(8), the following r e c u r r e n c e r e l a t i o n is ob ta ined : 
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(10) P (n 1 nk) = S { P ( n l f . . 
j=l 

••Y1 \) + P(n l f . . . , ^ - 2 i^)} 

Thus, the wel l known recurrence relation 

F = F + F 
n n-1 n- 2 

for Fibonacci numbers, can be viewed as a specia l case of (10). 

The generalized express ions corresponding to (3 .4) and (3 .5) in [ l ] 

(11) 
d P f (n , n. + s , . . . , n ) 

1 l k 
dx. 

i 

= (S) n o + j q ) W < J l f , • - Jk> ^ ' ^ 2 i k i 2 >- p , ( J"i . sq+i jk, s q + i » 

valid for q = 1, 2, . . . , where P !(n , . . . , n ) is P(n , . . . , n ) with 

P =~l/<l an<3 2* denotes the summation over all j such that 

j . . + j . _ + . . . + j . = n. ; i = 1 k 
i, 1 l, 2 l, sq-M l 

and 

a 
x, , . . . , x ; m^ 

^ s ^ 8 i 

x j , . . . , x ; m 

(12) — s { P y4 yk; C j} = (-m) (*) «1 P | y^ y ^ C 
9 X i U r . . nk; p ni v p - s / 

Next, we prove the main invers ion formula which is the 
generalization of (6 .3) and (6.4) in [1] , 

THEOREM 1. 

F d y . - . V 

i —i 
L m J 

= S . . . 

V s 0 

"̂1 . mj 
2 

x f < v m j i \ - m j k » 
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if and only if 

(14) f(n n ) = Z . 
m 2 j . p+S(mj.-n.) 

• . V - 1 } p - ^ - 4 ) ( p - ^ i - V ' i i . •-V 

X F ( n r m j 1 > . . . , n k - m j k ) 

w h e r e m , p a r e any n u m b e r s with m > 0 and the n a r e non -nega t ive 
i 

i n t e g e r s . 

As usua l , the proof depends on the o r thogona l i ty r e l a t i o n s 

Jk J l 2 r . p + 2 ( m r . - n.) 

(is) z r (-D 1 p.^U;- ( P - ^ - ^ ' I V 
r =0 r =0 ^ l l 

k 1 

X (p - S(n. - mj . ) ; j - ^ j f e - r fe ) = 6 . 

and 

1 2S. 

(16) 2 . . . S ( - 1 ) (p -*S(n. - mj . ) ; j , , . . . , j , ) 
j = 0 j =0 i i l k 
Jk J l 

p + 2 ( m r . - n . ) 

+2{r.-n.+(m-l)j.} <P+S{ V n i + ( m " 1 ) j i > ; VV ' " "VV 

The proofs of (15) and (16), which a r e based on a r g u m e n t s ana logous to 
that in [ l ] , m a k e u s e of convolut ion iden t i t i e s in [4] and the obvious p r o p e r t y 
of m u l t i n o m i a l coeff ic ients 

(17) ( - 1 ) l ( - x ; r . , r . ) = ( x + S r . - l ; r r ) . 
I k i l k 

Rewr i t i ng (6) in the f o r m 
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(18) •(?.) 
U / 

Vm 
P ( I Y • " \ ) s 

"V 
- m_ 

2 

VI 
- mJ 

Jla0 

(p-E(n - m j . ) ; j , , j k ) 

X ( p ; n 1 - m j 1 , . . . , n k - m j k ) C 
p - ( 1 - " )S(n -mj ) - - (n - m j . ) 

m i i , m i i 
n{y, 

n . - m j . 
X ( -mx. ) * 1 } , 

i J 

and applying T h e o r e m 1, leads to the i nve r s ion 

n. 
ii L m j S r . 

(19) (p ;n . . . , n ) n ( - m x . ) = S . . . S ( -1) 1 (p - S(n. - r . ) ; r . , . . . , r ) 
1 k . i n n ^ l l 1 k 

r =0 r =0 
k 1 

p + S ( m r . - n . ) r . - p + S ( n . - r . ) 
X • —7———r— n y. C P (n , - m r . . . . , n - m r, ) . 

p - S ( n . - r.) 7 i x 1 1 k k 

F ina l ly , we s t a t e the gene ra l i za t ion of the las t t h e o r e m of [ l ] a s fo l lows. 

Let 

n n 
k 1 g ( x 1 , . . . , x k ) = S . . . S a ( j l f . . . . Jk) n x . , 

j =0 j =0 
J k Jl 

be any a r b i t r a r y po lynomia l in x. , . . . , x, of d e g r e e s n , . , . , n , 

r e s p e c t i v e l y . Then g(x , . . . , x ) can be exp re s sed in t e r m s of the 

po lynomia l s P(n , . • . , n ) by the fo rmu la 
1 k 

n n , 
k 1 (20) g ( x l f . . . , x k ) = S . . . S VO^, . . . , J k ) P ( J 1 j k ) . 

V° V° 

where 
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v ( j d . . À ) = 

VA 
L- m -

n - i 
1 J l 

L. m 
2 

Sfr .+ j . + m r . ) (p-S( j .+ m r . - r . ) ; r , . . . , r ) 
( . 1 } i * i 1 L_2 1 L . 

(p; j + m r ^ j + m r ^ ) 

p - s j . 
p - S ( j . + m r . - r . ) 7i 

r . S . + m r . - r . - p a(j + m r j + m r ) 
n î ~ i i i r 1 1 k k 

n y. c S( j . + m r . ) 
m i i 

4 . Gene ra l i zed q u a s i - o r t h o g o n a l i t y . In this s ec t ion we extend the 
r e s u l t s in [2] and [7] on q u a s i - o r t h o g o n a l s e t s of n u m b e r s . 

Cons ider two se t s of q u a s i - o r t h o g o n a l n u m b e r s {A(n . , j . ;k )} and 

{B(n., j . ; k)}, in the s e n s e that both (4) and (5) a r e s a t i s f i ed . Then it is 

easy to check that 

(21) + (xt. x ; n , . . 
k 1 ••V 

\ 

= s . 
n 

1 Ji . 2 A(n . , j . ;k ) n x. 

j , - » ' ' ' 

if and only if 

n. \ 
(22) n x. * = 2 .. 

1 v° V° 
B ( n . , r . ; k ) v|i (x 

l i 1 • V r i » r l 

Next, we c o n s t r u c t new s e t s of q u a s i - o r t h o g o n a l n u m b e r s f r o m known 
se t s of such n u m b e r s . 

THEOREM 2 . L e t { A ( n . , j . ; k ) } and { B ( n . , j . ; k ) } be two se t s of 

q u a s i - o r t h o g o n a l n u m b e r s . F u r t h e r m o r e , suppose that Q(j , . . . , j , ) , 

j . = 0, 1, . . . , for a l l i be a k - d i m e n s i o n a l sequence of n u m b e r s ( r e a l 
- \ 

or complex) such that ne i t he r Q, nor Q = 1/Q is z e r o for any r e l e v a n t 
value of the index . Then the se t of n u m b e r s defined by 

(23) 

A * ( n . . j . ; k ) = A ( n . , j . ; k ) Q(j j ) ; 
1 1 1 1 1 K 

B * ( n . , j . ; k ) = B ( n . , j . ; k ) Q (n n ) ; 
i i i i 1 k 

f o r m s a q u a s i - o r t h o g o n a l s e t of n u m b e r s , 
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Proof. The proof i s trivial s ince 

\ " l \ n i 
S . . . S A*(n. , j . ;k) B*( j . ,m . ;k ) = 2 . . . 2 A(n., j . ;k )B( j . , m. ;k) , 

. _ 1 1 1 1 . • l i i i 
Jk= mk J r m i Jk

= mk J r m i 

and 

* k 1 
S . . . S B*(n , j . ;k) A*(j . ,m.;k) 

i l i l 
Jk= mk J r m i 

= Q ( n , . . . , n ) Q ( m m ) 2 • • • 2 B(n., j.;k) A(j., m.;k). 
1 k 1 k . . i i i l 

Jk k Jl 1 

We remark that the above theorem unifies the generalizations of s evera l 
resul ts (viz . Theorems 1, 2, and 3) in [2 ] . 

A specia l case of Theorem 2(a) in [4], when 

(i) a. = m. is an integer and b.= 0 for all i 

Sm. 
(ii) F ( m 1 , . . ->m k ) = ( -1 ) 1 g(m , . . . , m^) 

m. 
(iii) f (m , , . . . , m, ) = n x. 

1 k l 

ib the inversion relation 

m m . 
k 1 Zjj j 

(24) g fn^ m k ) = S . . . S ( - 1 ) (Sm. ;m 1 - j ^ m k - J k ) n x . 

if and only if 

m, m . 
m. k 1 Si . 

i « ~ / .. x i (25) n x = S . . . S ( - 1 ) ( S m ; m 1 - j t > . . . f m k - j k ) g( j j f c) 
i =0 i =0 
Jk J l 

Comparing (24) and (25) with (21) and (22) respect ive ly , we observe 
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that the two sets given by 

2 j i 
( 2 6 ) v A(n., j i :k) = (-1) ( m . ; n 1 - j 1 n ^ ) ; 

B ^ . j . s k ) = ( - l ) S j i ( S n i ; n 1 - J 1 n ^ ) ; 

are quasi-orthogonal. An application of Theorem-2 shows that 

rA(n. . j . ;k) = ( - l ) (^.;ni-ii V j k > & V j l ' " ' ' ' jk ) : 

<27> \ S j . 
B ( n . , J i : k ) M - l ) * C= l l i ;n 1 . j 1 ^ - ^ / ( S n , ^ , . . . , ^ ) ; 

are quasi-orthogonal, which are essentially the sets as suggested by 
Tauber in [6], 

Again, set C = 1 and y. = 1, for all i in (18) and (19) and after 

some elementary simplifications we obtain 

n, . n 
k i V J i V J k , (28) P(n , . . . , n j = 2 . . . X (p -Ej . ; 

if and only if 

(29) n ( -mx.) 

j i x (PÎJA J k ) n { ( - m x . ) g m ( n f j i ) } 

\ ni dp^) P - x j . 
Jk J l P " 2 n . + 2 1 m j 

/n - i \ n - i n - i 
/ ^ ^ ^ i J i \ 1 J l k Jk , 
(p - E n . + S I-1 1 ; , . . . , 

i \ m / m m ' x = *jfr-* •—-, ^— P ( j . , . . . , j , ) n g (n.- j . ) 
(p; n , . . . , n ) 1 k ° m i i 

1 K 

where 
1 if k | r 

g t ( r ) 0 if kfr 
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This leads to the quasi-orthogonal sets of numbers 

n- .-J. n,.-J,. 
f A(n.,j.;k) = ( p - S j . ; " V " i r - X P i J ! V " g m ( n f j i ) : 

P " Sj . 

(30) 

B(n. , j . ;k ) = ( -1) 

i"Ji 

{ p - Sn. +2' 
i \ m 

. n g (n.-j.) 
n . - j . \ m l i 

fni-Ji n r J i 
<p- 2 n i + n- m 

V J k 

( p ; n l ( . . . , n k ) 

and by the u s e of T h e o r e m 2 with Q(j , . . . , j ) = l / ( p ; j . , . . . , j ), one 

finds the following quas i -o r thogona l s e t s : 

f V j i V j k V J i 
A(n..j .;k) = ( p - S j . ; — n g (n.-j.) ; 

m • 6 m l Ji 

(31) I B(n.,j.;k) - (-1 , \ m P " S j . 

/ n . - j . 
p - S n , + S i - - 2 - - 1 

l \ m 

V 
X (p -Sn.+zf-2—- ; -i—;• 

i \ m / m 
V J k 

n g (n.-j.) 
m w m l i 

Las t ly , we s t a t e that for any in teger m > 1 

(32) 

A(n. , j . ;k) = ( -1) 

V J i x ^ , . . . , ^ ) 
n r J i m i l 

B(n . , j . ;k ) = 

V 
x"i y «l^T1, 

n g (n.-j.) ; n . - j . \ &m i i 

are sets of quasi-orthogonal numbers for any sequence of numbers 
X(n , . . . , n ). This result corresponds to Theorem 2 in [2] . 

Other specia l c a s e s are obvious and therefore omitted. Concluding 
the discuss ion, we remark that it might be of interest to see the corresponding 
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g e n e r a l i z a t i o n s of R i o r d a n ! s r e s u l t s in [5] which a r e c o m p a r a b l e to the 
r e s u l t s of th is p a p e r . 
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